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Abstract: The mean total kinetic energy as a function of fission fragments, the <TKE> distribution, is presented for
neutron-induced fission of Np using the scission point model. The calculated results of <TKE> for neutron-
induced fission of Np are compared with the available experimental data to obtain the deformation paramet-
ers in the scission point model. The deformation parameters of fission fragments are discussed at the scission point.
The calculated results are also compared with the results from other methods and with experimental data. The beha-
vior  of  the  <TKE> distribution is  then studied for  the  neutron-induced fission of  actinides.  This  indicates  that  the
<TKE> values for neutron-induced fission of actinides with odd mass numbers are greater than for those with even
mass numbers.
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I.  INTRODUCTION

237
Neptunium isotopes  have  received  much  attention  in

both  fundamental  and  applied  physics,  especially Np,
which has been used in the reprocessing of spent nuclear
fuel  and  in  the  study  of  the  odd-even  effect.  Therefore,
the properties of this nucleus have been studied for many
years [1-18]. On the other hand, the determination of kin-
etic  energy leads to  a  better  understanding of  the fission
process,  of  reprocessing  methods  for  spent  nuclear  fuel,
and  of  the  odd-even  effect.  However,  the  kinetic  energy
of  neptunium isotopes  has  been  measured  in  only  a  few
works  [16-18]  and  there  are  limited  experimental  data
available on the <TKE> distributions (the mean total kin-
etic energy as  a  function  of  fission  fragments)  for  actin-
ide  fission  [19-30]. It  therefore  seems  necessary  to  ex-
plore the <TKE> values of neptunium isotopes.

There  has  been  little  theoretical  work  on  different
methods  to  calculate  fission  total  kinetic  energy  (TKE)
[31-36]. None of them has studied the fission of neptuni-
um  isotopes.  Ivanyuk  [37, 38] has  calculated  deforma-
tion energy with the two-center shell model parameteriza-
tion  and  has  estimated  TKE  and  total  excitation  energy
(TXE) of  fission  fragments  in  a  quasi-static  approxima-
tion. Some researchers, such as Morariu [39], have calcu-
lated  TXE  using  TKE.  Ruben  [40]  presented  the  two
spheroid  model  (TSM)  model  for  calculating  TXE  and
TKE, but in that work, TKE was calculated with the pres-

cission  energy  which  was  approximated  by  Ref.  [41].  A
similar model, presented recently by Adamian [42], is the
dinuclear  system,  in  which  two  near-touching  coaxial
nuclei  are  assumed  at  a  particular  scission  point  while
their volume is conserved. With this model, Andreev [43]
obtained  the  fine  structure  in  the  TKE  of  neutron-in-
duced fission fragments. In this formalism, the TKE dis-
tribution is  calculated  with  Coulomb energy and nuclear
energy.

≈

βi

The  TSM  model  is  a  scission  point  model  in  which
the  scission  configuration  is  assumed  to  consist  of  two
spheroidal fragments. In this model, two spheres are sep-
arated by a distance d  1.44 fm [44],  and the Coulomb
repulsion energy between the two spheres, which is actu-
ally located effectively at the center point between them,
indicates the  Coulomb  energy  of  the  system  at  the  scis-
sion  point.  The  deformation  parameters  are  taken  as
quadratic  in  radius  change ( ; i = L and H for  the  light
and heavy fragments, respectively). Here we try to obtain
TKE  values  using  this  method  but  with  Denisov's  [32]
and  Blocki's  [45]  expressions  for  Coulomb  energy  and
nuclear energy, respectively.

This article is organized as follows. In Section II, the
calculation  framework  is  presented.  In  the  next  section,
the calculated results are compared with the experiment-
al  data  and  two  other  methods.  Then,  the  deformation
parameters are discussed at the scission point. In Section
IV,  the  TKE  distributions  are  studied  for  neutron-in-
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238
duced  fission  of  odd/even  nuclei,  especially  for  the
<TKE> distribution of neutron-induced fission of Np.
The TKE distributions are then evaluated for neutron-in-
duced fission of other neptunium isotopes in Section V.

