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sub-leading power corrections”

Long-Sheng Lu(}5 J¢4:)
School of Physics, Nankai University, 300071 Tianjin, China

Abstract: In this work, we calculate the sub-leading power contributions to radiative leptonic D — y£v decay. For

the first time, we provide the analytic expressions of next-to-leading power contributions and the error estimation as-

sociated with the power expansion of O(Aqcp/mc). In our calculation, we adopt two different models of the D-

meson distribution amplitudes ¢7, | and ¢7, ;. Within the framework of QCD factorization as well as the dispersion

relation, we evaluate the soft contribution up to the next-to-leading logarithmic accuracy and also consider the high-

er-twist contribution from the two-particle and three-particle distribution amplitudes. Finally, we find that all the

sub-leading power contributions are significant at Ap(ug) = 354 MeV, and the next-to-leading power contributions
lead to 143% in ¢2’)I and 120% in q% 11 corrections to leading power vector form factors with £y, = 0.5 GeV. As the

corrections from the higher-twist and local sub-leading power contributions are enhanced with increasing inverse

moment, it is difficult to extract an appropriate inverse moment of the D-meson distribution amplitude. The pre-
dicted branching fractions are (1.88%9-30)x 10> for ¢7,, and (2.311’8:2‘5‘) x 1073 for 50

-0.29
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I. INTRODUCTION

Radiative leptonic heavy meson decay plays an im-
portant role in our understanding of strong and weak in-
teractions and also provides a background of pure lepton-
ic decays. It is apparent that the corresponding decay
amplitudes depend on the Cabibbo-Kobayashi-Maskawa
(CKM) matrix elements, the Fermi coupling constant, and
non-perturbative QCD dynamics. Although we can ex-
tract CKM matrix elements from pure leptonic heavy
meson decay processes, it is difficult to measure these
processes due to the well-known helicity suppression ef-
fect. In contrast, radiative leptonic decays are not subject
to helicity suppression due to the photon emission of the
charged particles. In addition, the radiative leptonic de-
cays are of interest on their own for exploring the factor-
ization properties of heavy quark decays.

In the heavy quark limit, both the B- and D-meson de-
cays could be studied within the factorization approach;
the leading power (LP) predictions of D —ev,y are
presented in [1, 2], where the final state photon can be
either hard or soft. In 2017, the BES-III Collaboration
measured the radiative leptonic D* — ye*v, decay [3],
and the upper limit on the branching fraction is approxim-

ately 3.0x10™> with E. =10 MeV. This result is in
agreement with the LP predictions [1, 2]. However, as the
charm quark mass is not much larger than Aqcp, the ex-
pansion of inverse m. will work less effectively com-
pared with B-meson decays. Therefore, a further study
with more careful treatment of the power suppressed con-
tribution is required. As the energy release in D-meson
decays is not sufficiently large, some alternative methods
based on the non-perturbation approach are also em-
ployed in radiative leptonic D-meson decays, such as the
light-front quark model (LFQM), non-relativistic con-
stituent quark model (NRQM), and relativistic independ-
ent quark model (RIQM) [4-7]. In addition, this process
has been studied using the perturbative QCD (pQCD) ap-
proach [8]. Most of the predictions are within the upper
limit of the experimental measurement.

In this work, we will study radiative leptonic D-
meson decay within the framework of QCD factorization
(QCDF) [9-13] as well as the dispersion relation [14-16].
In the framework of QCDF, one can separate long-dis-
tance and short-distance contributions via a simultaneous
expansion in the power of the strong coupling constant
and Aqcp/mg, and the factorization approach has been
applied to various radiative heavy meson decays [7, 8§,
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17-26], and other processes such as factorization of the
correlation function in light-cone sum rules [27-31]. As
the power suppressed contribution is expected to be very
important in D-meson decay, we will perform a careful
investigation on the “soft” contribution, the local contri-
bution, and the higher-twist contribution. Although the
precision of the predictions with the factorization ap-
proach is limited due to the low energy scale, the inclu-
sion of power suppressed contributions will significantly
improve the reliability of the theoretical results.

Our paper is structured as follows. In Sec. II, we in-
troduce the theoretical framework. Then, we calculate the
two-particle LP and soft contributions to next-to-leading
logarithm (NLL) accuracy and evaluate the higher-twist
(HT) contribution from two-particle and three-particle
light-cone distribution amplitudes (LCDA). Sec. III is de-
voted to our numerical analysis, where we discuss the
NLP contributions in detail and discuss the photon en-
ergy and inverse-moment dependence of form factors.
Sec. IV will be reserved for our conclusion.

