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Abstract:

momentum transfer in e™

We describe a method for measuring the electromagnetic form factors of the D* meson at time-like
e~ annihilation. This is to study the joint angular distribution of the eTe™ —~* —D*TD*~,

D** D%t and D*~ D’ processes. The magnitudes and relative phases of the charge, magnetic and quadrupole

form factors can be determined. The method can also be applied to other vector particles.
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1 Introduction

The electromagnetic interaction is an important
probe of the internal structure of hadrons. Figure 1
shows the Feynman diagram for a hadron undergoing
an electromagnetic interaction. In the diagram, p is the
initial momentum, p’ is the final momentum, and g=p—p
is the momentum transfer.

p P

Fig. 1. Feynman diagram for a hadron undergoing
electromagnetic interaction.

For a spin 1 particle, assuming parity and time-
reversal invariance, the matrix element of the electro-
magnetic current J* can be written as [1-4]

(D' N[ J*[pA)=—G1(q%) e -ex(p*+p™)
+G1(q?) (€ ex-q—ererinq)
1 Ix /
+GS(Q2)W€A'Q€N'Q(P”+P "). (1)

€x (A=0,%1) are polarization vectors of the initial state
and €, (N =0,£1) the final state. M is the particle
mass. The scalar functions G;, G, and G5 are related
to the charge form factor G, magnetic form factor Gy,
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and quadrupole form factor Gq [3, 4]:

GC:G1+§77GQ, (2)
Gu=Go, 3)
Gqo=G,—G>+(14+n)G3, (4)
where n = —¢?/4M?.  The charge, magnetic and

quadrupole form factors correspond to spatial distribu-
tions of charge, magnetic moment and quadrupole mo-
ment, respectively, by Fourier transform. Therefore,
measuring the electromagnetic form factors gives infor-
mation on the hadron structure. Perturbative quantum
chromodynamics (QCD) predicted the form factors to
have the ratios G : Gy : G = (1—2n):2: 1 at large
space-like or time-like momentum transfer [4].

In this paper we propose a method for measuring the
electromagnetic form factors of the D* meson at time-
like momentum transfer. This is to study the eTe™ —
~v* — D**D*~ process. The D* electromagnetic current
matrix element is transformed from Equation (1), which
is for space-like momentum transfer, to be

(KX [J" kX)) ==G1(q*)eXex (K™ — k")
+Ga(q*) (e exq—e3"eXiq)
RN e T L NG
k and k' are the momenta of D** and D*~, respectively.
q=k+k" in this case. The differential cross section can
then be calculated to be
d

é:f{(cﬂuczcoszo), (6)
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where ) is the solid angle of D** in the center-of-mass
frame (CM) and 6 is the polar angle.

a2 M2 %
K=3g (1_ﬁ> ! (™)

in which a.,, is the fine-structure constant, Ecy; is the
total energy in CM, E = Eqy;/2 is the energy of D* in
CM, and M is the D* mass.

8
Cr=3|Gel*=2n|Gul*+37°|Gal, (8)
8
C2=—3|GC|2—277|GM|2—§772|GQ|2= (9)
with n=—¢?/4M?*=—FE?/M?. The total cross section is
C
2) (10)

C, and C, can be obtained by measuring the angular
distribution ~14C5/C)cos?># and the total cross section
~C,+C3/3. Then from

Cl+02:_477|GM|27
16
01—02=6|Gc|2+§’72|GQ|2=

(11)
(12)

we can obtain |Gy | and a linear combination of |G¢|* and
|Gql?. However, we cannot determine |G¢| and |Gq| in-
dividually. Moreover, the phases of the form factors are
absent from the differential cross section formula. They
are contained in the spin states of the particles and there-
fore show in the angular distributions of subsequent de-
cays. In this spirit we shall study also the angular dis-
tributions of the D** —D°t* and D*~ —D' 7~ decays.

2 Method

2.1 Joint differential cross section

For the ete”™ —~+* —=D**D*~, D*t - D°n*, D*~ —
D'n process, we calculate its joint differential cross sec- |

tion to be

do K

0 ! 1
dcosfdadcosBda’dcos 3’ 87tf( o.f, 8, (13)
where the angles 0, «, 0, o’ and (' are defined in the

reference frames as shown in Fig. 2

x
D*~

Fig. 2. (color online) Reference frames for describ-
ing the D* pair production and subsequent de-
cays. In the center-of-mass frame (CM) zyz D**
has polar angle § and azimuthal angle ¢. The 2’
axis of the D** rest frame z'y’2’ is along the D*T
direction in CM and the z’ axis has the same az-
imuthal angle ¢ in CM as D*T. In z'y/%’ D° has
polar angle 8 and azimuthal angle . The D*~
rest frame can be defined in the same way. In
that frame D° has polar angle 3 and azimuthal
angle o/ .

