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Abstract The nonlinear transport of intense pulsed beams is analyzed with the Lie algebraic method in the case of K-V distribu-

tion, and the particle trajectories of second order approximation in the 6-D phase space (x,2", %,y .r,p. ) are obtained. The

beams could be axial-symmetrical or non-axial-symmetrical in the transverse direction. In the analysis, the effective fields of lens

are divided into several small intervals. Each interval is treated as a uniform accelerating field and each dividing point is consid-

ered as a thin lens. Let the Lie map act on each uniform accelerating field and thin lens, the nonlinear particle trajectories can he

obtained .
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1 Introduction

It is a very complicated problem to calculate the
nonlinear transport of intense beams, because the particle
trajectories depend on the electric potentials excited by
the particle beams, and the electric potentials of the
beams depend on the particle trajectories and the particle
distributions in the phase spaces. So, il is necessary to
solve the problem by iteration to get self-consistent solut-
ions. This paper presents the analytical calculations with
Lie map for the nonlinear transport of intense beams in 6-

D phase space in the case of K-V type distnibution.

2 Hamiltonian and Lie map

\ccording to the principle of classical mechanics ;
when a charge particle moves in the electromagnetic fields
from position z to z;, the Hamiltonian with time ¢ as an
independent variable is

n 7

H = (mic* + p. ¢ + ;)_?e"" = ,r}_':f‘w'\-'_-; +q¢, (1)

where m, is the rest mass of the particle, ¢ the charge,
p.»p, and p, the particle momenta in the x,y and z di-
which

rections , respectively , ¢ the electric potential ,
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consists of two parts: the external potential ¢, and the po-
tential excited by the beam itself ¢,. ¢, and ¢, are ex-

pressed as the following:

. = $(2) - %9‘”(‘2)(.*(2 +17) +

61_Z¢(41(z)(x4 + x2y2 + }4) _ 53%4¢(6)(z) x
(2)

(2 + 32 y" + 3257y 4+ %) + -,
¢, = - 8#11'63;1‘}7'7;(!";{2 + oy o+ 1), (3)
where [ is the average beam current, T, the period of the
beam pulses, X, Y and Z the heam dimensions, z, the
longitudinal position of the arbitrary particle relative to the
reference particle, g, ., s, and g, the shape factors of the

heam as the following:
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Define the function p, as

P, =~ H:(x~pn."’[’,~’z'[’:)~
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Solve p, from Eq. (5), one obtains
P. K(t.x,p,,)‘,p,,z,p:). (6)

where
1

K=-p.=-[(p+q)lc=pl=-p-mic’]7.
(7

Equation (7) is the Hamiltonian with (x,p,,¥v.p,. ¢,
p.) the canonical variables and z an independent vari-
able. We can define another set of canonical variables §
=(x,p. ¥sp,Top.) a8

X=X P = Py = YaPe = Pys

T =t - zlvg.p, = p - Pl ®)
where 1, is the velocity of reference particle, p| the value
of p, for reference particle. We can see from Eq. (8)
that in the phase space {, the coordinates of reference

particle are always zero. According to Eq. (5), we have
5 1
p(l) = - Hl \mfrrcncrorbil == (m(2)04 + p(-)cz)? - q¢
= = m, )’0('Z - q¢o (9)
where p, is the momentum of reference particle, and 7,
= (1= (v/e) ] 7.

Corresponding to the phase space ¢, the new Hamil-

tonian is
H=-[(p.+q(g. - ¢.) = mer,c’)VIc* = p, - p, -
(m“(‘)z]%—(p_.—mo/locz)lvo. (10)

Now, expanding the Hamiltonian H into Tavlor series,

one obtains

H=>H,
n=0
where
2.2 1
Hn = Pr)(,‘goz)/o = ?)'
H =0,
HZ_—2‘80(_ 5+ 2qn | (s +) +
(pl +p))
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3 Lie map

The Lie map M associate with H is
Z’
M = exp[—iji Hdz:] = MMM, (14)
0

where
M, = exp(:f,:) M, = exp(:fi:),
M, = exp(:f,:),,
and

Zr Z{ .
fom= | Hdagy == [ hrdsoe (16)
Z

o o
here
RM(z) = M,H,. a7
Let the map M acts on the initial coordinate {, and the
subseript “i” of ¢ express the order of the approximation,
we have
g
g

(first order) .

exp(:f;:)¢
:fsitx

(18)

(second order)-- .

