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Abstract:

We study the Dirac oscillator problem in the presence of the Aharonov-Bohm effect with the harmonic

potential in commutative and noncommutative spaces in S =V and S=—V symmetry limits. We calculate exact

energy levels and the corresponding eigenfunctions by the Nikiforov-Uvarov (NU) method and report the impact of

the spin and the magnetic flux on the problem. Helpful numerical data is included.
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1 Introduction

The jargon Dirac oscillator (DO), which was first in-
troduced by Moshinsky and Szczepaniak, is of interest in
many fields of physics because it bears the effect of an
external magnetic field [1]. Tt is well-known that the ter-
minology corresponds to the transformation of the mo-
mentum operator p into p—imwpfr, where 7, m and w,
respectively, show the position vector, the mass of the
particle, and the frequency [2—4].

On the other hand, a very challenging point is the
noncommutative (NC) formulation of quantum mechan-
ics in which our common commutation relations are al-
tered. The NC quantum mechanics, which originates
from string theory [5-7], has oriented theoretical re-
searches on many related topics, including: Matrix the-
ory [8], quantum Hall-effect [9], quantum gravity [10]
and quantization rules [11], Aharonov-Bohm effect [12],
Aharonov-Casher effect [13] and Landau levels [14]. In-
valuable comments on the interface of the subject with
quantum field theory can be found in Refs. [15-19].

Within our study, bearing in mind the significance of
Dirac oscillator, the NC version of quantum mechanics,
harmonic interaction, and an external magnetic field, we
investigate the Dirac oscillator with an Aharanov-Bohm
field [20] in the presence of an external harmonic term
in NC space. We proceed on an analytical framework,
and report the energy spectrum and corresponding wave-
functions by the NU method. This work is organized as
follows. Section 2 gives a brief review of the NC quantum
mechanics. Sections 3 and 4 will review the most nec-
essary formulae of Dirac equation in commutative space
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with an Aharonov-Bohm effect in the presence of a har-
monic potential. Finally, Sections 5 and 6 will study the
problem in NC space. The work ends with our conclud-
ing remarks and some useful numerical results.

2 Noncommutative quantum mechanics

(NCQM)

High-energy physics, and in particular string theory,
imply NC relations instead of our ordinary commutative
relations. A number of interesting papers have discussed
the problem and its various related aspects. In summary,
our commutative relations, including the coordinates z'
and the momentum p', are replaced by &' and p', which
obey the algebra [21-23]

[#,4']=i0", [p',p']=0, [#'p']=id", (1)
where 6 =0¢c, £V is an anti-symmetric tensor and 6 is
called the NC parameter. Thus, we must change z' as

T
x‘—>x‘—§95”p’, (2)

and the Moyal product is defined by (f*g)(xz) =
exp(1090,:0,;) f (¢')g(2%), where f and g are arbitrary
functions. Some physical systems were analyzed in NC
phase-space (NCPS). The latter implies the commuta-
tion relations [24]

@] =65, i) =i, [#5]=i0%, (@)

where 6" is again an antisymmetric constant tensor and
0 =0e. Thus, in order to map the NCPS on its com-
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mutative counterpart, we must change & and p as
. A R . N
56‘—>A:v‘—ﬂ95”p1, p—Ap'+ ﬂ%”x% (4)

where the constant A is a scaling factor and the param-
eters A, 6 and 6 represent the NC nature of the phase-
space.

3 The problem for equal scalar and vec-
tor interactions in commutative space

Let us consider the symmetry limit of a single neutral
spin-half particle moving in an external magnetic field.
In this limit, the Dirac Hamiltonian appears as

Hp=ca-m+(m+V)p. (5)

In this section, we analyze the AB problem in commuta-
tive space in the S=V limit which corresponds to

(a'n""_(m""_v)ﬁ)(bn,k (F):(gn,k_v)wn,k (F), (6)

where = ﬁ—e/_f is the minimally coupled momentum and
A is the vector potential. The potential A in the Coulomb

gauge is considered as [25-27]
- (-%4, r-R,
eA= r . (7)
0 r<R

Therefore, the Dirac oscillator equation takes the form
(- (m=imwpBr)+(m+V) B)hn  (F) = (€nn =V ) hn (7).
(8)

