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Abstract: In this paper, we calculated the branching ratios and direct C'P violation of the four B— K7t decays with

the inclusion of all currently known next-to-leading order (NLO) contributions by employing the perturbative QCD

(pQCD) factorization approach. We found that (a) Besides the 10% enhancement from the NLO vertex corrections,
the quark-loops and magnetic penguins, the NLO contributions to the form factors can provide an additional ~15%

enhancement to the branching ratios, and lead to a very good agreement with the data; (b) The NLO pQCD
predictions are AGp(B® =K'~ )=(-6.543.1)% and AZE (BT —K'n’)=(2.242.0)%, become well consistent with

the data due to the inclusion of the NLO contributions.
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1 Introduction

The four B — K7t decays play an important role in
the precision test of the standard model (SM) and the
searching for the new physics beyond the SM [1]. The
branching ratios of these four decays have been mea-
sured with high precision [1, 2], but it is still very dif-
ficult to interpret the so-called “Km’-puzzle: why are
the measured direct CP violation AL (B° — K*n¥)
and A (B* — K*n%) so different? At the quark
level, B® — K*7t~ and BT — K*n® decay differ only
by the sub-leading color-suppressed tree and the elec-
troweak penguin. Their CP asymmetry are expected
to be similar, but the measured values differ by 50 [1-
3]: AZE(B° — Kt~ )=-0.087+0.008 while AZE(B* —
K*n%)=0.037+0.021.

In Ref. [4], the authors studied the “Kn” puzzle in
the pQCD factorization approach, took the NLO con-
tributions known at 2005 into account, and provided
a pQCD interpretation for the large difference between

dr (B - K*ntF) and A3 (B* — K*n®). In this pa-
per, we re-calculate these four B — Km decays with the
inclusion of all currently known NLO contributions in
the pQCD approach, especially the newly known NLO
corrections to the form factors of B— (K,7) transitions
[5].

The paper is organized as follows. In Section 2 we
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calculate the decay amplitudes for the considered decay
modes. The numerical results, some discussions and a
short summary, are presented in Section 3.

2 Decay amplitudes in the pQCD ap-
proach

In the pQCD approach, we treat the B meson as a
heavy-light system, and consider the B meson at rest for
simplicity. By using the light-cone coordinates, the B
meson momentum Py and the two final state mesons’
momenta P, and P; (for M, and M3, respectively) can
be written as

My My 2,2
P = —=(1,1,07), Pob=——=(1—73,15,07),
B \/5( T) 2 \/5( 3272 T)
M
P3 = —B(Tgvl_rgvoT)a (1)

V2

where r2=m?/MZ are very small for m;=(m,,mx) and
will be neglected safely. Putting the light quark mo-
menta in B, M, and M3 meson as ki, ks, and ks, respec-
tively, we can choose

ki = (2.P5,0,kiv), ko=(22P;,0,kor),
kg = (07.'173P37,k73T). (2)
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The decay amplitude after the integration over ki, and
k3 can then be written as

A(Bd—)MQMg) NJ’dxldl'gdl'gbldblbzdbgbgdbg

XTI' [C(t)@B (Ilabl)QI\/Q (.Ig,bg)@l\/h (I3,b3)

H(zi,bi,t)St(:ci)efs(t)} , (3)

where b; is the conjugate space coordinate of kir. C(t)
is the Wilson coefficient evaluated at scale ¢, the hard
function H(ky,k,,ks,t) describes the four quark oper-
ators and the spectator quark connected by a hard
gluon. The wave functions Pp(k;) and Py, describe
the hadronization of the quark and anti-quark in the B
meson and M; mesons. The Sudakov factor S;(x;) and
e 51 = e7IBM=SMy (D=5M5 () can together suppress the
soft dynamics effectively [6].

