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Invariant-mass distribution of top-quark pairs and top-quark mass
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Abstract: In this study, we investigate the invariant-mass distribution of top-quark pairs near the 2m, threshold,

which strongly influences the determination of the top-quark mass m, Higher-order non-relativistic corrections lead

to large contributions, which are not included in the state-of-the-art theoretical predictions. A factorization formula is

derived to resum such corrections to all orders in the strong-coupling, and necessary ingredients are calculated to per-

form the resummation at next-to-leading power. We combine the resummation with fixed-order results and present

phenomenologically relevant numerical results. The resummation effect significantly increases the differential cross-

section in the threshold region and makes the theoretical prediction more compatible with experimental data. We es-

timate that using our prediction in the determination of m, will lead to a value closer to the direct measurement result.
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1 Introduction

Top-quark pair production pp — t(p)+#(pr)+X 1is
among the most important scattering processes at the
Large Hadron Collider (LHC). The experimental meas-
urements of its differential cross-sections have achieved
remarkably high resolutions [1-4] in the Run 2 of the
LHC with a center-of-mass energy +/s=13TeV. In the
meantime, the theoretical modeling of the kinematic dis-
tributions in quantum chromodynamics (QCD) was signi-
ficantly improved with the emergence of the next-to-next-
to-leading order (NNLO) predictions [5-7] supplemented
with the resummation of large logarithms to the next-to-
next-to-leading logarithmic accuracy (NNLL') [8-10].
The complete next-to-leading order (NLO) corrections in-
corporating electroweak (EW) effects [11, 12] have also
been combined with the higher order QCD corrections,
resulting in the state-of-the-art standard model (SM) pre-
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dictions for this process [13, 14].

Despite these developments, small discrepancies
between the high precision theoretical and experimental
results are persistent. A notable discrepancy is the 7 in-
variant-mass distribution near the 2m; threshold, meas-
ured by the CMS collaboration at the 13 TeV LHC [2, 3],
where m;, is the top-quark mass, and the invariant mass
M;; is defined as M = (p,;+pp*. In Fig. 1, we depict the
averaged M;; distribution in the [300, 380] GeV range.
The CMS result [2] is shown as the green band, which re-
flects the combined statistical and systematic uncertainty.
The central values of various theoretical predictions
(NNLO from [6], NNLO+EW from [13], and
NNLO+NNLL' from [9]) are shown for comparison.
There is a clear gap between the experimental and theor-
etical results. The theoretical predictions in this region are
strongly dependent on m,. Consequently, this discrep-
ancy has a strong impact on the extraction of m, from
kinematic distributions [15], which favors a value of m,
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Fig. 1. (color online) Averaged rf invariant mass distribu-

tion in [300, 380] GeV range. The CMS result [2] is shown
as the green band, while the central-values of various theor-
etical predictions are shown in comparison.

that is significantly lower than the current world average.
Therefore, it is of interest to investigate whether the top
quark is indeed lighter than expected, or whether there
are missing contributions in this region that are not incor-
porated in the most up-to-date theoretical predictions.

In this study, we investigate a class of higher order
QCD corrections in the threshold region M,; ~ 2m,. These
originate from exchanges of Coulomb-type gluons as well
as soft gluons between the top and anti-top quarks. The
leading contributions take the form (a,/B)", where
B= \/1-4m7/M? is the velocity of the top and anti-top
quarks in the # rest frame. The region M;; ~ 2m, corres-
ponds to B~ 0, where the top and anti-top quarks are
slowly moving with respect to each other. In the small 8
region, the 1/8" contributions (as well as those of In" )
are enhanced and lead to large corrections beyond the
NNLO(+NNLL") results. These corrections are divergent
as B — 0, signaling a breakdown of the perturbative ex-
pansion in this limit. At NNLO (order a?), this does not
pose a severe problem, as the integration over My; is still
convergent, which yields a finite prediction for the aver-
aged differential cross-section, as shown in Fig. 1.
However, at order o and beyond, even the integration
across M,; becomes divergent, and one has to perform an
all-order resummation to restore the validity of theoretic-
al predictions. Furthermore, at fixed orders in perturba-
tion theory, M > 2m, due to the phase-space constraint.
This is not physical, because bound-state effects can
make the mass of the QQ system smaller than 2my,
where Q is a heavy quark. For charm quarks and bottom
quarks, such bound-state effects are genuinely non-per-
turbative. For top-quark pairs, the bound-state effects can
be (to a good approximation) studied in perturbation the-

ory, as long as we integrate in a large enough range
around the threshold M,; = 2m;,.

