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Abstract: A hypergeometric function is proposed to calculate the scalar integrals of Feynman diagrams. In this study,

we verify the equivalence between the Feynman parametrization and the hypergeometric technique for the scalar in-

tegral of the three-loop vacuum diagram with four propagators. The result can be described in terms of generalized

hypergeometric functions of triple variables. Based on the triple hypergeometric functions, we establish the systems

of homogeneous linear partial differential equations (PDEs) satisfied by the scalar integral of three-loop vacuum dia-

gram with four propagators. The continuation of the scalar integral from its convergent regions to entire kinematic

domains can be achieved numerically through homogeneous linear PDEs by applying the element method.
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1 Introduction

Applying the method of integration by parts (IBP) [1],
general scalar integrals can be reduced to a linear com-
bination of scalar integrals. The calculation of scalar in-
tegrals represents an obstacle to the precise prediction of
electroweak observables in the standard model. Whereas
one-loop scalar integrals are computed [2,3], the calcula-
tions of the multi-loop scalar integrals are not advanced
enough. A number of useful methods have been intro-
duced in the literature to evaluate these scalar integrals in
literature [4]. An analytical expression for the planar
massless two-loop vertex diagrams is given in Ref. [5]
using the Feynman parametrization method. The Mellin-
Barnes (MB) method is occasionally used to compute
some massless scalar integrals [6,7]. In the study of Ref.
[8], the Mellin-Barnes representation was used to obtain
expressions for some classes of single-loop massive
Feynman integrals and vertex-type diagrams. The results
are presented in the form of hypergeometric functions.
Furthermore, multivariable hypergeometric functions are
presented by explicit expressions for small and large mo-
menta for two-loop self-energy diagrams [9]. However,
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the technique of multiple MB representations is highly
cumbersome for a multi-loop diagram. For scalar integral,
the authors of Refs. [10—24] derive a set of differential
equations based on the IBP relationship. Another method
is recommended to analyze the scalar integrals, which is
referred to as "dimensional recurrence and analyticity"
[25— 30]. The asymptotic expansion of momenta and
masses can be employed to approach the scalar integral
relying on kinematic invariants and masses [31]. A novel
method [32,33] of computing Feynman integrals was pro-
posed by constructing and solving a system of ordinary
differential equations (ODEs).

The class of two-loop massive scalar self-energy dia-
grams with three propagators is studied in an arbitrary
number of dimensions [34]. They can be described by
generalized hypergeometric functions of several vari-
ables, namely Laricella functions. The results can be gen-
eralized to N loop massive scalar self-energy diagrams
with N+1 propagators. However, only analytical results
are obtained in the convergent regions. Their continu-
ation from the convergent regions to the entire kinematic
domain has not been completed.

For scalar integrals, the analytical expressions can be
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obtained through hypergeometric theory. According to
the series representations of modified Bessel functions
and some integrals from hypergeometric theory, in our
previous work [35], we obtained the generalized hyper-
geometric functions of the one-loop B, function, two-loop
vacuum integral, the scalar integrals from the two-loop
sunset and one-loop triangle diagrams. Moreover, we es-
tablished the systems of linear homogeneous PDEs satis-
fied by the scalar integrals in the kinematic region. Fur-
thermore, the C, function has been calculated [36] under
the guidance of MB representations. The continuation to
the entire kinematic domain can be completed by apply-
ing the element method. The point specified here is that
the system of homogeneous linear PDEs differs from that
presented in the literature [10—20]. The detailed descrip-
tion is provided in Ref. [35]. The three-loop vacuum in-
tegrals with arbitrary masses are considered numerically
in Refs. [37,38], which are the different methods com-
pared with results of this study. The results of this study
are consistent with the corresponding results of Ref. [37].

This study sets out to compute the scalar integral of
the three-loop vacuum diagram Fig. 1. Our paper is or-
ganized as follows. In Section 2, the equivalence between
the traditional Feynman parametrization and the hyper-
geometric theory for this scalar integral is verified. In
Section 3, we obtain the generalized hypergeometric
functions in terms of independent kinematic variables for
the scalar integral, which are convergent in the connec-
ted region. Meanwhile, we note the systems of homogen-
eous linear partial differential equations (PDEs) satisfied
by the corresponding generalized hypergeometric func-
tions. According to the PDEs, the continuation from the
convergent domain to the entire kinematic region can be
completed by applying the finite element method. As a
special case, the analytical results of the three-loop vacu-
um integral in the convergent region are presented in Sec-
tion 4. Finally, our conclusions are summarized in Sec-
tion 5.

2 Equivalence between the Feynman para-
metrization and the hypergeometric method

The modified Bessel functions can be written in the
following form [39-42]

4 D/2-1
l)[zm ] 21—0(112)30/2—6

i=1
(4m)3P2T(D/2)

Us =

m.(p,)

m, (p,)
Fig. 1.
the i-th particle and p; depicts the corresponding mo-

Three-loop vacuum diagram, m; denotes the mass of

mentum.

2m*Pr q_expl—ig-x]
D/2 D/2 (y( )C) D 2 o
(4mPPT(a) (27T) (¢* +m?)
I'(D/2-a) 2a=D dPq exp[-iq-x]
AP 2T () (_) - 520 0 D
(4m)P/2H(a) \2 (2n) (g°)"
where ¢, x are vectors in the D-dimension Euclid space,
and m is the mass of the corresponding particle. After
trivial cancellations of the numerator and denominator
terms, the general analytic expression for the scalar integ-
ral of three-loop vacuum diagram Fig. 1 can be written in
the form

3
de-
2 2 2 2 2N\6-3D/2
Us(m3,m3,m3,m3) = (u*)°3P/ fl;[(zn)[l’

1
X
(p? = m3)(p3 —m3)(p: —m3)(p1 + p2 + p3)* —m3)

. ()

where D =4 —2¢ is the number of dimensions in dimen-
sional regularization and u denotes the renormalization
energy scale. Applying the Wick rotation and Eq. (1), the
three-loop Us function is formulated as