For the B meson, we adopt the widely used distribu-
tion amplitude ¢p as in Refs. [7-9]

1 ams\> w2b? (4)

2 wy 2 ’

where the normalization factor Ny depends on the values

of the shape parameter wg and the decay constant fg and
1

¢p(z,b) = Npz?(1—x)*exp l—

defined through the normalization relation J' dz¢g(x,b=
0

0)=fs/(2v/6). The shape parameter w;,=0.40+0.04 has
been fixed [6] from the fit to the B — 7t form factors
derived from the lattice QCD and from the Light-cone
sum rule. For the light m and K mesons, we adopt the
same set of distribution amplitudes ¢%% ) T(x;) as those
defined in Ref. [10] and being used widely for example in
Refs. [9, 11, 12].

FLL

2.1 Leading-order contributions

In the pQCD factorization approach, the leading or-
der contributions to B — Km decays come from the
eight Feynman diagrams as shown in Fig. 1. Following
Ref. [12], we here also use the terms (FX- FMR ) FSF) and
(MEY MER ) MSF) to describe the contributions from the
factorizable emission diagrams (Fig. 1(a) and 1(b)) and
non-factorizable emission diagrams (Fig. 1(c) and 1(d))
through the (V—A4)(V—-A), (V=A)(V+A) and (S—P)(S+P)
operators, respectively. In a similar way, we also adopt
(FLt FEROFSPY and (MEE, MM MBSP) to stand for
the contributions from the factorizable annihilation dia-
grams (Fig. 1(e) and 1(f)) and non-factorizable annihi-
lation diagrams (Fig. 1(g) and 1(h)). From the analytic
calculations we obtain all relevant decay amplitudes for
the four B— Kt decays:

n(K)

Ba - K(m) ) - a

><><%2§

®

Flg. 1. The Feynman dlagrams for the LO contri-
butions in the pQCD approach: (a, b) factoriz-
able emission diagrams; (c, d) hard-spectator di-
agrams; (e-h) annihilation diagrams.

_\:?4./_ _‘.x%

By evaluating the emission diagrams Fig. 1(a)-1(d),

| for example, we find the following decay amplitudes

e = FLR 167'[0F J dIldI3rb1db1b3db3 ¢B (Il)
0 0

) {[(ws+1)8 (3)+rs(1=225) (5 (w3)+¢3 (25)) ] -a(21,25,01,b5) Ee(ta)

+27’3¢§ (x3)-ho(x1,23,01,b3)
1
F5° = 327IOFM§J

0

E.(ty)},

d.fld.fg r bldblbgdbg ¢B (CCl)TQ
0

x { [TS (2+$3)¢3P(553)—7”3903¢3T($3)+¢3A($3)} ha(1,23,01,b3)-Ee(t,)

+27’3¢§ (w5)-hy(z1,25,b1,b3)-

64
MCLL = 767'[017

X { [55295?(503)—1737”3 (¢§ (z3)

E.(ty)},

J dfl/'ldl'gdl'g rbldblede (bB (*/El)(b? (sz)
0 0

— 3 (23))] he(@i,by,ba) EL(te)
+ [(—za—3) By (w3)+asr2 (05 (23)+ 5 (23))] -hd(aci,bl,bg)E;(td)},
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MCLR = T[CF J’ deldezdegmeldblbzdb2¢]3($1)
\/_ 0

X { [Z2 (05 (22) 405 (22)) P (x3)+a373(d5 (23)
+¢3 (25)) (@5 (22)— 03 (22))+Tars(dk (23)

—3 (5)) (05 (w2)+ (22)) ] he(:,b1,b2) B (1)
— @2 (9% (»’Cz)—éf’T (22)) b5 (w3)+w275 (95 (5)
+¢3 T3 )(¢ ¢2 552))

+a575 (05 5173)+¢3 (23)) (05 (22)

(
+¢5 (22))] -ha(2i,b1,b2) E, (td>}7 (8)

64 '
MCSP = —T[CF J’deldezdegmeldblbgdb2¢]3($1)
0

V6 0
X @y (22) { [(wa—23—1) b5 (w3)+aa75 (05 (5)