II.  THEORETICAL FRAMEWORK

Andreev  [43] used  the  following  equation  to  calcu-
late the TKE of fission fragments:

T KE(Ai,βi) = Vcoul(AL/AH ,βi,d)+Vnuc(AL/AH ,βi,d), (1)

βi

where d is the distance between the fragment surfaces at
the  scission  point,  and  are  the  quadratic  deformation
parameters for each fragment.

The Coulomb energy is defined by [32]

Vcoul =
ZL ZH e2

D
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(2)

D = d+R1+R2where .  The nuclear potential  is  presented
as the proximity potential [45, 46]

Vprox(d) = 4πγb
[

C1C2

C1+C2

]
Φ(ε),

(
ε =

d
b

)
, (3)

≈ γ
where  the  width  (diffuseness)  of  the  nuclear  surface  is
b 0.88.  The surface tension coefficient  of the nucleus 
is  obtained  from  the  Lysekil  mass  formula  proposed  by
Ref. [47]

γ = 0.9517
√

(1−2.61I2
1 )(1−2.61I2

2 ) MeV/fm2, (4)

Ii =
(Ni−Zi)

Ai
, (5)

Ni Zi Ai
C1

C2
Ri

where , ,  and  are  the  neutron,  atomic,  and  mass
numbers  of  each  fission  fragment,  respectively.  and

 are the Süsmann central radii of light and heavy frag-
ments, which are related to the sharp radius  by:

Ci = Ri−
[
b2

Ri

]
, (6)

Riwhere  is the  net  radius  of  each  fission  fragment  ob-
tained through  a  semi-empirical  equation  that  is  a  func-

tion of the mass number of fission fragments [46]

Ri(fm) = 1.28R0,i−0.76+0.8R−1
0,i , (7)

R0,iwhere  is  the  radii  of  deformed nuclei,  which can be
evaluated  using  the  deformation  dependent  expansion  of
nuclear radii [48]:

R0,i(θ) = R0(1+βiY20(θi)), (8)

θi
Y20

where  is the angle made by the axis of symmetry with
the  fission  axis  and  is the  spherical  harmonic  func-
tions.

ΦIn  Eq.  (3),  the  universal  proximity  relation  is  a
function of  the  distance  between  two  interaction  frag-
ments [45]

Φ(ε) =


−1.7817+0.9270ε+0.0169ε2−0.0514ε3

for 0 ⩽ ε ⩽ 1.9475,
−4.41exp(−ε/0.7176)

for ε ⩾ 1.9475.

(9)

The atomic numbers of the fission fragments are cal-
culated by  the  most  probable  charge  based  on  the  un-
changed charge-density distribution [49]

ZUCD =
Zcn (A+ ν)

Acn
, (10)

ν
238

EL

where  is  the  post-scission neutrons [50, 51]. For  neut-
ron-induced  fission  of Np,  the  kinetic  energy  of  the
light fragment  is available, so the TKE values are cal-
culated with the law of momentum conservation as:

T KE = EL
Acn

AH
. (11)

III.  RESULTS

In  this  section,  the  <TKE>  values  are  calculated  by
the method described in the previous section, and by an-
other method. In the method presented above, the atomic
numbers  of  fission  fragments  are  calculated  by  Eq.  (10)
and  the  distance  between  two  fragments, d,  is  1.44  fm,
following Wilkins [44].