We choose two quantum numbers n, A and represent our
two-component stationary spinor as

mM®=<?ig>, 9)

and the matrices a and 3 are defined as

Io 0 ¢
~(a ) ~(50)

where [ is a 2x2 unitary matrix and the spin matrices
are

(10a)

(Vo) (05 ) (5 0) o
Egs. (9) and (10) yield the coupled equations
(0-70) X x () +Himw (67) X 5 ()

= (Ena—m=2V)P, 5 (7), (11a)
—(0-m) D,y \ (F)+imw (G-7) P, ()

= —(enrt+m) X (7), (11b)

which give

2,22 =

{=(0-m) (&) —m*wr*+imw (&-n) (¢-F)—imw (& -F) (5-7)

+(e2 \—m* =2V (2 +m)) } D, (7) =0. (12)

For the interaction term, we consider the harmonic po-
tential,

V(r)=a,r’+ay, (13)

where a; and a, are the potential constants. Now, let us
recall the useful relations

(5-A)(3-B) = A-B+ic-(AxB), (14a)
Eﬁ:5?<?ﬁﬂi£>, (14b)
7 = —ihV, (14c)
L, = fbi, (14d)
idep
B = 1°, and o' =p~". (14e)

We may now write Eq. (12) in cylindrical coordinates as
d2+1d+1 o ., 2L,
—+——+—= | =—+ia | —mwr
dr2  rdr 72 \dy

10 2as d
+2mw <1—5 (T%—I—a) > —75+53L,A—m2
—2(117"2(m+€n7)\)—2a2(€n7)\+m)}Qpn’/\(’F)—O, (15)

Eq. (15), via the change of variables: z=r2 and &, » (z)=
e?¢®! | (z), where X is an integer number, for r> R and
r< R regions is, respectively, written as [28-30]

2 1 d 1
{——l—;(l—sa)——i——

1 2
dz2 dz 2 —;(A—i—a) /2

mw? 1
—( 5 +a1<m+sn,x))+;((ei,k—m2)/2

+mw(l—s(A+a))—az(e,x+m))

}@L’A(z):(), r>=R,

(16a)
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and
2 1d 1| 1,, m2w?
{@"1‘;&4’5[—;0\ /2)—( 5 —i—al(m-i-sn,x))
1 2 2
—i—;((sn’k—m )/24mw(1—s))
—ay(gnatm)) }45:“(2):0, r<R. (16Db)

To solve the above equation, we use NU method that is
represented in the Appendix and write Eq. (16) as

o [ TR ] NG
(17)
where
& = mPw?/dta,(mtenn)/2, (18a)
& = mw(l-—s(A+a))/2—as(en+m)/2
+(ena—m?) /4, (18b)
& = (vba)?/4. (150)

A comparison of Eq. (17) with Eq. (Al) indicates the
correspondence

a; = l—sa, a,=0,

as =0, ay=sa/2, az;=1/2(as—2a3)=0,

a5 = a3+E6=61, ar=2,05—E=—Es,

ag = a;+&=5a%/4+&s, ay=asartaiagtag=E,
10 = 1420442\ /a5 =142+/s202 /4+E;,

ap = ay—205+2(yagtaz/ag)=2+/&1,

12 = agty/as=sa++/s2a?/4+E;,

ais = as—(Vagtasyas)=—/&, (19)

from Egs. (A10) and (All) in Appendix, the eigenfunc-
tion is

q*)l A(r) _ Tfsaf\/52a2+(k+a)2efé\/m2w2+2a1(m+sny>\)r2
n,

—4/s52a2+ (A +a)?
><an +(A+a)

X <\/m2w2+2a1(m+6n’k)r2>, r=R (20)

which for «=0 becomes

451 )\(’I") _ r>\67%\/m2w2+2a1(m+6n1>\)r'2
n,

x L) (\/m2w2+2a1(m+5n,A)r2>. r<R (21)

Using the boundary conditions at r=R, that is,

QY);’A(T‘<R)’T:R = 457117)(7“>R)’T:R, (22a)
do; ,(r<R) _ do, \(r>R) (22m)
dr R dr r—R
as well as the Eqgs. (22a) and (22b), we find
P, \(r<R) / _ P, \(r>R) / 7 (23)
(@}%}\(’I‘<R)) —n (@}%}\(’I‘>R)) —n

which determines the energy eigenvalues. We have re-
ported the energy spectra or Landau levels in Table 1.

