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Abstract: Cluster radioactivity is studied within the generalized liquid drop model (GLDM), in which the shell cor-
rection energy, pairing energy, and cluster preformation factor are considered. The calculations show significant im-
provements and can reproduce the experimental data within a factor of 8.04 after considering these physical effects.
In addition, the systematic trend of the cluster preformation factors P, is discussed in terms of the N, N, scheme to
study the influence of the valence proton-neutron interaction and shell effect on cluster radioactivity. It is found that
log;q P is linearly related to N, N,. This is in agreement with a recent study [L. Qi et al., Phys. Rev. C 108, 014325
(2023)], in which log; P., obtained using different theoretical models and treatment methods than those used in this
study, also had a linear relationship with N,N,,. Combined with the work by Qi et al., this study suggests that the
linear relationship between log;yP. and N,N, is model-independent and both the shell effect and valence
proton-neutron interaction play essential roles in cluster radioactivity. An analytical formula is proposed to calculate
the cluster preformation factor based on the N,N, scheme. In addition, the cluster preformation factors and the
cluster radioactivity half-lives of some heavy nuclei are predicted, which can provide a reference for future experi-
ments.
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I. INTRODUCTION

Cluster radioactivity was first theoretically predicted
by Sandulescu, Poenaru, and Greiner in 1980 [1]. It
refers to the nuclei's ability to spontaneously emit clusters
heavier than the a particle and lighter than fission frag-
ments. Four years after this theoretical prediction, Rose
and Jones observed the "*C cluster emitted by **Ra in ex-
periments for the first time [2]. Many cluster radioactivit-
ies have been observed in experiments, such as the
clusters 14C, ISN, 200, 23F, 22,24-26Ne’ 28,30Mg’ and 32%si
emitted from **'Fr to ***Cm [3-11]. Interestingly, all the
daughter nuclei of cluster radioactivity are nuclei around
208Pb, such as 207Bi, 207’209'212Pb, 206-208Hg, and 207T1, be-
cause “**Pb is more stable than others and leads to a lar-

ger energy value of cluster radioactivity.

Cluster radioactivity has been a hot topic in nuclear
physics over the past few decades. Several models sug-
gest that cluster radioactivity has a similar theory of barri-
er penetration to a decay, based on Gamow's picture [12,
13], which assumes that the cluster is preformed in the
parent nucleus with a certain probability of cluster forma-
tion before emission. For instance, the density-dependent
cluster model (DDCM) [14-17] and preformed cluster
model (PCM) [18-20]. In addition, there are theoretical
models that treat cluster radioactivity as fission processes,
such as the effective liquid drop model (ELDM) [21] and
Coulomb and proximity potential model (CPPM) [22,
23]. Furthermore, several analytical formulae have been
proposed to study cluster radioactivity, including the uni-
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versal decay law (UDL) [24], unified formula [25], uni-
versal curve [7], and new Geiger-Nuttall law for cluster
radioactivity half-lives [26].

One of the main challenges in cluster radioactivity is
calculating the cluster preformation factor P.. Currently,
the most common method is to extract the cluster pre-
formation factor from the experimental data of the cluster
radioactivity half-life [20, 27-30]. In 1988, Blendowske
and Walliser considered the extracted cluster preforma-
tion factor P.(A.) to depend on the o preformation factor
P, and proposed the preformation law of cluster radio-
activity P.(A.) = P%D3 where A, is the mass number of
the emitted cluster [27]. Recently, it was found that when
the mass number of the emitted cluster A. <28, the ex-
tracted cluster preformation factor is exponentially pro-
portional to the o preformation factor. However, this rela-
tionship breaks down when A, > 28 [20]. In the PCM, the
value of P, is determined by solving the stationary
Schrsdinger equation for the dynamical flow of mass and
charge [18-20]. In the redefined PCM (RPCM) [7,
31-33], the total potential barrier is divided into external
and internal barriers, and the preformation factor of an «
particle or cluster is equal to the quantum penetrability of
the internal potential barrier. Similarly, the penetration
probability is equivalent to the quantum penetrability of
the external barrier.

