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Abstract: The objective of this work is to generate a general formalism of f(R,L(X))—gravity in the context of
dark energy under the framework of K-essence emergent geometry with the Dirac-Born-Infeld (DBI) variety of ac-
tion, where R is the familiar Ricci scalar, L(X) is the DBI type non-canonical Lagrangian with X = % gV V.8,
and ¢ is the K-essence scalar field. The emergent gravity metric (G, ) and the well known gravitational metric (g )
are not conformally equivalent. We have constructed a modified field equation using the metric formalism in
f(R,L(X))-gravity incorporating the corresponding Friedmann equations into the framework of the background
gravitational metric, which is of Friedmann-Lemaitre-Robertson-Walker (FLRW) type. The solution of the modified
Friedmann equations have been deduced for the specific choice of f(R,L(X)), which is of Starobinsky-type, using
the power law expansion method. The consistency of the model with the accelerating phase of the universe has been
shown when we restrict ourselves to consider the value of the dark energy density as ¢ = 8/9 = 0.888 < 1, which in-
dicates that the present universe is dark-energy dominated. Graphical plots for the energy density (p), pressure (p),
and equation of state parameter (w) with respect to (w.r.t.) time (#) based on parametric values are interestingly con-
sistent with the dark energy domination theory, and hence the accelerating features. We also highlight the corres-
ponding energy conditions and constraints of the f(R, L(X)) theory with a basic example.
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I. INTRODUCTION

Weyl [1] in 1919 and Eddington [2] in 1923included
higher order constant terms concerned with the curvature
in the action of General Relativity (GR) first introduced
by Albert Einstein. We can quantize GR by the non-
renormalizability of the theory in a conventional way.
Utiyama and De Witt [3] in 1962 showed that we can
renormalize GR in one loop if the Einstein-Hilbert (EH)
action is constructed with higher-order curvature terms.
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In addition, when quantum corrections, or string theory,
entered into the scenario, the action of effective gravita-
tional field with low energy required higher-order
curvature terms [4]. Inspired by this argument, scientists
have tried to modify the EH action in applied higher or-
der theories of gravity.

Therefore, higher-orders of Ricci scalar should be in-
corporated into the action. We should keep in mind that
the modified theories of gravity are important at scales
only in the range of the Planck scale, i.e., in the newborn
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universe or at black hole (BH) singularities, e.g., infla-
tion due to curvature case [5]. Sotiriou and Felice [6, 7]
reviewed the well-known " f(R) theory of gravity." This
f(R) gravity was reconstructed by Dunsby et al. [8] con-
sidering the background as Friedman-Lemaitre-
Robertson-Walker (FLRW) type. Particularly, the au-
thors predicted the only Lagrangian with a real value for
which f(R) can generate a true Lambda cold dark matter
(ACDM) expansion for a dust-like matter-filled universe
and is equivalent to the EH Lagrangian with a cosmolo-
gical constant, which is positive. A general formalism
was proposed by Mukherjee and Banerjee [9], using
which we can observe the later time dynamics of the uni-
verse for a given analytic model of f(R) gravity consider-
ing cold dark matter. The outcomes of energy conditions
of the f(R) gravity for various cosmological cases have
also been investigated in Ref. [10-14]. The energy condi-
tions using the Raychaudhuri equations in the expanding
universe were also studied in Refs. [15-17].

Harko and Lobo [18] considered the action as an ar-
bitrary function of not only the Ricci scalar (R) but also
the matter Lagrangian (L,,). With the help of the metric
formalism, the authors achieved the gravitational field
equations of f(R,L,,) gravity, along with the equations of
motion (EOM) of test particles. Subsequently, Wang et
al. [19] achieved the general energy conditions of the
f(R,L,,) gravity. In Refs. [20—22], the authors described
the power-law cosmic expansion in higher derivative
gravity. Harko et al. [23] included the trace of the Stress-
energy tensor in the action along with the Ricci scalar and
developed a new theory named " f(R,T) theory'. This type
of modified gravity has been extensively used recently to
study various cosmological phenomena [24-27].

The development of the K-essence model was car-
ried out in Refs. [28—-36]. On the basis of the Dirac-Born-
Infeld (DBI) model [37-39], Manna et al. [40—42] de-
rived a K-essence emergent gravity metric (G,,), which
has a different significance than the usual gravitational
metric, g,,. The K-essence model [28-36] is essentially a
scalar field theory where the kinetic energy of the K-es-
sence field dominates the potential energy of the field.
The Lagrangian corresponding to the K-essence field is
of non-canonical type. The difference between K-es-
sence theory, which incorporates non-canonical kinetic
parts, and canonical relativistic field theories lies in the
non-trivial dynamical solutions of the K-essence EOM.
In addition to the spontaneous breaking of Lorentz invari-
ance, it also changes the perturbed metric near the solu-
tions. Hence, these perturbations move along the formal
emergent or analogue curved space-time with the per-
turbed metric. The Lagrangian for the K-essence model
can be written as,L =-V(¢)F(X), where ¢ is the K-es-
sence scalar field and X = % gV, oV, ¢ [43].

A modified version of f(R) gravity was also studied
by Nojiri et al. [44]. They considered the higher order

kinetic terms of a scalar field, which was incorporated in
vacuum f(R)gravity's action part. The authors included a
general class of the K-essence Lagrangian, G(X) with the
action of vacuum f(R) gravity. In the background of
slow-roll approximation, the authors investigated the in-
flationary sides of their theory. Odintsov et al. [45] ana-
lyzed the consequences of K-essence geometry in the
f(R) gravity when cold dark matter and radiation are
present. Perfect fluids with a similar model were con-
sidered in Ref. [44]. Their findings included several cos-
mological quantities, such as the dark energy equation of
state parameter (w), the dark energy density parameter
(Q4), and some state finder quantities. Recently,
Oikonomou et al. [46] discussed the phase space of a
simple K-essence f(R) gravity theory.

Next, let us discuss the importance of the K-essence
theory with specific choice of the DBI type Lagrangian. It
is now unavoidable to admit the acceleration of the uni-
verse after analyzing the observations of Large-Scale
Structure, type Ia Supernovae's observations, and meas-
urements of anisotropy of Cosmic Microwave Back-
ground [47]. It has also been acknowledged that our uni-
verse is now dominated by a component named dark en-
ergy, which imposes negative pressure. Scientists pro-
posed cosmological constant or vacuum density to be the
candidates for such an exotic component of the universe.
However, the barrier of the cosmological coincidence
problem created hurdles for us and raised the question,
"why does the strange dark energy component possess a
tiny energy density (O(meV*)) compared with the simple
expectation based on quantum field theory?" Addition-
ally, "the occurrence of the acceleration at such a late
stage of evolution" continuously poked cosmologists for
better theories. The problem with most of the dark en-
ergy models (e.g., cosmological constant) is that they re-
quire extraordinary fine tuning of the initial energy dens-
ity, which is on the order of 100 or more smaller than the
initial matter-energy density.