II. FORMALISM
The radiative leptonic decay amplitude for the D-

meson can be written as

GrlV.
ﬂ(Deyfv):dew

Y A2y (1-y5)v]|

x|y (1=ys)c|IDp+a)). (D

where GF is the Fermi coupling constant, and |V,,| is the
CKM matrix element. We consider a D-meson with mo-
mentum p+gq, where p and ¢ = p,;+ p, denote the mo-
menta of the photon and lepton pair, respectively. In the
D-meson rest frame, we can decompose the four-mo-
menta of the photon and lepton pair in the light-cone co-
ordinate

and the velocity vector of the D-meson is v, = (p+q),/
mp = (n, +#,)/2, where n, and 7, satisfy n-n=n-n=0
and n-n=2.

One could compute the D — yfv amplitude to the
first order of the electromagnetic interaction [16]:

GF |Vcd|
2
x<1—y5>v+chDEyV<1—y5>v}. 3)

Then, we rewrite the hadronic tensor in terms of Fy
and Fy

AD - ylv)=

(igeme)) {TV”(p,q)Z’yﬂ

To(pog) =i f 2P O (o (2,

|y (1=y5)c] D +9)),
=€upor PV Fy —i[guyp-v—v, pylFa

VuVy
—i—— fpmp + p,-terms... 4)
pv
with €% = +1, where juem = X, Qqd74q is the electro-

magnetic current, and the last term is canceled for the
sake of €*- p = 0. We can redefine

Fa(n-p) = Fa(n-p)+ 2402 )
v-p

so the hadronic tensor can be written as

Tvy(p,CI) ﬁqzvp(rpp VUFV(”'P)

1|8V = vy Pyu| Fan- p)+iQ; f g
(©6)

and the last term in the above can precisely cancel the
second term in Eq. (3). Finally, we can write the differen-
tial decay rate of D — y{v in terms of Fy and Fy4

dr a’emGIQ:|Vcd|2 2FE

— Doyl = B [1- 22

ag, Py =T Y( mD)
x[F3n-p)+ Fi(n-p)]. ()

The following task is to compute the form factors of the
photon radiated from the down quark and charm quark.

A. Dispersion relation for the sub-leading
power contribution

Now we will evaluate the leading power and sub-
leading power form factors in the framework of the dis-
persion relation. This approach was proposed in [14] for
the calculation of y*y — & form factors, and was applied
to various processes [16, 32, 33]. In the dispersion ap-
proach, the photon in the final state of D — y{v becomes
a space-like photon (p?> <0), and we can treat this pro-
cess perturbatively. In the framework of heavy quark ef-
fective theory (HQET), the leading power form factors of
two-particle tree-level contributions can be obtained by
calculating the first diagram in Fig. 1 with a photon radi-
ated from the down quark:

(F)7 (-p,i- p), EY77 (n-poii- p))

_QaFpwymp fwde+O(as,A/mc), (®)
n-p 0 (L)_n'p_lo
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where ¢7,(w,u) is the D-meson LCDA [34-36]

1 0 .
im@m%mmjaﬁmwmmnwa
xAys(YIe,)OID(p+qg)y. (9

In the above, Y(¢7) is the soft Wilson line, and Fp(u) is
the HQET decay constant:

=[K@w]1™" fo,
as(w) Cr
4

Fp(u)

K(u) =1+ 2H=E 3ln%—2}. (10)

The QCD spectral density in our calculation is extrac-
ted from (8):

_W*(”'P,w/)
F
—r QuFp(u)ymp 65 p0)

n-p
+O(aS’A/mC)’ (11)

ImFe_)yk(n - p,w) =ImEF?

and the expression (applicable to Fy and Fj) of the had-
ronic dispersion relation is given by

- fFD—> (6]2)
FDay‘(n'p,n'p)=%
mg—p
1 ~ ImFp,,(n-p,o
+—f dpF ooy (P ) o
T Jo. ws—P-p

According to the parton-hadron duality assumption,
the spectral density ImFp_,,-(n- p,7i- p) for Fy (F,) is the
same as the QCD spectral density ImF ‘l,)ﬁyx(rr p,w)
(Ime_’V (n-p,w’)) for w>ws. In the above, we have
combined the contributions of p and w because of the as-
sumption that m, =~ m,. Equating (8) and (12) at 7-p =0,
one obtains the relation of the D —p form factor
Fp_,(g*) and the QCD spectral density. Performing the
Borel transformation, we have

24

b
Fig. 1.
tree level, where the double line represents the charm quark,

Feynman diagram of the two-particle contributions at

the single line represents the down quark, and the square
boxes refer to the weak vertex.