237
The calculated <TKE> values  from the two methods

for  the  neutron-induced  fission  of Np  are  compared
with the experimental data in Fig. 1(a). The <TKE> val-
ues of  the  first  method  (calculated  results  I)  are  calcu-
lated by the framework presented in the previous section
and  the  deformation  parameter  values  of  the  fragments
used to plot this figure are presented in Table 1. In Table
1, it  can be seen that the sum of deformation parameters
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for complementary fragments ( ) increases signific-
antly for fragments near the symmetric region. This indic-
ates a  reduction  in  the  probability  of  formation  of  sym-
metric  fragments,  which  makes  fission  of Np asym-
metric. Also,  the  lowest  values  for  the  sum of  deforma-
tion  parameters  occur  for  fission  fragments  with  mass
number  131.  This  fission  fragment  is  one  of  the  most
common fragments in actinide fission.  This is  because it
is possible to form a stable nucleus with an atomic num-
ber 50 and neutron number 82.

Ai

237

The  second  method  of  calculation  (calculated  results
II)  is  based  on  Ref.  [53].  There  is  good  agreement
between  the  results  from  this  model  and  experimental
data for fission fragments with mass numbers greater than

 = 130. In the following, the parameters and relations in
this  method  are  discussed  for  neutron-induced  fission  of

Np. In this method, the TKE is approximated as:

T KE(AL/AH) ≈ECoul(AL/AH)+Eshell(AL,AH)
+∆(AL,AH)−Edef(AL,AH)+Ccn, (12)

Ccn

ECoul(AL/AH)
Eshell(AL,AH)

∆(AL,AH)
Edef(AL,AH)

Ccn =

Ai Ã = 140
α

where the constant value, , depends on the compound
nucleus.  is  the  Coulomb  energy  between
complementary  fission  fragments,  is  the
shell correction energy of two complementary fragments,

 is  the  pairing  correction  energy  of  the  fission
fragments  and  is  the  deformation  energy  of
two  complementary  fragments.  The  constant  value  is

 5  MeV  for  fission  fragments  with  mass  numbers
between  = 140-142 and . Also, the deformabil-
ity parameter value of each fragment, , changes as:

α =


5+0.4|Ai−135| for 125 < Ai < 140,

4.86−0.063
Z2

A
for other.

(13)

α

125 < Ai < 140
βi

In this formalism,  values are calculated by a simple
empirical  formula  in  the  liquid  drop  model,  following
Terrell  [54],  for  most  fragments.  They are  approximated
by a  linear  function  of  the  fission  fragment  mass  num-
bers  for  the  magical  fission  fragments  region

.  This  magical  fission  fragments  region
corresponds to the lowest  values (about 0.45) in Table
1.  This  indicates  that  there  is  good  agreement  between
these models.

βi

In Fig. 1(b), the calculated results of the scission point
model and the Langevin model are compared with the ex-
perimental results. For fission fragments with mass num-
bers  greater  than  133,  the  results  of  both  models  are  in
good agreement  with  the  experimental  results.  For  fis-
sion  fragments  with  mass  numbers  less  than  133,
however,  there  are  large  variations  in  <TKE> values  for
the  results  calculated  with  the  Langevin  model.  These
large variations  can  also  be  seen  in  some  of  the  experi-
mental  results;  this  is  related  to  the  influence  of  target
thickness, according to Gook [55]. Of course, the <TKE>
results calculated with the scission point model are close
to  the  experimental  data  because  the  experimental  data
are  reproduced  by  fitting  the  values.  Therefore,  this
model properly evaluates TKE values.
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Fig.  1.    (color  online)  (a)  Calculated  mean  total  kinetic  en-
ergy as  a  function  of  fragment  mass  for  neutron-induced  fis-
sion  of Np  by  two  methods,  with  experimental  data  [52].
Calculated results  I  are  obtained as  described in the previous
section and calculated results II are obtained according to the
method of Ref. [53]. (b) <TKE> distribution calculated by two
models:  the  scission  point  model  presented  in  the  previous
section and the Langevin model, along with experimental data
[52].

βi
237

Table 1.    Change in  values of neutron-induced fission of
Np.