Recently, Qi et al. showed that log,, P, the logar-
ithms of the cluster preformation factor, obtained using
two different approaches are linearly dependent on N,N,
for the parent nuclei, where N, and N, denote the num-
ber of valence protons and valence neutrons around the
proton Z =82 and neutron N =126 shell closures, re-
spectively [30]. In the first approach, P. is calculated us-
ing the preformation law of cluster radioactivity [27]
P.= P4 D5 for A. <28, in which the a decay preforma-
tion factor P, is obtained using the cluster formation
model (CFM) with the binding energy differences of «
decaying nuclei and their neighboring ones [34—36]. For
A. > 128, P, is determined using the analytic formula [14].
In the second approach, P. is extracted through the ratios
of the calculated cluster radioactivity half-lives em-
ployed in the unified fission model (UFM) to the experi-
mental data [29], where in the UFM, the total interaction
between the emitted cluster and daughter nucleus con-
sists of the Coulomb, nuclear proximity, and centrifugal
potentials [29]. The generalized liquid drop model
(GLDM) differs from the CFM [34-36] and UFM [29] in
its treatment of cluster radioactivity. The GLDM intro-
duces the quasimolecular shape mechanism, which can
describe the complex deformation process from the con-
tinuous transition of the parent nucleus to the appearance
of a deep and narrow neck, and finally to two tangential
fragments [37, 38]. The GLDM also introduces the prox-
imity energy, including a precise radius and mass asym-
metry, to account for the effects of nuclear forces

between the close surfaces of the separated fragments
[28, 39—41]. In this study, the GLDM is further im-
proved by introducing the shape-dependent shell correc-
tion and pairing energies, as well as the cluster preforma-
tion factor obtained from the penetrability of the internal
potential barrier.

The proton-neutron (p—n) interaction and shell ef-
fect play essential roles in understanding the properties of
nuclei. The N,N, scheme allows a unified description of
structure evolution for a variety of observables and high-
lights the importance of the valence p —n interaction [42].
To explore the shell effect and valence p—n interaction
on cluster radioactivity, it is important to examine wheth-
er the linear relationship between log,,P. and N,N, is
model-dependent or model-independent. Therefore, in
this study, based on the GLDM, two types of cluster pre-
formations are studied in terms of the N,N, scheme, in
which the cluster preformation factors are extracted from
the experimental data or calculated using the quantum
penetrability of the internal potential barrier [7, 31-33].
The results indicate that both types of log,, P. are propor-
tional to N,N,. This is consistent with the recent study by
Qi et al. [30] and indicates that the log,,P. of nuclei
around the Z =82 and N =126 shell closures is linearly
dependent on N,N, in a model-independent manner, and
the shell effect and valence p—n interaction play essen-
tial roles in cluster radioactivity.

This article is organized as follows. In Sec. II, theor-
etical frameworks of the GLDM and cluster radioactivity
half-life are briefly presented. The detailed calculations
and discussion are given in Sec. III. Finally, Sec. IV of-
fers a brief summary.

II. THEORETICAL FRAMEWORK

A. GLDM macroscopic energy

In the GLDM, the macroscopic energy En, consists
of the volume energy Ey, surface energy Es, Coulomb
energy E., proximity energy Ep.x, and centrifugal poten-
tial E; [37].

Emac:EV+ES+EC+EPr0x+El- (1)

For one-body shapes, the volume, surface, and Cou-
lomb energies are given as

Ey =—15.494(1 - 1.81°)A, )

Eg = 17.9439(1 —2.61*)A*(S /4nR}), 3)

064101-2



Systematic study of cluster radioactivity within the generalized liquid drop model

Chin. Phys. C 48, 064101 (2024)

Ec =0.66*(Z*/Ry) x 0.5 / (V(0)/Vo)(R(B)/Ry)’ sin6do, (4)

where S is the surface of a one-body deformed nucleus, /
denotes the relative neutron excess, V(0) is the electro-
static potential at the surface, and V, represents the sur-
face potential of the sphere.

For two separate fragments, the volume, surface, and
Coulomb energies are expressed as

Ey =—15.494[(1 - 1.8IH)A, + (1 - 1.819)A,], (5)
Es = 17.9439[(1 = 2.6I1)A” + (1 -2.612)A3"], (6)

Ec =0.6e’Z} /R, +0.6e’Z; /R, +€*Z,Z, ], 7

where A;, Z;, R;, and I; (i=1,2) are the mass numbers,
proton numbers, radii, and relative neutron excesses of
the emitted cluster and daughter nucleus, respectively.