) ) ) N (—i)24(/12)6_3D/2
U3(m1,m2,m3,m4) = W

00 4 D-1
2\D/2-1(* .
x](; dx |,-:1|(mi) (2) kpp1(mix).  (3)

The integral representation of the Bessel function can be
applied to Eq. (3)

- 2
ku(x) = %fo H! exp{—t— Z_t}dt , RO >0. 4)

Thus, the U5 function is written as

f dne;PP? f dnt;”? f dist;”? f dsr; P
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- X
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Performing the variable transformation
I =0y1, h=0y2, 13=0y3, ta = o(1 =y1 =y2 = y3), (6)
the Jacobian of the transformation is
Ot1,12,13,14)
=0, (7
0(y1,y2,y3,0)
finally, we have
U, = COE 1dy1 ]dyz 1dy3>< " PP expl -y — miys —mys (1 -1~ y2 -yl
(4m)3D12 0 0 0 0 TR T
« 1 "
yiyay3+y1y2(L=y1r=y2 = y3) +y1y3(1 —y1 —y2 = y3) + y2y3(1 = y1 —y2 —¥3)
_ (-)r@-3D/2) (! ! ! !
_(471-)3D/2(#2)3D/2—6 0 dyl 0 dy2 0 dYS 0 d)’45(1_)’1 _)’2_)’3_Y4)
(m%y 1+ m%yz + m§y3 + mﬁﬂ)w/ 24 ®)
(V123 +Y1Y2Y4 + Y1Y3Ya +y2yaya)Pl?
[
The same result as Eq. (8) can be obtained while us- The radial integral [39] can be presented as,
ing the Feynman parametrization for the U3 function. o e 1
f df5)" k0 =5T@Te-w.  (10)
0

3 System of homogeneous linear PDEs for the
three-loop vacuum diagram in Fig. 1: the
general case

To obtain the triple hypergeometric series for the
scalar integral from the three-loop vacuum diagram, the
modified Bessel functions in power series an be written
as

According to the topology of Fig. 1, we can obtain a sim-
ilar analytical expression, whichever m;(i = 1,2,3,4) is the
maximum mass. Hence, we take the m4 maximum mass
as an example to illustrate the calculation process. As
my > max(mi,mp,m3), inserting the expressions of
kD/z_l(mlx), kD/2_1(In2x), kD/z_l(m3x) into Eq (3) and sub-
sequently applying Eq. (10), the U; function is written as

i(mi)3D/2—4(112)6—3D/2
U3(m%’ m%’ m%a mzzl) =-

_1 [ (_1)}1 X\2n X 2(7!-/4) FD 2 4 3D/2
k., (x) _EZ‘O - [F(—u—n)(z) +F(;1—n)(§) | D( /2)(4) D
= i xS = 1)1 (2= 3 )t x,30),
:r(ﬂ)r(l_ﬂ)zl[_ 1 (E>2n 2 2 an
2 —ip!l T(1+u+n)\2
=0 m2 m2 m2
N 1 (x)zm—m] ©) with x; = —é, Xy = —;, and x3= —; The function
T(1—p+n)\2 ' 4 4 s
¢(x1,x2,x3) is defined as
_ 1 pp-1p3( 1. D/2;
¢(X1,x2,x3) - FZ(D/Z)(xlx2x3) FC D/z’ D/2, D/Z, X1,X2,X3
pr-1p3( 1. 2-D/2;
TRop e ( D/2, D2, 2-Dj2; |
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1 pp-13( 1. 2-D/2
"o Fel pp, 2-pj2, by |
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+ rz(D/z)()QXB) FC 2-D/2, D/2, D/2; X1,X2,X3
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- F
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Here, F (c3) is the Lauricella function of three independent T3 (2_ g ) B1,2,3) (14)
variables X i 2
5 . m X1 m2 X2 m4 1
e a b _ with _ 1 = _ =2 and ys= 42 L We
Fe ( 1, €2, C3; x1,x2,x3)_ = m X3 2 mg mg X3
b specify here that P(v1,y2,y3) = (x3)* 3D/2¢(x1,xz,x3) For
Z Z Z Dnnen. O, Ay, (13)  the case where my > max(my,ms,ms) and
n1!n'n3(c1)p, (€2)n, (€3)n, L.
Somom=0 - ’ my > max(my,ms3,my) , We obtain similar results.
with the connected convergent region x|+ Vix[+ Hence, when D =4-2¢, the analytic expression of

Vx| < 1.

For the case mj3 > max(m;,m;,m4), one similarly de-
rives
D
r(z-1)
2

d(x1,x2,x3) ,

i(m§)3D/2—4(HZ)6—3D/2

[(D/2)(4n)3P/2

2 .2 2 2
Us(my,m5,m3,my) = —

X3 X3
Dy(xy,x2,x3) =
v(x1,x2,x3) (5202 4¢( X3

x X

3p/2—4 (X3 X2
x —_—
(x1) ¢(x1 s

Here, ®y(x1,xp,x3) satisfies the system of homogeneous
linear PDEs [43, 44]

i=1

| PN D
——d, (ﬁxl +1- —)]%(xl,xz,xs) =0
Xi 2

3

Z +4——

amn

with &, = x,0/0x; ,i=1,2,3.
The ®y function under the restriction x; =x3 =0 is

(x3) P2 4¢(x‘ 2

the U; function can be formulated as

31— )3 () ;m3\2-3
U3(mg,m§,m§,mg):_w(_4) e

T2 - &)(4n)*

X (U Dy(x1,x2,%3) (15)
where
Vixi [+ Vixa| + ,
1
x—3) L+ Vixi|+ Vix| < Vx|,
1 (16)
—), 1+ Vx| + E
x
1
x—]) 1+ Vx| + Vlxsl < Vlxil.
I
given as
¢(x150$0)3 |x1|<1
Dy(x1,0,0)=F(xp) = B 1
v(x1,0,0) = F(xy) (x1)3P0/2 4¢(x_170’0), > 1
(18)

. 1 .
And one derives ¢(x1,0,0) = (x1)3D/24¢(x—,0,0) is thus
1

derived. In the entire x;—coordinate axis, F(x;) depicts a
continuous differentiable function. F(x;) satisfies the first
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PDE with the condition x; = x3 =0 in Eq. (17). In a simil-
ar way, the analytical expressions for F(x;), F(x3) in the
entire x,,x3-coordinate axis can be obtained. Taking the
®y(x1,0,0) = F(x;) and ®y(0,x,,0) = F(x;) as boundary
conditions, we can obtain the numerical solutions of @y
on the entire x; —x, plane by the first two PDEs, when
x3 =0. Employing a similar method, the continuation of

@y to whole three-dimensional space can be completed
through the system of PDEs in Eq. (17).