+65 (23)) ] -he(s,b1,b2) EL (te)
+ [$2¢3A (z3)—x373 (¢§ (x3)

67 (@3))]-ha(@i bi.b2) EL(ta) ©)

where ro =msy/mg, rs=mz/mp and Cr=4/3 is a color
factor. The explicit expressions for the convolution func-
tions E,(t, ) and E.(t.4), the hard scales t, 1, . 4, and the
hard functions h,, c.a(2i,b;) can be found in Ref. [9]. By
evaluating the annihilation diagrams Fig. 1(e)-1(h) we
can find the corresponding decay amplitudes FL&-LE-SP
and MELLERSP Dgimilar with those as given in Eqgs. (34)—
(38) in Ref. [13].

Taking into account the contributions from differ-
ent Feynman diagrams, the total decay amplitudes for
BY - K*n~ and BT — K*n® decays can be written ex-
plicitly as:

A(BO—>K+7T7) = Vu*qud [fK alFCLL—i—Cl MCLL} —Vvtz‘/td{f}( (a4+a10)FCLL+fK(a6+a8)FCSP—F(Cg—i—Cg)MCLL

+(Cs+Cr) MER + f [(a4— @) o (

V2ABY -K*n?) =

R G i G DAL

Vu*qud'{[alfK+a2f7T] FeLL‘i‘(Cl+CQ)MeLL+a2fBF;L+ClM;JL}

—VtEth'{(%+a10) (fuFe +faly ") +Hactas) (fu 70+ o F)F)
+(Cs+Co) (MEM+ME") +(Cs+Cy) (MR MER)

3 3 3
+§(—a8+alo)aneLL+gcsMeSP‘FECloMeLL}v

where a; is the combination of the Wilson coefficients C;

C C;
with the definitions: a1, = C’g,l—l—i, a; = C;+ 3“

(ai—Ci—l—C;)l) for ¢ =3, 5, 7, 9 (i=4, 6, 8, 10) re-

spectively. The explicit expressions for B® — K°7t® and
Bt — K%t decays are similar with those as shown in
Egs. (10), (11).

2.2 NLO contributions

Based on the power counting rule in the pQCD fac-
torization approach [4], the following NLO contributions
should be included [4]:

1) The Wilson coefficients C; (M) at NLO level [14],
the renormalization group evolution matrix U (¢,m,«) at
NLO level and the strong coupling constant «(t) at the
two-loop level [1].

2) The currently known NLO contributions to hard
kernel H® (a?) include [4, 5, 15]:

(a) The vertex correction (VC) from the Feynman
diagrams Fig. 2(a)-2(d);

(b) The NLO contributions from the quark-loops
(QL) as shown in Fig. 2(e)-2(f);

(¢) The NLO contributions from the operator Og, as

(11)

| shown in Fig. 2(g)-2(h) [15];

(d) The NLO contributions to the form factors as
shown in Fig. 2(i)-2(1) [5].

// /,,,,/

0&, O

(a) (b)

(e (h)

A
| '

@ ) (] ®

Fig. 2. The typical Feynman diagrams for cur-
rently known NLO contributions: the vertex cor-
rections (a—d); the quark-loop (e—f); the chromo-
magnetic penguins (g-h); and the NLO contribu-
tions to form factors (i-1).
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The still missing NLO parts in the pQCD approach
are the O(a?) contributions from hard spectator dia-
grams and annihilation diagrams, as illustrated by Fig. 5
in Ref. [13]. According to the general arguments as pre-
sented in Ref. [4] and explicit numerical comparisons of
the contributions from different sources for B— K7t de-
cays as made in Ref. [13], one generally believes that
these still missing NLO parts should be very small and
can be neglected safely. The major reasons are the fol-
lowing:

1) For the non-factorizable spectator diagrams in
Fig. 1(c)-1(d), their LO contributions are strongly sup-
pressed by the isospin symmetry and color-suppression
with respect to the factorizable emission diagrams
Fig. 1(a)-1(b). The NLO contributions from Figs. 5(a)—
5(d) in Ref. [13] are higher order corrections to small LO
quantities.

