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Abstract: In this study, we observe that, in the presence of the string cloud parameter @ and the quintessence para-

meter y, with the equation of state parameter wy = —2/3, the radius of the shadow of the Schwarzschild black hole

increases as compared with that in the pure Schwarzschild black hole case. The existence of both quintessential dark

energy and the cloud of strings increases the shadow size; hence, the strength of the gravitational field around the

Schwarzschild black hole increases. Using the data collected by the Event Horizon Telescope (EHT) collaboration
for M87* and Sgr A*, we obtain upper bounds on the values of a and y. Further, we see the effects of @ and y on the

rate of emission energy for the Schwarzschild black hole. We notice that the rate of emission energy is higher in the

presence of clouds of strings and quintessence. Moreover, we study the weak deflection angle using the Gauss-Bon-
net theorem. We show the influence of a and y on the weak deflection angle. We notice that both @ and y increase the

deflection angle a.
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I. INTRODUCTION

Theory of General Relativity (GR) is so far the most
accepted theory of gravity. Recently, it has been verified
by gravitational waves observed by LIGO [1]. The obser-
vation of the images of supermassive black hole shadows
at the center of the nearby galaxy M87 and also at the
center of our own galaxy by the Event Horizon Tele-
scope (ETH) collaboration [2, 3] further confirms GR.
However, there are still some unresolved issues such as
the accelerated expansion of our Universe, which cannot
be completely explained by the theory of GR. The pres-
ence of the cosmological constant in the field equations
of GR may be a candidate to explain the accelerated ex-

pansion of the Universe [4—10]. Alternatives have so far
been proposed to explain the behavior of dark energy,
and of them, the quintessence matter field is a well-ac-
cepted alternative form of dark energy [11-13]. For ex-
ample, Kiselev proposed a black hole solution with the
quintessence represented by the equation of state p = w,p,
where w, is given in the range (-1;-1/3) [14] and
(=1;-2/3) [15]. In contrast to the quintessence, the case
of w, =—1 corresponds to the vacuum energy represen-
ted by the cosmological constant A. In addition to the ef-
fect of string clouds, which are assumed as a collection of
strings formed in the early era after the big-bang in the
structuring of the Universe, due to the asymmetry break-
ing, has also been considered in the study of black hole
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spacetime [16]. The dynamics of test particles and
photons in the vicinity of these stringy static black holes
have been analyzed [17-19].

Recent experiments associated with BlackHoleCam
and the EHT have provided the shadows of the super-
massive black hole that exists at the center of the M87
galaxy and milky way galaxy [2, 3]. Note that the black
hole shadow reflects the gravitational lensing, and thus
black hole shadows and gravitational lensing effects are
of primary importance to test the GR and deeply under-
stand the nature of the background geometry very near to
the black hole horizon. Further, the study of black hole
shadow and gravitational lensing may be helpful in con-
straining the parameters of different alternative theories
of gravity. There exists a vast literature on these lines
(see, for example, [20—36]). Gravitational lensing is cur-
rently the main astrophysical test in GR to provide in-
formation on the geometry of the compact objects. In this
regard, gravitational lensing in both weak and strong field
regimes has also become very important in understand-
ing unexplored properties of gravitational compact ob-
jects. The strong gravitational lensing was proposed and
considered by Virbhadra and Ellis [37]. Following that,
an extensive body of work has been done in a wide vari-
ety of contexts [see, for example, [38—50]]. From an as-
trophysical point of view, all photons mostly go through a
plasma medium. On the other hand, the plasma medium
can affect angular positions of an equivalent image, thus
giving various wavelengths in observations. Therefore,
this is the most intriguing and important reason to con-
sider the plasma medium in the analysis of gravitational
lensing. Thus, a large amount of work has addressed the
impact of plasma medium on the gravitational lensing ef-
fects in the weak field regime [51-64].