In the following part of this study, we present a fac-
torization formula for the partonic differential cross-sec-
tions that is valid in the region M;; ~ 2m,, which schemat-
ically takes the form d6- ~ H x J. The hard function H de-
scribes exchanges and emissions of hard gluons with typ-
ical momenta of O(M;), while the potential function J re-
sums exchanges of Coulomb and soft gluons between the
top and anti-top quarks. Notably, we do not take the limit
V3§ — M, here, where V3 is the partonic center-of-mass
energy. Consequently, extra hard radiations are allowed
and incorporated in our framework into the hard function
H. Therefore, our factorization formula is intrinsically
different from those in [16-18], where the V5§ — M, ap-
proximation was employed. Our formalism is similar to
that of [19, 20]; however, it takes into account the kin-
ematic dependence of the renormalization and factoriza-
tion scales, and differs in the treatment of subleading cor-
rections in B. Subsequently, we present numeric results
that are relevant to LHC phenomenology based on our
factorization formula. We show that the resummation ef-
fects indeed enhance the M,; distribution significantly in
the threshold region, and make the theoretical prediction
more compatible with the experimental data.

2 Factorization near threshold

We begin with the 7 invariant mass distribution writ-
ten as a convolution of the partonic luminosity functions
and partonic differential cross-sections

dMn_Zf dzrf

where i,j€{q,qg,g} denote partons within the colliding
protons; z=M>%/3, T=M?2/s, and uy is the factorization
scale. The parton luminosity functions ffi;j(y,us) are
defined by

dO’,,(Z ,Uf)
dM;;d®

g 1] G B 0D

1
i0t) = f dfﬁ/,,@,ufm/p(y/f,uf), @

where f;/, is the parton distribution function (PDF) of the
parton i in the proton p. Notably, in writing down Eq. (1),
we have taken into account that the factorization scale p ¢
may depend on kinematic variables (which we collect-
ively denote as ®) other than m, and M,;. This is neces-
sary, as we combine our result with the NNLO result of
[6], where the scales are correlated with the variable

Hr = \/p%.’[+mt2+ \/p%t.+mt2, where pr, and pr; are the
transverse momenta of the top and anti-top quarks, re-
spectively.

We are concerned with QCD corrections to the par-
tonic differential cross-sections. At the leading order
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(LO) in ay, only the ¢g and gg channels yield non-van-
ishing contributions

dQOA—(O-) !ﬂBOZ( )

19 K r CFCA

(l 5.8(cos6;)o 1- .
M,deOSQ, M%_ 9 C‘M»S( S t)( Z)

oy zﬂﬂaz(ﬂr [CF
dM,zdcosé, Mt3t_ 32
(C3-4)CF
+ —_—

64

where u, is the renormalization scale, and 6, is the scat-
tering angle of the top quark in the #7 rest frame. The
coefficients c;;,, with @ = 1,8 labelling the color config-
uration of the 77 system, are given by

Cgg,1(cOS6;)

cgg,g(cosez)]é(l—z), 3)

1
c45.8(cosb;) :1[2 —B*(1 —cos2))]1,

4-201-p°

Cog1 (c08 ) = ———————
8 721 = Beos6,)

—28%(1 - B*cos26,) — (1 + Bcos?6,)?],

6 9 > o
5 10(3 Bcos“6)|. (4)
Eq. (3) is proportional to 8 due to the two-body phase
space. This indicates that the LO differential cross-sec-
tion approaches zero at the threshold M;; = 2m;,. This is no
longer true at higher orders in «;, essentially because of
the 1/8" terms mentioned in the Introduction. More pre-
cisely, the NLO differential cross-section approaches a
positive constant in the 8 — 0 limit, at which the NNLO
and higher order ones diverge. This behavior makes the
perturbative expansion badly convergent in the threshold
region. In the following, we analyze the factorization
properties of the differential cross sections and resum the
large 1/8" and In" 8 corrections to all orders of a;. This is
the only way to restore the predictive power of perturbat-
ive QCD near threshold.