The proximity energy considers the effects of the nuc-
lear forces between a neck or gap, which occur in one-
body forms, or between separated fragments [37, 43]. It is
expressed as

Imax
Eprox(r) = 27/ ®O[D(r,h)/b)2rhdh, ®)

Imin

where the surface parameter y is defined as the geometric
mean between the surface parameters of the two frag-
ments.

v =0.9517 \/(1 -2.6I)(1-2.613), )

where /4 is the distance varying from the neck radius or
zero to the height of the neck border, D is the distance
between the surfaces considered, » =0.99 fm is the sur-
face width, and @ expresses the proximity function.

The centrifugal barrier E;(r) can be obtained using

KA+ 1)

E =
i(r) 2ur?

) (10)

where /, the angular momentum carried by the emitted
cluster, is obtained from the conservation laws of angular
momentum and parity.

B. GLDM microscopic energy
The GLDM microscopic energy Eu includes the
shape-dependent shell correction energy and shape-de-
pendent pairing energy, which is expressed as

Epic = Egpen + Epair' (1 1)

1. Shell correction energy

The shape-dependent shell correction energy can be
obtained within the droplet model expressions [44]:

Egn = ET (1 -2.60%)e™, (12)

where o = (6R)*/a* is the Myers-Swiatecki measure for
the deformation of the nucleus. The range a is 0.34r,. The
distortion is the root-mean-square value of the deviation
of the radius vector R(6,¢), specifying the nuclear sur-
face,

f (R - Ry)*dQ
(bR =,

[[ e

e the attenuating factor, determines that the shell cor-
rection energy decreases as the nuclear distortion in-
creases.

The microscopic shell correction energy for a spheric-

h . :
al nucleus EJ. can be obtained via

(13)

EPN® = cEg, (14)

which is obtained using the traditional Strutinsky method
by setting the smoothing parameter y = 1.15w, and the or-
der p =6 of the Gauss-Hermite polynomials, where wy =
41A7'3 MeV denotes the mean distance between the
gross shells [45], the sum of the shell energies of protons
and neutrons. In addition, the scale factor ¢ =0.72 is in-
troduced to calculate the shell correction. The single-
particle levels with an axially deformed Woods-Saxon
potential are calculated and then the Strutinsky method is
performed to calculate the shell correction energy. The
single-particle Hamiltonian is expressed as

H=T+V+Vso, (15)

where the spin-orbit potential Vs, is given by

ho\2
= — V . F
Vso. ﬂ(ZMc) V(&% p), (16)

where M denotes the free nucleonic mass, ¢ represents
the Pauli spin matrix, g is the nucleon momentum, and A
is the strength of the spin-orbit potential. A = Ay(1 + N;/A)
with N;=Z for protons and N;=N for neutrons and
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Ao =26.3163. V, the central potential, is obtained in an
axially deformed Woods-Saxon form:

1 +exp F_R(G)}’ "

where r—R(0) is the distance from a certain point r to the
nuclear surface. The depth V, of the central potential
(g = n for neutrons and g = p for protons) can be given by

V=

V,=VoxVsl, (18)

with a minus sign for protons and a plus sign for neut-
rons. V, =47.4784 MeV is the depth of the central poten-
tial. The diffuseness parameter a =0.7842 fm. Vs and [
denote the isospin-asymmetric part of the potential depth
and the relative neutron excess, respectively. They can be
obtained via

k2|1
p— 7+ ,
AT 24 1A

VS = Csym 1

(19)

with ¢y, = 29.2876 and « = 1.4492 [46].
The result of the shell correction energy within the
Strutinsky method is expressed as

NZ 3
Ea=d e~ [ caents 0)
i=1 -

where &; represents the single-particle energies of de-
formed nuclei [47]. The single-particle density g(e) =
Y.&i6(e—&). 1 denotes the Fermi energy related to the
smoothed distribution of ().