In this study, we use the method by Gibbons and
Werner, who proposed a new methodology to calculate
weak deflection angle using the Gauss-Bonnet theorem
(GBT) of asymptotically flat spacetime [65]. Werner has
applied it to stationary spacetimes using the Finsler-
Randers type geometry [66]. Moreover, Ishihara et al.
have extended the method of Gibbons and Werner to non-
asymptotically flat spacetimes using the finite distance
corrections of the source and the receiver [67, 68]. Fur-
ther, Ono et al. have showed that it also works for the
axisymmetric spacetimes [69]. Li et al. have studied the
finite distance method using the massive particles and
Jacobi-Maupertuis Randers-Finsler metric within the
framework of the GBT [70, 71]. Crisnejo and Gallo have
calculated the weak deflection angle in a plasma medium
using GBT [72]. The study of gravitational lensing for
black holes has also been reported [73—96]. In this study,
we investigate the shadow and gravitational lensing in the
weak field limit in the Schwarzschild black hole space-
time with the string cloud and quintessence background.
We use the data released by the EHT collaboration for

M87* and Sgr A* to restrict the string cloud parameter a
and the quintessence parameter 7.

The rest of this paper is organized as follows. In Sec.
II, we discuss the spacetime metric of the Schwarzschild
black hole in the presence of string cloud in quintessen-
tial background. In Sec. III, we study the effects of the
string clouds and quintessence on the shadow of the
Schwarzschild black hole. In the same section, we also
investigate the effects of string clouds and quintessence
on the energy emission rate for the Schwarzschild black
hole. We analyze the weak deflection angle of the photon
beam by the Schwarzschild black hole in string clouds
with the quintessential field in Sec. IV. Finally, in Sec. V,
we conclude our work.

II. SCHWARZSCHILD BLACK HOLE METRIC IN
THE STRING CLOUD BACKGROUND WITH
QUINTESSENCE

In this section, we derive the Kiselev black hole in the
background of string clouds. The detailed solution has
already been derived in the Refs. [96, 97].

Here the action can be represented as

5= %fdx“ VoE(R L), (1)

where g stands for the determinant of the metric tensor
8uv» R represents the scalar curvature, and L,, denotes the
matter parts of the action. It should be mentioned that the
matter part further consists of two parts, namely the string
clouds and the quintessence, i.e., L, =L;+L,, and are
defined below.

The Lagrangian density for the string clouds is given
by [97]

1
Ls = k(_zzﬂvzﬂv) B (2)
where the constant £ is related to the tension of the string

and the bivector

v _ ap ox* 0x”

>+ .
024 OAP

)

In the last equation, €% is the two-dimensional Levi-
Civita tensor, and 1%(1* = 1°,1")is used for the parameter-
ization of the world sheet that is described by the string
with the induced metric [97]

ox* ox”

hag = 8w B )

The 2*¥ describes the following identities [97, 98]:
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ylaprl =0, v, 2espl =0, $%, I =hEH, (5)

where h denotes the determinant of /,3. Varying the Lag-
rangian density with respect to g,,, one obtains [98]

. DI04
T = p; e (6)
where p; stands for the string cloud density. Using the
three identities given above in (5), one obtains
0,(/—g2"*) = 0. Therefore, for the spherically symmet-
ric static spacetime, the non-zero components of the
stress-energy-momentum tensor in the background of
string clouds are [99, 100]

a
Ty =T, == (7)
T3=T;=0, ®)

where the cloud of strings corresponds to the constant a.
The line element is then given by [101]

Ry R\~
ds2=—(1—a——)dt2+(l—a——) dr? +r2dQ%.  (9)
r r

Throughout, we use dQ? = d6?+sin’6d¢® and R, =2M,
where M refers to the black hole mass. In the above met-
ric, one can find the black hole horizon as follows:

2M
rg =

(10)

l-a’

From the above Eq. (10), one can see that the horizon ra-
dius increases/enlarges in the case when a < 1. For our
analysis, we focus on the case a < 1 since it acts as an at-
tractive gravitational charge. It is worth noting that the
string cloud model has been proposed to explain the field
theory that stems from distance interactions existing
between particles. Accordingly, these interactions corres-
pond to a particular behavior of a gravitational field.
Hence, it is assumed that this gravitational field can be
produced by the elements of strings. With this in mind,
the abovementioned string cloud parameter a can be pro-
posed to reveal a reasonable behaviour of such field the-
ory. Thus, it is potentially important to understand more
deeply the nature of string cloud parameter a to bring out
its effect on the astrophysical phenomena, such as the
black hole shadow and deflection angle of light.