)

4 First order

Similar to the analysis described in the Ref. (21,
we divided the whole lens into some small segments. Each
segment is treated as a uniform accelerating field, and
each dividing point is considered as a thin lens. The fol-
lowing is the analysis for each segment and each point.

A. In the interval(z, ,.z,)

In the interval (z, ,,z,).i=1.2,...n.let L, =
z, -z, ,, the subscript “i — 1" stands for the initial val-
ue of the ith interval, the subscript “i" for the final val-
ue of it, and the subscript “0” for the values related with
the reference particle. In each interval, the electric field
is treated as an uniform one, which is ¢ =~0. According
to the first expressions of Eq. (15) and Fq.(16), one

obtains
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cosh( k,7,) M 0 0 0 (
M ox, T Poi-1 ks
P W Po, 1 k,sinh(k /) cosh(k, /) 0 0 0 ) | l
inh( &, 4,)
¥, 0 0 cosh( &, /,Q) ﬂ__'— 0 0 v |
=~ . Poi-1 "y ‘ ‘
b 0 0 poi-1 k,sinh(k, 4,)  cosh(k, 4,) 0 0 P
T, . nh :
L 0 0 0 0 cosh( k, 7.) l e
P J =g , ).
L 0 0 0 0 my B, Yo.c p.k, sinh( K, /) osh( ]
(19)
] 2Qu, 2 2Qu, 5 first term of each series will be the element of the ma-
where kT = —F2- F = ——— Kk = o
Poo 1 Vo Poi-1 Yo - trixwithout space charge forces.

20070 + g+ 1)
BELY W
energy gauged potential of the reference particle at the po-

P2 VJV.,.V and V, , are the

sition z, and z, . respectively, 4 =2L/(7y + 1) is
called effective length of L, v, _, and 3, , are the ve-
locity and relative velocity of reference particle, respec-

tively, at the beginning of the interval . In Eq.(19), if

B. At the dividing point z;

We treated each dividing point z, (i=1....,n) as

a thin lens. Tet the subscript “1” stand for the first order

of particle trajectories, “i” for the values at the point z;,

“i =" for the values on the left of z,, “i + " for the val-
ues on the right of z,. and note that when the panicle

passes cross the point z,, its velocity and related values

we expand each matrix element into Taylor series, the are all constant . After many calculations , one obtains

1 0 0 00 07
X N Re
IS ST ot |
Po 4"7?L.' 0 0 0 0 P,
0 0 1 0O 0 Off »-
= | o | (20)
| ‘ S - P
0 0 —po LT 2T g of T
i . 49l r,
0 0 0 0 1 OJJ”. |
0 0 0 1

where p,, is the momentum of the reference particle at the

k.k.cosh( k 7/ )sinh(k./.) ‘} +

point z, .

) ‘xp( 7 +1) B {
m, 7;,;3; 4k - kD) k.

2k sinh(k 7, )sinh( k. /) -
k.cosh( k # Yeosh(k. /)] +

Ot [

k cosh(Ck /) +
YaPo. .

§ Second order

A. In the interval (z,_,.z,)

Poi-1 k,

Let the subscript 2" stand for the second order 2m, L= kkccoshCk. 7o) +
terms of the orbit. According to the second expressions of (2K = k2 )sinh(k, /. )sinh(k, #.) +
Fq.(15), Eq.(16) and Eq.(18), one obtains k.k.cosh(k /4 )cosh( k. /)] +

xan (g + 1)1 Qu, [ . ( D

=——" s—{———| - (2k, - k7 )sinh(k,£) + A Qe (ot ok v
4K — K {po.-lk. 4k - &) pé,,‘k,[ 2k, coshCh, 20 +
2k sinh(k,/Z Veosh(k /) - 2k, cosh(k, /. Yeosh( k. /. ) -