A new model, known as K-essence theory, with a
scalar field and excellent dynamic properties that can
avoid the long awaited fine-tuning problem has been de-
veloped [28]. The most promising feature of this model is
that it brings the negative pressure from its nonlinear kin-
etic energy of the scalar field. It has already been invest-
igated for a wide class of theories. There exist attractor
solutions [29, 48] in which the scalar field propagates
with different evolution speeds to achieve the required
equation of state of the K-essence theory in different
epochs with changing background equation of state.
While our universe was going through the epoch of radi-
ation domination, K-essence field was dominant, and by
imitating the equation of state (EOS) of the radiation, the
ratio of K-essence field and radiation density is held con-
stant. At the time of dust domination, the K-essence the-
ory failed to mimic the EOS of dust-like phase for its dy-
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namical characteristics. It also significantly decreased its
energy value and settled upon a constant value. Sub-
sequently, the field outgrew the matter density and took
the universe into cosmic acceleration at a time roughly
corresponding to the current age of the universe. Finally,
the EOS of K-essence theory gradually settled to a value
between 0 and —1.

The well-known Quintessence Trackers models
[49-55] almost give the same result as that of the K-es-
sence theory, but with one problem. Although it can mim-
ic the state equation of matter and radiation for back-
ground EOS, it requires an adjustable parameter, which
needs to be fine tuned to get the preferable energy dens-
ity that can produce the negative pressure at present age.

K-essence theory is different in the sense that it traces
the background energy density when the universe was in
radiation epoch only. The sharp transition of positive
pressure to negative pressure at the matter-radiation
equality occurs automatically because of its dynamics. K-
essence theory was unable to dominate before matter-ra-
diation equality as it was busy tracking the radiation
background. Since the energy density inevitably drops to
a small value at the transition to dust domination, it is im-
possible to dominate immediately just after the dust dom-
ination. On the other hand, as the matter density drops
more rapidly than the energy density with expanding uni-
verse, the K-essence field came into control at an age
roughly around the current epoch. Thus, the whole Cos-
mic Coincidence Problem (i.e., why we live in the era of
dark matter and dark energy density's equality) vanishes
owing to the fact that we came to observe the universe at
the right time after matter-radiation equality.

K-essence models also ensures the production of the
dark energy component where the sound speed (c;) does
not exceed light speed. There exists a difference between
these models and scalar field quintessence models from
the observational background with a canonical kinetic
term (for which ¢, = 1), and this may be one of the ways
to reduce cosmic microwave background (CMB) fluctu-
ations measured on large angular scales [56—58]. Though,
there may be some stages where the fluctuations of the
field can propagate superluminally (¢, > 1) [32, 33, 59].

Some cosmological behaviors and the stability of the
K-essence model in FLRW spacetime has been studied
by Yang et al. [60]. Some opposite results have been ob-
tained for small sound speeds of scalar perturbations,
which implies clustering of dark energy and an increase
in cosmological perturbations [61, 62].

Historically, Born and Infeld [37] introduced a non-
canonical kinetic theory to overcome the infinite self-en-
ergy of the electron. Some more non-canonical theories
were also studied in literature, like [38, 39]. The studies
[63—71], focusing on topics such as string theory, brane
cosmology, and D-branes have also used the DBI type
non-canonical Lagrangian.

Motivated by this importance of the K-essence the-
ory, which prescribes a way to investigate the effects of
the presence of the dark energy component in the cosmo-
logical framework, in this paper, we study f(R)—gravity
in the context of K-essence emergent gravity, i.e., dark
energy in a general manner. We have made the generaliz-
ation of the f(R,L(X)) theory with the help of the metric
formalism, where R is the Ricci scalar of the K-essence
geometry and L(X) is the DBI type non-canonical Lag-
rangian. Panda et al. [72] modified the f(R,T) theory in
the context of dark energy using the K-essence model.
The process of studying these two papers is fundament-
ally different, i.e., the consideration of actions differs.

Further, we have calculated the energy conditions and
modified Friedman equations in f(R,L(X)) gravity and
considered the flat FLRW-type metric as the background
gravitational metric. The modified field equation, Fried-
mann equations, and energy conditions for the new
f(R,L(X)) gravity theory are different from the usual
fR,L,) [18] and f(R) [6] gravity theories. In addition,
we have solved the modified Friedmann equations using
the power law cosmic expansion method.

The remainder of this paper is organized as follows.
In Sec. II, we briefly discuss the K-essence emergent
geometry based on the following works [30—34, 40—42].
In Sec. III, we formulate f(R,L(X)) gravity in the context
of the K-essence emergent geometry. We also derive the
modified field equations and the requirement condition of
the energy-momentum tensor conservation in f(R, L(X))
gravity. The modified Friedmann equations are intro-
duced in Sec. IV, considering the background gravitation-
al metric as flat FLRW and the K-essence scalar field as a
function of time only. The solution of the Friedmann
equations is solved for specific choice of f(R,L(X)) us-
ing the power law method in Sec. V, whereas in Sec. VI,
we develop the energy conditions and constraints of
f(R,L(X)) gravity with an example. The last section, Sec.
VII, contains some general discussion and key conclu-
sions of our work. Additionally, we briefly discuss the
f(R)-gravity and f(R,L,)—gravity and corresponding en-
ergy conditions [10-14, 19, 73] in the Appendix.

II. K-ESSENCE THEORY: A GLIMPSE OF

BACKGROUND AND DEVELOPMENT
In this section, we will discuss the development of the
modified metric corresponding to the emergent space-
time, which is related with a general background geo-

metry and a very general K-essence scalar field. The K-
essence scalar field, ¢, has action [30-34]

Skld.gw] = [d*xV=gL(X,9), (1)

which has a minimal coupling with the background
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space-time metric, g,,, and X = %g/“’V,@Vygb represents
the canonical kinetic term. The energy-momentum tensor
is

-2 08k oL

, =—— =-2—+g,L
g g agm
=_LXV#¢VV¢+gﬂV s ()
&L dL
with Lx = dX’ Lxx = 55> Ly = @ and the symbol V,

standing for the covariant derivative with respect to the
gravitational metric, g, .
The EOM of a scalar field is

1 68,
——— 2 =G"V,V,p+2XLyxs— Ly =0, 3)
s " o

where

G" = —Z[LXgWJrLXXV%V él, 4
LX

with 1+ ZXL—i“ >0 and c2(X,¢) = (1 +2XLL_XXX)—1.
The inverse metric, G*”, can be written in the follow-
ing form:

L
G;tv X[guv % L ,u¢vv¢] (5)

Applying a conformal transformation further [40, 41],
Guy = -Gy gives
Lxx

Ix+ 2XLox V.9V, . (6)

Gﬂv =8uv —

Using Eq. (2), the effective emergent metrics (6) can
be written as [32, 33]

Go=li- LLxx Lxx
v Il +2X Loy |5 T Tnlle + 2X L) 11

(7

We should always keep it in mind that, Ly # 0 when
2 is positive, and only then, Egs. (1) — (4) will yield
meaningful physics.