We provide the Laurent series of the
Us(m?,m3,m3,m3) function around space-time  dimen-
sions D=4 to perform the numerical continuation of

Us(m3,m3,m3,m3) to entire kinematic regions,

2 2 2 2 .
Us(my,my,m3,my) = (—i)

(4m)6 &3

The functions ¢(U_3), ¢(I;2),¢(Jl),¢(£) are expressed as follows:

3 1
¢(U (x1,%2,%3) = g(xl +x2+ X3 + X% + X103 + X2%3)

-3 =) -1

22 (12Y° (o Grxaxs) ¢ (xaxy) 68 V(xS
| x + + +
my

Zsi¢([l].)(x1,xzax3)}~ (19)

2
&
€ i=0

(20)

- 1 4 1
¢(UZ)(.X1,X2,.X3) =——+ =X +x2+ X3+ X1 X0+ X1X3+X2x3) —YE(X] + X2 + X3+ X1 X2 + X1 X3+ X2X3) — E(X12+XQ2+X32)

12 3

1
- E(xl Inx; +x2Inxy + x3Inx3 + xpxpInx + xpx3Inx; +x1x2Inxs + x0x3Inx + X1 x3Inx3 + xpx31nxz), (21)

_ 5 1 10 3 1
¢(U D(xt, x2,x3) =(—— + —YE)(l +x12 + 0%+ ) + (? —dyp+SyEt+ _772)(x1 + X + X3 + X223 + X1 X2 + X1 X3)

8 4

2 12

3 3
+ EyE((xz +x3)x1 Inxy + (X +x3)x0 Inxp + (X1 + x2)x3Inx3) + (EyE - 2) (x1Inxy +xp Inxp + x31Inx3)

1
—2(x1xp(Inxy +1Inxp) + xyx3(Inx; +Inx3) + xox3(Inxy +Inxz)) + Z(xl2 Inx; + x22 Inx; + x32 Inx;

+ X1 11’12 X1 +XZ1I12X2 + X3 11’12 X3+ X1X2 ln2 X1+ X1X2 1112 X2 +X1X3 11’12 X1 +X1X3 ln2 X3+ X2X3 ln2 X2

+ X X3 In® x3)+x1xInx; Inx, + x;x3Inxg Inxs + xox3InxyInxs

(22)

1 1
¢ (x1,%2,%3) =4—8(—145 +90yg — 18y —57%) — ﬁxl{3(132 —144yp +54yE* +Tn°) Inx; + 18(=4 + 3yE) In® x; +61n° x;

1
+2(=218 =216y5? + 54yE> — 120% + 9y (40 + 1) + 119" (1) = 5y (2))} — == x2{3(132 — 144y + 54y 5>

72

+772)Inxs + 18(—4 + 3y) In? x2 + 6103 xp + 2(=218 = 216y5> + 54y — 127> + 9ye(40 +72) + 11y (1)

1
—50"(2)} — 7—2)63{3(132 — 144y +54yE* +Tn°) Inx3 + 18(=4 + 3yE) In? x3 + 610> x3 + 2(=218 — 216y5>

1
+54y5° = 12702 + 9yp(40+72) + 11y (1) = 59 (2))} — T 2(43 =90y + 18y% = 37° +6(=5 + 6y£) Inx,
+6In2x _L 2042 _ 2_a.2 _ 2oy Lo 2_q.2
1) 48x2 (43 -90yg + 18yg” =31+ 6(=5+6yg)Inx; + 61n” x3) 48)63 (43 -90yg + 18y~ —3m

1
+6(=5+6yg)Inx3 +61n% x3) — ﬁxlxg{—432y,52 +108y:> + 18y£(40 + %) + 61n° x; +3(108 — 144y + 54y:>
—72)Inx; + 18(=4 +3yg) In xp + 61n° x5 + 181n% x1 (=4 + 3yg + 2Inx2) + 31n x; (108 — 144y + 54y 5% — n?
1
+72(=1+yg)Inxy + 121n% x2) —4(106 + 11y (1) + 44" (2))} — ﬁx1X3{—432y52 +108y:> + 18y£(40 + 7%)

+61In° x; +3(108 — 144y + 54y — ) Inx3 + 18(—4 + 3y£) In? x3 + 61n> x3 + 181n” x; (=4 + 3y5 + 21n x3)
+31Inx(108 — 144y g + 54y — > +72(=1 +yE) Inxs + 121n% x3) = 4(106 + 1 1y (1) + 44" (2))}

1
- 7—2x2x3{—432752 +108y5> + 18y£(40 + 712) + 61n° x + 3(108 — 144y + 54y5* — 1) Inx3

+18(=4+3yE)In? x3 + 610> x3 + 181n% x2(—4 + 3yE + 21nx3) + 3In x,(108 — 144y + 54y>

— 7% +72(=1+yp) Inxs + 121n% x3) = 4(106 + 11y (1) + 49" ()} + ¢ (x1, x2, x3).
(23)
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The expression of function ¢BO)(x1,x2,x3) is given in
Appendix A. The results of Eq. (20), Eq. (21), and Eq.
(22) are consistent with the result of Ref. [37]. Further-
more, the expression of Eq. (23) is superior to the result
of Ref. [37]. The systems of linear PDEs in Appendix B
are derived, and they are satisfied by the functions ¢( 3,
¢?, and ¢<’)(z =-1,0,1,2, ).