1

0 1
Fy(n-p) =

dw’ " [Imwf F ‘[,ny (n-p, a)')]

f " do’ QEXP
0 my,

——} [Imw FD Y (n-p,w )]

5—

2 ’
mg—w'n-p

n-pwy

+

8 —_ |-

(13)

. 1 [ 1 Dy
Fkvrp)=—‘f‘ do’ — [lmy £ (- o)
T Jo w

1 [ :
+ - f do’ {% Exp
T Jo mp

—&}@m P2 (npo),

2 ’
mg;—w'n-p

n-pwy

(14)

where wy; 1s the Borel mass, and w, is the effective
threshold.

Beyond tree level, the factorization formulae of the
D — y*{v form factors at leading power are

Fy™7 (- ph-p) =F77" (n-p,i-p) = M

xCutmpa) [ ao ?(@m

xXJy(n-p,i-p,o,u)+...,
(15)

where the hard function C,(n-p,u) and jet function
Ji(n-p,ia-p,w,u) are extracted simultaneously by per-
turbative matching with the method of regions. The ex-
pressions of the hard function and jet function at one loop
have been calculated in [16]:

1
Clzl—ﬁ[ﬂ 2 K +51n——2L12(1——)
4 n-p r

(o

3r-2 n?
— 2 —
In”“r+ =, lnr+12+6]
(16)
2 2
S B e S s S DU 0
4 n-pw—n-p) 6 w
. 2 2
<in P w[lnﬂ_2+1nﬂ—_+3},
n-p -p n-p(w—n-p)

7)
where r=n-p/m.. Applying the Renormalization Group
(RQG) approach in the momentum space, we improve the
factorization formulae for the form factors to NLL accur-
acy:
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Qamp fp
n-p
XC 1 (- p,pn)) K (i) U(n - py i st 1)

Xf"" A ép(w, )
0

w—-n-p—i0
xXJ (n-p,a-p,w,u)+...,

D—y — AB—y —
F," (n-p,i-p)=F; 7 (n-p,ii-p) =

(18)

where the factorization scale is chosen as a hard-collin-

ear scale u ~ \/Aqcpme, and hard scales uy; and py, are
of order m.. U(n- p,ppi.pm,p) = Ui(n- p,um ) Uy ' (n- p,
2,1 1s the renormalization group equation of the hard
function. The first factor Uy (n- p,uni,1) (Appendix A) is
given by solving

dU(n- p,upn,
M = 1—‘cusp(a’s) lnL'i')/(a’s) Ul(n'puuhl,/l)
dlnu n-p

(19)

with Uy(u,u) =1 as the initial condition, where I'cygp(ay)
and y(a;) are the cusp anomalous dimension and anomal-
ous dimension, respectively. The second factor
Us(n- p,um,u) is given by setting the cusp anomalous di-
mension in the expression of Uy(n- p,uu1,p) to zero. The
explicit expressions of the two factors could be given by
replacing E, of Ui(n- p,up,p) in [37] with n-p/2.

Now we can obtain the dispersion relation of the
D — vy form factors by setting 72- p in (19) to zero and in-
tegrating the convolution integrals in the spectral repres-
entations (Appendix B):

~ Qam - N N (1)
Fyap(n-p)=Faop(n-p) = —I;fDCL(n'P,,Uhl)K YU pont s 2 10) dw -2 Ji(n-p,0,w,u)
’ 0
W, n-p mﬁ —w'n-p 1 ,
+ do’ |—£E R D e /’ = FNLL .p) + Fsoft D), 20
\f(; w mg Xp n-pwy W' ¢D,eﬁ°(w /") V,LP(n p) V,NLP(n P) ( )
h FNLL d Froft : includ 2 2 ﬂz 2
where V,LP(”‘P) an V,NLP(’”“P) are expressions includ- +21n o1(u) +1n> —— — < —10%, 1)
ing the first part and second part in the brace only, re- n-pHo n-puo

spectively. The convolution integral [37] in the LP form
factor is expressed as

00 + w,
f dw p(w-1) Ji(n-p,0,w,u)
0 w

where the definition of the inverse moment is

1 ©  p(w,p)
= dw——. 22
o) fo YT (22)