2) For the annihilation spectator diagrams at leading
order, i.e. Figs. 1(e)—1(h), they are power suppressed and
generally much smaller with respect to the contributions
from the emission diagrams Fig. 1(a)-1(b). The NLO
contributions from Figs. 5(e)-5(h) in Ref. [13] are also in
the higher order corrections to the small LO quantities.

3) Taking Bt —K'n decay as an example, as shown
in Eq. (87) of Ref. [13], the relative strength of the in-
dividual LO contribution M?*? from the emission dia-
grams, Mtd and M®! from the spectator and the an-
nihilation diagram respectively can be evaluated through
the following ratio:

|Ma+b|2:|Mc+d|2:|Manni|2

One can see directly from the above ratio that the con-
tribution from the emission diagram is indeed dominant,
while the contribution from M4 (| M#21 ) is less than
1% (10%) of the dominant one.

Based on about reasonable arguments and explicit
numerical examinations, one can see that the still miss-
ing NLO parts in the pQCD approach are higher or-
der corrections to those small LO quantities, and there-
fore should be very small and can be neglected safely.
For more details of numerical comparisons, one can see

Ref. [13].

=3.23:0.02:0.33.  (12)

The vertex corrections from the Feynman diagrams |

(a) _ 4
MU . = —8my

V2N,

0

as shown in Figs. 2(a)-2(d), have been calculated years
ago in the QCD factorization approach [16, 17]. Since
there is no end-point singularity in the evaluations of
Figs. 2(a)-2(d), it is unnecessary to employ the kr fac-
torization theorem here [4]. The NLO vertex correc-
tions will be included by adding a same vertex function
Vi(M) to the corresponding Wilson coefficients a; (i) as
in Refs. [9, 16, 17).

For the b —s transition, the contributions from the
various quark loops are given by [4]

Cﬂ_—zz £ 2 0 )
X [57 (1=75) 0] (¢ T"q'), (13)

where [? is the invariant mass of the gluon, which at-
taches the quark loops in Fig. 2(e) and 2(f). The ex-
pressions of the functions C9(y,1?) for g=(u,c,t) can be
found easily in Refs. [4, 9].

The magnetic penguin is another kind penguin cor-
rection induced by the insertion of the operator Osg,, as
illustrated by Fig. 2(g) and 2(h). The corresponding
weak effective Hamiltonian which contains the b — sg
transition can be written as

== L Vi Vil 510" (14) T G b
(14)

where i, j are the color indices of quarks, Cg; M — Cge+Cs
[4] is the effective Wilson coefficient.

For the sake of convenience we denote all current
known NLO contributions except for those to the form
factors by the term Set-A. For the four B— K decays,
the Set-A NLO contributions will be included in a simple

way:

A= At Y EMRHEME,

q=u,c,t (15)
Ascn— Ascnt > EME+EME,

q=u,c,t

where &, =V, Vo, £ = VeV, with q=u,c,t, while the
decay amphtudes M(q) .z, and /\/l(g) ar,ar; are of the form:

Cr J dxldxgdxgrbldblbsdbsaﬁB(:cl){[(1+x3)¢>i<ws)¢ﬁ<w2)+2rn¢§<wz)¢2<ws)
0

7 (1=223) O (22) (05 (23)+05 (23))+2rnrk i (€2) (2+25) P (23) —T3¢7 (23))]

XaZ(ta)h (xlux?nblubS) p[
XaZ(tb)he(xISaxlab?n )eXP[

= —16mGB

V2N,

0

ab (ta)]CV (ta,1%)
ab ()] O (8,1) } (16)

CF J dflfldxzdxgrbldblbgdb2b3db3 ¢B (Il){ [(1—.'173) [2¢$($3)+7’ﬂ(3¢£ (333)—|-¢);l: (CCg))
0

+ [2r 0% (22) dr (23) +4rrrk O (22) b (23)]