f(0.0,6,0',8")=(REA(a, 3,&, ') +4RE B(ov, 8,0/, ')+ R R cos(6c—q) C (v, B, , 3') ) sin” 6

+R2 (D(a, 8,0, 3') cos® 0+ E(a, 8,0, ') +2( R Rarcos(dc—m ) F(r, 3,0, B')
+2R\Rqcos(dm—0q)G(a, 5,0/, 5")) cosfsinb, (14)

in which

A, 8, ,3)=(cos(a+a’)sin Bsin 3 +cosBcos3')?, (15)
B(a,8,a,8")=(cos(a+a’)sinBsinF —2cosSBcos’)?, (16)
Cla,B,a/,3)=(2cos(a+a’)sinBsin 3’ —cosBcos 3 )*—9cos® Bcos® 3, (17)
D(a,3,&,3")=(cosasinfcosF —cosa’ cosBsin3')?, (18)
E(a,B,a/,8")=(sinasinBcos 3 +sina’ cos Bsin 3’)?, (19)
F(a,B8,0/,8)=(cos(a+a’)sinBsin ' +cosBcos 3" ) (cosasin Fcosf’ —cosa’ cos Bsin '), (20)
G(a,pB,a',8")=(cos(a+a’)sinfBsinf’ —2cosBcos ") (cosasinFeosf’ —cosa’ cos BsinF’). (21)
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RC:3|G0|, (22)
RM :3T|GM|7 (23)
RQ :T2|GQ |7 (24)

where r = E/M. 0¢, 6y and dq are phase angles of
the corresponding form factors. Parity conservation and
time-reversal invariance are implied for the formula as in
Equation (1).

2.2 Angular distribution

Only relative values of the phase angles are meaning-
ful. Thus for convenience we define d; =0. Factoring
out R} and defining

Re 1|G¢l
ro=—S=-1C 25
© RM TlGM| ( )

rqQ= — 51~
*"Ru 3|Gul
Equation (14) reduces to

[(0,0.8,0,8")=(re. A(e, 8,0/, f')+4r8 B(ov, 8,0, 3)
+rarqeos(dc—0dq)C(a, 8,0/, 3'))sin?6
+D(a, B, ,3 ) cos*0+E(a, 3,a,3)
+2(rgcosdc F(a, 8,0/, 3)
+2rqeosdqGa,B,a/,3")) cosfsinb. (27)
We can obtain rq, 7q, dc and dq by fitting
f(0,a,8,a/,3") to the angular distribution. It is best to

have an estimation of the parameter values before fitting.
For this we use the following procedure.

2.3 Parameter extraction

We show the procedure with a Monte Carlo (MC)
sample distributed according to f(0,«a,5,a’,3") with the
parameter values

re=0.3,
rq=0.1,
d0c=060,
0q=45,

where dc and dq are in degrees.
We use 0) to represent the entire sample and classify
the events into four sub-samples:

1) F(a,8,0/,0)>0 and G(o,8,a/,5)>0

2) F(o,B,0/,0)<0 and G(«,8,0/,8)<0

3) F(o,B,0',8)>0 and G(«,8,a/,5")<0,

4) F(o,B,0',0)<0 and G(«,8,¢/,0')>0
)

The cosf distributions of 0), 1), 2), 3) and 4) are shown
in Fig. 3 and Fig. 4.

0)
14000
12000
10000
o r
= L
© 8000—
= 8000F
s [
"E L
& 6000
© 6000
weor
4000~
2000[—
o L e L L
Y7708 -06 04 02 0 02 04 06 08 1
cos6
Fig. 3. (color online) The cosf distribution of the

entire Monte Carlo sample. The curve is the fit
with fo(0).

The corresponding distribution function for @) (i =
0,1,2,3,4) is obtained by integrating f(6,a,3,a',3") over
a, cos, o and cos’ under the conditions of ):

fl(t?) = (T%Ai+4TéBi+TcTQ COS((SC _5Q)Oz) Sin2 0
+D,cos’0+F,

+2(rgcosdc Fi+2rqcoséqGi)cosfsing  (28)
where
AOZ%BOZSD():;EO:l—an, (29)
Co=Fp=Go=0, (30)
Ay =A,=15.0, (31)
By=B,=22.12, (32)
Cy=Ch=—Cy=—C,=56.31, (33)
Dy=D,=E,=E,=8.T1, (34)
F=—F,=6.82, (35)
Gy =—G,=10.61, (36)
Ay=A,=11.23, (37)
By=B,=30.52, (38)
Dy=D,=Ey=FE,=8.84, (39)
Fy=—F,=6.34, (40)
Gy=—G,=—12.26 (41)

are the integral values for A(«,3,o/,3), B(a,83,o/,3), ...
G(a,B,a/,0"). The integral values are calculated numer-
ically except for 0).

Define
ao=Ao(r¢+873), (42)
a=rg Ay +4rg,B1+rcrqeos(dc—ig)Ch, (43)
b=rccosdcFi+2rqcosdqGh, (44)
0’ =12 Ag+4rd Bytrorqeos(6o—0q)Cs, (45
b =rccosdcF3+2rqeosiGs. (46)
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Fig. 4. (color online) The cos@ distributions of the four sub-samples. The curves are the corresponding distribution
functions f;(0) (1=1,2,3,4).
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Fig. 5. (color online) The addition and subtraction of the distributions of 1) and 2), and 3) and 4). The curves are
fits to them with the corresponding functions.
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fi(8) can then be written as
fo(8)=Dy+ao+(Do—ag) cos®d,
f1(0)=D,+a+(D,—a)cos*§+2bcosfsinb,
(
(

N
\]

A~ o~~~
=~
o

_ T D D —

f2(0)=D,+a+(D,—a)cos*§—2bcosfsinb,
f3(8)=Ds+a'+(Ds—a’)cos® 42V cosfsinb,
f1(8)=Ds+a'+(Ds—a’)cos*§—2b cosfsinf

ot Ot
_= O

with the normalizing factors
4

SO:§(2DO+0JO)5 (52)
4
31:SQZ§(QD1+G), (53)
4
S3:S4:g(2D3+G/,). (54)

ag can be obtained by fitting f,(6)/So to the cosf
distribution of 0). The fit is shown in Fig. 3. a, b, a’, V'
can be obtained by fitting

flsgle) N fzgf) _ 2(D1+a+(§11 —a)cos®6) 7 (55)
fgf) B fg(j) _ 4bco;?sin9 | (56)
fisgf) n fgf) _ 2(D3+a’+(§33—a’)cos2 0) 67
f?:sgf) B fzgf) _ 4b’c0;39$in9 (58)

to the addition and subtraction of the cosé distributions
of 1) and 2), and 3) and 4), respectively. The fits are
shown in Fig. 5.

Equation (42) can be obtained by adding Equa-
tions (43) and (45) using Ao=A+A,+As+A,=2(A+A43)
and similar relations. Thus Equation (45) is duplicate.
g can be expressed in terms of ¢ by Equation (42):

2 1@0 2

rQ=§(A—O—TC). (59)
We define
X =rccosdc, (60)
Y =rqcosdq. (61)
Equations (44) and (46) form an equation group:
Fi X+2G,Y =b, (62)
Fy X +2C,Y =V (63)

X and Y can then be solved. With the expression
rorqcos(do—0dq) =rcrq(cosdccosdg+sindcsindg)
=XY+rcerq(£yv/1—cos?dc)
X (£4/1—cos?0q)
=XV /(2= X2)(3-Y2),  (64)

Equation (43) can be transformed:

A2 +4B,rA+C,y (XYi\/ (rg_XZ)(rg_Yz)) —a, (65)

c, (XYi \/ (rg_XZ)(rg—YZ)) —a— A2 —4Byr3, (66)

a—Ayrg—4Br}

XYi\/ (r3—X2)(r3—Y?)= o ., (67)

a—Alré—élBlré Xy

c (68)

i\/(rg_XZ)(rg_yz):

o2-x2)0-v)= (5

a—Alré—élBlré

c —XY) 2:0. (70)

o2-x2)0-v)-

Putting in Equation (59), and defining z=rZ, the equa-
tion becomes

The left-hand-side of the equation is a quadratic func-
tion of . We call this function g(x). Figure 6 shows the
original g(z) with the default setting values of r¢, rq, dc
and dq, and g(x) with ag, a, X and Y we obtained.

= 42
X*IC

Fig. 6. (color online) The dotted curve is the origi-
nal g(x) with the default setting values of the pa-
rameters. The solid curve is g(z) with the quan-
tities we obtained. The vertical dashed line below
the original g(x) is at the default setting value of
r&. The vertical dashed line below the g(z) with
the obtained quantities indicates its lowest point.

The g(x) with the obtained quantities is slightly
shifted from the original g(x). Although it does not in-
tersect with the x axis, we can take the point closest to
the x axis as the approximate solution for x. Hence we
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obtain rc=+/z. From Equations (59), (60) and (61) we
also obtain rq, éc and dq. The results are

re=0.298,
rq=0.101,
5o=59.1,
5q=46.1.

They are close to the default setting values of rc =0.3,
rq=0.1, 6c =60 and éq =45. The uncertainties of thel

parameters are to be given by a combined fit described
as follows.