Ai βi Ai βi

120 0.86 128 0.47

121 0.85 129 0.47

122 0.69 130 0.46

123 0.69 131 0.44

124 0.61 132 0.45

125 0.58 133-135 0.45

126 0.54 135-142 0.5

127 0.51 142-170 0.65
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In Fig.  2,  the  mean  kinetic  energy  values  ( )  for
neutron-induced fission of Np are presented as a func-
tion  of  light  fission  fragment  mass  number.  There  are
many  variations  in  these  experimental  data  [16].  These
drastic changes  may  be  due  to  kinetic  energy  measure-
ments  after  prompt  neutron  decay,  as  some  components
emit neutrons more easily than others. Tsekhanovich [16]
has measured the average kinetic energy for light fission
fragments, although usually  the  average  total  kinetic  en-
ergy  values  are  discussed.  Therefore,  by  using  Eq.  (11),
<TKE>  values  as  a  function  of  heavy  fission  fragments
are calculated and presented for thermal neutron-induced
fission of Np in Fig. 3.

238

238

By  fitting  the  calculated  results  to  the  experimental
data, the  deformation  parameters  of  light  fission  frag-
ments are presented for neutron-induced fission of Np
in Table 2.  These deformation values are too large.  This
indicates  that  these  results  are  not  normal.  Fortunately,
there  are  other  experimental  kinetic  energy  values  for
neutron-induced fission of Np [56]. In Table 3, the de-

βi

formation  parameter  values  of  the  fission  fragments  are
presented  by  fitting  these  new experimental  (Martinez's)
data.  The  obtained  values  from  Martinez's  data  are
lower, which indicates that these results are more realist-
ic than Tsekhanovich's experimental data.

239

237

Martinez  [56] has  measured  the  average  kinetic  en-
ergy  values  for  fission  of Np  after  double  thermal
neutron  capture  in  a Np  target,  but  the  mean  kinetic
energy of light fission fragments is also measured. Using
Eq.  (11),  <TKE>  values  are  evaluated  and  presented  in
Fig. 3. In Fig. 3, the <TKE> values obtained from the two
series of experimental data are presented. This figure in-
dicates that the <TKE> values evaluated from Martinez's
results  (series  2)  are  much  greater  than  those  evaluated
from Tsekhanovich's  results  (series  1).  In  the  next  sec-
tion, these <TKE> results are investigated and compared
to the fission of other nuclei.

IV.  DISCUSSION

241 238 238

237 235

237

238

238

237

In Fig. 4(a), the experimental <TKE> distribution for
neutron-induced  fission  of Am [57], Pu  [58], U
[59], Np [52], and U [60] are compared. As can be
seen in Fig. 4, the <TKE> values for neutron-induced fis-
sion of actinides with odd mass numbers are greater than
for  those  with  even  mass  numbers.  Especially,  the
<TKE>  values  for  neutron-induced  fission  of Np  are
quite close to the <TKE> values for neutron-induced fis-
sion  of Pu. Therefore,  the  <TKE>  values  of  neptuni-
um isotopes with even mass numbers are evaluated with
the deformation parameters of neutron-induced fission of

Np, and the <TKE> values of neptunium isotopes with
odd  mass  numbers  are  evaluated  with  the  deformation
parameters of neutron-induced fission of Np.

Furthermore, it is seen that the <TKE> values of odd-
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Fig.  2.    (color  online)  Calculated  mean  kinetic  energy  of
light  fragment  for  thermal  neutron-induced  fission  of

Np, with experimental data [16].
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Fig.  3.    (color  online)  Calculated  <TKE>  as  a  function  of
heavy  fission  fragment  mass  number,  using  the  experimental
data  for  total  kinetic  energy  of  light  fission  fragments
(Tsekhanovich  [16]  and  Martinez  [56])  for  neutron-induced
fission of Np.

βi
238

Table 2.    Change in  values of neutron-induced fission of
Np according to Tsekhanovich's data (series 1) [16].

AL βi

74-89 0.9

89-100 0.85

100-105 0.75

βi
238

Table 3.    Change in  values of neutron-induced fission of
Np according to Martinez's data (series 2) [56].