For the quintessence part we formulate [102]

1
L,= 3 ﬂvauQDav‘P = V(p), (11)

where ¢ represents the quintessence field and V(y) stands
for the potential term. The non-zero components of the
stress-energy-momentum tensor of the matter fluid for the
Kiselev black hole solution are given as [16, 97]

T) =T =py, (12)
T2=T3= —%(3% +1), (13)

where p, and p, denote, respectively, the pressure and
density of the quintessence, and w, represents the equa-
tion of state parameter for the quintessence. The Kiselev
black hole line element is

Ry
ds2=—(1——'— Y )dt2

;B
+ (1 - % - ’Jqﬂ )_1 AP +2dQ%,  (14)
where the density
y 3wy

(15)

Pq= "5 301>

and y is used as the quintessence parameter.

The Kiselev black hole was then analyzed in the
background of the string clouds [16]. It was assumed that
the quintessence and the string clouds are not interacting
and the surviving components of the total stress-energy-
momentum tensor for the two matter-energy contents
were obtained as [16]

0 1 a
T0=T)=pg+ . (16)

T2=T3= —%(3% +1). 17)

The Kiselev black hole with string clouds is given as [16,
96]

R
ds? =—(1—a——s— 7 )dt2
r piw,+1

Ry 04
#(1-a-2 -

1
) A2 +2d02.  (18)

Note that y and w, , respectively, represent the quint-
essential field parameter and the equation of state para-
meter. The quintessence equation of state is given as
Pg = Wypq, With w, € (=1;-1/3). It is worth noting here
that w, = -1 refers to the matter field with the vacuum
energy defined by the cosmological constant A, while
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wy =—1/3 represents another matter field and corres-
ponds to the frustrated network of cosmic strings (for de-
tail see, for example, [103, 104]). With this in mind, we
further restrict ourselves to the case w, = —2/3 that impli-
citly describes the pure quintessential field. The above
metric (18) reduces to the Schwarzschild metric in the
case of a = 0 and y = 0. For the structure of the horizon of
the metric represented by (18), see Ref. [16].

Let us then introduce the black hole horizon. The ho-
rizon is located at the root of yr*+r(a—1)+2M =0,
which solves to give

_l-a-+a®-2a—-4Ry+1

TH (19)
Y
l—a+ \a*>-2a-4R;y+1
R y“ YT (20)

where r;, and r, refer to the black hole horizon and the
quintessential cosmological horizon, respectively. Inter-
estingly, it turns out that the cosmological horizon never
vanishes regardless of the fact that there exists no source.
We note that the cosmological horizon is located at a dis-
tance far away from the black hole. In Fig. 1, we show
the black hole horizon as a function of the string cloud
parameter a and the quintessence parameter y. From Fig.
1, we see that, as the parameters a and y increase, the
event horizon also increases.

III. SHADOWS OF THE SCHWARZSCHILD
BLACK HOLES SURROUNDED BY CLOUDS
OF STRINGS AND QUINTESSENCE

A. Geodesic equations

The Lagrangian for the spacetime metric (18) with

0L0 0:1 0:2 0:3 0.‘4

a
Fig. 1.
panel), for w, = -2/3.

Wy =-2/3 is

22

2

ot o
—m(—f(r)2+2f(r)+2( + sin ¢)),

with f(r)=1-a- R7 —vyr. For (21), there are two con-
served quantities: the specific angular momentum £ and
the specific energy &, given as [18]

L

r2sin% 6

i==&(f)", ¢= (22)

Restricting ourselves to the equatorial plane, we take
0= g, and (21) becomes

2
r .
—f(NP+ ——+1r7¢* = -A, 23)
T (
where =0 and A =1 corresponds to the null and time-
like geodesics, respectively. By using the normalization
condition, the equation of motion becomes

2
(ﬂ) Ver(r) = 2,
dy

where V.g(r) denotes the effective potential and ex-
pressed as

24

22
Vet (r) = f(r) (/1 + r_2)’ (25)

For the current analysis, & and 22 are expressed as [18]

&2 - 2r

Joe

(26)

5 2
2| - -
ra+yr—1)+R;

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
yM

(color online) The variation in rgy according to the string cloud parameter a (left panel) and quintessence parameter y (right
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#(r-4)
N
r(a+yr—1)+R;

= @7)

7)+Rs

We then consider the photon orbit around the Schwar-
zschild black hole surrounded by quintessential field in
the string cloud background. The photon orbit 7, can be
derived from the standard condition V/; =0 with 1=0
and we can formulate the orbit rp, as

_l-a—-+a®>-2a-3Ryy+1

- (28)
y

rph

From the above equation, it is easily seen that the photon
orbit 7, reduces to the one for the Schwarzschild case
when a — 0 and y — 0. In Fig. 2, we show the radius of
the photon sphere with respect to the quintessence para-
meter y and string cloud parameter a. In Fig. 2, the left
panel represents the effect of the string cloud parameter a
on the radius of the photon sphere, while the right panel
shows the impact of the quintessence parameter y on the
radius of the photon sphere. As can be seen from Fig. 2,
the radius of the photon sphere shifts upward as a con-
sequence of an increase in the values of both the paramet-
ers a and y, thus resulting in an increase in the radius of
the photon sphere.