73 (Ph (23)—dr (23))] O (22) =T 2 (1423) (3P (2) — P (22)) s (23) =T (1—25) (Bdye (22)
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+ 05 (22)) (D7 (w5) = P (23)) =Tl 2 (1—2235) (3 (w2) — bk (22)) (07, (23)+07 (23))]
X2 (ta)hg (w:,b;) exp[—Sea (ta)]Con (ta)+ [Ar o (22) Ph (3)+ 27k a2 (30 (2)
— i (22))br, (5)] 2 (b )l (21,b5) exp[—Sea (t) ] Cra (t) } (17)

VEMZ ) = MO M =M (19

VEME ) = MO =M =ML (19

where the expressions of the Sudakov factors S,y (¢;) and
Sea(ti), the functions C@(t,,1%) and C @ (¢,,1"%), can be
found easily in Refs. [4, 9].

In Ref. [5], the authors derived the kp-dependent
NLO hard kernel H® for the B — 7 transition form
factor. Here we quote their results directly, and extend
the expressions to the B — K transitions under the as-
sumption of SU(3) flavor symmetry. At the NLO level,
the hard kernel function H can then be written as

H = H(a)+HY (a?)
= [1+F(.T1,.’,E3,,u,,uf,7’],<1)]H(O)(OLS), (20)

where the expression of the NLO factor F(z, x3, 1, s,
7, ¢1) can be found in Eq. (56) of Ref. [5].

3 Numerical results and discussions

In numerical calculations, the following input param-
eters will be used [1] ( all the masses, QCD scale and
decay constants are in units of GeV):

AQCD = 025, mW:8040, mB=5.287 mn=0.147
mi = 0.494;  f,=0.13, fx=0.16, (21)
Tgo = 1.528 ps, Tp+=1.643 ps.

For the CKM matrix elements in the Wolfenstein
parametrization, we use A = 0.2254, A = 0.817, p =
0.13670012 and 7 = 0.348+0.013 [1]. For the Gegen-
bauer moments and other relevant input parameters, we
use [10]

a® =0, a¥=0.06, af=a5=0.25%0.15,
af = —0.015, a5¥=0, p.=my/my, (22)
px = mg/m&, n3=0.015, wz=-3.0,

with the chiral mass m] = (1.44+0.1) GeV, and mf =
(1.6+0.1) GeV.

From the decay amplitudes and the input parameters,
it is straightforward to calculate the branching ratios and
CP violating asymmetries for the four considered B— Kt
decays [4, 9].

In Tables 1 and 2, we show the LO and NLO pQCD
predictions for the branching ratios and the direct C'P
violating asymmetries of the considered four B— Kt de-

| cays. In Tables 1 and 2, we list only the central values

of the LO pQCD predictions in column two, and the
central values and the major theoretical errors simulta-
neously in column four. The first error arises from the
uncertainty of wg=(0.4040.04) GeV, the second one from
the uncertainty of a3 =0.2540.15, and the third one is
induced by the variations of both m& =(1.6+£0.1) GeV
and mT=(1.4£0.1) GeV. The errors induced by the un-
certainties of other input parameters are very small and
have been neglected. As a comparison, we also show the
partial pQCD predictions obtained in this work (labeled
by Set-A in column three) and those as given in Ref. [4]
in the column five, where the same Set-A NLO contri-
butions are included. One can see from those numerical
results that:

1) For branching ratios, the central values of pQCD
predictions as given in column three in Table 1 are
smaller than those as shown in column five by about
thirty percent, such differences are largely induced by
the change of the lower cutoff of the hard scale ¢ from
to = 0.5 GeV in Ref. [4] to po =1 GeV here, because
it may be conceptually incorrect to evaluate the Wilson
coefficients at scales down to 0.5 GeV [9, 18]. For direct
CP violating asymmetries, as shown in the third and
fiftth column of Table 2, the changes of the pQCD pre-
dictions due to the variation of p, are rather small, this
is consistent with the general expectation.