2. Pairing energy

To account for the odd-even staggering effects of the
unpaired nucleon, the shape-dependent pairing energy of
the finite-range droplet mode is introduced [48], which is
expressed as

0, even Z —even N nuclei,
4.8B
T;’ even Z —odd N nuclei,
Enir=q 4.8B
’ .75, odd Z —even N nuclei,
Zl/3
48Bs 4.8B; 6.6

odd Z — odd N nuclei,
(21)

with the relative surface energy By being the ratio of the
surface area of the nucleus in its actual shape to the sur-

+ - ,
N1/3 Z1/3 BsA2/3

face area of the spherical nucleus. This can be obtained
using

Bs = /dS /Ssphere~ (22)
N

C. Cluster radioactivity half-life

The cluster radioactivity half-life can be obtained
with the decay constant 4 via

In2
T1/2 = 7 . (23)

where the decay constant of cluster radioactivity, 4,
shares the same Gamow's theory as o decay [12, 13]. It
can be obtained using the product of the cluster preforma-
tion factor P., assault frequency v, and barrier penetrat-
ing probability P:

A= PP. (24)
The assault frequency v is expressed as

1 2E,
y=—
2R, M,

; (25)

where E. and M, are the kinetic energy and mass of the
emitted cluster, and R, denotes the radius of the parent
nucleus, which can be calculated via

R =128A!°-0.76+0.84;"°(i=0,1,2). (26)

P, the barrier penetrating probability, is calculated using
the Wentzel-Kramers-Brillouin (WKB) approximation as
follow

P =exp {— % / \/2B(r)(E — E(sphere))dr|,  (27)

Tcont

where 7 is the center of mass distance between the pre-
formed cluster and the daughter nucleus, 7w =R +R,
and E(rou) = Q. denote the classical turning points, and
the mass inertia B(r) can be given by

Feont — 7
,u<1+1.3,/7), 7 < TFeonts
B(r) = Teont = Fin (28)

/’l’ r Z rcont’

where 1 denotes the reduced mass between the cluster
and the daughter nucleus. The total GLDM interaction
potential £ between the cluster and daughter is composed
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of the macroscopic energy E.,. and microscopic energy
E e It is expressed as

E = Epg + Enic. (29)

Based on the RPCM, the total potential barrier is the
sum of the external and internal barriers [7, 31-33]. The
cluster preformation factor P. can be obtained from the
quantum penetrability of the internal potential barrier [7,
31-33]:

Teont

P, = exp {_ % V/2B(r)(E - E(sphere))dr|,  (30)

Tin

where ry, 1s the distance between the mass centers of the
portions of the initial sphere separated by a plane perpen-
dicular to the deformation axis to assume volume conser-
vation of future fragments.

1. RESULTS AND DISCUSSION

The calculated cluster radioactivity half-lives and ex-
perimental data are listed in Table 1. In this table, the first

column shows the cluster radioactivity including the par-
ent nucleus, daughter nucleus, and emitted cluster. The
second and third columns represent the experimental
cluster radioactivity energy and the minimum angular
momentum taken away by the emitted cluster, obtained
using the basis of the conservation laws of angular mo-
mentum and parity. The spin and parity values are taken
from the latest evaluated nuclear properties table NU-
BASE2020 [49]. The fourth column gives the experi-
mental data of cluster radioactivity half-lives. The fifth
column, log,, 7%, lists the calculated cluster radioactiv-
ity half-lives using the GLDM macroscopic energy
E = E,. considering the cluster preformation factors cal-
culated with Eq. (30). The sixth column, log,, 7’7, con-
tains the calculations of cluster radioactivity half-lives by
adopting the total GLDM interaction energy FE =
Eac + Emic considering the cluster preformation factors
calculated with Eq. (30). The last column shows the cal-
culated cluster radioactivity half-lives using the UDL for
comparison [24].