Through the systems of PDEs in Appendix B, the
continuation of the numerical solution of the triple hyper-
geometric series can be made to the entire kinematic do-

main. The derived ¢(l;3)

satisfies Eq. (B1) explicitly. After obtaining the solutions
¢(U" ? and ¢(" D one writes F = X, 172 ;1/2 —1/2¢({}1) satis-

fies the system of linear PDEs as follows:
#F &*F O0*F _OF OF OF

— — 4+
Ox> 3 8x§ 0x; Oxy 0x3
11 o
I -
+( 2x1+4x2+4X3) 1o h
X (2g1-g2-83)=0
0’F  0’F OF OF 1 1
L e F
0x2 axg (9)62 0x3

-1/2 - -1/2
—)Cl/ 2 /(gZ_g3)_

(92 321 (921 82}
2 2
+x3(x3—1)—= +2x1x
lax% 2(9 % 3( : )6x3 ! 26 ](9)62

s O*F s O*F . OF
X1 X3——— XoX3— + X1 —
13 2 36)C26)C3 laxl

6)616)(3
OF OF (1 1
+x—+(3-1)—+|—~--|F
Mgn Te=hge (4x3 4)
_x;1/2x51/2x51/2g3 -0 . (24)

1
= {§(x1 +X0+ X3+ X1 X2+ X1 X3+ X2X3)

12 ~1/2
X3

and
P ¢(n—l)
U

6]62

¢(" 1)
g1(x1,x2,x3) =—(1-5x1) o +5x2

P )

=Ty + 60y

(n—1) 9 (n—1)
U  _(1-5x) Yy
X1 0

83(x1,x2,x3) =5x

—(1-5x3) al)]@ ~7¢0" " +6¢077 . (25)

The second and third PDEs in Eq. (24) are recog-
nized as the constraints of the function F(xi,x2,x3).
The system of PDEs in Eq. (24) is recognized as the
modified function based on the constrained variational

principle [45],

O*F OF OF OF

ax3 ox3 Oxy Ox3

I}, (F) =HU(F)+fX23 {x2

Q
LS PRI 22 (82— g3)
4)(2 4X3 I
L’F  ,F
xdxldxzdx3+f)(123{x1 o 2 +x 26 %
Q
2 PF O*F
+ -1)—+2 +
x3(x3 )a)% xlxzaxla 0x10x3
+2 OF + oF + oF +( 1)8}7
XoX3———+txXj—+tXo—+(3—-1)—
2B 0x0x; o 26x2 0
1 1 -1/2 —1/2 -
+(E_Z)F X, x, g3 dx;dxpdxs,
(26)

where y23(x2,x3), x123(x1,x2,x3) are Lagrange multipliers.
Q represents the kinematic domain of the numerical solu-
tion, and Iy (F) is the function of the first PDE in Eq.
(24):

X2 oF 2 X3 oF 2
o) = f {(a ) E(a—) ?(a—)

111 a1
_[__+_+_ F2 427125 12,01

4)61 8)62 8)63 1

X (2g1 —8— g3)F}dX1dX2dX3 . (27)

Firstly, the corresponding function expression of one co-
ordinate axis is taken as the boundary condition, such that
the numerical solution of the planes can be obtained. Sub-
sequently, the entire kinematic region can obtain the nu-
merical solution by the finite element method [45].

The continuation of function Us can be calculated dif-
ferently. Hence, the method of the Mellin-Barnes repres-
entation [46,47] can be used to evaluate the scalar integ-
rals in this case:

1 11 (> (-M>
m = %Z_mﬁ, ds 2 ——T(=)v+s). (28)
Applying Eq. (28) to Eq. (2), we obtain
(=i)(m2)3P/2=4(2)0-3012
(4n)3PI21(D/2) (2mi)3

100 00 00
X f f f dsidsyds3x)’ xgzxg
—ico J —joo J —joo

XT(=s Dl (=)l (=s3)[(D/2 = 1= s1)
XI'(D/2—1-5)(D/2-1-s3)
XT(4=3D/2+ s+ 50+ 53)
XI'B=D+s1+52+53).

2 2 2
U3(m1,m2,m3,m4) =

(29)
Using the result of [43], Eq. (29) is written as
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(_l')(mi)3D/2—4(#2)6—3D/2 fz f fioo ds1ds2dsg(_])51(] _XI)Y‘X }r( )
(4m)3P2T(D/2) @ri) Jico Jico Jico ) 2%

XT(=s3)[(D/2—1 = $)T(D/2 =1 = s)[(4—3D/2+ 5, + s3)[(3 = D+ 55 + 53)

% r(4—3D/2+S1 + 52 +S3)F(3—D+S1 + 57+ 53) .

2 2 2 2
U3(m19m29m39m4) =

30
r(6—2D+S1+2S2+2S3) ( )
We close the integration contour in Eq. (30) to the right and obtain
Vs mm o) = (=i)(m2)3PIP=4u)53P12 (T2(D /2 — 1)I2(3 - D[ (4 —-3D/2)
L (47)3PI2T(D/2) 3(2-D/2)I(6-2D)
@22 3-D, 4-3D/2, 3-D, 2-DJ/2; - +F(D/2—1)F(1—D/2)T(3—D)
6-2D. 2-D/2, 2-DJ2; A2, 43 T2(D/2)L(4— D)
p/2-1,22( 2-D/2, 3-D, 2-D/2, 1; B I'(D/2-DI(1-D/2)I'(3-D)
XX Oy ( 4-D; D/2, 2-D/2 =21, 02,25 |+ I2(D/2)[(4-D)
pp-iga2( 2-D/2, 3-D, 2-Dj2, 1;| I2-D/2)I*(1-D/2)
X x3 O ( 4-D; D2, 2-DJ2 =22 )+ 3(D)2)
D/2-1 22 L, D2, 1, 2-D/2;|
X (x2X3) o7 ( 2 DJ2. D/ 1 —x1,x0,x3] - (31)
Here, (D%? can be expressed as
. ;b b R - (al)n +n,+n (aZ)n +n,+n (bl)n +n (aZ)n +n
(DZ,Z( a, daz; 1s X1, X0, X ) 1 3 11yt L+ > w‘xl‘hxnzxng , 32
ci; di, d; 123 r;)r;)r;) n1 2 1n31(c ), s2m42n, (@D, (do), 17273 (32)
with the connected convergent region x|+ V]xz|+ 4.1 Special case one: m; = my = m ,m3 %0 ,my # 0
Vlx3| < 1. The continuation of Eq (11) from V|xi|+ V|xa|+
Vil <1 to VIT=x]+ Vi + <1 can be completed When a variable is equal to one in Eq. (16), the ana-
by this step. lytical expression of the Us; function can be simplified.
We adopt the following formulae [48]
4 Special case B & b )2 Hele-a-b) (33)
c I'(c—a)'(c-b)