:,11—)1(#){1 + () Cr [0-2(#) The effective distribution amplitude ¢5’eﬁ(w’,,u) [33]
an in the soft form factor reads
’ ’ as(ﬂ)CF #2 7T2 ’ ﬂz ’ * w-w' d ¢+ (w’#)
Op (W' 1) =¢p (', 1) + y {(1n2 P rs —1)¢p (') + 21nn~pa)’ +3|w 3 dwln 1 D »
2 W' ’_ d W' ’_ d ’
— 2 f dwtn Z—2 = 67 (w,u) + f dwmn? 22 =N gt 1) + gl | 23)
n-pw Jo o dw 0 o do|w

B. Local sub-leading power contribution and
higher-twist contribution

In this section, we will compute the higher-twist con-
tribution and the local sub-leading power contribution of
radiative D-meson decay. The local sub-leading power
contribution in this procedure is given by evaluating the
second diagram and the local term of the first diagram in
Fig. 1, which is the same as [37] by just changing the bot-
tom quark to a charm quark according to the symmetry of
heavy quarks:

F]‘ZCNLp(n'p) = —F]AS\ILP(”‘P)
_Qafomp  Qcfomp
(n-p?  nopme’

24

where the first term and second term correspond to the
photon emission from the down quark and charm quark,
respectively.

The higher-twist contribution is from the non-local
term of the propagator in the first diagram in Fig. 1. The
hadronic tensor in the framework of HQET reads

073101-4



Factorization of radiative leptonic D-meson decay with sub-leading power corrections

Chin. Phys. C 45, 073101 (2021)

To(ped) = ~i0, f d*x P OIT (A (x)y,d (),
X0y, (1~ ¥ OD(P+ )+ (25)

where the following tree level matching of the heavy-to-
light currents is used:

Jyﬂc = c?y#hv +.... (26)

We will consider the contribution from two-particle
twist-4 and three-particle LCDA of the D-meson. In the
calculation of the contribution from three-particle LCDA
of the D-meson, the light-cone expansion of the quark
propagator [38] in (25) is required:

i ¥ 1

22 4 8m2x?

1
Xf du{lxngp(r(Mx))’(r)’s
0

d(0)d(0) =

+Qu- l)x”ng(r(ux)y‘r} +... 27

Inserting the above propagator into the correlation func-
tion (25), we can obtain the factorization formula of the
higher-twist contribution. At tree level, the factorization
formula can be further simplified by taking advantage of
the QCD equation of motion to relating the two-particle
and three-particle LCDAs. Finally, we arrive at the high-
er-twist contributions:

FagLP(n'p) :FX,LLP(”'P)
_ 2QdemD[ 25 +223) 1

= +=[, (28
(n-p)* |6A%+24% + 2% 2] (28)

where A2 and A3, denote the higher-twist matrix ele-
ments defined by

(013(0)85G (0L R, (0)D(p + q))
=— %FD/I%ITr['yJPJrO'HV]

~ e Fp(y =~ By P )] 9)

and A = mp—m,. This expression is the same as the first
term in [33].

Collecting the results of (20), (24), and (28) together,
we obtain the form factors of D-meson decay including
the NLP corrections:

Fy(n-p) =F){p(n-p)+ Fyx p(n-p)

+FI\;,?\ILP(n'p)+FI\}I,§LP(n'p)’ (30)

Fa(n-p) =F}5(n-p)+ FN p(n- p)

+ FiSp-p)+ i o p). (31)

C. Power counting

Following [39], the power counting scheme relies on
the behavior of the D-meson distribution amplitude (DA):

1/A; w~A

0; w> A’ (32)

¢ (w, o) ~ {

implying that the power counting of the inverse moment
is Ap(up) ~ A with w ~ A. However, the scaling of the in-
verse moment should be Ap(up) ~ A?/m. with Ap(ug) <
100 MeV in the heavy quark limit, and this will lead to

FLE ot (M) i) ~ A2 (33)
%4 1% A 2 D 0 C

this region will be shown in our numerical analysis of Ap
dependence. When Ap(up) > 200 MeV, the power count-
ing scheme becomes

A2 A2
FiE, - (m—) P (m—) . for Ap(uo) ~ A,
(4 c
(34)
which is consistent with typical power counting rules.