k.k, cosh(k, 7 )sinh(k 7,)] + k sinh(k / )sinh(k /) +

v e

)—'npo,,]}f.» 2 . ;'u 2 2 :
m, 2k, sinh(k, 4.) + 2m0[ - (2K = k* Yeosh(k /) +
(2% - k%) sinh(k, /. Ycosh( k.7, ) + (2> = kX)) cosh(k, £ )cosh( k. /2) +
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pl: =

k.k sinh(k, 7 Ysinh(k, ..)}} +

pp(p+1) Qu,
mo7iBec (4K = K) Ly pl kK,
[ - k.sinh(k,7~) +
2k cosh(k,/ )sinh(k /. ) -
k. smh(k Jeosh( k. 4, )] +

e

[ k.k, sinh(k /) +

2m
(2k> - k* Yeosh( k.7, )sinh(k, /) +

ok, sinh(k, £, eosh(k, )1}

%(L_Z—I){Oy[ - (2K = K )cosh(k. /) +
(2K = k') cosh(k, /. )eosh(k, 7, ) +
k.k.sinh(k, 7 )sinh(k, /)] +
Yopi 1. [ -2k, cosh(k, ) +

2m,
2k, cosh(k,#, Veosh(k,Z,) -

k. sinh(k, 4 )sinh(k, /4, )]}

(n, +1)
P "———{0"’—[k k.sinh(k,/7) +

m(,)’uﬂot‘ (4k' - k Yk,
(2% = k) cosh(k, /. )sinh(k, /.) +
kk sinh(k 2 )cosh(k.Z)] +

2 k3
Poc 1 - kosinh(k, £ +

2m,

2k, cosh(k 7 )sinh(k /) -

k.sinh(k, £ )vosh(k.£) 1} +

2k ~sinh( k,/,

xu-

wiwﬂ{,% -
( ':—kz) P();]k

(21;“ -k sinh(k £ )cosh( k. /) +
k. k_cosh(k /2 )sinh(k, A )]+
k
Yopou ik o R ynh(h, /) +
2m,

2k’ sinh(k, £ cosh(k.#,) -

k.k.cosh(k, . )sinh( k., ,c)J} +

e (g4 1) Qu,
mo}’(,ﬂ(,c (4K = Bk, YYopos k.
"~ kk. cosh(k £) +
(2k% - k% )sinh(k, 7,

k.k.cosh(k, /

. )sinh(k, 7/
Deosh(k, 2 )] +

)+

rfie

2 e

_rny.»(r);+l){ O,

B % IR Bl 7 1 B R Lie RBOHT

Po- 1 ks [k cosh(k,Z.) +
2m
2k sinh{k, ¢ )sinh(k /) -

k. cosh( k, £, )eosh(k. /) 1}

4k2 - [ - (2K = &3)sinh(k 4

2k _sinh(k, £,
k.k, cosh(k, £ )sinh(k,

Po.-lk
Yeosh(k, 7.) -
o1+

;OPOI—l k, [

2m0

2k - k2 )sinh( &,/

2k sinh(k, /) +

vle

" Yeosh( k.7 ) +
k., cosh( k.7 )sinh(k,£) ]} +

w. (g, +1) U,
moyaByc 4k = K2k, Yopo.-,
[ k. cosh(k, £, ) + 2k, sinh(k / )sinh(k 4,
k.cosh(k, /. )cosh(k 7 )] +

ylie

k
po'—'—‘[ k,k, cosh(k,/

2m,

(2K -

vy e

k> )sinh(k, & )sinh(k, /) +

k k cosh(k, / )ecosh(k_/, )A} +

P, (.+1)1 Qu, _ .
g {po..lk [ -2k, cosh(k,4.) +
2k cosh( k /. )cosh(k /. ) -

k.sinh(k, / )sinh(k /)] +

%o

[ - (2K - k) cosh(k, /) +
(2 ~ k> Yeosh(k,Z Ycosh( k, /) +

yZie

k,k sinh(k, /4, )sinh(k, 7, | A} +

p.p-{n +1) Qne,
mo)’oﬁnc (4k -k )k }'(,pm ,L,
[ - k,sinh(k, 4, ) + 2k, cosh(k, 7 )sinh(k, /
k. sinh(k, 7/ Yecosh(k.4.) ] +
2m0“ k.sinh(k, /Z.) +
(Zk; - k3 )cosh(k, 7, )sinh(k. /) +