In this section, we deal with a situations different  in the case where Rl(c—a—b) > 0). With the help of Eq.

from the one described above. (33), the F (03) function can turn to be
b: ['(c)I(c; - a—b) 40 a, b, l+a-cy, 1+b-cy; X2 X3
FO[ 4 % 1 =———— ~F7 l+a+b- 2+a+b- -, =
¢ ( TN T R I'(c; —a)(c;-b) %! a 5 Cl, a 3 Cl; 2, c3; 4’7 4
(34)
and ng(l) is the Kampé de Fériet function [49]
ap, o, 4A; ’
FA;B by, bll, -+, bpg, b _ ii j= 1(aj)m+n H] 1(b )m(b ) (35)
P €. . cc L LTS (€ mon T2 @il
d], dla Y dD’ dD’
Using Eq. (34) and performing some simplification, we obtain the results
im0y
Us(m?. 2., 2’2:(1)("1) ( ) 3
3m s, m3) @nPRr(p/2)  C\4'4 (36)

and w(x,y) is given by
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x y\_T@-3D/223-D)Q2-D/2T*(D/2-1) _ a0 4-3D/2, 3-D, 2-Dj2;|xy
‘“(Z’Z)‘ T'(6-2D) s\ 7/2-D; 2-DJ2, 2-DJ2; |4°4
F(3 D)FZ(Z D/2)T'(D/2-1DI'(1 - D/Z)( )D/2 1XF3() 3-D, 2-D/2, 1; Xy
T'(4-D) 5/2-DJ2; DJ2, 2-DJ2; |4’4
+F(3—D)F2(2—D/2)F(D/2—1)F(1—D/2) Pt 3-D,  2-Dj2, 1; |xy
T(4-D) O 5/2-DJ2; 2-DJ2, D/2; |4’4
R N a1

with x = m3/m?, y = mj/m>. The F}: 9 convergent region is

;ll |+ |y| < 1. If we use the method of the Mellin-
arnes representation on Eq. (2), we can obtain the same
result as Eq. (37). Moreover, the function

11
w(x,y) = w(4 4)Whenm1 My=mz=my=m

(=i)23 (m2m3m2)PI>! (u2)0-3P/2

2 2 2N
U3(0,m2,m3,m4) = (D)2 - 1)(47T)3D/2

(_i)(mi)3D/274(#2)673D/2
(D/2 = 1)(4m)3P/2

4.2 Special case two: m; =0,my #0,m3; =0 ,my #0

We discuss the another special case as m; =0. As-
suming my > max(my,ms), the U; function can be formu-

lated as

X
f dx( )kD/z 1(max)kp 2-1(m3x)kp 2-1(m4x)
0

*(D/2- DI (2= D/2)W(x1,x2) , (38)

with x; = m3/m2, x, = m3/m%. Meanwhile, the double hypergeometric series y(xy, x;) is
_ T2-D/2) P I, 2-D)2 TG-D) ppi, | 2-Dj2, 3-D
W(xy,x2) _—F(D/2)F(D/2)(xlx2) Fy D2, D2 | rD/2) X, D2, 2-DJ2: [T
_TG-D) ppi, ( 2-D/2, 3-D I'G-D)Y(4-3D/2) 3-D, 4-3D)2 %
ron 2 M\ 2-p b2 M) ra-piara-ppy 2o 2-pj2; [Fr2)s G0
The same result can be obtained by the method of the Yl(x1,x2), lxi ]+

Mellin-Barnes representation F4 is the Apell function
a (a)m+n(b)m+n
F ’ , XXy,
4( c1, . x2) ZZ Ml (Cm(ca)n 2
(40)

whose convergent region is |x;|+ V|x2| < 1. For the case
m3 > max(my,my), one can similarly derive
(—i)(m%)SD/2_4(/12)6_3D/2

(D/2-1)(4n)3D/2
XT%(D/2-1)I(2=D/2)y(yi ,YQ)(,41)

2 2 2
U3(O’m29m39m4) =

with y1 = m%/m% =X1/X2, Y2 = mi/m% =1/xp, and
w(1,y2) =(x2)* P2y (x1, x). In other words, the analytic
expression of the U; function can be formulated as

2-3
iT2(1-e)2(e) [mi) ¢

2 2 2
Us@umy,m,mi) == =4t an

X (WY Py (x1,x2) (42)

where

Yy(x1,x2) =

x; 1
(xz>3D/2-4w(x—;,x—2) , 1+ Vil < Vixl,

x 1
<x1)3D/“w(—2,—) , 1+l <
X1 X1
43)

Correspondingly the double hypergeometric series
Wy (x1,xp) satisfies the system of homogeneous linear
PDEs [43, 44]

N A " A 3D
{(ﬁx, +0y, +3 —D)(ﬁx, + 0y, +4 - 7)
D
_La, (ﬁxl+1——)}‘I’U=0, (44)
X; 2
with &, = x;0/0x; ,i=1,2.
The ¥, function under the restriction x, = 0 is
l/’(xh())a |x1|< 1
1
(x1)3D/2‘4w(—,0) =1
xi

(45)

Yy(x1,0) =G(xy) = {
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The analytic expressions G(x;) can be obtained in the
entire x;—coordinate axis. The G(x;) function satisfies the
first PDE with the restriction x, = 0 in Eq. (44). Similarly,
(0, x;) = G(x,) satisfies the second PDE with the restric-
tion x; =0 in Eq. (44). The continuation of Wy (x1,x;) to
the entire x; —x; plane can be completed numerically by
its analytical expression on the whole x; (i = 1,2)—axis
and the system of PDEs in Eq. (44).