AL βi AL βi

85-89 0.66 97 0.58

89-93 0.64 98 0.56

94 0.57 99 0.64

95 0.61 100-105 0.52

96 0.56
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237 235

odd or even-even fissioning systems are greater  than the
<TKE> values  of  even-odd  or  odd-even  fissioning  sys-
tems.  Also,  the  behavior  of  the  <TKE>  distribution  for
neutron-induced fission  of  odd-odd  and  even-even  fis-
sioning  systems  is  the  same.  For  example,  the  <TKE>
values  for  neutron-induced  fission  of Np  and U
have  the  same  trend.  Therefore,  this  increase  in  <TKE>
values is not related to the odd atomic number of the fis-
sioning systems,  but  to  their  odd  mass  number.  This  in-
dicates that this increase is related to the collective effect
of nucleons (neutrons and protons).

238

238

In Fig.  4(b),  the  experimental  values  of  <TKE>  for
neutron-induced fission of  nuclei  with mass number 238
are  compared.  The  experimental  data  for  neutron-in-
duced  fission  of Np  are  presented  in  two  series:  the
<TKE> values  of  series  1  are  obtained  with  the  experi-
mental data of Tsekhanovich [16] for average kinetic en-
ergy of light fission fragments, and the <TKE> values of
series 2 are obtained with the experimental  data of  Mar-
tinez [56] for average kinetic energy of light fission frag-
ments.  This  figure  indicates  that  the  <TKE>  values  of
series 2 for neutron-induced fission of Np are closer to

the  <TKE>  values  of  other  nuclei  with  the  same  mass
number. The decrease in the <TKE> values of series 1 is
due to  the  energy  emitted  by  prompt  neutrons,  as  men-
tioned  before.  This  shows  that  Tsekhanovich's  results
[16] may not be appropriate for discussion of TKE distri-
butions.

V.  AVERAGE TKE FOR OTHER NEPTUNIUM
ISOTOPES

The TKE distributions for neutron-induced fission of
actinides were investigated in Ref. [61]. This work indic-
ated that the TKE distributions for the isotopes are close
to  each  other.  Furthermore,  the  results  of  the  scission
point  model  are  very  close  to  the  experimental  results
(Fig. 1(b)). Therefore, using this model and the achieved
deformation  parameters,  the  mean  total  kinetic  energy
values were  evaluated  for  neutron-induced  fission  frag-
ments  of  other  neptunium  isotopes  and  are  presented  in
Figs. 5-7.

235

237

235

235

235 235

235

The  <TKE>  distribution  for  neutron-induced  fission
of Np is presented in Fig. 5(a),  using the deformation
parameters  of  neutron-induced  fission  of Np.  In  this
figure,  the  <TKE>  distribution  of  experimental  data  for
neutron-induced fission of U and calculated results for
neutron-induced  fission  of Np  are  compared.  The
<TKE>  values  of Np  are  higher  than  those  of U,
which  is  normal  because  the  higher  proton  number  of

Np increases the <TKE>. This indicates that the calcu-
lated results are reliable for this case.

235
In Fig.  5(b),  the  <TKE>  distribution  for  neutron-in-

duced fission of Np is presented with the results from
two models: the presented model and the Langevin mod-
el. By comparing Figure 11 of Ref. [61] and this figure, it
can  be  seen  that  the  results  of  the  Langevin  model  are
similar to  those  from spontaneous  fission,  but  these  val-
ues are lower. This could be due to the analysis of fission
in this model, especially the definition form of initial ex-
citation  energy  (adding  neutron  separation  energy)  [33].
Of  course,  this  model  explains  the  <TKE> changes  well
by  separating  the  mode  of  fission  [63]. Also,  the  differ-
ence  in  <TKE> values  is  less  for  fission  fragments  with
mass  numbers  greater  than  130.  For  fission  fragments
with  mass  numbers  smaller  than  130,  this  difference  is
normal, as mentioned before. Furthermore, it is clear that
in the  scission  point  model,  only  one  parameter  (i.e.  de-
formation  of  fragments)  is  approximated,  but  in  the
Langevin  model  there  are  more  parameters  which  must
be fitted for each fissioning system.