2) Analogous to the case for B — Kn) decays as
shown explicitly in Table VIl and IX in Ref. [13], the NLO
contributions to the decay amplitudes from the vertex,
the quark-loop and the magnetic penguins are largely
canceled from each other, and in turn leaving only a
roughly 10% enhancement to the LO pQCD predictions
of the branching ratios.

3) As listed in Table 1 of Ref. [19], the NLO contribu-
tion to the form factor for B—n (B—K) transition can
provide a 18% (15%) enhancement to the corresponding
LO result:

FY°(0)(B—m) = 0.22:£0.04— FX"°(0)(B—m)
= 0.2640.04,
FX°(0)(B—K) = 0.27+0.05— FN"°(0)(B—K)
= 0.3140.05. (23)

Such enhancement to form factors FP~7(0) and
FB~¥(0) can in turn result in an additional 12% to 18%
enhancement to branching ratios relative to the results
in the third column with the label “Set-A”, as illustrated
clearly by the numerical results in column four of Table 1,
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Table 1.

The LO and NLO pQCD predictions for branching ratios Br(B — Km) (in units of 107°), the previous

pQCD predictions in Ref. [4] and the relevant data [1, 2] will also be listed in the last two columns.

decay modes LO Set-A NLO: this work pQCD [4] data
B0 —KOr® 6.3 6.6 7.412241-3+0.9 9.175°¢ 9.940.5
B K+n— 14.4 15.3 17.7755+2.6+2.0 20.97 556 19.64+0.5
Bt -K*n? 10.1 10.6 12,5739 713 13.971% 12.940.5
B KOt 17.5 18.4 215747138 2451130 23.840.7
Table 2. The same as in Table 1, but for the pQCD predictions for the direct C'P violations A&L(B—Km) (in units
C
of 1072).
decay modes LO Set-A NLO: this work pQCD [4] data
Adir, (B0 - KOn0) —2.2 -7.0 —7.910-50 8504 —743 0+13
Adin (B —KOnt) —0.75 0.40 0.3871093+0-02+0-03 0+0 —1.5£1.2
Adir (B0 —Ktm) ~12.6 —-6.4 —6.5720+2.340.3 -97%5 —8.7+0.8
Adr, (BT —K*n0) ~8.6 2.0 2.211F+1.240.1 -173 3.7£2.1

and consequently lead to a very good agreement between
the NLO pQCD predictions and the measured values
within errors.

4) For A3 (BY — KO1t°) and AHL (BT — K7th), the
pQCD predictions agree well with the data.

5) At the leading order, the pQCD predictions for
AfL(BY — Kfm) and A8 (BT — Ktn®) are indeed
similar in both the sign and the magnitude, —12.6%
vs —8.6%, as generally expected. After the inclusion
of the NLO contributions, however, they become rather
different as can be seen from Table 2. The NLO pQCD
predictions, consequently, come to agree well with the
data. One can also see that the pQCD predictions for

dr (B - K*t7n™) and A3L (BT — KTn°) remain basi-
cally unchanged when the NLO corrections to the form
factors are taken into account.

In summary, we studied the B — K7t decays by em-
ploying the pQCD factorization approach. We focus on
checking the effects of all currently known NLO con-

tributions to the branching ratios and direct C'P viola-
tions of the considered decay modes, especially the rule
of the NLO corrections to the form factors F2~"(¢?)
and FP~¥(¢%). Based on the numerical calculations and
the phenomenological analysis, the following points have
been observed:

1) Besides the 10% enhancement from the Set-A NLO
contributions, the NLO contributions to the form fac-
tors can provide an additional ~ 15% enhancement to
the branching ratios, and lead to a very good agreement
with the data.

2) With the inclusion of all known NLO contribu-
tions, the NLO pQCD predictions are

(B —K ' )=(—6.5+£3.1)%,
(24)
(BT —=Ktn%)=(2.24£2.0)%,
where the theoretical errors have been added in quadra-
ture, which agree well with the data.
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