Evidently, if ¢ has a non-trivial space-time configura-
tion, then usually the emergent metric, G,,, is not con-
formally equivalent to g,,. So ¢ has dissimilar character-
istics as ompared with canonical scalar fields with the
locally defined causal structure. Further, if there is no ex-
plicit dependency of L on ¢, the reformed EOM (3) be-
comes

C

1 68k
-———=G"V,V,9=0. 8
=t ¢ ®)

The authors [33, 34, 37-42, 74] take the Dirac-Born-

Infeld (DBI) type non-canonical Lagrangian as
L(X,¢) = V(¢)[1 - V1 -2X], where V(¢) is a constant po-

tential and kinetic energy of the K-essence scalar field
and is much greater than the potential part of the Lag-
rangian. In this article, we choose the DBI type non-ca-
nonical Lagrangian to be an explicit function of X only as
L(X,¢) =~ L(X) [43], without any loss of generality and di-
mensionality since in the K-essence theory, the kinetic
energy dominates over the potential energy of the system.
Therefore, we can write the Lagrangian as

L(X,¢) = L(X) = V[1 - V1 -2X], )
where V is a constant potential term.
Then c2(X,¢) = 1 —2X, and hence, the effective emer-
gent metric (6) turns out to be
G_uv =8uv— V/J¢Vv¢ =8uv— au¢av¢’ (10)
since ¢ is a scalar.
Egs. (2) and (10) can be rewritten in terms of 7, and

V.¢ as

GuL = LxV, ¢V, + Ty — LV, 6V, . (11)

Following [40, 75], the relation between the new
Christoffel symbols and the old ones is

re, =%, +(1-2x)""2G"
X [G,y0,(1-2X)"? + G,,0,(1-2X)"? = G, 0, (1 - 2X)
1
=7, - 29, X +6°9,X].
T 2X)[(S 0yX +6,,0,X]
(12)
Therefore, using the new Christoffel connections, T,
the geodesic equation for the K-essence becomes

Px e dy
— 4T, == =0, 13
a2 e @ (13)

where A is an affine parameter.

Now introducing the covariant derivative, D, [32,
33], corresponding to the emergent metric G,
(DG =0) as

D,A, = 8,A,-T4 Ay, (14)

and the inverse of the emergent metric is G*” such that
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GuG" =),
Ultimately, the "emergent" Einstein's equation be-
comes
_ _ 1. -
E, =R, - EG”VR = KTy, (15)

where «x=8rG is a constant, R,, is emergent gravity's
Ricci tensor, and R(= R,,G*")is the Ricci scalar of the
emergent space-time.

ML f(R,L(X))GRAVITY IN THE CONTEXT OF K-
ESSENCE EMERGENT SPACE-TIME

We now consider the action of modified gravity in the
context of K-essence emergent space-time, which takes
the following form («x = 1)

S = f d*x V=G R, LX), (16)

where f(R,L(X)) is an arbitrary function of the Ricci scal-
ar R, the non-canonical Lagrangian density, L(X), corres-
ponding to the K-essence theory, and

5 = /—det(Gp).

Based on the following work [18], varying the action,
S, with respect to the K-essence emergent gravity metric,
G*”, we obtain

5S = f [fR(R,L)5R+fL(R,L)%5GW

x V=G d*x, (17)

1 - _ -
- EGWf(R,L)(SG"”’

- ['} ” -
whfzre we have denoted fz(R,L)= % and fi(R,L)=
Af(R.L)

oL -
Now, we obtain the variation of the Ricci scalar for

the K-essence emergent gravity metric

OR =8(R,yGH") = 6R 1y G" + R, 6GH”
=R, 6G" + G (D0T, — Do), (18)
where
Ruy = 0,12, = 8,1, + T4 T, — 12,10, (19)
1 d
#V = EG [6 G,BV +0 G#,B 6,6Gpv] (20)

and the variation of 6T, is

_ 1 _ _ _ -
T, = EGM[D,,(SGW +D,6Gua — Do6Gyy].  (21)

Thus, the expression for the variation of the Ricci
scalar, 6R, is

OR = R,y6G* + G,y Dy D"6G* — D, D,SGH.  (22)

Therefore, variation of Eq. (17) is

6S = f [f}_?(Ra L)R/_lvééﬂv + fR(R, L)G_IU,DQD&(;G.“V
- fzR,L)D,D,6G* + fi(R, L) 5Gw

_ E 5 f (RS | N=Ga'x. (23)

After partially integrating second and third terms of
the above Eq. (23), we get

SS = f | />R, )Ry + Gy DD fr(R, L)
SL
G

- 5 5w f (R.L)]6GH V-G, (24)

~ DD, fzgRD)+ fy(R,L)—=—

Therefore, using the principle of least action, i.e.
6§ =0, we have the modified field equation for
J(R,L(X)) theory

fR(R L)Ruv+G_/1vD DafR(R L)_DHDVfR(RaL)

oL
- _Gw,f(R L)+ fi(R,L)—— o =0. (25)

Now, we evaluate the term F as

oL oL 6X ogt” 1
— = ———2—=—LxD,¢D,¢(1 + Do¢pD*p), (26
SGHY oX 5g/1v SGHY 2 X /J¢ V¢( l¢ ¢) ( )

since for the scalar field V,¢ = 0,6 = D, ¢.

Using Egs. (11), (25), and (26), we obtain the expres-
sion for the modified field equation for the f(R,L(X)) the-
ory in terms of T}, as

fR(R L)Ryy +(GuyB—DyD,) fz(R.L)
-3 LR L) = LER L1 + DogD )| G

1 _
+ 5 LfLR.L)Dy¢ Dy [1+Da¢D¢]
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1 1 gravitational metric, g,,, and L can be matter Lagrangian,
= EfL(R’ L)T,y [1+ DD ] = EfL(R, DTy, (27)  then we get back to the usual f(R,L,) theory in the ab-
sence of the K-essence scalar field. Further, if we con-
sider f(R,L(X)) = f(R,Ly) = 4R+ L, i.e., the Hilbert-Ein-

. stein Lagrangian form, then from Eq. (27), we lead to the
The above Eq. (27) is different from the usual Eq. standard Einstein field equation Ry, — 1g,,R = T,

(104) of f(R,Ly) theory in the presence of the K-essence Contracting the above field equation, Eq. (27), with
scalar field (vide the Appendix). If we consider the emer- G*, we have the modified trace equation for the
gent gravity metric,G,,, is conformally equivalent to the f(R,L(X)) theory as

where 8 = D,D* and T, = Tyy[1 + Do D).

_ _ _ _ 1 _ 1 -
SeRDR+30f3(R.L)=2[ fR. L)~ fuR L)L(1 + Do¢D"9)| + S LfL(R. YD, D' $(1+ Do D" 9] = 5 fi(R. LT,

(28)
where T =T}, is trace of the energy-momentum tensor.
Subtracting Eq. (28) X G, from Eq. (27)x 3, we get
_ _ | R _ _ 1 _
JrR@R,L)Y(Ryy — §GWR) + gGuv[f(R, L)—Lfi(R,L)(1+ DopD"$)] + gLfL(R,L)Dy¢DV¢[1 +Dy¢pD¢]
1, = _ 1. - -
zsz(R, LT, - gG,NT) +D,D, fzr(R,L), (29)
which is an another form of the modified field equation in the presence of the K-essence scalar field, ¢.
By taking covariant divergence with respect to D* of Eq. (27), we have
- _ _ _ - - _ 1o oy 12 - _
D fa(R.L)| Ry = @Dy = Dy8) fr(R. L) + fr(R.LYD*(Ruy = 5 GurR) + 5 G fr(R. LD (R)
1 ~ - 1 ~ - 1 _
=~ 5 D[R L)|Gpy + 5 D[ LfL(R.L)(1 + Dug D" $)| Gy + 5 D*|Lfi(R. L)Du$Dyp(1+ Du D" ¢)|
1 o
=§D"[ SR LT, (30)

Using identities on purely geometrical grounds [76—78] , D*(R,, — %GWR) =D'E,, =0, D*[fz(R,L)IR,y = (8D,—
D,0)fz(R,L), and also Egs. (11) and (26), the above Eq. (30) becomes

D![fu(R, )T ] == fo(R, LYD*[Gyo L1 + D* [ Lfi(R, L)(1 + Do D $)(Giy + Dy D) |
= D'Tyyy = D In[f(R, L)] X | Lx D¢ Dy¢(1 + Do D" $)| + D* | LDup Dy ¢ (1 + Do D" %) + LG 1y Do D" 9|
= DT, = 2D" In[f1(R, L)] % + D*|LD,¢Dy¢(1 + Do¢pD*$) + LG,y Do D" 9|
(€2Y)

Thus, the requirement of the conservation of the energy-momentum tensor (D*7,, = 0) for the K-essence Lagrangi-
an, gives an effective functional relation as

2D In[ (R, L)1 2 + D[ LD,¢ D, ¢(1 + Do D*$) + LG,y Dap D¢ | = 0. (32)

d the line element for this i
IV. MODIFICATION OF THE FRIEDMANN anc the fine clement Torthis 15

3
EQUATIONS ds? = d? = a*(1) ) (dx')?, (33)
i=1

We consider the gravitational metric, g,,, to be a flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric with a(z) being the scale factor, as usual.
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From Eq. (10), we have the components of the emer-
gent gravity metric as

Goo = (1-¢%); Gii = —[a* () +(¢)*]; Goi = —¢¢ = G,
(34)

. . s s
where we consider ¢ = ¢(1,x), ¢ = 5, and ¢ = 55

So, the line element of the FLRW emergent gravity
metric is

3
dS? = (1-¢»Hde? - [a* () +(¢)?] Z(dx")2 —2¢¢ drdx’. (35)
i=1

Now, from the emergent gravity equation of motion,
Eq. (8), we have

G™(3000¢p —T9yd0p — Thy0ip) + G (9,0
—T000¢ —T3:0i) + G (80— T, 006 — Th,0,60)
+G(0,000 = Tyd0¢ ~Tgig) = 0. G6)

For simplification, we consider the homogeneous K-
essence scalar field, ¢, ie., ot x)=¢@r) then
Go=(1-¢", Gu=Gio=0=08;¢, G;i=-a*(r), and
X = 1g"V,¢V,¢ = 1¢*>. This consideration is possible in
this case, since the dynamical solutions of the K-essence
scalar fields spontaneously break Lorentz symmetry.
Therefore, the flat FLRW emergent gravity line element
(35) and the equation of motion (36) become

3
ds? = (1-¢?d? - az(t)Z(dxi)z, (37)
i=1
and
a ¢
-=H == 38
PR T ) G

where H(t)=¢ is the usual Hubble parameter (always
a#0). Eq. (38) gives the relation between the Hubble
parameter and the time derivatives of the K-essence scal-
ar field. Note that in the above spacetime, Eq. (37) al-
ways is ¢? < 1. If ¢? > 1, the signature of this spacetime
will be ill-defined. Moreover, the ¢ # 0 condition holds,
instead of ¢ = 0, which leads to non-applicability of the
K-essence theory. Additionally, ¢ # 1 because Quager+
Qradiation + Qdarkenergy = 1 and we can measure #* as dark
energy density in units of the critical density, i.e., it is
nothing but Quarkenerey [40—42, 74]. Therefore ¢ takes a
value between 0 and 1.

The Ricci tensors and Ricci scalar of the emergent

gravity space-time are

= a a a\:i a ¢¢
iz g [;”(a) +51_—¢z]
2

SEA T
2

S 1f¢2 [fr+ 523 - )] (39)

Roo =37 +3° i =39+3(f) &

al-¢* “a \a
=3[H+H*(1-¢%), (40)

and

et ]

i 25[2Go-s)

=2 _6(].52 |F+H2- 7). (41)
\yhergH we have used the relation Eq. (38) and

=% =Y

Combining Egs. (39) and (40) with (41), we get

Roo = %(1 —¢»R-3H>, (42)

lR(l -¢*)+H?

_ a2
T [6 | )

We assume that the energy-momentum tensor is an
ideal fluid type, which is

T, =diag(p,—p,—p,—p) = (p+ pluyu’ —6,p
Tyy =G T, (44)

where p is the pressure and p is the matter density of the
cosmic fluid. In the comoving frame, we have u° = 1 and
u*=0; a=1,2,3 in the K-essence emergent gravity
spacetime.

Now, the question is whether this type of energy-mo-
mentum tensor is valid or not in the case of a perfect flu-
id model when the kinetic energy (¢*) of the K-essence
scalar field is present. The answer is "yes" since our Lag-
rangian is L(X)=1- V1-2X. This class of models is
equivalent to perfect fluid models with zero vorticity, and
the pressure (Lagrangian) can be expressed through the
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energy density only [33, 74].

Now, we evaluate the ii and 0OOcomponents of the
modified field equation (Eq. 27) using Eq. (44) and con-
sidering ¢ = ¢(¢) only:

FR;; +(G;8 - D;D;)F - %[f —Lfi(1+¢H1Gy
1
=§fLa2(t)ﬁ (45)

and

_ _ 1 . _
FRyy +(GooQ — DoDo)F — 3 [f = Lfi(1+¢%)]1Goo

1 . . 1 .
+ §LfL¢2(1 +¢7) = A -¢%)p, (46)

. _ Of(R,L
with  F=fyRL)= /R, ),
. . OR
p=p(l+9¢°). ) )
Now, we calculate the terms GgGOF and G;OF using
the determinant of the flat FLRW emergent gravity met-

ric, V-G = a® /1 - ¢?2, and Eq. (38):

p=p(l+¢*), and

¢¢
(1-¢%)

GooOF = F+3 F+F =F+HF3- ¢) (47)

and

2

G4OF = D;D;F - s

[F +2HE(1 - ¢'s2)] , (48)

2
where we have used, (9;1)* = a > for the flat FLRW

emergent gravity metric.
Now, we substitute Egs. (42) and (47) into Eq. (46) to
obtain the first modified Friedmann equation as