4 The problem in S = —V symmetry
limit in commutative space

In this section, we consider the case of S=—V start-
ing from Eq. (8), which yields the coupled equations

(6'7'[)X7L,A (F)—i—lmw (5:7_") Xn,A (’l?)

= (ena—m)Pp5 (7). (24a)
— (310D (F)+imw (3-F) P, » (F)
= —(Eprtm—2V) X, (7). (24b)

Eliminating ®,, , in favor of X,, , and using the same
steps of the previous section, the solution S=—V limit
for our two regions r>R and r<R is, respectively, writ-
ten as

Xl A(T) — rfsaf\/szaer()\Jra)Qef%\/m2w272a1(m76n1>\)r'2
n,

—/s2aZ ()2
) I, Vet Ode) (\/m2w2—2a1(m—5n,k)r2),

r>R, (25)

which, for =0 becomes

Xl )\(’I") — rfkefég/m2w272a1(m75n,/\)r2
n,

xL* <\/m2w2—2a1 (m—snyk)ﬁ) .
r<R (26)

The corresponding energy is listed in Table 1.

Table 1. Energy spectra €,,x of the DOE for any
arbitrary choices of n and A quantum numbers

with a1 =—1, a2 =0.88 and a=0.8 in commuta-

tive space.
|72, \) ena (S(r)=V(r)) en A (S(r)==V(r))
|1,0) —1.738507900 12.26149210
12,0) —1.853344486 12.14665551
12,1) —2.199226973 11.80077303
13,0) —3.761890825 10.33330691
13,1) —3.841833922 10.15816634
13,2) —4.481967596 9.518032669
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5 The problem for equal scalar and vec-
tor interactions in noncommutative
space

In this section, we analyze the problem in NC space.
Our starting equation in this space is

{[(&-m0)+imw (&P X057 (7 {2V () ) (7)

_ (5;§S>—m)q§;175> (7, (27a)
[~ (@Fm)+ime 7)o (7
= — (00 +m) X0 (7, (27b)

where EilNAC ) denotes the eigenvalues in NC space. In NC
formulation, the star product between two fields on NC
space can be replaced by the generalized Bopp shift (2).
To map NC space int_p commutative space, we use the

—

0%
Bopp shifts 7 — 7+ ' y

5% To solve the corresponding

equation, that is,

o NC) /= | - R gxﬁ
l(aﬁ'{)X}LA ) (P)+imw <O’- <T+ﬁ>>‘|

9_’ —
— (Em) BN (F)+Himw <a- <F+%> ) BN (7)

NC NC
= _(EEL,A) )X’!(LX)(#)7

we eliminate Xn ) (7) in favor of (b(NC)( ) and obtain

(28b)

{—(5 ) (G-10) —mw?r’ +imw (&-1) (7-7)

RN imw,
—imw (-7 (5-7)+ - (3-7) (g (9@))
imw /.  ~ 2w L
—%(g (9xm)(m)— = (ar)(a-(exp))
2,2 . B 2,202 2
“on (o0xm) (o)~ 72 S (o00) -t
a1p*0% 20a,L,
—<2a17“2+ 12ph2 + }; +2a2)( (NG )—I—m)}

x @0 (7)=0. (29)

The latter, after some algebra, appears as

2as d 0 i«

1d
d rodr

d? n n 1 d2 +1
dr?2  rdr r2de? k
d 2 10
—I—g——i-(ss\lf)) —m2+2mw <1—s <7—+o¢>)
: idy

29
0 m2w26‘ mswol)
h h z

dp 12

[2al(sn m)—+

r2

1
(2a1m+2a15(NC)+m w?)—=a?
r

_2a2(5;17§>+m)+m2w295] }@Sﬁ? (7)=0, (30)
where
6> 20%60%  2mswl
k=142a,(e, +m) 4h2+ T + - (31)
Now, using the change of variables z=r? and @ELN D (2)=

@l N9 (2), Eq. (29) is written as

2 (Q-sa/k)d 171
{@—F(Zﬂ& 2k|: ( (mswa@L +k/\2+Oé )/2
2 1/1
_)\a_(m;) +ay (8O +m )>+; <§((€%C>)2_mz)

—as(e (NC)—i—m)—l—mw (1—s(A+a))+

2 (e tm ) | bl )=
or, more neatly,
{dd— @5 ] )} 2,37 (2)=0,
where )
& = (M ka0 +am) /2), (34a)
& = (N0 m?)/=as(c00 ) 2
+mw (1—s(A+a)) /2+m>w?d (s—%) /4
+2a, (e, +m)b), (34b)
& = %((mswa@Lz+k)\2+a2)/4+)\a/2). (34c)
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Thus, the required parameters in the NU technique are
a, = 1=sa/k, a;=0, a3=0, a,=sa/2k,
as = 1/2(ay—2a3)=0, ag=az+&=E,
or = 2005 —E ==, as=a;+E=5"a" /4K +&;,
ay = azartajagtag=E,
a0 = o +20u42\/as=1+42+/s202 [4k?+E;,
a1 = ap—205+2(\/agtazy/ag) =2
1y = aut/as=sa/2k++/s2a2 [4k2+&;,
~(Vas+asy/as)=—V/&. (35)

Therefore, the eigenfunctions in the two regions are

Q13 = @

1(NC) 7%7\/%(#+(mswa9+2a))\+)\2k+a2)
gp'n)\ ( ) =r

Xe<7l\/ = (m2w2+2a1(m+s$\f§>))r2>

\/1 (S a? +(mswad+2a) A\ +A2k+a? )
X Ly,

X (\/% (m2w2+2a1 (m+s£LNf))) ) r=R

(36)

and

815 (1)

Y *l\/k<m2w2+2a1<m+sm>>> 2
=7r"e

x L) (\/i (m2w2+2a1 (m—l—E(NC)))r ) . r=<R (37)

The corresponding energies are listed in Table 2. If §=0,
we recover the results of the commutative case (see Ta-
ble 3).

Table 2. Energy spectra €,,» of the DOE for any
arbitrary choices of n and A quantum numbers
with A=1 and 6=0.05 in NC space.

In,\) 0 (8(n)=V(r)) e (S(r)=—V(r))
s=1
|1,0> —5.281608016 12.10063321
|2,0) —5.248117852 11.73849188
|2,1) —5.154218341 8.850202525
|3,0> —4.243452888 7.612606747
|3,1) —3.703964883 7.122945433
|3,2) —1.476158319 5.766724107
s=—1
|1,0> —1.108717094 12.89128291
|2,0) —2.027681444 11.97231833
|2,1> —2.469393583 9.879645576
|3,0> —4.276190633 8.752550932
|3,1) —4.453492694 7.144148435
|3,2> —5.389981156 5.881886658

Table 3. Energy spectra €, x of the DOE for any
arbitrary choices of n and A quantum numbers in
the absence NC parameter 0=0.