In the threshold limit M; — 2m, or B — 0, there are
large hierarchies among the energy scales M;;, M;;3, and
Mi8”. Using the method of regions, we identify the fol-
lowing momentum modes in the ¢ rest frame [21]

Cyg,8(cOSH;) =2cgq 1(cOSH;)

~ M2, K~ MB,
Kt~ M.

hard: k* ~ My,
soft: k" ~ Mg,

potential :
ultrasoft :

®)
The top and anti-top quarks move very slowly and are
non-relativistic objects, whose residue momenta corres-
pond to the potential mode. They can interact with each
other through soft, ultrasoft, and potential gluons, which
are described by the effective Lagrangian of potential
non-relativistic QCD (pNRQCD) [22, 23]. The hard
mode describes fluctuations with typical momenta of
O(M;), resulting in Wilson coefficients of effective oper-
ators in pNRQCD. We note that there are no collinear

modes in our setup. This is related to the fact that we are
not taking the limit V§ — M, such that the extra emis-
sions are not constrained. Consequently, we do not need
to employ the soft-collinear effective theory, as opposed
o [17, 18]. Using the method of effective field theory
(EFT), we derive a factorization formula for the partonic
cross-sections in the threshold region. The power expan-
sion of pNRQCD is according to the counting
ag~pB~1/Inp. Up to the next-to-leading power (NLP),
the factorization formula reads

N \er2ad() [Maram
ij (Hr 1 ny Z Ciia (cos6))
dM[fd@ 2M7

X Hij,a(Z’ Mgz, Qr. Y. pr. 1) J*(E) + OB),  (6)

where H;j, are hard functions describing hard gluon ex-
changes and emissions, which depend on the transverse
momentum Qr and the rapidity Y of the # pair; J*(E)
with E = M;;—2m, are potential functions describing ex-
changes of potential, soft and ultrasoft gluons between
the top and anti-top quarks. At NLP, ultrasoft gluon ex-
changes among initial-state partons and the ¢7 pair do not
contribute. Consequently, there is no soft function in our
factorization formula. This contribution could be present
at higher powers in @, and g, which is an interesting sub-
ject of study for the future. The prefactors in Eq. (6) are
chosen such that the LO cross-sections in the EFT repro-
duce the exact ones in Eq. (3). These prefactors take into
account subleading corrections in 8 at LO and have signi-
ficant impacts at higher orders in «,. This, along with the
explicit kinematic dependence of the hard function,
makes our factorization formula substantially different
from that in [19, 20].

The hard functions are calculated order-by-order in a;
in terms of differential cross-sections in the limit
p: = pr = P;7/2. For resummation at NLP, we must find
the hard functions up to the NLO. The LO hard functions
are given by

HY, =0, O, = 5 501-6(0n007),
HY), = Fm - 98(Qr)8(Y),

C2—4C
O, =GN A64) L 6(1-2)8(Qr)5(Y). (7

We analytically calculated the NLO corrections to the
hard functions, which were hereto unknown in the literat-
ure. They receive contributions from both virtual ex-
changes and real emissions of gluons. The virtual and real
contributions are separately infrared divergent. The diver-
gences cancel when combined with the PDF coun-
terterms. After the cancellation, we obtain finite NLO
hard functions involving singular distributions of 1-z,
QOr, and Y. The results are more complicated than those in
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the literature [19, 20], as we must maintain the dependen-
cies on kinematic variables in order to use the Hr-based
renormalization and factorization scales. The potential
function J*(E) is related to the imaginary part of the pN-
RQCD Green function G*(#,%;E) of the i pair at the
origin. It receives contributions from potential, soft, and
ultrasoft modes. The explicit expressions for the Green
function up to NLP can be found in, e.g., [18, 24]. The fi-
nite width of the top quark is considered by the replace-
ment of E — E +il, in the potential function. This treat-
ment is valid at NLP; however, additional considerations
are required at higher powers (we count I';/m, ~ %) [25-
29].