1
3H? :F[_ —pr(l —$*)+3HF

. _ 1 .
+(1-¢7 )§(FR—f>+§LfL(1 +¢)
1

1 . 5 ~
== 3PSl =)+ 3HRFp + 3HF LyX

N 1 .
+(1=@")5(FR= )+ 3 LA(1+67)] (49)

We also substitute Eqgs. (39), (41), and (48) into the
ii-components of Eq. (45), and after rearranging, we get
the second modified Friedmann equation for the flat
FLRW K-essence emergent gravity spacetime under
f(R,L(X)) theory. Hence,

. . 1r1 . .. . . 1 . _ 1 . .
2H+ HA(3=24%) =[5 pfi(1 =) + F+ 2HF(1 =) = (1= 8)(f ~RF)+ 5 Lfi(1= 7)1 +¢7)]

1r1 . - - - . 1 . _ 1 . .
=5 [3Pfi(1 =) + RFg + (R Frp + 2HRFR(1= %) = (1= §)(f = RF)+ S Lfi(1 = $)(1 + )|

1 . . . . i}
to [2H(1 —$P)F Ly X + Fr(LxX)? + FLLxx(X)* + FLLXX]. (50)

Since the Lagrangian (L) of the K-essence theory is a
function of X(= %g’”Vﬂqvaqﬁ), we can write

F =FzR+F LxX and

EF =FxR+R)*Fpp+ Fri(LxX)* + F1 Lyx(X)* + F Ly X.
(51)

The above Friedmann equations in the presence of the
kinetic energy of the K-essence scalar field are different
from the usual f(R) gravity model. Notably, if we con-
sider f(R,L(X))= f(R) and G, =g, then, the above
modified Friedmann equations (49) and Eq. (50) reduces
to the usual Friedmann equations of f(R) gravity, with
« =1 and T, replaced by 17}, [6, 7] as

—p RF- .
= [ L - 3HRFR], (52)
and
. 1 . L —RF
2H +3H? = ]—F[g (R Frp + 2HRF + RFg— |
(53)

V. SOLUTION TO THE FRIEDMANN EQUATION
USING POWER LAW

We choose a Starobinsky type model [5, 6] to invest-
igate our theory and evaluate some cosmological values
of the universe. This model has achieved popularity as
the inflationary predictions produced by this theory seem
very much consistent with the observational data. The
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coefficient of the R?> curvature term single-handedly ob-
tains the slow-roll inflation with tremendous success,
without the introduction of outside inflation field by
hand. Other reasons for the Starobinksy model to be
treated as an important model have been discussed in
[79]. Now, we write f(R,L) as

f(R,L)=R+aR*+1L, (54)

and L is the DBI type Lagrangian mentioned in Eq. (9).
Therefore, we get

of
oL

of

=1, F=—==1+2aR, Fz=2a,
OR

fu= F;=0.

(55)

Using these values and after some algebraic calcula-
tions we can write Friedmann equation (49) as

(1+2aR)3H? =— %p(] -+ %(1 —¢HaR?

+6aHR +¢*(1 — /1 —¢2). (56)

Analogous to [20—22], let us now assume there exists
an exact power—law solution to the field equations, i.e.,
the scale factor behaves as

a(t) = apt™, (57)

where m(> 0) is a fixed real number.

The definition of H gives us

H=2=" =" =" =" (58
a

Now, taking Eq. (41) into consideration, we can eval-
uate the value of Ricci scalar as

_ 6 .
R= m[—m+m2(2—¢2)], (59)

and then using Eq. (38) we get

6
1—¢2
12
T B(1-¢2)

R=

[H +4HH(1 - ¢%) — 2H3¢2]

[m—m¢? —2m*(1-¢%). (60)

Now, putting the values of Egs. (57)—(60) into (56),
we simply get

90am? ~ 180am® N 180am>$*
H(1-¢2) r(1-¢?) r(1-¢?)
108am*@>  18am*¢*  3m?

Al-¢2)  Al-¢2) 2
1-¢2). (61)

1,
EP(1—¢)—

+¢*(1-

Now, from the second Friedmann equation (50), we
have

(1+2aR)[2H + H*(3-2¢%)| = %ﬁ(l — %) +2aR +4aHR(1 - ¢°) + %akz(l — )+ (1= \1-¢?) (62)
or
1 2m % 2m? ~ Sm?¢? B 186am?>  240am?¢>  S4am® ~ 252am3@?  12am*?
R T BT R B ) T e
T2am Ram*¢*  96am?¢* 9 o La )
+t4(1—¢2)_t4(1—¢4)+t4(1—q'§2)_§¢ (1-4/1-¢ )+§¢ (1-+/1-¢°). (63)
For our case, the energy-momentum conservation re- p= 3§(p+ P, (65)

lation is
D*T,, =0, (64)
with T, = Tyy[1 + Do D@)].

Now, using Egs. (44) and (64), we have the con-
serving equation as

where p and p already have been defined. It is essential
to mention here that p and p are not the same as the nor-
mal p and p.

Now, considering the power law, we get the follow-
ing from Eq. (65):

p=p(1+¢?) = por~3m1+e), (66)
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tion (61), we have

L e 90am? 180am’
27 TAI—@R A
.\ 180am’$*  108am*$* .\ 18am*¢*
A1-¢2)? (1-¢2)? r(1-¢?)?
3m? b2 )
_r2(1—¢2)+(1?¢2>(1_ 1=
(67)

On the other hand, to maintain the energy-mo-
mentum conservation, the relation (32) must be satisfied.
So, the effective functional relation (32) for homogen-
eous K-essence scalar field reduces to

3¢* —2=2+1-¢2, (68)

where we have used Egs. (9) and (55).
Solving Eq. (68), we have either ¢*> = 0, which is not
acceptable for our case, or

. 8
#* = 5= 0.888 = constant. (69)

It should be noted that the exact solution of field
equations (Eq. (2) in Ref. [22]) are already obtained by
the assumption of the power law form of the scale factor
using the Starobinsky Model in [22]. The results of that
case are

3n? 00 54an®*(2n—1)
Po = "2 7 Palivw) A ’ (70)
and
n2-3n) 18ann—-1)(4-3n)  womo
pop=—p —* A - tsn(llzw)’ (71)

where p, and p, is the energy density and pressure of the
scalar field, and » is synonymous to m for our case.
Rearranging Eq. (70), we get

_ 3n?  108an® Sdan?® 1.
po I = S = s T Ve, (D)

where they have defined, p4 = %d)z +V(p), ps= %éﬁz—

V(¢), and V(¢) is the scalar potential.
Singh et al. [22] used a canonical Lagrangian and the
usual field equations of f(R)-gravity, but, in our case, we

have used a non-canonical Lagrangian and the corres-
ponding field equations (27). This is the basic difference
between these two studies. Notably, the scalar field of
each is not identical with the K-essence scalar field.

Now, let us concentrate upon the deceleration para-
meter using the expression

1a 1
=—— =1, 73
1=~ i=m (73)

where we have used Eq. (57).

From the above expression, it is clear that for our
present epoch, the deceleration parameter should have a
negative value to support the acceleration of the universe.
Therefore, we can conclude from Eq. (73) that the m
takes a value greater thanl. A negative value of m cannot
be considered since observations show the universe is ex-
panding.

As we know, the value of ¢ is less than 1, so neg-
lecting the higher order terms O(¢*) in Eq. (61) and (63),
and using Eq. (69), we get the equation of state (EOS)
parameter of this scenario as:

e —(2+ 13m)P + a(648 + 246m — 1260m> — 96m?)
B —3mt? +am(810 — 180m — 864m?)

. (74)

The variation of p and p (using Eqgs. (61) and (63) and
omitting O(¢*) terms) with time (f) has been plotted in
Fig. 1 for different choices of the positive power law
parameter (m = 1.5,2) and the positive coefficient of R?
in the Starobinsky model (@ = 1,3,5,7,9). Figure 2 shows
the variation of the EOS parameter, w, with ¢ for the
aforementioned values of m and a. As we know, the val-
ues of p and p should differ in signature for a dark-en-
ergy dominated era and simultaneously the value of the
EOS parameter (w) should approach a value close
to—1.Therefore, the above two figures conclude that the
choice of positive m and positive o is ruled out for our
model to produce dark energy conditions. The time, ¢,
here is the cosmological time, i.e., the time correspond-
ing to the FLRW metric.

The negative values of a hav already been considered
in [80] for f(R,T) gravity. So, let's check the results of
our model for a positive value of m(=2,3) and negative
values of a(=-0.9,-0.7,-0.5,-0.3,-0.1). Figure 3 de-
picts the variation of p and p with time (¢) for the above
parameter values. Figure 4 shows the variation of the
EOS parameter (w) with time (¢). From Fig. 3, it is evid-
ent that the value of p and p have the expected nature at a
particular region of time. Simultaneously, Fig. 4 pro-
duces the anticipated value of @, which is —1 for the dark
energy epoch. We discuss the results more elaborately
obtained in Figs. 3 and 4 in the following subsection.
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Fig. 2.

Fig. 1.
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A. Observational verification of the model

Before entering into this section, we would like to
discuss two significant works, one was done by Tripathi
et al. [81] and the other one was done by Moraes et al.
[80]. In [81], they constrained the dark energy models for
low redshifts and compared the data with the observa-
tions of Supernova Type la data, Baryon Acoustic Oscil-
lation data, and Hubble parameter measurements. On the
other hand, in [80], the authors studied various cosmolo-
gical aspects with the help of the Starobinsky model in
the framework of f(R,T) gravity. They found the nature
of material content of the universe, i.e. p and p in both de-
celerated and accelerated regimes of the universe.

The variation of p and p with time obtained in Fig. 3
is quite similar with the variation obtained in [80], though
our models differ from each other. Figure 3 shows that at
early time (z — 0), the pressure was positive. But, after a
certain value of time, it takes negative value, which may
be correlated with the effect of the negative pressure flu-
id responsible for the accelerating universe. We have
shown a table which depicts that for different choices of
the positive m and the negative a, and we get a range of ¢
(from Fig. 4) where the value of w agrees with the obser-
vational data of Supernova Type la data, Baryon Acous-
tic Oscillation data, and Hubble parameter measurements
(Observational data are taken from [81]). Furthermore, if
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Fig. 4. (color online) Variation of w with ¢ for different values of m (=2,3) and @ (= -0.1,-0.3,-0.5,-0.7,-0.9).
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Table 1. Table for Observational Verification of the Model.
m o t o (30 confidence) Observation
2 14.96-15.5

-0.9
3 22.8-23.87
2 13.2-13.67
-0.7
3 20.1-21.05
2 11.16-11.55
-0.5 -095>w=>-1.13  SNIa+ BAO+ H(z)
3 17.06-17.8
2 8.64 —8.95
-0.3
3 13.22-13.78
2 498-5.16
-0.1
3 7.63-7.97

we concentrate on the range of ¢ that has been shown in
Table 1 and match those values with Fig. 3, then can be
observed that at those particular time regions, the value of
p takes the negative sign, whereas the p is positive.

VI. ENERGY CONDITIONS IN
f(R,L(X))-GRAVITY

With the help of the modified field equation (27) for
f(R,L(X)) theory, the emergent Einstein's equation (15)
can be written as (x = 1)

i
——G R=TC,

(75)

where
TS = [ fLTW Guy— (G —DuD,)F
+ EG',W(f —Lf1.(1+DapD¢))
- %LfLDmqus(l + D¢ D" )]
= 5T+ 3Gt~ FR) =GB~ DuDF
- %LfLGWa + Dy $D" $Y’], (76)

with F = f = LELX)
The trace of the effective energy momentum tensor
(76) is
Tef =l[lfLT+2(f—FR)—3E|F—
F2
2Lfi(1+ D¢ D" $)*]. (77)

Now, from Eq. (75), we have the emergent Ricci
tensor in terms of the effective energy momentum tensor as

_ -1 -
Ry =TSN - EGﬂvTeff : (78)

Let #* be the tangent vector field to a congruence of
time-like geodesics in the K-essence emergent space-time
manifold endowed with the metric G,, (G #'a’ =1),
then the strong energy condition (SEC) (107) in
f(R, L(X)) modified gravity can be expressed as

B 1
Ry i'w” = (Tohi'” — ETeff) > 0. (79)

On the other hand, if we consider k* be the tangent
vector along the null geodesic congruence (G,,k*k” = 0),
then the null energy condition (NEC) (109) in f(R, L(X))
gravity is

Ry kK = TSTRE > 0. (80)

So, considering an additional condition [19]
Ju(R,L)
fz(R,L) . .
geneous, i.e., ¢(x',1) = ¢(t), and using the perfect fluid en-
ergy momentum tensor (44), we have the SEC and NEC

in the f(R,L(X)) gravity are

>0, and the K-essence scalar field to be homo-

SEC :,5+3p—%(f—F1—3)+2L(1 +¢%)’
L
6

o 2o 2
oy P38+ HFA=§+ 36512 0.

(81)
NEC :ﬁ+p+%(F—HF¢'S2) >0, (82)
L

where 5 = p(1 +¢%) and p = p(1 + ¢?).

To evaluate the effective density, p°T, and effective
pressure, p°7, in the K-essence emergent f(R,L(X)) grav-
ity, we consider the two following equations

1.
Ty B = S G TN e = " + 35", (83)

and

Teffkﬂkv —ef‘f + [—Jeﬁ (84)

Solving these Egs. (49) and (50), we get

. 1 _ 6
—eff . _ _FR _
A A ¢2)[3 id
+HF<1—§¢4>]—L<1+¢ ), (85)
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1 _ 1. .

T =p— —(F—FR)+ ———[-F(2—-¢*

P~ =p fL(f )+fL(l—¢2)[3 2-¢7
+HF(1—§¢2+%¢4)]+L(1+{p2)2. (86)

From the above Egs. (85) and (86), we have WEC
and DEC, respectively, for the K-essence emergent
f(R,L(X)) gravity as

1 _ 6 1.
WEC 5+ —(f—FR) — ———| = F¢*
P U= FR - [53Fe
+HF(1 - %@4)] —L(1+¢»* >0, (87)
DEC--—-+3(f—FR)——[F(1+1¢2)
PPy Fu(1-7) 2
+ 3HF(% - %(;52 - é¢4)] —2L(1+¢*?*>0. (88)

These energy conditions (81), (82), (87), and (88) of
the K-essence emergent f(R,L(X)) gravity are different
from the usual f(R,L,)-gravity (111) and f(R)-gravity
(110) in the presence of the K-essence scalar field, ¢.
Also, note that if we consider f(R,L(X))=R and
Guv = guv, then we can get back to the usual energy con-
ditions of GR, ie., SEC: p+3p>0; NEC: p+p=0;
and WEC : p>0and DEC: p >|p|.

One may notice that we briefly have discussed the en-
ergy conditions of f(R) and f(R,L,,) gravity in the Ap-
pendix.

A. Constraints on K-essence emergent

f(R,L(X))-gravity
The inequalities of the energy conditions (81), (82),
(87), and (88) can also be expressed in terms of the decel-
eration (q), jerk (j), and snap (s) parameters such that the
Ricci scalar and its derivatives for a spatially flat K-es-
sence emergent FLRW geometry (37) are

_ 6 . . 6H>
Rzl_—q}z[H+H2(2—¢2)]:

1_¢2[1—q—¢2], (89)

6
-

6H> .
5 [Gi-g-2)+2¢(1-29)], (90)

R= [H+4HH(1 —¢H- 2H3¢2]

1

R= [(H +4H? +4HH)

1-¢?
—2¢*(2H? +3HH - 2H* + 3H*H]

4
[(s+q* +8q+6)—2¢*(3+3j+ 10 +2¢°)],

1—¢?
on
where [11, 19, 82-85]
1 a 1 a 1 d
- = — = ——, 2
= wa ! " wa T o ©2)

Now, from Eq. (51), we evaluate the values of F and
F' (using Eq. (38)) in terms of ¢, j, and s as

3

. 6H .
F =1_—¢~52FR[(]'_Q_2)+2¢2(1 -2¢)]

— HF Lyx$*(1 - %), (93)

. O6H 2 ) . 2
F=—1_¢2FR[(s+q +8g+6)—2¢"(3+3j+10g+2g7)]
36H° ;
+mFRR[(j—q—Z)JrZ(ﬁz(l—zq}P
+H$ (1-¢?) (FLLng + FLLXX)

~ FLLx¢* (1= H)[H - 2H*(1-24")].
(94)
Therefore, putting these values of F and F into the
energy conditions (81), (82), (87), and (88), we have the
energy conditions in terms of ¢, j, and s. We can easily
check that these energy conditions in terms of ¢, j, and s
are also different from the f(R,L,)-gravity [19] in the
presence of the K-essence scalar field, ¢.

B. An example of the energy conditions
Considering the Starobinsky Model, i.e., Eq. (54), we
obtain the following results as f; =1, F=1+2¢aR,
F =2aR,and F = 2aR.
Using these results we get the energy conditions from
(81), (82), (87), and (88) as follows:

SEC:p+3p+2[aR’ + L§*(2+¢)]

4 120K (l—z'2)+ lzal.iR(l—d)z+z¢4)20
-2\ 3 1 - ¢2 3
95)
NEC: p+p+4a(R-HR$?) >0 (96)
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N S A -SSP YRR
WEC : p—aR 1_¢2[R¢ 3R(1 3¢)]

—L$*2—-¢*) >0 (97)
DEC :p—p—2aR? - 1‘10;2 [i‘éu - %{ﬁ)
- 3Hie(§ - 1¢2 - 1¢4 202+ =0 (98)
2 3" 6 =

Again, if we put the values of R, R, and R from (89),
(90), and (91) into the above equations (95), (96), (97),
and (98), we easily reconstruct the energy conditions in
terms of the deceleration (g), jerk (j), and snap (s) para-
meters.

VII. DISCUSSION AND CONCLUSION

In this work, we present a new type of modified the-
ory, viz. f(R,L(X))-gravity, with a general formalism in
the context of dark energy (using K-essence emergent
geometry) where R is the Ricci scalar of this geometry,
L(X) is the DBI type non-canonical Lagrangian with
X= %g’”VﬂqﬁVm, and ¢ is the K-essence scalar field. The
K-essence emergent metric, G, is not conformally equi-
valent to the gravitational metric, g,,. This new type of
modified theory is a general mixing between f(R) grav-
ity and K-essence emergent gravity based on the DBI
model.

Let us discuss some salient features of the present
study which are as follows:

(1) It is to be noted that the modified field equation
(27) is different from the usual f(R) and f(R,L,) gravit-
ies. If we consider f(R,L(X))=R and G, = g, then we
can easily get back to the standard Einstein field equa-
tion. The effective functional relation for the requirement
of the conservation of the energy-momentum tensor is
also different from f(R, L,,)-gravity. We derive the modi-
fied Friedmann equations for the f(R,L(X))-gravity con-
sidering the background gravitational metric as flat
FLRW and the K-essence scalar field, ¢, being simply a
function of time only, which are quite different from the
Friedmann equations of the standard f(R) gravity.

(2) For the particular choice (viz. Starobinksy-type),
Eq. (54) of f(R,L) and from the requirement of the en-
ergy-momentum conservation (32), the kinetic energy of
the K-essence scalar field is a constant. This value of
#?(=0.888) is less than unity, which is comparable with
the range of ¢°. It is also noted that the K-essence theory
can be used to investigate the effects of the presence of
dark energy on cosmological scenarios. In this context, if
we consider ¢? to be dark energy density in unit of critic-
al density as [40—42], then the value of dark energy dens-
ity, i.e., ¢’ =3 =0.888, indicates that the present uni-

verse is dark-energy dominated.

It is well known that the present observational value
[86, 87] of dark energy density is approximately 0.75.
Therefore, we note that in the context of the dark energy
regime, our result is in good agreement with observation-
al data. Nowadays, people believe that dark energy is one
of the reasons for the accelerating universe. So, our value
of dark energy density may indicate that the universe is
more accelerating. From Figs. 3 and 4, we also observe
that our model is observationally verified for certain val-
ues of parameters. According to Fig. 3, the negativity of
pressure can be achieved after a certain value of time,
which may be responsible for the accelerating universe.
The variation of EOS (w) with time (f) in Fig. 4 shows
that w approaches negative values, which corresponds to
observational results [81] of the present universe.

Also, we would like to put here the following two
special aspects which emerge from the present investiga-
tion: (i) This model can open up an alternative window to
explore the current cosmic acceleration without a strin-
gent condition of invoking an exotic component as the
dark energy. In other words, this theory seems interesting
from a purely gravitational theory standpoint, rather than
the cosmological context of dark energy whose very ex-
istence is still an issue of doubt [88] according to the
latest analysis of data from the Planck consortium [86,
87]. However, the arbitrariness in the choice of different
functional forms of f(R,L(X)) based on a DBI Lagrangi-
an gives rise to the problem of how to constrain the many
possible f(R,L(X)) gravity theories on physical grounds.
In this context, we have shed some light on this issue by
discussing some constraints on general f(R,L(X)) gravity
from the so-called energy conditions. (ii) Also, we have
derived the null, strong, weak, and dominant energy con-
ditions in the framework of f(R,L(X)) gravity from the
Raychaudhuri equations. These energy conditions are dif-
ferent from the usual f(R,L,,) and f(R) theories. With the
help of the specific form of f(R,L(X)), we also have de-
rived these energy conditions in f(R, L(X))-gravity.

However, we intend to report on this interesting the-
ory in the near future encompassing the multifarious as-
pects of cosmology.
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APPENDIX

A. The modified field equation in f(R,L,,)-Gravity

Let us consider here the well known f(R) and
f(R,L,,) gravity, where R is the Ricci scalar with respect
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to the gravitational metric, g,,, and L,, is the matter Lag-
rangian. The total action for the f(R) gravity is [6, 7]

1
5 =5 @R @ Sutgmn, AD

where S, is the matter term, y denotes the matter fields,
k = 8nG, G is the gravitational constant, g is the determin-
ant of the gravitational metric, and R (= g"'R,,) is the
Ricci scalar.

Varying with respect to the gravitational metric, we
achieve the modified field equation as

1
f/(R)R/lV - zf(R)guv - [V,uvv _gva]f’(R) = KT/JV’ (A2)

with

-2 8Sy
T = = 5
V-8 08!

(A3)

where f'(R) = Of R

spect to the gravitational metric, and 0 = V¥V,,.
On the other hand, the action for the f(R,L,) gravity
is [18, 19]

, V. is covariant derivative with re-

5 = i f d*x V=S (R, L), (A4)

where f(R,L,,) is an arbitrary function of the Ricci scalar
R, and the Lagrangian density corresponding to matter,
L,,. The energy-momentum tensor is

-2 5(v=gL) __,0Ln

Ty = =-
N gH”

+ &uvLin, (AS5)

where the Lagrangian density, L,,, is only matter depend-
ent on the metric tensor components, g, .

The modified field equations of the f(R,L,)-gravity
model is

fR(R’ Lm)Rp.v + (g/tVD - vav)fR(R7 Lm)

1
- 5 [f(R, Lm) - meL,,, (R’ Lm)]guv

1
= EfL'" (Rs Lm)Tﬂv’ (A6)

where  fr(R,Ln) =90f(R,L,)/OR  and  fi (R,Ly) =
0f(R,L,)/0L,,. However, if f(R,L,)=R/2+L,,, then the
above Eq. (A6) reduces to the usual field equation
Ryv - (1/2)gva = KTyv~

B. Brief review of energy conditions in
General Relativity

Following most of the techniques of [10—14, 19, 73],
we will derive the energy conditions for modified (f(R),
f(R,Ly), etc.) gravities. From these theories we can ap-
proach the Null Energy Condition (NEC) and Strong En-
ergy Condition (SEC) in the context of GR. The origin of
these energy conditions comes from the Raychaudhuri
equations. Let #* be the tangent vector field to a congru-
ence of time-like geodesics in a space-time manifold en-
dowed with a metric, g,,. Therefore, the Raychaudhuri
equation [89-94] is

de 1
i —592 — 00" + W W = Ry u’, (B1)

where R, is the Ricci tensor corresponding to the metric
8uv»> and 0, oy, and w,,, are the expansion, shear, and ro-
tation associated with the congruence, respectively.
While in the case of a congruence of null geodesics
defined by the vector field, k%, the Raychaudhuri equa-
tion [92] is given by

o__lp_ T + W =Ry kK. (B2)
dr 2

These equations are purely based on geometric state-
ments, and as such it makes no reference to any gravita-
tional field equations. In other words, the Raychaudhuri
equation can be thought of as geometrical identities,
which do not depend on any gravitational theory. These
equations provide the evolution of the expansion of a
geodesic congruence. However, since the GR field equa-
tions relate R, to the energy-momentum tensor, 7, the
combination of Einstein and Raychaudhuri equations can
be used to restrict energy-momentum tensors on physical
grounds. Indeed, the shear is a "spatial" tensor given by
ot = Ot 2 0.

Thus, it is clear from the Raychaudhuri equation that
for any hypersurface orthogonal congruences (w,, =0),
the condition for attractive gravity (convergence of time-
like geodesics or geodesic focusing) reduces to
(Ryu*'u” > 0), which by virtue of Einstein’s equation im-
plies

T
Ryutu” = (T, — ng)u“u" >0, (B3)

where T is the trace of the energy momentum tensor, T,
(k=1). Here, Eq. (B3) is nothing but the SEC stated in a
coordinate-invariant way in terms of 7},, and vector fields
of fixed (time-like) character. Thus, in the context of GR,
the SEC ensures the fact that the gravity is attractive. In
particular, for a perfect fluid of density, p, and pressure,

p
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Tuv =(p +p)u,uuv —P8uv (B4)
and the restriction given by Eq. (B3) takes the familiar
form for the SEC, i.e., p+3p >0.

On the other hand, the condition for the convergence
(geodesic focusing) of hypersurface orthogonal (w,, = 0)
congruences of null geodesics along with Einstein’s equa-
tion implies

Ry k'K =Tkl >0 (BS)
which is the condition for NEC written in a coordinate-in-
variant way.

Thus, in GR the NEC ultimately encodes the null
geodesic focusing due to the gravitational attraction. For
the energy-momentum tensor of a perfect fluid (B4), the
above condition (B5) reduces to the well-known form of
the NEC, i.e., p+p = 0.

The Weak Energy Condition (WEC) states that
Tyutu” >0 for all time-like vectors, u, or equivalently
for perfect fluid it is p >0 and p+ p > 0. The Dominant
Energy Condition (DEC) includes the WEC, as well as
the additional requirement that T, u* is a non space-like
vector, i.e., TWTXu/‘u” <0. For a perfect fluid, these con-
ditions, together, are equivalent to the simple require-
ment that p > |p|, the energy density must be non-negat-
ive, and greater than or equal to the magnitude of the
pressure.

In f(R)-gravity [10, 11], the energy conditions for
perfect fluid are given by

SEC: p+3p—f+Rf +3R+RH)f"+3R*f >0,
NEC: p+p+R—-RH)f"+R*f” >0,

1 .
WEC: p+3(f~Rf")~3RH[" 20,

DEC: p—p+f-Rf' —(R+5RH)f"—R>f” >0, (B6)
where ' = %

In f(R,L,)-gravity [19], the energy conditions are

2 ’ 6 » 93/ D £
SEC:p+3p—]T[f—Rf]+E[R2f +Rf

+HRf"]—2L,, > 0.

2 . "
NEC :p+p+f—[R2f”’+Rf”] >0,

m

1 6 .
WEC : p+ —[f —=Rf']1— —HRSf” + Ly >0,
fr, i,
2 ’ 2 2 199/ D £ D £
DEC:p-p+—I[f—Rf'1- —|[R*f” +Rf"+6HRf"|
I, /L,
+2L,, >0,
B7)

af(Ra Lm)

where [’ = R
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