III. NUMERICAL ANALYSIS

We consider two models of the two-particle D-meson
DA ¢7(w,uo) [16] in our calculation:

w —W /W
B (@) = 2 elen (35)
Wy
k 1 2(o1 (o) — 1)
+(opto) = _ Ink|,
Son(@h0) = T a1 o n
(36)

where wg = Ap(ug), and k= w/(1 GeV). ‘/55,1(‘”’:“0) and
¢}, 11(w. o) are based upon the Grozin-Neubert paramet-
rization (left panel) and Braun-Ivanov-Korchemsky para-
metrization (right panel), respectively. The value of
Ap(uo) 1s taken from lattice simulations [40]. From the
one loop evolution equation of ¢ (w,u) [41, 42], we de-
rive the scale-dependence of the inverse moment

Ap(o) _ | @s(o)Cr | 1

M 2
= 2-2In—-4o0 +0(a?).
o) i Mo )| O

(37
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In the above, o(ug) (02(uo) in (21)) is the inverse-
logarithmic moment. The definition of the inverse-logar-
ithmic moment [37] is

*d
1) = Ap(e) fo Lo, (Y

w

where yg is fixed at 1GeV. One could find the other nu-
merical values of the input parameters in Table 1; the fac-
torization scale interval is u = 1.2+0.2 GeV, and the hard
scale (up1 = up2 = O(m,)) interval is m./2 ~ 2m,.

We take ¢, as the default model in the following
analysis. With Ap(up) = 354MeV and the kinematic re-
gion n-pe[lGeV,mp], we evaluate the sub-leading
power contributions of D — y£v. As shown in Fig. 2, the
sub-leading power contributions are sizeable. The higher-
twist contribution reduces the leading power contribution
by approximately 35%~65%, and the soft contribution

F?,f’lf}Lp leads to a 30%~60% reduction in the leading

Table 1.
where the hadron masses and lifetimes are from [43] and the

Various parameters employed in our calculation,

others are from [16].

Parameter DATA Parameter DATA
mp 1.86965 +0.05GeV n-pws (1.5+£0.2)GeV?
) (1.040 £0.007)x 10712 s Hil 1.288GeV
me 1.288 +0.020GeV Hi2 1.288GeV
my 4.71+0.09MeV Ho 1GeV
[Veal 0.221+0.004 H (1.2+0.2)GeV
Ap(po) 0.354*0038 Gev fo 212.0+0.7MeV
a1(to) 15+1 2272 0.5+0.1
a2(uo) 3+2 22 +2 025+0.15GeV?
n-pwy (1.25 +£0.25) GeV? A 0.58GeV
0.3
A, FyQ Ey)
0.2 FI"*’N"
FERE
o FYSee
0.0
-0.1
-0.2
-0.3
—04 1.0 12 14 1.6 18
2 Ey (GeV)
Fig. 2. (color online) Photon-energy dependence of various

contributions to the form factor Fy(2E,), with the exponential
model of ¢}, (w,u9) and the inverse moment Ap(uo) = 354
MeV.

power contribution F)L. The local sub-leading power
contribution is insensitive to the photon energy, and the
correction to the LP form factor is approximately

20%~40%. Comparing the soft vector form factor F :,"lf}lﬁ,L

with F f,f’lf}’LI}I,LL, we find the perturbative QCD correction
gives rise to an approximately 12.5% shift compared to
the leading logarithm (LL) contribution. From the above
discussion, we conclude that the leading power contribu-
tion is mainly corrected by the soft and higher-twist con-
tributions at low photon energy, and the local sub-lead-
ing correction to the LP form factor is enhanced at high
photon energy.

Now we investigate the Ap(uo) dependence of the
sub-leading power contributions. As shown in Fig. 3, the

form factor F:,‘)lf}g,u decreases rapidly when Ap<

0.15GeV. With 1p=0.1GeV, the form factor F f,"’lf;’Ll\;,LL
can decrease the leading power contribution by approx-
imately 100% at n-p=mp and 130% at n-p=1GeV.
The NLL resummation gives a sizable correction to

FyXips both of O(50%) with Ap(uo)=0.1GeV and
Ap(po) =mp. The higher-twist correction to the form
factor Fy at Ap=0.1GeV is approximately 10% at
E, =mp and 18% at E, = 1 GeV, and this result could be
explained by the analytical expression (28). As the res-
ults are insensitive to the inverse moment of the D-meson
LCDA, the higher-twist and local sub-leading power cor-
rections to the leading power form factors are enhanced
with increasing inverse moment. In short, the next-to-
leading power contributions are large with small Ap(uo),
and the higher-twist and local sub-leading power correc-
tions among them are insensitive to the inverse moment.