In.A) LV (5()=V(r) LV (5()=-V(r)
[1,0) —1.738507900 12.26149210
12,0) —1.853344486 12.14665551
12,1) —2.199226973 11.80077303
13,0) —3.761890825 10.33330691
13,1) —3.841833922 10.15816634
13,2) —4.481967596 9.518032669
6 The problem in S = —V symmetry

limit in noncommutative space

In this case, we start from

{(5~n)+imw <5~ <F+ %f) ) }XSXC) (7)

{— (G-1)+imw (6’- (7"—1—%)) }¢,(1NS) ()
g —
- (0 sz (52) ),

which yields the solutions

|
~/
™
23
g
N—
=
>3
—~
N2

(38a)

(38b)

)
% (# +(mswa9+2a))\+)\2k+a2)

%(m2 2_2a;(m— E(NC)))rz)

( 521?2 +(7”Swa€+2a))\+>\2k+a2)
1 (NC)
X Z (m2w2—2a1 (m Ena )) .r>=R (39)
and

X0 0)

N 7—\/ (m2w?2—2a7(m— S(NC>))’F

=T

x L) <\/% (m2w2—2a1 (m ELNS)))T‘ ) r<R (40)

The associated energy levels are given in Table 2. We can
see that the effect of the NC parameter on the Landau
levels is not negligible. It is also observed that when the
quantum number change from n=1, A=0 to n=3, A\=2,
the energy eigenvalues decrease in the both spaces. It
is easy to show that we recover the case of commuta-
tive space as a special case of NC space by taking =0
(Table 3).
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7 Conclusion

We studied the Dirac oscillator problem in the pres-
ence of a harmonic interaction in both commutative
and noncommutative cases. The motivation behind our
study was the outstanding role of the Dirac oscillator,
harmonic interaction, and the external magnetic field
in particle and high-energy physics. We showed that

Appendix A

Nikiforov-Uvarov method

Let us consider the following differential equation [31]

{d2 (a1—ags) d  {—&s*+&s—E&s)
asz s

s(l—ass) ds [s(1—azs))?
According to the NU method, the eigenfunctions and energies
are obtained from [32]

}¢:o. (A1)

e — 213 -1,% L —ajo-1
sM12(1—ags) " @3 PSC”” a3 oo >(1—2a38),

(A2)

Pn(s)=

where the Jacobi polynomial is

P (2)=27" Y ( n+c> ( n+d> (1-2)"7 (142)", (A3)
p=0

P n—p

. In+e+l " [ n\ I'(ntetd+r+1
PEO() = n!r((n+c+d4)rl);)<r> (F(T+c+1) :
—1\"
x (%) 7 (A4)
with
n n! I'(n+1
( . ) = =i F(T-&-l)(l“(nzr—i—l)’ (A5)
and
aon—(2n+1)as+(2n+1) (Vag+asv/as)+n(n—1)as
+ar+2asas+2/asag=0, (A6)
where
1 1 )
aq = 5(1—@1)7 04525(042—2043)7 as=as+£1,

a7 = 20ua5—E2, ag=a3+Es,

Qg = Oé3Oé7+Oé§Oés+0467Oélo=a1+2044+2\/£7 (A7)
a1 = az—2a5+2(\/ag+as/as),

a1z = aatv/as,a13=as—(y/astasy/as).

the problem can be simply solved in an exact analyti-
cal manner by using proper transformations and the NU
technique. As we expect, the results of the NC space, in
the limit #—0 yield the commutative analogues. As the
exact relations for the energies and the eigenfunctions
are presented, the results can be immediately used to
investigate the binding energies and many static proper-
ties.

In the special case of a3=0,

Lim P(amfl,o;—lgl*amfl)
n

az—0

(1—0&38):L%1071 (06115)7 (AS)

)*012*

Lim (1—ass ErpIE (A9)

az—0
and,

P (5)=512213° L2107 (o 5). (A10)

In some cases, one may need a second solution of Eq. (10).
In this case, if the same procedure is followed by using

- o 7& af 71’04_70‘* —1
Pn(8)=5"12(1—azs)” “12 a3 Pn( " s ) (1—2ass),
(A11)

and the energy spectrum is

agn—2nas+(2n+1)(y/ag+asy/as)+n(n—1)as

+ar+2azag—2+4/asag+as =0, (A12)
Pre-defined o parameters are:

alo = a1+2a4—2/as, (A13)

a1 = as—2a5+2(y/ag—as\/as), (A14)

ol = au—y/as, (A15)

a1y = as—(Vas—azy/os). (A16)
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