B. Black hole shadow

In string theory, the one-dimensional strings are con-
sidered to be the fundamental building blocks of nature
instead of elementary particles. In gravity, the one-dimen-
sional analogue of a cloud of dust is taken as a cloud of
string [16] to investigate the possible measurable effects
of these clouds on the strong gravitational fields of black
holes. Letelier was the first to generalize the Schwarz-
schild black hole solution in the presence of spherically

. . . . . 5
a0l a=0.0 _’_,_,-*' ]
----- a=0.1 —_,.—"
4.0F amems - 4202 __.=""" ]
38f e ]
= - —
~ ——
s 36¢ ———" ]
~ "
34 __mmmmmmmmTTT ]
3.2 '/
3.0 -I 1 1 1 1 I-
0.00 0.01 0.02 0.03 0.04 0.05
M
Fig. 2.

parameter a (right panel).

symmetric static cloud of string and has obtained some
interesting features of the resulting black hole spacetime
[101]. The Letelier generalization of the Schwarzschild
black hole was in the sense that the metric of the black
hole spacetime with clouds of strings corresponds locally
to the geometry of the Schwarzschild spacetime with a
solid deficit angle from the metric of the Schwarzschild
black hole with clouds of strings and quintessence. From
the above, one can infer that the string cloud parameter a
is responsible for the solid deficit angle. The quint-
essence dark energy has its own role in the theory of
gravity, especially in the surrounding of a black hole, as
discussed in the first section above. Consequently, in this
subsection, we explore the shadow of the Schwarzschild
black hole in the string cloud background with quintes-
sential dark energy. For the angular radius of the black
hole shadow, we consider [105, 106]

. h(rpn)?
sin? gy = ——, (29)
" h(rons
where
2 822 r (30)
h(r)” = === —,
goo f(1)

agy 18 the angular radius of the black hole shadow, and
robs 18 the observe position. We assume that distant ob-
SEIVer rops is located at the cosmological radius r,, which
is located at the distance far away from the black hole. It
is worth noting that, in an astrophysical-realistic scenario,
the quintessential field parameter y is supposed to be con-
stant in the Universe and extremely small, and thus, the
cosmological horizon is supposed to be located at large
distances. The quantity ry, is the radius of the photon
sphere as mentioned previously.

Now we combine Egs. (29) and (30), and for an ob-

6.0F s
f yM=0.000

55 ]
[ ————— yM=0.005

50F -=--- - yM=0.010 ]

rph/M

(color online) The dependence of the photon orbits r,, on the quintessence parameter y (left panel) and on the string cloud
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server, Eq. (29) takes the following form:

2
.2 rph S (robs)
sin” ag, = >
f(rph) Fobs

G

One can find the radius of black hole shadow for an
observer at a large distance using Eq. (31) as [105]

R = rops sinagy = \/;%};—ph) Vf(robs)‘ (32)

Finally, Eq. (32) can explain the shadow of a static
black hole. In order to discuss the size and the shape of
the shadow of the Schwarzschild black holes surrounded
by the clouds of string and quintessence, we may show
black hole shadow plots using two celestial coordinates
for the observer [20, 107], namely X and Y (where
R¢ = VX2 +Y?); using the above equation, black hole
shadows are represented in Figs. 3, 4, 5, and 6.

From Fig. 3 below, we can see that, for a fixed value

of the quintessence parameter y, the effect of the string
cloud parameter a on the radius of the black hole shadow
is negligible. In the same figure, we can observe that the
radius of the black hole shadow increases with the para-
meter y. This suggest that the gravitational field becomes
stronger in the presence of quintessence. This also con-
firms the repulsive nature of the quintessence dark en-
ergy. In Fig. 4, for increasing y, we see an increase in the
radius of the shadow of the black hole. In the same figure,
we observe that the effect of the parameter a on the radi-
us of the black hole shadow is nearly similar to that of the
parameter y. We see that the radius of the shadow in-
creases as the value of the parameter a increases. This can
be interpreted as an effect of string clouds strengthening
the gravitational field. In Fig. 5, we notice that, if the
parameter a = 0, i.e., there are no string clouds, with a de-
crease in the parameter p, the radius of the shadow
shrinks. Similarly, if there is no quintessence, i.e., y =0,
as the parameter a decreases, the radius of the shadow
also decreases. In the right panel of Fig. 5, we have the
radius of the pure Schwarzschild black hole shadow.

.~
Lo

~ ——

Fig. 3.

(color online) The shadows of black hole with a =0.05 (left panel), a = 0.03 (middle panel), and a = 0.01 (right panel) for three

different values of the quintessence parameter yM = 0.05, yM = 0.03, and yM = 0.01, from the outer circle to inner circle, respectively.

S0

~oSe

-10 -5 0 5 10 -5
X

Fig. 4.

(color online) The shadows of black hole with yM =0.05 (left panel), yM = 0.03 (middle panel), and yM

0.01 (right panel) for

three different values of the string cloud parameter a = 0.05, a = 0.03, and a = 0.01, from the outer circle to inner circle, respectively.
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i
1
i
i

- ~<

-
~~~~~~~~

Fig. 5.

(color online) The shadows of black hole with a = 0.0 (left panel) for yM =0.05, yM = 0.03, and yM = 0.01. Shadows of black

hole with yM = 0.0 (right panel) for three different values of a = 0.05, a =0.03, and « = 0.01, from the outer circle to inner circle, respect-

ively. The last panel shows the Schwarzschild black hole shadow.

5.8
5.7
5.6

= 55
~~
<

& 54t
53

5.2

0.004 0.006 0.008 0.010

M

51b -
0.000 0.002

Fig. 6.

6.2 : : T . .
sol yM=0.000 ’_,.»"
. ’,' T
----- yM=0.005 Pt L
58f =" = yM=0.010 Pitoag Poiag ]
2
2 5.6 ]
<
54 1
5.2 1

0.00 0.02 0.04 0.06 0.08 0.10

a

(color online) The dependence of the black hole shadow radius on the quintessential field parameter yM and the string cloud

parameter a. Left panel: the shadow radius is plotted for various combinations of a. Right panel: the shadow radius is plotted for vari-

ous combinations of yM.

Here, we see in the absence of the string clouds and
quintessence, i.e., when both the parameters a =0 and
v =0, we have a smaller radius of the shadow. Hence, the
presence of both the string clouds and the quintessence
push the black hole shadow outwards, and therefore, the
combined effect of both the quintessences and cloud of
strings is attractive in nature and increases the strength of
the gravitational field. The effect of both parameters is
clearly shown in Fig. 6. This explicitly shows that Ry, in-
creases with increasing a and y. Further, we noticed that
the size of the Schwarzschild black hole shadow is more
sensitive to the quintessence parameter than the string
cloud parameter.

From a quantitative perspective, we try to theoretic-
ally explore the upper limits of parameters y and a. For
that, we constrain these two parameters using the obser-
vational data provided by the EHT collaboration for
MS87* and Sgr A* as a consequence of their shadows. For
MS87*, it is well known [2] that the angular diameter of
the shadow, the distance from the Earth, and its mass

have been reported as Oyg7. =42+3u as, D =16.8 Mpc,
and Mygr. = 6.5+0.90x10° My, respectively. For Sgr
A*, the data have been provided in a recent EHT collab-
oration paper [108]. The abovementioned parameters for
MS87* in the case of Sgr A* are Osga. =48.7+7u as
(EHT), D=8277+33 pc, and Msga, = 4.3+0.013x
10 Mg, (VLTI) [108]. Based on the data, we are able to
evaluate the diameter of the shadow size per unit mass
using the expression [34]

Do

dan =7 (33)

One can then be allowed to obtain the shadow diameter
theoretically via d;}l‘f" =2Ry,. Following the literature [2,
34, 108], it is then straightforward to obtain the diameter
of the shadow image as follows: d¥"* = (11+1.5)M for
M87* and dSSfrA* =(9.5+1.4)M for Sgr A*. Following the
data results, we find the upper values of y and a for the
supermassive black holes in the galaxy M87 and Sgr A*
and show these values in Table 1. Interestingly, we ob-
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serve that the upper limit of the quintessential parameter y
decreases once the string cloud parameter @ grows. From
this, we can expect that the effect from the string cloud
would be a bit larger on the geometry as compared to the
one for the quintessential field. The behavior summar-
ized in Table 1 is also demonstrated in Fig. 7. As can be
seen from Fig. 7, the upper threshold value of y would be
larger for the supermassive black hole in the galaxy M87
as compered to Sgr A*.

C. Rate of emission energy

Due to the quantum fluctuations in a black hole
spacetime, the creation and annihilation of pairs of
particles take place in the vicinity of the horizon of the
black hole. During this process, particles having positive
energy escape from the black hole through quantum tun-
neling. In the region where the Hawking-radiation takes
place, the black hole evaporates in a definite period of
time. In this subsection, we consider the associated rate of
the energy emission. Near a limiting constant value o,
at a high energy, the cross section of absorption of a
black hole modulates slightly. As a consequence, the
shadow cast by the black hole causes the high energy
cross section of absorption by the black hole for the ob-
server located at finite distance ry. The limiting constant
value oy, which is related to the radius of the photon

Table 1. The upper values of y and a are tabulated for the
supermassive black holes M87* and the Sgr A*. Note that we
set M=1.

aM87x 0.01 0.02 0.03 0.04 0.05
YM87x 0.0329 0.0307 0.0284 0.0262 0.0239
aSgrax 0.01 0.02 0.03 0.04 0.046
YSgrA« 0.0080 0.0058 0.0036 0.0015 0.0000
M87*
0.032} 1
0.030 7
N 0.028}
0.026 ]
0.024 -l 1 1 1 l-
0.01 0.02 0.03 0.04 0.05
a
Fig. 7.

sphere is given as [1006]

Olim ~ ﬂRgh, (34)
where Ry, denotes the radius of the black hole shadow.
The equation for the rate of the energy emission of a

black hole is [106]

d28 _ 27T20'11m w3
dwdr  explw/T]-1 "~

(35)

where T =«/2n is the expression for the Hawking tem-
perature and « is the notation used for the surface gravity.
Combining Eq. (34) with the Eq. (35), we arrive at an al-
ternate form for the expression of emission energy rate as

d2s  27°R%L
dwdr ~ ew/T -1

w. (36)

Variation in the energy emission rate with respect to
the frequency of photon w, for different values of the
parameters a and y is represented in Fig. 8. We see that,
with an increase in the values of the parameters b and y,
the peak of the graph of the rate of the energy emission
increases. This indicates that, for a higher energy emis-
sion rate, the evaporation of the black hole is high.

IV. WEAK DEFLECTION ANGLE OF THE
SCHWARZSCHILD BLACK HOLE IN THE

STRING CLOUD BACKGROUND WITH

QUINTESSENTIAL FIELD USING GBT

In this section, we study the effect of a string cloud on
the weak deflection angle by the Schwarzschild black
hole with quintessential energy. For this purpose, we will

Sgr A*

0.008 [+

0.006

& 0.004 -

0.002

0.000 f, , , ,
0.01 0.02 0.03 0.04 0.05