2.4 Combined fit

We combine the distributions of 1), 2), 3) and 4) as
shown in Fig. 4 into one, and fit it with the corresponding
functions f;(0) combined. In the fit, we take the previous
results as the initial values for the parameters. The fit is
shown in Fig. 7.

3000

2000

Events / 0.02

1000

Fig. 7.

The results are

N=999627.14999.8,
re=0.30140.045,
rq=0.100-£0.016,
5c=59.5+4.9,
5q=45.3+8.8,

where N is the total number of events.
2.5 Full fit

Now we can fit f(0,«,8,a’,8') to the 5 dimensional
angular distribution. We use the extended maximum
likelihood fit. The combined fit results are taken as the
initial values and uncertainties. The full fit results are

N=1000001.2+1000.0,
r¢=0.299+0.001,
rq=0.10140.001,
0c=59.24+0.4,
0q=44.7£0.4.
The uncertainties for r¢, rq, dc and dq are much smaller

than the combined fit. This is due to use of the full
angular information.

2.6 Application to experimental data

When applied to experimental data, the angular dis-
tributions should be corrected for the detection efficiency,

(color online) The combined distribution of 1),

4 5 6 7
cos0 +2i -1

2), 3) and 4). The curve is the fit with f;(6) combined.

| and the background events should be taken into account.

Although the situations could be different in different
experiments, we describe here how to deal with them in
general.

The efficiency can be obtained by Monte Carlo sim-
ulation. For 0), 1), 2), 3) and 4) distributions of the
experimental data, the count of each bin should be di-
vided by the efficiency in that bin. In the full fit, we
should include the efficiency function in the likelihood.
The efficiency function can be obtained by fitting to the
efficiency histogram with a suitable function.

For the background, we should identify all the
sources. For each source, we obtain its angular distribu-
tion function. We then include the distribution functions
of all sources into each fit function. In such a way, the
contributions of the signal and each background compo-
nent can be evaluated. The parameters of the signal will
not be affected if we model the background correctly.

2.7 Electromagnetic form factors

|Gc|, |Gu| and |Gq| can be obtained from Equa-
tions (8), (9), (10), (25) and (26):

1 (o)
|GM|_F\/8nK(rg+§+srg)’ 72)
|Gc|:’r’f'c|GM|, (73)
3
|GQ|=;TQ|GM|- (74)
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oy above is the Born cross section. The Born cross sec-
tion is obtained by making radiative corrections to the
observed cross section. This accounts for initial state ra-
diation. The initial state radiation also causes loss of the
total energy, and variation of the form factors. This ef-
fect could be negligible, however, if we select events with
the energy loss small enough.

Since we defined 6y =0, the dc and dq we obtained
are actually dc—dy and dq—dy, respectively.

In this way, the magnitudes and relative phases of
Gc, Gm and G can be determined. For uncertainties of
the quantities, the covariance of the parameters should
be taken into account.

3 Summary

We have described a method for measuring the
charge, magnetic and quadrupole form factors of the
D* meson at time-like momentum transfer in ete™ an-
nihilation. Table 1 lists an estimation of the number of
ete”™ —=D*tD*~ events in data samples of the BESIII and

References

1 L. Durand, Phys. Rev., 123: 1393 (1961)

2 H. Jones, Nuovo Cimento, 26: 790 (1962)

3 R. Arnold, C. Carlson, and F. Gross, Phys. Rev. C, 21: 1426
(1980)

Belle experiments. The expectation for Belle II, which
will 50 times as much data as Belle, is also given. The
estimation uses the measured eTe™ —D*TD*~ cross sec-
tions [5, 6]. We suggest measuring the D* electromag-
netic form factors in ete™ experiments with this method.
The method may also be applied to other vector particles
such as p. The perturbative QCD prediction in Ref. [4]
can be tested with experimental measurements. Mea-
suring ¢* dependence of the electromagnetic form factors
will provide useful information on hadron structure.

Table 1. Estimation of the number of ete™ —
D*TD*~ events in data samples of the BESIII,
Belle and Belle II experiments. Belle II will have
50 times more data than Belle.

experiment  +/s/GeV  luminosity /fb—! events
BESIII 4.18 3 9,200,000
BESIII 4.36 0.5 550,000
BESIII 4.416 1.1 1,100,000
Belle 10.58 711 390,000
Belle II 10.58 711 x 50 20,000,000

4 S. Brodsky and J. Hiller, Phys. Rev. D, 46: 2141 (1992)

5 G. Pakhlova et al (Belle Collaboration), Phys. Rev. Lett., 98:
092001 (2007)

6 T. Uglov et al (Belle Collaboration), Phys. Rev. D, 70: 071101
(2004)

093001-7