As shown in Table 1 , the calculations 7% and 777y
can effectively reproduce the description of the experi-

mental data. Furthermore, T/} can reproduce the experi-

Table 1. Calculations of cluster radioactivity half-lives. Experimental cluster radioactivity half-lives are taken from the latest evalu-

ated nuclear properties table NUBASE2020 [49]. The experimental cluster radioactivity energies are taken from the latest evaluated

atomic mass table AME2020 [50, 51]. The cluster radioactivity energies and half-lives are in units of 'MeV' and 's', respectively.

cluster radioactivity 0O Imin log; Tffg logyo Tf?lzl logyg Tf?lzz logyg TlU/[z)L
2Ipr2T+4C 31.29 3 14.52 12.81 13.32 13.31
2IRa—>"Pb+"C 32.40 3 13.32 11.36 12.10 12.25
22Ra—28Pb+1C 33.05 0 11.05 9.78 10.91 11.07
Ra—?Pb+C 31.83 4 15.05 12.69 13.62 13.20
24Ra—1Pb+1C 30.53 0 15.89 15.53 16.21 15.59
BAc—-Bi+*C 30.48 4 17.21 16.95 17.62 16.65
20Ra—212Pb+1C 28.20 0 21.29 21.42 21.87 20.33
BTh—2%Pb+20 44.72 0 20.73 20.55 21.84 21.56
20U —2%ph+2Ne 61.39 0 19.56 20.28 20.68 20.73
B1pa—28ph+3F 51.88 1 26.02 23.13 24.61 24.23
B0Th—2Hg+*Ne 57.76 0 24.61 24.34 25.00 24.74
B1Pa—2"T1+**Ne 60.41 1 22.89 20.85 22.09 22.10
22U 2%ph+2Ne 62.31 0 20.39 18.87 20.53 20.68
BU2Ph+*Ne 60.49 2 24.84 2234 23.52 23.27
B5U—21Ph+*Ne 57.68 3 27.44 28.14 28.97 28.22
BU-Hg+ Mg 74.11 0 25.74 24.79 25.34 25.36
BU-PHg+3Mg 72.43 1 27.44 27.75 27.99 27.64
2B6py—2%ph+2Mg 79.67 0 21.65 18.86 20.90 21.02
28py W0 Hg+328] 91.19 0 25.30 24.66 25.48 25.40
22Cm—28pb+3Si 96.54 0 23.11 20.00 22.49 22.83
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mental data better than 7§} after considering the contri-
butions of the shell correction and pairing energies. In ad-
dition, 7% shows a consistent result with 772" calcu-
lated via the UDL [24], further demonstrating the reliabil-
ity of the calculations.

To examine the precision of the calculated cluster ra-
dioactivity half-lives, the standard deviation o, an indicat-
or of agreement between the calculations and the experi-

mental data, is determined using

1 ex
o= \/E Z(loglo Ti —log,, T1)5)>. 31)

The o results are listed in Table 2. This table shows that
when the contributions of the shell correction and pairing
energies are considered in the GLDM, the ¢ values are
reduced from 1.661 to 0.905, an improvement of
(1.661 —0.905)/1.661=45.5%. In addition, the ¢ caused by
using the total GLDM interaction energy E = Ema + Emic
while considering the cluster preformation factors also
has a smaller value than the ¢ obtained when using the
UDL. This demonstrates that the calculations of this
study can effectively reproduce the experimental data.
Comparisons of the logarithmic differences between
the two types of calculated cluster radioactivity half-lives,
T and T17%, and the experimental data T7)) are plotted
in Fig. 1 (a). Fig. 1 (b) shows the logarithmic differences

between the two types of calculations, Ttjy and Tp5",

and the experimental data T75. In this figure, the red
pentagons, blue circles, and orange stars denote the dis-
crepancies caused by T{%', T{%, and T2", respectively.
As shown in Fig. 1 (a), 71} deviates from the experi-
mental data by 1 ~ 3 orders of magnitude. When the shell
correction and pairing energies are included in the
GLDM, the deviation caused by 757 is smaller, around 1
order of magnitude, showing that the calculations 777}
offer good agreement with the experimental data. Fig. 1
(b) reveals that both 773 and 712" exhibit a consistent
trend of change, and T{3}* can reproduce the experiment-
al data better than T75".

The calculated cluster preformation factors P! using
Eq. (30) and the extracted values P using Eq. (32) are
listed in Table 3, where two types of cluster preformation
factors are obtained by adopting the total GLDM interac-
tion energy E = E . + Enic.

(32)

where T{7%" denotes the calculated cluster radioactivity
half-lives without considering the cluster preformation
factor. As shown in Table 3 , the cluster preformation
factors extracted using Eq. (32) are consistent with those

Table 2.
dioactivity half-lives and experimental data.