We have discussed the Ap(up) dependence of the form
factors Fy and F, in detail, and now we will focus on the
dependence on the D-meson LCDA models and the
photon energy. From Fig. 4, we find that both Fy and Fa
are insensitive to the models for a large value of inverse
moment. This can be easily concluded from Fig. 3, and
the discrepancies of the form factor predictions from dif-
ferent models are enhanced at n-p =1GeV. The photon
energy dependence of the D — y form factors Fy, Fju,
and their difference F4 — Fy are shown in Fig. 5. In our
calculation, the uncertainties arise from the errors of u,
Ap(ug), o1(uo) and o(up), and different models of D-
meson ¢, (w,uo). It is easy to find that the soft contribu-
tion is sensitive to the shape of ¢}, (w,uo) at small w from
the analytical expression of F ?fgﬁ,u. As the soft and
higher-twist contributions are symmetry conserved, the
symmetry breaking effect originates from the local sub-
leading correction

2 c
Fatn-p)=Futn-p) = =12 |, - 2070 £0 | 0.
(39)
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2 Fy(mp)

oft,NLL
Fyxie

SO

0 FsofgLL

V,NLP
NLL
-1 f—'

0.1 0.2 0.3 0.4 0.5 0.6
Ap (GeV)

Fig. 3.

4 Fy(1 GeV)

oft, NLL
F V,NLP

~~

ft,LL
o Ny
f
-2
-4

0.1 0.2 0.3 0.4 0.5 0.6
Ap (GeV)

(color online) Dependence of the leading and subleading power two-particle contributions to the form factor Fy(n-p) on the

inverse moment Ap(uo) at zero momentum transfer (left panel) and at n-p =1 GeV (right panel).

0.2

" -_/i_—_f___——_—f‘_'ﬁ-“-—-’—-
-0.2
F4(mp)

-0.4

—0.6
020 025 030 035 040 045
Ap (GeV)

0.50 0.55 0.60

Fig. 4.

0.4

Fy(1 GeV,
02 v(1 GeV)

0.0
-0.2
F4(1 GeV)

-0.4

-0.6

020 025 030 035 040 045 050 055 0.60
Ap (GeV)

(color online) Dependence of the form factors on specific models for the D-meson DA at n-p=mp and at n-p=1GeV. The

solid and dashed blue (green) curves indicate the predictions of Fy(F,) from model bh1 and model ¢}, ,, respectively.

0.4

-0.2

Fy
-0.4

-0.6 F4—Fy

1.0 12 14 1.6 1.8
2E, (GeV)

Fig. 5. (color online) Photon-energy dependence of the form
factors Fy(2E,) and FA(2E,) as well as their difference with
Ap(uo) =354 MeV.

We should note that the local sub-leading power cor-
rection only depends on the decay constant fp, and this
can explain why the uncertainty of F4 — Fy is so small.

We now consider the theory constraint on Ap(up). As
we have chosen the power counting scheme
n-p=2E, ~O(mp) in our calculation of the factorization
formula, we should write the integrated decay rate as

d—F(D — yty).

’ dE, (40)

/2
ABR(Ecut) =Tp f dE

cut

From the BES-III experiment, we know the upper
limit on the branching ratio ABR(E,>10MeV) <
3x 107 with photon energy larger than 10 MeV. As the
photon emission off the charged particle is not a soft
photon, we can choose E ., = 0.5 GeV. One can see from
the left panel of Fig. 6 that there is no bound on Ap(ug)
for the Grozin-Neubert mode after including the soft and
higher-twist contributions. With Ap(up) = 354 MeV, our
prediction of the branching fraction is (1.8870:35)x 107,
The right panel of Fig. 6 shows that the branching ratio of
the DA model ¢1J3,n(“” Ho) 1s large at small Ap(ug), and the
experimental result yields a bound Ap(ug) > 270 MeV. To
understand this result, we should note that the behavior of
the form factors in the Braun-Ivanov-Korchemsky model
is sensitive to the inverse moment of D-meson LCDA at
small Ap(up). The prediction of the branching fraction
from this model is (2.31%0:%3)x 1075 It is difficult to ex-
tract the inverse moment of D-meson LCDA in the
D — yv{ decays as the inverse moment dependence of
the NLP corrections is complicated. As shown in Fig. 7,
the higher-twist and local sub-leading power corrections
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(color online) Blue band shows the inverse-moment Ap(up) dependence of the partial branching fractions of

BR(D — yIv,E, > Ecy) for Eq = 0.5 GeV with the model ¢Bl(w,;10) based upon the Grozin-Neubert parametrization (left panel) and
with the model ¢}, (w,u0) based upon the Braun-Ivanov-Korchemsky parametrization (right panel). The red band shows the inverse-
moment Ap(up) dependence of the partial branching fractions for E., = 0.7 GeV with the model ¢2’),I(w, uo) (left panel) and with the

model ¢ u(@sH0) (right panel).
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Fig. 7. (color online) Dependence of the NLP corrections to
the LP vector form factor from the D-meson DA model
¢2’u((u, o) on the inverse moment with n-p=1 GeV.

are enhanced with increasing inverse moment, and the
large correction makes it hard to extract the inverse mo-
ment.

We know theoretically that the power corrections of
1/m, will be significant, and now we will estimate the
corrections in practice. Although it is less effective to
study the radiative leptonic D-meson decay by the factor-
ization approach, we can still deepen our understanding
of the factorization approach through the D — ylv pro-
cess. If we fix the photon energy at 0.5 GeV, and adopt
the D-meson LCDA as ¢, (w,u0), the NLP correction to
the LP form factors is appfoximately 143%, and the cor-
rection is approximately 120% when the LCDA model
¢5Jl(w, to) is adopted. The above results indicate that the
power suppressed contributions play important roles in
radiative leptonic D-meson decays, which is consistent
with the theoretical analysis.

The theoretical uncertainties from the LCDA para-
meters are collected in Table 2, and the errors from these
parameters are approximately 10%~20%. These results
suggest that the uncertainties from the inverse-logar-

Table 2. Branching fraction uncertainties with
Ap(uo) = 354 MeV associated with the inverse moment, the fac-
torization scale, and two inverse-logarithmic moments o (ug)
and o (ug). The LP results are evaluated from F‘I‘,"t{; and Fg’i‘;,,
and the others are evaluated from Fy and Fy4.

BRx10°  Ap(uo)lwo] M a1(uo)  o2(uo)
. +0.0 +0.74 +0.59 +2.01
#h, 18.8
’ —0.08 -0.87 -0.36 -1.56
+1.64 +0.53 +4.73 +2.41
Shu 23.1
' —1.58 -0.9 —3.88 -2.17
+2.4 +0.0 +0.45 +2.45
LP results 12.5
2.2 —0.46 —0.68 —2.44

ithmic moment o, (uo) are great, while the dependence of
the model ¢, ;(w,pu0) on o1(uo) and Ap(up) is more re-
markable. Comparing results evaluated from the total
form factor Fy and F, with the LP form factor F {‘,”]:II; and
F)Y%, it is manifest that sub-leading power contributions
yield a correction of approximately O(100%) to the
branching fraction.

Now we make a comparison with other works. Nu-
merical results of different methods have been collected
in Table 3. Results from various methods are consistent
with the experimental upper limit except for the pQCD
and RIQM results. The work of NRQM [6] is an exten-
sion of [7] by including the diagrams of a photon emis-
sion from a heavy quark, lepton, and W-boson, which
leads to a much smaller result. In [4], the LFQM was
used to calculate the D — y form factor, and gave a reli-
able prediction of the D-meson decay. The O(Aqcp/mp)
correction in the factorization method was calculated in
[1], which was extended in [2] by including the soft
photon region. The predictions of these two works have
been verified experimentally. We improve the factoriza-
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Table 3. Results from different methods.

Method BR Method BR
+0 36 -5 6
Model ¢, (188230)x 107 p oM [6] 46%10
+0.65 -5 —4
Model ¢}, (2.31,0_54) X107 ocpgy  (082+065x10
LFQM [4] 2.5%107° RIQM [5] 3.34x107°
QCDF [2] 1.92x107° BES-III [3] <3%x107°

tion calculation to the NLP corrections, and our predic-
tions of the branching fraction are in agreement with the
experimental upper limit. However, as shown in Table 2,
the sub-leading power contributions are important in this
work. From the above results, we conclude that our res-
ults are still below the upper limit of the experimental
result, and predictions of the branching fraction with
E, > 0.5 GeV need further experimental verification.

IV. CONCLUSION

We studied the NLP contributions of radiative lepton-
ic D-meson decay within the framework of factorization.
In the study of D-meson decay, both the QCD correction
and the power correction are large because the charm
quark mass m, is not sufficiently large. After including
the NLP corrections, the theoretical prediction is highly
improved. In addition, we provided the analytic expres-
sions of the NLP form factors for D — y£v with the soft
contribution, the power suppressed local contribution and
the higher-twist contribution included, and the error es-
timate from the expansion of m,.

When using the model based on the Grozin-Neubert
parametrization, the power suppressed correction is dom-
inated by the soft and higher-twist contributions with

Ap(uo) =354 MeV. The experimental upper limit yields a
bound Ap(up) > 270 MeV according to the dependence of
branching fractions of the DA model ¢7,;; on the inverse
moment of D-meson LCDA, but the importance of the
power corrections indicates that it is difficult to extract
the appropriate inverse moment. Numerically, we found
that all the sub-leading power contributions are signific-
ant at Ap(up) = 354 MeV, and the next-to-leading power
contributions will lead to 143% in ¢, and 120% in ¢,
corrections to leading power vector form factors with
E,=0.5GeV.

To summarize, the branching fraction predictions in
this work are in agreement with the experimental upper
limit, though the NLP corrections are significant. The ef-
fects of the power corrections require both theoretical and
experimental studies, and we hope an experiment on
E,>0.5GeV can be conducted in the future. Other
sources of the power correction exist, such as the power
suppressed heavy quark field and the non-local power
suppressed terms in the light quark propagator; they will
be investigated in future studies.
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APPENDIX A: RENORMALIZATION GROUP
EVOLUTION FACTOR
This expression has been calculated in [37], and the

second factor just requires us to set the cusp anomalous
dimension to zero; details can be found in this reference.

a, (1) @ ’
y(a’s) cusp(a'r)( 2E, f da, )D
Ui(Ey, tn, 1) = In— -
By ot exp(fa\(,,,,) By T B\ Jag B
~ To [ 4r I L A 2E,\ " 2
=ex p( 4[30 ((ls(#h [lnr 1+ p 2% In“r (Fo ,30)[ 1 1nr]))( o ) r

ag(up) To B Y
X[] an @(f[ - ] + [1 r2+2]nr]— ZFOIBIO [3_4r+r2+2r1nr]
18% Y(ﬂh) F] FOﬂl Y1 )’Oﬂl )
+§63[1_r][1_r_21m]) an ( (%__2’30)+2_’B()——2ﬂg)[l—r]+0(as)]. (A1)

APPENDIX B: SPECTRAL REPRESENTATIONS

We collect this dispersion representation of various convolution integrals from [16].

073101-9



Long-Sheng Lu

Chin. Phys. C 45, 073101 (2021)

dw 2 s

1 00
—Im,, f
T 0

¢ (w, )

w—w' —10 n-p(w—w)

- f do |20y K (@ +|In—E— ~ Tl o), (B1)
0 w-w n-p(w-w)lg pw 3
1 00 d ’ ’r_ 2
L im,, f Yy C Ty o
n 0o w—w -0 w W’ -n-pw’
’ 00 o + 0.)/, 00 2 L + wl’
:_ﬁ{f dom2|2=¢| 4 oo “)+f dw |2 K¢ _p iM}, (B2)
2 0 o | dw w W n-pw W' dw w
1 00 d ’ ’r_ 2
T, f TS P o)
b 0 w—-w -0 w w n-p(w-w)
0o ’_ ’_ + 0.)/, 1 00 2 2 2 + 0.),,
:w'{f dw[e(w ©) 15 & “’] i ”)+—f dw[lnz R P o +”—]1M},
o w—o' W g w 2 Ju n-p(w-w) n-pow 3 |dw w
(B3)
1 * do o -0 . , (7 w-w d ¢y,
—Im,, — — In op(w,u) =-w dwIn — . (B4)
big 0 w—-w—-10 w o’ o o do w
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