k k.sinh(k, 4 Jeosh(k. /£, )J}

yn](v; +1)
YRS {() [- 2k -

(2k> - k> )eosh( k. /4 Yeosh(k, /) +

k k. sinh(k 2 )sinh(k /) +

v ie

¥ Cie

) -

79
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K )cosh(k /) +
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5 2
LS (g + 1) 20,
M[—Zkvcosh(kyzf,)‘r ~2~€ 3’7 : : { : Q{
2mq ‘ meYaBac’ (4K, = Kk, 'po. Yok,

2k, cosh(k, 4, )cosh(k. £, ) -

k. smh(k /. )sinh( k., )]}

w. (g +1) {()#r
mo)’oﬁéc (4k -k )k
(2% - k% )cosh(k, £, )sinh(k. 4,) +
k k. sinh(k,Z )cosh(k 4.)] +

[k k, sinh( k',/,,) +

-‘ k3

Poist Br L k. sinh(k, &) +
2m,

2k, cosh(k, /. )sinh(k.4,) -

k,sinhCk, £ )eosh(k,£.) 1} +

[ - 2k2 sinh(k, 2. ) +

va(v”){()y,
(4K - kK )k, tpo

(2k* - k*)sinh(k, /. )cosh(k, 2. ) +
k,k cosh(k, . )sinh( k. £)]+

;opoi-l Il.[
2m,

2k* sinh( k /. )eosh(k /) -

- (2k1; - k3 )sinh(k,4.) +

k,k. cosh(k, /,,.)sinh(k,/;,)]} +
pp.(p +1) Qu,

myYeBec (4K — k2 k, \Vopo.- i K,

[ - kk.cosh(k,4)+

(2k% - k2)sinh(k, £, )sinh(k./4,) +

kk.cosh(k /4 )cosh(k 24 )] +

Poi-1 o,

2m[)7
2k, sinh(k, 7, )sinh( k. 4,) -

H cosh( k. Z) +

yCie

T e

k. cosh( k. £, )cosh(k.4) 1},
rz(ql +1)

2m, }' ‘30(‘ (4K - B )k,

K )sinh(k, Z) + kk. sinh(2k,Z) ] +

{0"‘[421{2

:li AA,
Poc ‘[ = k sinh(k, £,) +

my

k_sinh(k /. )cosh(k £.)] } +

(g +1) {( Qn,
m 7(:1}93 Ak - )Y\ Yopoi
Poi-n 11:.

2m,

) Leosh(k, ) - cosh(2k, £) ]} +

-

[k sinh(k £.) - k. sinh(k, £, eosh(k,£.) )+

[, = E)sinh(k, /) + ki sinh 2, )+

y' (g +1) Qu,
“173 2 3 {_"’—[(2]6 -
2m070,300 (4,5v - k,)kr 7o

k*)sinh(k,£.) + k k sinh(2k,4.) ] +

2 5
Poi-1 [ - k,sinh(k,.4,) +

2m,

k,sinh(k, £, cosh(k, )1} +

ypy(77i+]) {( Q:uy
mo)-ff,‘l.?f,c"(4k2 - k) Yopoion

Poz. K )[(‘mh(k,/fe) COSh(Zkyxfe)]} +

P. (7] + 1) Q:U)
moyoﬁg (4k - k2 )k 70P0. 1
k.sinh(k,#, )cosh(k, 4,) ]+

[k sinh(k. /) -

LK - K )sinh(k, ) + k & sinh(2k, )]} +
4m, ’

Q.!lx 0i-1

2m(,)'0,80(' k

(g, + D{ sinh(k,£,) +

VBoch, [ - sinh(k,4,) + sinh(k./, Joosh (k. £.) ]} +

l( T

ru—[smhz(k L)+
mo)’oﬁn"
cosh’( k.~ ) —cosh( k. /). +
7 +1
——[smh(k £) +sinh(2k.7.) ],

2”1070.30 k,
M{ Qu, [4K2 (1 - cosh(k,/,)) -
4(ak° LR
kz,(l —2cosh(k, 4) + cosh(2k,2)) ] +
YoPor K 142 (1~ cosh(k. /) +

2m,

4k’ -k

K (cosh(2k,,) - D1} +

1%

([ - P Ch st -

K sinh(k, £ )eosh(k,£) 1} +

P, rz.(r;,+1) Qu,
a4k - Kl K

4k (cosh(k,2) - 1) +

K (1 - cosh(2k, )] + Y,

e T L4k (cosh(k,~)-1) +
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k(1 -2cosh( k. Z.) + cosh(Zky/fe))]} + Note that all the [}0 = —%(ﬂo, + By, ) and Yo =
g+ 1) Lo .
Z(Zkz”_ i ){Q,l (4K (1 - cosh(k,4.)) - 5 (Yo # Yoi01) in Eq.(21) are the average values of 3
k2 (1 - 2cosh(k,4.) + cosh(2k,£.)) ] + and 7 for the reference particle in the interval.
R B. At the dividing point z,
YoPoir B 1442 (1 cosh(k,4.)) + ne po
2m, ’ Note that from the left of the point z to its right,
k: (cosh(2k, £,.) - l)]} + ¢ 20, but " =0. After some calculations, we have
7.n =27 + 1
‘M{( ,,Q/‘L. - p"zu = xP- 47030 C7]2AI,‘
4k’ -k} Poi- i k, 2
» " Tiani =27, +1
70[’0.4 v) I’k smh( k,/,e) T2 1 ’ 470/30 C’?lLI
2m, I
., == (2 + 9 )77“117 7. * ,(22)

k. sinh(k, 7, )cosh(k, ,,)]} + 8)’0[?(,07],L,

here 3, and Y, are the value of 3 and ¥, respe('mel\ s

”"("'”){ 0”‘ [4k2((osh(k ) =1)+

rie

44K - ) pd k for the reference partlcle at point z
K2 (1 - cosh(2k,2)) ] + 7o
0 6 Discussion
(4K (cosh( k. 4) -1) +
k(1 - 2cosh(k,2.) + cosh(2k,/f¢))J} + The second order orbits have been derived in the
| phase space (x, p,,y,p,,7,p, ) for the electrostatic
2 2 ~2 02
v+ 1){ 2 Qu.vo:-1 YoBo L cosh( k. £,) - lenses. It could be extended to higher orders if desired.
. Usually, people like using the phase space (x,x’, v,
cosh® (k.4,) ] + 3 my 7335 Kot Leosh? (k, .) - N g e phse s -
y',At,AE) rather than (x,p,,y,p,.t.p,). There-
2cosh(k,/.) + 1 ]} +7p,(p +1) fore, it is necessary to transfer the vanables p, , p, and p,
Ol to x',¥", At and AE . The procedures are as the follow-
{[ - - smh( k. ./ )eosh(k 7,) ing:

mg, 7()‘30
5’0,;30 rk,r;j[ -sinh( k&, /4.) +

’

x' = p.dpas ¥ = pdpo.

here p, is the momentum of the reference particle in the

sinh( k. /. )cosh(k, / ,,)J}

place where it is concemed.

., Qu,v), As to the variables 7 and p,, we can see from Eq.
p;(r],+1){ 4—61—25mh (k7)) + g 4
2my7oBsc K.y, (8) that
i/ Tt =t-zlvy=AOt,p =p -pl=-AE,

ﬁ[ -2+ cosh( k. /) +cosh2(k,/‘-,)]}.
2'"070.‘30"

where v, is the velocity of the reference particle.

(21)
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