Standard deviation o between calculated cluster ra-

— 11 — 12 UDL
model E= Emac(Tlc72 E=Emac+ Emic(Tlc?z ) UDL(Tl/z
o 1.661 0.905 0.923
2 (a) T T T T T ° T T
1F g E
e 3 3 g,
OF o . * Y E
2 . °
a b ° 2 3
go -1
5= o 9 e °
= oE L . e TS, 6=1.661] ]
— Y cal2 <
> ° ° T2 6=0.905
O 3fF . b E
2 : : : : : ——+
8= (b) )
l_o 1k @ E
S P ) 2 s
o oF $ ) . 3
1 e s ° E
° ° ° 9
2F TYBL, 6=0.923|
3 9o T2 6=0.905| ]
1 1 1 1 1 1 1

132 134 136 138 140 142 144 146 148

Fig. 1. (color online) Logarithmic differences between three
types of calculated cluster radioactivity half-lives and experi-
mental data. The red pentagons, blue circles, and orange stars

denote the differences caused by log, 7§, log;o 7575, and

logo T5", respectively.

calculated using Eq. (30). Both types of cluster preforma-
tion factors decrease as the mass number of the emitted
clusters increases, indicating that the larger the emitted
cluster, the less likely it is to form.

The proton-neutron (p—n) interaction and shell ef-
fect, which govern the existence of nuclear systems, play
a fundamental role in understanding the properties of
cluster radioactivity. The N,N, scheme allows a unified
description of structure evolution for a variety of observ-
ables and highlights the importance of the valence p—n
interaction [42]. Here, N, and N, denote the numbers of
valence protons and valence neutrons relative to the
nearest shell closures: Z = 82 for the proton and N =126
for the neutron. Therefore, the value of N,N, also repres-
ents the shell effect and the degree to which the nucleon
number of the parent nucleus deviates from the magic
number. In previous studies by co-author Deng et al. [36,
52, 53], it was found that the a preformation factor is lin-
early dependent on N,N, for nuclei around the Z = 82 and
N =126 closed-shells, indicating that the valence p—n
interaction and shell effect play key roles in a particle
preformation for nuclei around the Z=82 and N =126
shell closures. Cluster radioactivity has a similar theory
of barrier penetration to a decay. It is interesting to study
the cluster preformation factor in terms of the N,N,
scheme to explore the shell effect and valence p —n inter-
action on cluster radioactivity.
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Table 3. Calculations of the cluster preformation factors of
known nuclei.
cluster radioactivity log P! log;o P2
2IFr2TI+4C -5.47 -6.67
2IRa—>"Pb+*C -5.39 -6.61
222Ra—>208Pb+]4C _549 _563
2Ra—YPb+*C -5.81 -7.23
2Ra—?""Pb+*C -6.11 -5.80
Ac2Bi+HC -6.57 —-6.15
26Ra—?"?Pb+*C -7.10 -6.51
28Th—2%pb+2°0 -9.83 -8.71
230U—>208Pb+22Ne _1 147 _1035
B1Pa—28ph+HF -11.48 -12.89
230"I‘h—>20(’Hg-%-24Ne -12.53 -12.15
B1pa—2"T14+*Ne -12.20 -12.99
B 28ph+2*Ne -12.05 -11.90
233U—>209Pb+24Ne _1248 _]38]
ZUSHPh+>Ne -13.63 -12.11
DAYV g2\ g -14.81 -15.21
BU-YTHg+ Mg -15.26 -14.72
236Pu_>208Pb+28Mg —14.47 ~15.22
238Pu—>206Hg+3ZSi ~16.73 ~16.54
HCm—2Pb+*Si -16.74 -17.36

The calculated and extracted cluster preformation
factors are plotted against N,N, in Figs. 2 and 3, respect-
ively. As shown in Figs. 2 and 3, both the calculated and
extracted cluster preformation factors decrease with in-
creasing N,N,. It is demonstrated that the larger the emit-
ted cluster, the more difficult it is to preform because the
parent nucleus is further away from the doubly magic
nuclei 2%Pb. In addition, it can be seen that the both two
types of the logarithmic cluster preformation factors are
linearly dependent on N,N,. It suggests that the valence
proton-neutron interaction and the shell effect play key
roles in the cluster preformation. