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Abstract: In this study, we reanalyze the top-quark pair production at next-to-next-to-leading order (NNLO) in
quantum chromodynamics (QCD) at future e*e™ colliders using the Principle of Maximum Conformality (PMC)
method. The PMC renormalization scales in @y are determined by absorbing the non-conformal f terms by recurs-
ively using the Renormalization Group Equation (RGE). Unlike the conventional scale-setting method of fixing the
scale at the center-of-mass energy p, = /s, the determined PMC scale Q. is far smaller than the +/s and increases
with the +/s, yielding the correct physical behavior for the top-quark pair production process. Moreover, the conver-
gence of the pQCD series for the top-quark pair production is greatly improved owing to the elimination of the
renormalon divergence. For a typical collision energy of +/s = 500 GeV, the PMC scale is Qx = 107 GeV; the QCD
correction factor K for conventional results is K ~ 1+ 0.1244f8:8(1)g%f8:88{% +0.018418188§?f8:888§, where the first er-
ror is caused by varying the scale u, € [Vs/2,2+/s] and the second error is from the top-quark mass Am, = £0.7
GeV. After applying the PMC, the renormalization scale uncertainty is eliminated, and the QCD correction factor K
is improved to K ~ 1 +0.1507f8:88}§ —0.00574_'81888(1), where the error is from the top-quark mass Am; = £0.7 GeV.

The PMC improved predictions for the top-quark pair production are helpful for detailed studies of the properties of

the top-quark at future e*e™ colliders.
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I. INTRODUCTION

The top-quark is the heaviest elementary particle in
the Standard Model (SM). The detailed study of top-
quark properties is of great significance for testing the
SM and new physics beyond the SM. Experimentally, the
top-quark has been extensively studied at hadron col-
liders since it was discovered by the CDF and DO Collab-
orations [1, 2]. However, the hadron collider platform has
an unclean experimental environment, which reduces the
precision of experimental measurements. Currently, the
uncertainties are about 0.3% [3, 4] for the top-quark mass
and 3%—4% [5, 6] for the top-quark pair production
cross-section measured by the ATLAS and CMS Collab-
orations at the Large Hadron Collider (LHC).

The study of top-quark properties is among the core
physics issues at future lepton colliders [7—13]. Com-
pared to hadron colliders, lepton colliders have a clean
collision environment, which will reach a new level of
precision for measurements of top-quark properties. For
example, at the International Linear Collider [13], the un-
certainty can be improved to 50 MeV for the top-quark
mass measured from the top-quark pair production near
the threshold. The precision of experimental measure-
ments at future lepton colliders calls for precise theoretic-
al predictions for top-quark properties.

Significant efforts have been made to investigate the
production of the top-quark pair at e*e” colliders.
Quantum chromodynamics (QCD) corrections for the
top-quark pair production at the threshold have been cal-
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culated at next-to-next-to-leading order (NNLO) [14—17].
Further, next-to-next-to-next-to-leading order (NNNLO)
QCD calculations have been given in Refs. [18, 19]. For
the top-quark pair production in the continuum, QCD cor-
rections at next-to-leading order (NLO) have been known
for a long time [20]. Also NLO electroweak corrections
are given in Refs. [21-24], and NLO QCD predictions
for off-shell top-quark pair production and decay were
presented in Ref. [25]. The total cross-sections were com-
puted at higher orders in high energy expansion or by us-
ing Padé approximation [26—33]. The computation of the
cross-section and differential distributions at NNLO QCD
with full top-mass dependence were reported in Refs.
[34—-36], and NNLO QCD corrections to the top-quark
pair productions with polarized electron and positron
beams were recently derived in Ref. [37]. NNNLO QCD
corrections to the total cross-section was recently invest-
igated in Ref. [38].

Fixed-order perturbative QCD (pQCD) predictions
are well known to suffer from the ambiguity of the renor-
malization scale. The conventional scale-setting method
usually assumes the renormalization scale as the typical
momentum flow of the process, and theoretical uncertain-
ties are estimated by varying the scale over an arbitrary
range. To calculate the top-quark pair production at e*e”
colliders, the renormalization scale is usually chosen as
the center-of-mass energy +/s, then the scale is varied
within [/s/2, 2 /5] to ascertain its uncertainty. By using
the conventional scale-setting method, the top-quark pair
production cross-sections are plagued by the large renor-
malization scale uncertainty. Moreover, estimating un-
known higher-order QCD corrections is unreliable since
the NNLO result does not overlap with the NLO predic-
tion obtained by varying the scale yu, € [Vs/2,2+/s]. As a
matter of fact, we actually do not know the correct range
of scale variation to obtain reliable quantitative predic-
tions for theoretical uncertainties.

Finding a correct method to solve the renormaliza-
tion scale ambiguity and then achieving a precise predic-
tion for the top-quark pair production at e*e™ colliders is
critical. The Principle of Maximum Conformality (PMC)
[39—-43] provides a systematic way to eliminate renormal-
ization schemes and scale ambiguities in pQCD predic-
tions. The PMC method extends the Brodsky-Lepage-
Mackenzie (BLM) scale-setting method [44] to all orders,
and it reduces in the Abelian limit to the Gell-Mann-Low
method [45]. The QCD predictions using PMC do not de-
pend on the renormalization scheme, satisfying the prin-
ciples of Renormalization Group invariance (RGI)
[46—49]. The PMC method has been successfully applied
to many pQCD physical processes (see e.g., [50, 51] for
reviews). Generally, a more convergent pertubative series

can be achieved as the renormalon divergence disappears
in the pQCD series.

By applying the PMC method to the top-quark pair
hadroproduction processes, the resulting production
cross-sections agree with precise experimental data, and
the large discrepancies of the top-quark forward-back-
ward asymmetries between QCD estimations and experi-
mental measurements are greatly reduced [40, 52—55].
Notably, after achieving higher-order pQCD corrections,
the conventional predictions were also in agreement with
experimental measurements [56—58]. A precise top-quark
mass can be extracted by comparing the PMC predic-
tions of production cross-sections with experimental data
at the LHC [59, 60]. Recently, an improved QCD predic-
tion for the top-quark decay process obtained using the
PMC was also given in Ref. [61]. In addition, the PMC
scale-setting method provides a self-consistent analysis
and yields the correct physical behavior of the scale for
the top-quark pair production at the threshold at e*e™ col-
liders [62, 63].

Achieving a reliable and precise prediction for the
top-quark pair production at future e*e~ colliders is desir-
able. In this study, as a step forward from our previous
calculations for the top-quark production at the threshold
at NNLO [63], we will calculate the top-quark pair pro-
duction beyond the threshold region at future e*e” col-
liders by applying the PMC method ".

The remaining sections of this paper are organized as
follows: We present our calculation technology for apply-
ing the PMC method to the top-quark pair production at
e*e” colliders in Sec II. In Sec. III, we give numerical
results and discussions. This paper is concluded with a
summary in Sec. [V.

II. PMC SCALE SETTING FOR THE ¢ PRODUC-
TION AT FUTURE e*e COLLIDERS

QCD corrections for the top-quark pair production
cross-section o at future e*e” colliders at NNLO can be
written as

TxnLo = Olo[1+ 41+ 4,], (D)

where o', is the production cross-section at LO, and the
NLO and NNLO QCD correction terms are

Ay =crag(uy), 2

Dy = Cp(y) af(llr), 3)

1) In this paper, we calculate the top-quark pair production at future e*e™ colliders, where the collision energy V5 is far from the threshold region. A detailed PMC
analysis for the top-quark pair production at the threshold region at NNNLO is given in Ref. [64].
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respectively. The coefficient ¢; (c¢») is the NLO (NNLO)
correction coefficient, a,(u,) = a,(u,)/(4r) is the QCD
running coupling constant, and y, is the renormalization
scale.

The coefficient ¢, can be further divided into n,-de-
pendent and 7,-independent parts, i.e.,

() = coouy) + o () ny, (4)

where n; is the number of active light quark flavors. By
using the relation of By =11-2/3n, the top-quark pair
production cross-section o in Eq. (1) can be rewritten as

O—ZNLO = O—Z_O [1 +rioas(u,)+ (Vz,o(llr)
+V2,1(llr)ﬁo) a%(/'lr)] > (5)
where the coefficients r, o and r,o(u,) are conformal coef-

ficients, and the coefficient r,;(u,) stands for non-con-
formal coefficient. They are

o =Ct, (6)
33
rao(uy) = coo(i,) + 5 c2,1(Ur), @)
3
ryi(uy) = —5 co1(r). (®

By applying the PMC method to heavy quark pair
production processes at e*e” colliders, two distinctly dif-
ferent scales are in general determined [62]. For our cur-
rent analysis of the top-quark pair production beyond the
threshold region at future e*e™ colliders, the center-of-
mass energy such as the typical collision energy of
s =500 GeV is much larger than the top-quark mass.
Consequently, the top-quark velocity is v~ 1, and the
Coulomb correction is negligible. Thus, we only need to
determine the PMC scale for the hard virtual corrections.
Notably, the good agreement of the top-quark pair pro-
duction cross-sections in the continuum [34-36] with
those from high-energy expansions [29, 30] was demon-
strated in Ref. [35]. We adopt the QCD correction coeffi-
cients ¢; and ¢, from Refs. [29, 30] for our analysis.

We adopt the PMC single-scale method [65] for our
current NNLO QCD analysis, and an overall scale can be
determined by eliminating the non-conformal coefficient.
The resulting PMC prediction for the top-quark pair pro-
duction cross-section o is

Thinto = 010 [1+710a,00) + o) al(Q)] ., (9)

where Q, is the PMC scale,

0= exp |- 2:‘”} | (10)

After applying the PMC, we can see from Eq. (9) that
only the conformal coefficients remain in the pQCD
series, and the non-conformal coefficient disappears. Not-
ably, the PMC scale Q, and the conformal coefficient r,
are independent of the choice of the renormalization scale
1. The top-quark pair production cross-section in Eq. (9)
eliminates the renormalization scale ambiguity.

III. NUMERICAL RESULTS AND DISCUSSIONS

For the numerical calculations, input parameters are
taken from the Particle Data Group (PDG) [66], such as
the top-quark pole mass m, =172.5 GeV, the Z boson
mass my =91.1876 GeV, the W boson mass my = 80.377
GeV, and the two-loop MS scheme QCD coupling is
evaluated from a,(mz)=0.1179. The sine of the weak
mixing angle is evaluated by s3 = (1 —m3,/m2). The elec-
troweak coupling is fixed using the G, scheme, i.e.,
a = V2G,m?,s}/m, where G, = 1.166379x 1075 GeV 2.

According to the conventional scale-setting method,
the renormalization scale is simply set to the center-of-
mass energy +/s, and then the uncertainty is estimated by
varying the scale over an arbitrary range, e.g., u, € [ Vs/2,
2 +/s]. In Table 1, we present the top-quark pair produc-
tion cross-sections at e*e” colliders at /s =500 GeV us-
ing the conventional and PMC scale settings. The LO
production cross-section does not involve strong interac-
tion and provides dominant contributions. At present
NNLO level, the scale uncertainties are rather large for
the QCD correction terms, i.e., the NLO QCD correction
term is 0.0686 pb for p, = /s and its scale error is
~ [~7.0%,+8.2%] for w, € [/5/2,25]; the NNLO QCD
correction term is 0.0101 pb for u, = /s and its scale er-
ror is ~ [+33.2%,-46.7%)] for u, € [V/s/2,2+/s]. Thus, we
cannot determine the exact QCD correction terms for
each perturbative order. Table 1 shows that the NLO
QCD correction term decreases and the NNLO QCD cor-
rection term increases with the increase of the scale u,.

Table 1.
unit pb) at e*e colliders at /s =500 GeV using the conven-

The top-quark pair production cross-sections (in

tional (Conv.) and PMC scale settings.

Hr oty NLO NNLO olinio
Vs/2 05512 00742 0.0054 0.6308
Conv. Vs 05512 0.0686  0.0101 0.6299
245 05512 0.0638 00135 0.6285
PMC 05512 0.0831  -0.0032  0.6311
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Thus, the scale uncertainties cancel each other out, lead-
ing to small scale uncertainty ~ [-1.8%,+1.1%] for the
total QCD correction terms.

In addition, in the conventional scale setting, the total
top-quark pair production cross-section at NNLO for
Vs =500 GeV is ol o = 0.629915:0%% pb, which does not
overlap with the NLO prediction o, = 0.6198*0:9%8 pb,
More explicitly, in Fig. 1 we present the top-quark pair
production cross-sections at e*e™ colliders versus the col-
lision energy +/s using the conventional scale setting. It
shows that the production cross-section iy, , at NNLO
does not overlap with the NLO prediction o¥,, spe-
cially near the threshold region. Thus estimating un-
known higher-order QCD terms by varying the scale
U € [V/5/2,2+/s] is unreliable for the top-quark pair pro-
duction at e*e” colliders. In fact, simply varying the
renormalization scale is only sensitive to the non-con-
formal f terms but not to the conformal terms.

In contrast, after using the PMC scale setting, the
renormalization scale uncertainty is eliminated. The NLO
QCD correction term is almost fixed to be 0.0831 pb, and
the NNLO QCD correction term is —0.0032 pb for any
choice of the scale u,. Notably, the scale-independent
conformal coefficient ro(u,) is quite different from the
conventional coefficient ¢, (u,), i.e., the coefficient r,o(u,)
is fixed to be

Fao(uy) = —68.34 (11)

for any choice of the scale y,. The conventional coeffi-
cient co(u,) 1s

0.9
7N 1
0.8F /,-\\\‘ ULOlConv.
hy D\ 1t
/ NN T Lo | conv.
07f .
. N\ tt
N T = Onno | conv.
g
> 06
)
0.5
04

0.3
350 400 450 500 550 600 650 700

s (Gev)

Fig. 1.  (color online) The top-quark pair production cross-
sections at e*e™ colliders versus the collision energy +/s using
the conventional (Conv.) scale setting. The solid, dashed, and
dotdashed lines represent the conventional predictions at LO,
NLO, and NNLO, respectively. The bands are caused by vary-
ing the scale y, € [V/s/2,2/s].

(i) = 320.57 + 174.80 (12)

for u, €[+vs/2,2+/s]. The scale-independent conformal
coefficient ro(u,) is a negative value and is much smal-
ler than the conventional coefficient c,(u,). Thus, the
NNLO QCD correction term provides a positive contribu-
tion using the conventional scale setting; it becomes a
negative contribution after using the PMC scale setting.
The scale-independent total top-quark pair production
cross-section at NNLO using the PMC is oy, = 0.6311
pb.

A NNNLO QCD correction to this process has been
performed in Ref. [38]. It has a numerically small QCD
correction term, even when using the conventional scale
setting, suggesting improved pQCD convergence at
NNNLO. As mentioned above, the scale uncertainties are
rather large for the QCD correction terms. For +/s =500
GeV, the NNNLO QCD correction terms are —0.0012,
0.0003, and 0.0019 pb for the scale u, = v/s/2, +/s, and
2 4/s, respectively. The NNNLO QCD correction term in-
creases as the scale u, increases, and is 0.0031 pb for the
scale of u, = 3+/s. Its magnitude is very close to that of
the scale-independent NNLO QCD correction term
—0.0032 pb obtained using the PMC.

For the conventional scale setting, the QCD correc-
tion factor K = 1+A;+ A, is

K~1+0.1244+0.0184 (13)

for u, = +/s. The QCD correction factor X is changed to

K ~ 1+0.1346 +0.0098 (14)

for u, = /s/2. The NLO QCD correction term increases
while the NNLO QCD correction term is suppressed
compared to the result obtained at u, = /s, which im-
plies that the convergence of the pQCD series is im-
proved. However, the QCD correction factor X is

K ~1+0.1157+0.0245 (15)

for p, =2+/s. The NLO QCD correction term is sup-
pressed while the NNLO QCD correction term increases
compared to the case of u, = /s, which implies the slow
convergence of the pQCD series at u, =2+/s. Thus, one
cannot decide the intrinsic convergence of the pQCD
series. The quality of the convergence of the pQCD series
depends on the chosen renormalization scale.

After applying the PMC scale setting, the QCD cor-
rection factor K becomes
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K ~ 1+0.1507 —0.0057 (16)

for any choice of the renormalization scale u,. Owing to
the non-conformal £ terms disappearing in the pQCD
series, the NLO QCD correction term increases signific-
antly while the NNLO QCD correction term is highly
suppressed compared to the conventional results ob-
tained in the u, € [+/s/2,2+/s] range. Thus, the conver-
gence of the pQCD series using the PMC scale setting is
greatly improved.

In Fig. 2, we present the total top-quark pair produc-
tion cross-sections at e*e” colliders at /s =500 GeV
versus the renormalization scale y, at NLO and NNLO
using the conventional and PMC scale settings. For the
conventional scale setting, the total top-quark pair pro-
duction cross-section o, at NLO depends heavily on
the choice of the scale u,. As mentioned above, the scale
dependence cancels out between the NLO and NNLO
QCD correction terms. Thus, the scale dependence de-
creases by including the NNLO QCD correction.

For the PMC scale setting, the scale dependence of
the QCD correction terms at each perturbative order is
eliminated. The resulting total top-quark pair production
cross-sections at NLO and NNLO are scale-independent,
as shown in Fig. 2.

By using the Eq. (10), the PMC scale Q, is independ-
ent of the choice of the renormalization scale y,. Notably,
the determined PMC scale is quite different from the con-
ventional choice of u, = +/s. For the typical collision en-
ergy of /s =500 GeV, the PMC scale is

0, =0.214 /s = 107 GeV, (17)
0.68
"""" UﬁATLo | conv.
066 T inco | conv.
***** Lo | pmc
) . 7
£ 064k - ONnLo | PMC
L
’/‘/ 7777777777777777777777777777777
o62f e
060 L L L L L L L L L L L L L L L L L L L
200 400 600 800 1000
Hr (GeV)
Fig. 2.  (color online) The top-quark pair production cross-

sections at e*e™ colliders at +/s =500 GeV versus the renor-
malization scale p, at NLO and NNLO using the convention-
al (Conv.) and PMC scale settings. The dotted and dotdashed
lines stand for the conventional predictions at NLO and
NNLO, and the dashed and solid lines stand for the PMC pre-
dictions at NLO and NNLO, respectively.

which is much smaller than the conventional choice
i, = 4/s =500 GeV. The PMC scale Q, is collision en-
ergy +/s dependent. More explicitly, we present the PMC
scale Q. versus the collision energy +/s for the top-quark
pair production at e*e” colliders in Fig. 3. Figure 3 shows
that the PMC scale Q, increases with the collision en-
ergy +/s. The value of the scale Q, near the threshold re-
gion is much smaller than the top-quark mass m,, yield-
ing large production cross-sections compared with the
results predicted using conventional scale setting. The dy-
namics of the PMC scale Q, thus signals the correct
physical behavior for the top-quark pair production at
e*e” colliders.

As shown in Fig. 2, the total top-quark pair produc-
tion cross-section oy, , at NNLO first increases and then
decreases with increasing scale u, using the conventional
scale setting. We obtain the maximum value of the cross-
section at a small scale of u, =120 GeV. Notably, near
the small scale range of p, ~ 120 GeV, the convergence
of the pQCD series greatly improves, as does the total
top-quark pair production cross-section close to the scale-
independent PMC prediction. This indicates that the ef-
fective momentum flow for the top-quark pair produc-
tion at e*e” colliders should be u, < +/s, far lower than
the conventionally suggested u, = +/s.

The PMC scales are determined unambiguously by
the non-conformal § terms. Varying the PMC scale would
break the renormalization group invariance and then lead
to unreliable predictions [47]. Thus, varying the scale to
estimate the unknown higher-order contributions is not
applicable for PMC predictions. The Bayesian-based ap-
proach provides a reliable way to estimate the unknown
higher-order contributions. It predicts the magnitude of
the unknown higher-order contributions based on an op-
timized analysis of probability density distribution. Thus,
we adopt the Bayesian analysis [67—69] to estimate the
unknown higher-order contributions. The resulting

400+
S 300+
[
e
o
3
O 200+
=
o

100+

400 500 600 700 800 900 1000
s (Gev)
Fig. 3. (color online) The PMC scale Q. versus the center-

of-mass energy +/s for the top-quark pair production at e*e”
colliders.
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NNLO PMC results are well within the error bars pre-
dicted from the NLO PMC calculations for the top-quark
pair production cross-section.

The PMC predictions eliminate the renormalization
scale uncertainty; there are uncertainties from other input
parameters, such as the top-quark pole mass, the Z boson
mass, and the 7 boson mass. For the conventional scale
setting, the uncertainty due to the top-quark mass
m, =172.5+0.7 GeV for the QCD correction factor is
K ~1+0.124470%012 1-0.0184+5:9%2 which is very small
compared to the scale uncertainty caused by p, € [/s/2,
2 +/s]. After applying the PMC, the uncertainty caused by
m,=172.5+0.7 GeV for the QCD correction factor is
K ~1+40.1507735012 — 0.005723:99% . The uncertainties from
the W boson mass my = 80.377 +0.012 GeV and the Z bo-
son mass my =91.1876 £0.0021 GeV are negligible for
the QCD correction factor K.

Finally, the total top-quark pair production cross-sec-
tions at representative +/s values are

inolpme = 0.8470+0.0089* 00041 +0.0017 pb,

for Vs =400 GeV,

owoleme = 0.6311 £0.0030 +0.0011 +0.0006 pb,

for Vs =500 GeV,

ooleme = 0.4615 £0.0015 +0.0004 + 0.0003 pb,

for Vs =600 GeV,

owoleme = 0.3474 £0.0010 +0.0002 + 0.0002 pb,

for Vs =700 GeV. The first errors are from the unknown
higher-order contributions estimated using Bayesian ana-
lysis [67—69], the second errors are caused by the top-
quark mass Am, = 0.7 GeV, and the third errors are from
the coupling constant Aw,(mz) = +0.0009. As the top-
quark pair production cross-section eliminates the renor-

malization scale ambiguity and the convergence of the
pQCD series is greatly improved, the improved PMC pre-
dictions for the top-quark pair productions are helpful for
detailed studies of the properties of the top-quark at fu-
ture e*e” colliders.

IV. SUMMARY

For the conventional scale-setting, the renormaliza-
tion scale uncertainty becomes one of the most important
errors in pQCD predictions. For the top-quark pair pro-
duction at e*e” colliders, the scale uncertainties are rather
large for the QCD correction; the quality of the conver-
gence of the pQCD series depends on the choice of the
renormalization scale. Thus, one cannot decide the exact
QCD correction terms for each perturbative order or the
intrinsic convergence of the pQCD series. In addition, es-
timating unknown higher-order QCD terms by varying
the scale y, € [/s/2,2+/s] is unreliable for the top-quark
pair production at e*e” colliders, since the production
cross-section at NNLO does not overlap with the NLO
prediction.

After using the PMC scale setting, the scale in o, was
determined by absorbing the non-conformal f§ terms, and
the resulting PMC scale Q, was far smaller than the +/s
and increased with the +/s. This reflects the increasing
virtuality of the QCD dynamics and yielding the correct
physical behavior for the top-quark pair production pro-
cess. The predicted top-quark pair production cross-sec-
tion eliminates the renormalization scale ambiguity.
Moreover, the convergence of the pQCD series greatly
improves owing to the elimination of the renormalon di-
vergence. For a typical collision energy of +/s =500
GeV, the QCD correction factor is improved to K ~
1+0.1507-0.0057, and the predicted production cross-
section is

o oleme = 0.6311 +0.0033 pb, (18)

Our improved PMC predictions for the top-quark pair
production are helpful for detailed studies of the proper-
ties of the top-quark at future e*e™ colliders.
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