236

238

βi

βi

In Fig.  6,  the  <TKE>  distribution  for  neutron-in-
duced  fission  of Np is  presented,  using  the  deforma-
tion parameters of neutron-induced fission of Np. The
<TKE> values of series 1 are calculated using the  val-
ues in Table 2 and the <TKE> values of series 2 are cal-
culated using the  values in Table 3.  As shown in Fig.

 

241 238 238 237 235

238

Fig.  4.    (color  online)  (a)  Comparison  of  experimental  val-
ues  of  total  kinetic  energy  for  neutron-induced  fission  of

Am [57], Pu  [58], U [59] Np [52], U [60].  (b)
Experimental  values  of  total  kinetic  energy  for  neutron-in-
duced fission of nuclei with mass number 238, such as Np
(series 1) [16] and (series 2) [56].
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4(b), the <TKE> values of series 2 are closer to the other
experimental  data.  This  is  due  to  the  energy  of  prompt
neutrons in Tsekhanovich's experimental data.

239

239

In Fig. 7, the calculated <TKE> values for neutron-in-
duced fission of Np are presented and compared with
experimental  values  for  the  <TKE>  of  neutron-induced
fission  of Pu  [64].  These  nuclei  have  the  same  mass
number. This figure shows that the average of total kinet-

ic energy values for nuclei with higher proton number is
higher  than  for  nuclei  with  the  same  mass  number  but
lower proton  number.  These  results  are  in  good  agree-
ment with the Viola and Unik systematic models [65, 66],
in which the <TKE> values strongly depend on the pro-
ton number of the fissioning system.

VI.  CONCLUSIONS

235−239

The mean total kinetic energy as a function of fission
fragment  mass  numbers,  the  <TKE>  distribution,  has
been  presented  for  neutron-induced  fission  of Np
using  the  scission  point  model.  The  sum of  deformation
parameters of fission fragments decreases for magic frag-
ments with mass numbers between 127 to 142, which are
the most common fragments in actinide fission. Also, the
sum  of  deformation  parameters  of  fission  fragments  is
large  for  symmetric  fragments,  due  to  the  asymmetric
mode of neptunium fission.

The results  of  this  method have been compared with
the results of other methods, showing that the best results
are  obtained  using  the  scission  point  model.  There  are
some  dramatic  variations  in  some  experimental  data,
which  may  be  due  to  kinetic  energy  measurements  after
prompt neutron decay.

Also, it is seen that the <TKE> values of odd-odd or
even-even  fissioning  systems  is  greater  than  the  <TKE>
values of  even-odd or  odd-even fissioning systems.  This
increase in <TKE> values for neutron-induced fission of
nuclei  with  odd  mass  numbers,  compared  with  those  of
nuclei  with  even  mass  numbers,  does  not  depend on  the
atomic number being even or odd. It means this increase
in <TKE> values is not related to the odd atomic number
of the nuclei, but to the odd mass number.
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Fig. 5.    (color online) (a) <TKE> distribution for neutron-in-
duced  fission  of  experimental  data  for U  [60] and  calcu-
lated results for Np. (b) Calculated <TKE> distribution for
neutron-induced  fission  of Np  using  the  presented  model
and the Langevin model [62].
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Fig.  6.    (color  online)  Calculated  <TKE>  as  a  function  of
fragment mass number for neutron-induced fission of Np.
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239

Fig.  7.    (color  online)  Calculated  <TKE>  as  a  function  of
fragment  mass  number  for  neutron-induced  fission  of Np,
with <TKE> experimental data for neutron-induced fission of

Pu [64].
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