Combining the hard and potential functions, we can
now produce NLP resummed predictions for the M;; dis-
tribution near threshold. These can be further combined
with fixed-order ones via the matching formula

do-MNLO+NLP 4 NLP - (NNLO  ,-(mnLO

Mg dMy | dMy | dMy
where we used “nLO” and “nnLO” to denote fixed-order
expansions of the NLP resummed result (6) up to the
second and third order in ay(u,). Their differences with
respect to the full NLO and NNLO results are higher-
power terms in 8, which we wish to consider through the
matching procedure.

®)

3 Numeric results

We present the numerical results based on our factor-
ization formula (6) and the matching formula (8).
Throughout our calculation, we take m, =172.5GeV,
I =1.4 GeV, and use the NNPDF3.1 NNLO PDFs with
ay(mz) = 0.118. Because the small-3 resummation is val-
id only at low Mg we restrict ourselves to
M, € [300,380] GeV in this work, which is the region
most sensitive to m,. Following [9, 13], we choose the de-
fault values of the renormalization scale u, and the fac-
torization scale us to be Hr/4, the corresponding results
are regarded as central values. We then vary the scales
simultaneously up and down by a factor of two to estim-
ate the remaining theoretical uncertainties. With such a
procedure, the error bands are not necessarily symmetric
around the central values.

First, in Fig. 2 we show the exact NLO correction
computed using MCFM [30], in comparison with its ap-
proximations in various kinematic limits. Such a compar-
ison is important to assess the validity of the approxima-
tions within the phase-space region of interest. Fig. 2 has
a few significant implications, which we like to elaborate
on. 1) The B — 0 result corresponds to the second term in
the fixed-order expansion of our NLP formula (6). It
provides an excellent description of the full NLO correc-
tion in the range [340, 380] GeV. This demonstrates that

1.8
- LHC 13 TeV [ Exact
15 [.m=172.5GeV U777 -0
' def _ |, def _ ity /4 ——— z—1 (central value)
peet = et = H,

f
NNPDF31_nnlo_as_0118

p—0 & z—1 (central value)

0.9

0.6

NLO corrections to dc/dMH(pb/GeV)
N

0.3 -
0.0 L. L0 ‘ ‘ L ‘
340 350 360 370 380
My(GeV)
Fig. 2. (color online) Exact NLO correction and various ap-

proximations in [340-380] GeV range.

our small-3 approximation is indeed valid and supports
the resummation performed in this work. 2) The z— 1
result corresponds to the “soft” or “threshold” limit
V§ — M,; considered in e.g., [8, 31]. It should be stressed
that the concept of “soft” or “threshold” has a completely
different meaning than those used in this work. We ob-
serve that, while not perfect, the z — 1 limit provides a
reasonable approximation to the full result in the low M;;
region. It is known that this limit works better in the high
M;; region [8, 31]. 3) Finally, the double limit 8 — 0 and
z— 1 corresponds to the “soft” limit considered in [16,
20]. This approximation does not capture the dominant
contribution at NLO. This is essentially the reason why
we do not consider such a “soft” resummation in this
work.

We now turn to compare the NLP resummed result
Eq. (6) and its fixed-order expansion. As in Eq. (8), we
label the expansion up to the i-th term (i=0,1,2,...) as
n'LO. Here, the lower-case ‘n’ implies that these are ap-
proximations to the full N'LO results in the g — 0 limit.
The n’LO result equals exactly the full LO result because
of the prefactors in Eq. (6). We show such a comparison
in Fig. 3, from which we can draw several important con-
clusions. 1) The fixed-order expansion converges rather
quickly when M;; is significantly larger than 2m,.
However, when M;; approaches the threshold, the behavi-
or becomes out-of-control. In particular, the n’LO result
tends to +oco, while the n'LO tends to —co in the B—0
limit (M;; — 345 GeV). 2) The singularity at 8 =0 is regu-
larized by the resummation effects, and we obtain a finite
prediction near M;; = 2m, with the NLP resummation for-
mula. In the resummed result, the region M; < 2m, is al-
lowed due to bound-state effects. The shape of the NLP
curve for M;; <2m, depends crucially on the top quark
width. However, we have verified that the integrated
cross-section in the [300, 380] GeV range is insensitive to
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Fig. 3. (color online) NLP resummed result and its fixed-or-

der expansion.