a

(color online) Shows the quintessential field parameter as a function of the string cloud parameter a for the supermassive

black holes in the galaxy M87 and the Sgr A*. Here, we have set M = 1.
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5=0.01
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0.05
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(color online) Plots showing the rate of energy emission varying with frequency for different values of the cloud of string

parameter a (Left panel) and the quintessence parameter y (Right panel).

use the notion of the GBT.

First, we obtain the corresponding optical metric for
the Schwarzschild black hole in the string cloud back-
ground with quintessential field given in 18 as follows:

do? = gPdxidl = —— (d—r2 + r2d¢2) (37)
Y J)\f() ’
2M b%
where f(r) = (1 -a—— — el

We obtain the Gaussian curvature for the above optic-
al metric as follows:

% z9(1)4% B 3aywylog(r) ay 2a_M N 6yMw,
273 r3 r3 r
_ YyMw,log(r) N 3yM  9yw,
r r 2r3
N 3ywglog(r) y 2M

3 B3 30

3

(38)

r

noting that there is a contribution from the cloud of
strings on the Gaussian curvature. Then, we have

do P2\

ale, (f(R)) ’ )
which has the following limit:

Iggigokgj—gc ~ 1. (40)

At spatial infinity, R — oo, and by using the straight
light approximation r = b/sin¢, the GBT reduces to [65]

fﬂ+a da_
Ko —
0 ¢ d¢

dg = - lim

ff KdS.  (41)
R—oo Jo Lv’

Cr

We calculate the weak deflection angle in the weak
limit approximation as follows:

27a2ywq
8b

AM 2y ay 2aM Oyw,
~——+ L Dy +
b b b b b
3a’y 3a’M  Yayw,
+ + + )
4b 2b 2b

(42)

Hence, we see the effect of the string cloud on the de-
flection angle in weak field limits using the GBT. As a
result, the cloud of the string parameter ¢ and quint-
essence parameter y increase the deflection angle a, as
can be seen from Eq. (42) for positive values of w,(simil-
ar to that in the paper [109]). However, for negative val-
ues of wy, the deflection angle a decreases, as can be seen
in Fig. 9.

V. CONCLUSIONS

In this study, we considered the Schwarzschild black
hole in the background of string clouds and the quint-
essence field to observe the shadows and the gravitation-
al deflection angle of photons. In Fig. 1, the black hole
horizon radius is plotted against the string cloud paramet-
er a and the quintessence parameter . We have seen that,
with both a and y, the horizon of the Schwarzschild black
hole increases. From Fig. 2, we have concluded that the
radius of the photon sphere for w, = —2/3 increases if a
and y increase. We observed the impacts of @ and y on
both the shadow and the deflection angle in the Schwarz-
schild spacetime in the presence of the cloud of strings
and quintessence dark energy. In Figs. 3, 4, 5, and 6, the
dependencies of the shadows of the Schwarzschild black
hole with quintessence and cloud of strings on the para-
meters a and y are presented. In these graphs, we noticed
that, with an increase in the values of the parameters a
and v, the radius of the shadow cast by the Schwarzschild
black hole with quintessence and string clouds increases.
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0.8

Weak Deflection Angle a
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Impact parameter b
Fig. 9. (color online) The first panel shows the dependence

of a on string cloud parameter a, for fixed M =1, w,=-2/3
and y=0.01, where it is compared with the Schwarzschild
black hole case (plotted with a black solid line). The second
panel shows the dependence of a on the parameter y, for fixed
a=001, M=1, w,=-2/3, where it is compared with the
Schwarzschild black hole case (plotted with a black solid
line).

We showed that, if ¢ =0 and y =0, the black hole shad-
ow is smaller when compared with the one obtained in
the case of non-zero values of a and y. This fact is evid-
ent from the right panel of Fig. 5. From this, it may be
speculated that the black hole shadow can be bigger in
the presence of string clouds and quintessence for spher-
ically symmetric static black holes, and the effect of both
the quintessence and string cloud is repulsive in this scen-

ario. As the size of the shadow of the black hole in-
creases, the intensity of the gravitational field of the
Schwarzschild black hole increases in the presence of the
string clouds and quintessence dark energy. Another ob-
servation is that the radius of the shadow of the black
hole is more sensitive to the quintessence parameter y as
compared to the string cloud parameter a. We have used
the observational data provided by the EHT collabora-
tion for the shadows of the black holes at the center of the
Messier 87 and the milky way galaxies, to obtain upper
limits for the values of the parameters a and y. These val-
ues are presented in Table 1.

The evaporation of a black hole by Hawking radi-
ation can be explained in terms of the emission rate of en-
ergy. Therefore, the emission rate of energy of a black
hole attracts researchers and is linked with the radius of
the black hole shadow. Therefore, in this study, we also
considered the emission rate of energy for the Schwarz-
schild black hole with string clouds and quintessence. In
Fig. 8, we have seen that with an increase in the the string
cloud parameter a and quintessence parameter y, the peak
of the graph for the rate of energy emission increases.
The peak of the graph indicates that, for a higher rate of
energy emission, the rate of evaporation of the black hole
is also high.

Lastly, we calculated the weak deflection angle using
the GBT to probe the effect of the cloud of string para-
meter a and quintessence parameter y on the weak deflec-
tion angle a. We showed that the deflection angle ob-
tained in Eq. (42) increases with the cloud of string para-
meter a but decreases with the the quintessence paramet-
er y for negative values of w,, as shown in Fig. 9.
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