We provide the Laurent series of the Us(0,m3,m3,m3)
function around space-time dimensions D = 4 in order to
perform the numerical continuation of {U3(0,m3,m3,m3})}
to entire kinematic regions,

m2? (2 (v m)
Us(0,m2,m2,m2) =(~i)— :7 x{ L

(4m)° &

=) -1
v ) wy (x)
+ +

g2 £
+Z€il//(yi)(xl,x2)}- (46)
=0
The expressions of w(JS)(xl,xz), w(gz)(xl,m),

zp(l;l)(xl,xz) and w(l(]))(xl,xz) can be easily obtained, when
one variable equals zero in Eq. (20), Eq. (21), Eq. (22),
and Eq. (23). The systems of linear PDEs in Appendix C
are derived, which are satisfied by the functions l//(_3),
w( 2, z//(U_l), and z,b(U”) n=0,2,---
tinuation of the Apell function can be made by the sys-
tems of PDEs in Appendix C. w(lf) = %(xl +xp +x1x2) 1S
derived, which satisfies the system of PDEs in Eq. (C1)
explicitly. After obtaining the solutions z//(L'}_z), l//(l’]l_l) in

) . The numerical con-

the entire x; — x, plane, the system of linear PDEs is satis-
fied by H = xl’l/zx;”zglr(g) as
#H 0*H OH OH (1 1
—Xx + —+—+|—-—|H
(9)61 (9)62

OH OH
+Q2x1—1)=—+Q2xp - 1)—
0xy 0x;

1 1
it H+x1 1/2(81+gz) 0, 47)
4X1 4)62
and
(n-1) (n=1)
'ﬁ oy
g1(x1,x2) =—(1-5x1) +5x; C,)U
X2
_Mgt 1)+6z//([;‘ 2),
P (n—1) 9 (n—1)
82(x1,x2) =5x; -(1-5x)
UL (48)

Based on the constrained variational principle [45],
the system of PDEs in Eq. (47) can be treated as the mod-
ified function with stationary conditions

\ &’ H *H
1, (H) =HU(H)+fX12{x1(2xl_])§ +)€2(2)€2—1)(9 2
i

’H
+4x1x
X10x7

+(2x; - 1)— +(2xy — 1)—

X2
+L+L H+x 71/2(g +g2) pdxdx
i i Xy 1+82 1dxy ,

(49)

where y12(x1,x;) are Lagrange multipliers, () represents

the kinematic domain where the numerical continuation is

performed, and Iy (F) is the function of the first PDE in

Eq. (47):

2
X1 OH 1 1 )
() = f { (a) (a—) (s—s—)H

+x; 172 1/2(g1 gz)H}dxldxg .
(50)
Because of the boundary conditions Wy (x1,0) = G(xy),

eI
ax? ? ébc% 4xi 4xp the continuation of the solution to the entire kinematic re-
~ 1 P gion can be performed numerically by finite element
+x (81-82) = method [45] from Eq. (49).

SPH 5 PH The function ¥(y;,y;) will turn to be y(1,y;) as
x1(2x1 = D—— +0Q2x - D)—— +4x1x, D my = m3 = m. To obtain the simpler result, we need the re-

x| ax; *10x2 duction formulae [46]

a, b I'l(c—a->b) , b, l+a-—c, 1+b—-c y
F4( ¢, d |1,y) Tc-al(c-b)* 4F3 ( d, (a+b-c+2)/2, (a+b-c+1)/2 ’Z) Gh
Using the above reduction formula Eq. (51), we obtain
( i)(m2)3D/274(#2)6—3D/2 <y2)
Us(0, =1, 52

(0, mi) = @nprr2-1) I\% ©2)
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with y, = m2/m?, and f()%) is as follows:

4 T(6-2D)

f(y_z) _T@- 3D/2I*B-D)Y'(2-D/2)I2(D/2-1) ><3

RICE D[22 - D/2)I(D/2 - DI(1 - D/2)

T(4-D)

g 4-3D/2. 3-D. 2-Dj2 |y
2 7/2-D, 2-DJ2 |4
_ 1, 3-D, 2-DJ/2, |»n
D/2-1 7
o0 ar( M TR P E) e

If x=01in Eq. (37), then the result is consistent with Eq. (53), and Eq. (53) is in agreement with Eq. (1.28) of Ref. [47]

4.3 Special case three: m; =m, =0, m3 #0,my #0
When m; = my = 0, the Us function can be formulated as

(_i)22(m§mi)D/27l (”2)6—3D/2F2(D/2
[(D/2)(4rm)3P/2

U3(0,0,m2,m?) =

=1 [* . (x\¥P
fdx(z) kpj-1(m3x)kp r-1(msx)
0

B (_i)(mi)SD/274(#2)673D/2F3(D/Z— DI'2-D/2) e Ir2-D/2T3-D) p,_, F ( 2-D/2, 3-D )
- [(D/2)(4r)3P2 o2 ! pi2 |*
I'3-D)Y'(4-3D/2) F 3-D, 4-3D)2
re-pj2) ! 2-p2 M
(54)

with x = m3/mj. In this case, the result from the method of
Mellin-Barnes representation coincides with the hyper-
geometric function method. ,F; is the hypergeometry
function

a, b _ - (@)n(b)y, n
zFl( ¢ ‘x)‘,,zo e, o ©Y

. I'la+n
whose convergent region is |x| < 1, (a), = ( )

. Using

the properties of hypergeometric functions, the analytical
results can be extended from [x|<1 to the domain of
[x] > 1.

When m; = my =0 and m3 = my = m, with the help of
the formulae (33), Eq. (54) can be written as

3e
(mD)? (2
U3(0,0,m*,m*) = (- =
50.0m%m) = (- e 0
L3 1 ) 1y
8—3Q03 +g§03 +g(p3 +Q03 +0(8) . (56)

The expression of <pg_3), gog_z), <p(3_1) and gago) can be

easily obtained while x; = x3 =0 and x; = 1 in Eq. (20),
Eq. (21), Eq. (22), and Eq. (23).

When m; = my = m3 = 0;my4 = m, the U; function can
be formulated as

2N _ H
U3(0,0,0,m~) = ( l)(47r)6 -

(m?)? (/12 )36

Loy, 1 n, o
x{;goi )+;<pi )+¢i)+0(8) .

The expression of goffz), 902—1)’ and QDE‘O) can be obtained
while x; = x, = x3 =0 in Eq. (20), Eq. (21), Eq. (22), and

(57

Eq. (23). These coefficients are consistent with the res-
ults of Ref. [37].

5 Summary

Employing the integral representations for modified
Bessel functions, we verify the equivalence of Feynman
parametrization and the hypergeometric technique in
terms of the calculation of the scalar integrals of Feyn-
man diagrams. For the three-loop vacuum integrals, we
have presented the diagram in Fig. 1 to elucidate the tech-
nique in detail. For scalar integrals depicted in the dia-
gram of Fig. 1, the multiple series of representations that
are convergent in certain connected regions of kinematic
invariants can be derived. The systems of linear homo-
geneous PDEs can be established by scalar integrals in
the entire kinematic domain. The continuation of the ana-
lytical representation of scalar integrals from convergent
regions to the entire kinematic domain can be performed
through numerical methods when the system of linear
PDEs is assumed to be in a stationary condition. For this
purpose, the finite element method can be applied. For
the special case of the three-loop vacuum diagram Fig. 1,
we derive the analytical result in the convergence do-
main. We plan to apply this technique to numerically
evaluate the scalar integrals from multi-loop diagrams in
other scenarios in the near future.

We are grateful to professor Tai-Fu Feng for guiding
this work.
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Appendix A: Expression of ¢E)0)(x 15X2,X3)

¢§)o)(xl,x2,x3): Z L1“(—2+n|)1"(—1 +np))(Inxy + (=2 +n) + (=1 +n1) —(n) —y(l +np)) + Z X1 1'x2

= n!l(ny) et
+InxInx; +zp2(—1 +n1)+y(n))(nx; —y(1+n1)+¥(=1+n1)(-1+2yg +1Inx; +Inxp +¥(ny) (1 +n1)) + (1 +n1) = 2yep(1 +ny)

—lnle//(l +n])+(//(—l +n1)+L//(n|))+ Z %F(—l +n])(—]nx1 +27Elnx1 +1nx; IHJC3 +l//2(—] +n1)+1//(n])(lnx| —I,D(l +}’l|))

np=2
+Y(=1+n)(=1+42yg +Inxy +Inxz + ) (L +nD) + (1 +n) = 2ypp(l +n) —Inxsyp(l+n1) +¢' (=1 +n1) +¢' (m1))

+ Z n;r( ST M) m) s 4924+ m) Y1 +m) ~gm) ~u (] +n2))+n;2 xlnzz!w (=1 +n2)(~Inxs +2yg Inx;
+Inx;Inxy + z// (=1+m)+yma)(nxy — (1 +n))+ (-1 +n)(—1+2yg +1Inx; +Inxy +¥(na) — (1l +n2)) + (1 +n2) = 2yey(1 +ny)

—Inxpp(1+n)+¥ (=1 +n) +y/' (n)) + Z xz";)@ I'(-1+n)(—Inxy +2ygInxy +Inxy Inx3 + !/12(—1 +n2) + Y (n2)(Inxo — (1 +ny))

np=2
+Y(=1+nm)(=1+2y +1Inxy +1Inx3 + () = Y(L +m2)) + (1 +12) = 2ypy(1 +n2) = Inxay(1 +m2) + ¢/ (1 + ) + ¢’ (n2))

d 3
+Zn;r( T2 m)l (1 ms) I + (=24 m3) Y1+ 13) =) = (//(1+n3))+z alhs

n3=2
+lnx11nx3+w( 1+n3)+y(n3)(Inx; — (1+n3))+1,b( 1+n3)(=14+2yg +1Inx; +Inxz +¥(n3) — (1 +n3)) + (1 +n3) —2ypy(1l +n3)

X2 %

—Inxg(l+n3)+y/ (- 1+n3)+¢(1+n3))+z

n3=2
+ (=1 +n3)(=1+2yg +Inxz +1Inx3 +¥(n3) — (1 +n3)) + (1 +n3) = 2ypy(l +n3) —Inxoy(1 +n3) + ' (=1 +n3) + (1 +n3))

F( 1+n3)(— lnx3+2yElnx3+lnlenx3+z//( 1+n3) +y(n3)(nxz —y (1 +n3))

n
* Z Z S —— = L (24 +m)l(=1+ny +np)(Inoxg Inxy — Inxpy(n) — Inxpg(1 +n2) + Inx (=2 +ny +n2) + Inxoy(=2+n1 +n2)
A2 i2 mim T )E(n2)

—Y(n)Y(=2+n +n2) —y(l + o)y (=2+ny +n2)+¢2(—2+n1 +m) +Inx (=1 +n; +n2)+Inxoy(—=1+n; +n2) —Y(n)Y(—1+n; +ny)
=YL+ n)Y(=1+ny +m) + 2p(=2+ ny + (=1 +n1 +m3) + 4> (=1 +ny +n2) = W(ny) +¥(1+n)(Inxy = Y(n2) = ¥(1+n2) +Y(=2+ny +n2)

ny 4, N3
Y= n +m) W (<24 g o)+ (- l+n1+n2))+z Z mr(—un.+n3)r(—1+n1+n3)(1nx] Inx3 = Inx(n3)

ny=2n3=
—Inx (1 +n3)+Inx Y (=2+n; +n2) +Inx3y (=2 +ny +n) —yma)y (=2 +ny +n2) —y(1 +n3)y(-2 +n; +n2)+¢2(—2+n1 +np)
+Inx Y (—1+n;+n3)+Inx3y(—1+n;+n3) — ()Y (= 1+n;+n3) =g (1 +m3) (= 1+n; +n3) + 24(-2+n1 +n)y (-1 + ny +n3)+1//2(—1+n1 +n3)
= @)+ +nD))Anxs —(n3) =gl +n3) + (=2 + 11 +m) + (=1 +n1 +13)) + ¢/ (=2 +n1 +13) + ¢/ (=1 + 11 +13))