the value of T;. 3) As a final implication of Fig. 3, we
note that the NLP curve almost overlaps with the nLO
and n°LO curves for M,; > 360 GeV. This indicates that in
this region, the matched (N)NLO+NLP results of Eq. (8)
are governed by the fixed-order (N)NLO calculations. Ef-
fectively, this shows that we do not apply the small-3 re-
summation to regions where the break down of the EFT
description is a possibility. Indeed, we have checked that
the dominant beyond-NNLO correction comes from the
region M;; <350 GeV, where 8<0.17 and pNRQCD is
perfectly applicable.

Finally, we match our resummed calculation to the
NLO and NNLO results according to Eq. (8). The NLO
results are computed using MCFM and the NNLO results
are obtained from [6, 7, 32, 33]. The NLO+NLP and
NNLO-+NLP results are shown in Fig. 4 and Table 1
along with the NLO and NNLO results, compared against
the CMS measurement. We find that the resummation ef-
fects enhance the NNLO differential cross-section by
about 9%, and make the theoretical prediction more com-
patible with experimental data. As discussed in the Intro-
duction, this enhancement will have a significant influ-
ence on the extraction of the top-quark mass from kin-
ematic distributions. Although we cannot repeat the ana-
lysis of [15], we can estimate the impact by studying the
m;-dependence of the NLO (used in the fit of [15]) and
NNLO+NLP predictions for the [300, 380] GeV range.
For example, the central value of the NNLO+NLP differ-
ential cross-section for m, = 172.5 GeV is given by 1.434
pb/GeV. To achieve the same differential cross-section
using the NLO calculation, one must lower the value of
m, to approximately 171 GeV. This roughly explains the
outcome of [15] and shows that using our prediction in
the fit will lead to a shift of about 1.5 GeV resulting in a
value closer to the world average.

Table 1. Differential cross-sections (in units of pb/GeV) entering
Fig. 4.
CMS 1.664*0-166
NLO 1.208*9130
NNLO 1.319+903
NLO+NLP 1.3670:1%
NNLO+NLP 1.434*0018
< 25
3 - LHC 13 TeV, m=172.5 GeV I CMS
gr [ NNPDF31_nnlo_as 0118 ; m:ﬁ?o
s | W=u=H/4 T NLO+NLP
B 20| M;<[300380] Gev I NNLO+NLP

15
v
i | !
1.0
Fig. 4. (color online) Averaged ¢f invariant mass distribu-

tion in [300, 380] GeV range. CMS result [2] is depicted by
the green band. Various theoretical predictions are shown in
comparison, with NNLO+NLP being our best prediction.

4 Conclusion

We studied the # invariant-mass distribution near the
2m, threshold. In this region, a small gap exists between
the most up-to-date theoretical predictions and the experi-
mental measurements by the CMS collaboration at the
LHC. This leads to a discrepancy between the values of
m; determined from direct measurements and from fit-
ting kinematic distributions in # production. We show
that higher-order non-relativistic effects lead to large cor-
rections to the differential cross-section in the threshold
region, which were not included in the state-of-the-art
theoretical predictions. We derive a factorization formula
to resum such corrections to all orders in strong coupling,
and calculate necessary ingredients to perform the resum-
mation at next-to-leading power. We combine the resum-
mation with NLO and NNLO results, and present numer-
ic results relevant for LHC phenomenology. We find that
the resummation effect increases the differential cross-
section in the range M, € [300,380] GeV by about 9%.
This makes the theoretical prediction more compatible
with experimental data, and leads to a shift of about 1.5
GeV on the extracted top-quark mass from kinematic dis-
tributions, resulting in a value that is more consistent with
the world average.
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Our results can be easily combined with the soft

gluon resummation of [8-10, 31] and with electroweak
corrections of [11-14]. This allows a precision prediction
for the # invariant-mass spectrum across the entire phase
space. Our framework can be extended to study the

tf+jets production process, which is also used to extract
the top quark mass [34, 35].

L. L. Yang would like to thank A. Mitov for useful dis-
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