np
+ Z Z - vnﬁr(;z)r(m) (=2 +n +n3)(=1 +mp +n3)(Inx2 In.x3 — Inxay(n3) — I xp(1 +n3) + Inx(=2 + 1 +13) + Inx3(=2 +my +n3)

nm=2n3=
—yYym3)(=2+ny+n3)—yY(1 +n3)(-2+ny +n3) +Y(-2+ny +n3)2 +Inxo(—1+ny +n3) +Inx3y(—1+ny +n3) —Y(n3)y(—1+ny +n3)
(1 +n3)(=1+np +n3) + 20(=2+ ny + (=1 +ny +n3) + ¥ (=1 +np +n3) — (W(n2) + ¥(1 + np))(Inxs = (n3) = (1 +n3)

=)

FY(=2+m +13) + Y= +na+n3)) + 0/ (=2 +mp +n3) +4 (1 + 13 +13)) + Z Z Z(x]"IX2"ZX3"3r(—2+m +mp+n)0(=1 + 1y + 12 +n3)

ni=lny=1n3=1
X (Inxy Inxp Inx3 —Inxy Inxzy(ny) — Inxg Inxzy(1 +n2) —Inxg Inxow(nz) +Inxpyp(n)y(nz) + Inx (1 + no)y(n3) — Inxg Inxoy(1 +n3)
+Inxp(m)y(1 +n3) +Inxpyp(l +no)y(1 +n3) + (Inxg Inxg +Inxy Inxs + Inxp Inx3)y@ (=2 + ny +ny +n3) + W)y (n3) + (1 +na)y(nz)
—Inxy(n2) —Inxzgp(nz) —Inx (1 + n2) —Inxzy(1 +nz) — Inxyy(nz) — Inxa(nz) — Inxy(l +n3) — Inxag(1 +n3) + Y(2)y(1 +n3)
F (L +n)(1+m3)W(=2+ny +np +n3) + (Inxy +1nxp +1Inx3 —(n2) (1 +n2) —P(n3) = (1 + m)W2(=2+n) +np +13) + 4> (=2 +n
+ny +n3)+(Inxg Inxy +1Inxg Inxs +1Inx; Inxs —Inx(ny) —Inxsy(ny) —Inx (1 +nz) —Inxzy (1 +n2) — Inx ¥(n3) — Inxpy(n3) + Y(n2)y(n3)
+ (1 +n2)y(n3) —Inx (1l +n3) —Inxoy(l +n3) +Y(n)Y(1 +n3) + (1 +n))y(1 +n3))yp(=1+ny +n2 +n3)+ 2Inx; +2Inxz + 2Inx3 —2¢(ny)
=2U(1+n2)—2¢(n3) =2 (1 + m3)W(=2+ny +np + n3)y(—1+n; +n2+n3)+3w2(—2+n1 +np +n3)W(—1+n; +n2+n3)+1//3(—] +ny+ny +n3)
+(Inxy +1Inxp +Inxs —(n2) — (1 +m) —(n3) = (L + m)W (=1 +ny +np +13) +3W(=2 +ny +ny +n3) (=1 +ny +ny +n3) +(Inx; +1nx;
+1Inx3 —y(n2) — (1 +n2) —w(nz) — (1 +ma)W' (=2 +ny +na+n3) + 3¢ (=2 +ny +na +n3)y' (=2 +ny +n2 +n3) + 3y(—=1+n; +ny +n3)
XY (=2+n; +n2 +n3) +(Inx; +1Inxp +1Inxz — () — (1 +n2) —(n3) (L +m)W' (=1 +ny +np +n3) +3W(=2+ny +mp + 3’ (=1 +ny +np

+n3)+ 3¢ (=1 +ny +np +m3)W (=1 +ny +ny +n3) —(n))(Inxz Inxz — Inxo(nz) — In (1 +n3) + (Inxp + Inxz —¥(n3) —Y(1 + n3)W (=2 +ny
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g +13) + (Inxg + In.x3 = Y(n3) — (1 +m)W(—=1+np +np +n3) + (=2 +my +na +13) + 20(=2+ 1 +na +n3)W(=1 +ny +np +n3) + 92 (~1
01 +np+n3) = (W(m) + (1 +m))(Inxs —y(n3) —yY(L+03) +Y(=2+n1 +mp +n3) + (=1 +m +my+n3)) +§' (~2+n1 +np +n3) +y/ (-1
+n1+nz2+n3))— (1 +np)(Inx; Inxz —Inxw(nz) —Inxoy(l +n3) + (Inxy +Inx3 —y(n3) — (1 +m3)W (=2 +n; +ny +n3)+l//2(—2+n1 +ny +n3)
+(Inxy +Inxz —y(n3) =Y (1 +n3)W(=1+ny +ny +n3) + 20 (=2 +ny +na + n3))Y(=1+ny +ny +n3) +¢//2(—1 +n1 +ny+n3)—yY(ny)(Inxz —y(n3)
—Y(1+m)+y(=2+n1 +ny+n3)+yY(=1+ny +np +n3)) — (1l +n2)(Inxz —Y(n3) —Y(1 + n3) + Y (=2 +ny + ny + n3) +Y(=1+ny + np +n3))

+y (=2+n;+m+n3)+Y (—1+n +na+m3))+y¢” (=2 +n1 +na +n3) +y¢" (=1 +ny +na +n3)))/(n1 'na'n3 'T(n )L(n2)[(n3)). (A1)
Appendix B: System of linear PDEs for Laurent expansion around D =4
Correspondingly, we present the systems of linear PDEs satisfied by (%, ¢, and ¢ (n=-1,0, 1, 2, ---):
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Appendix C: System of linear PDEs for Laurent expansion around D =4

Correspondingly, we present the systems of linear PDEs satisfied by y{,”, ¢{,*, and ¢\ (n=-1,0, 1.2, ---):
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i=1 i=1 1 X1 =
2 2 | 1 )
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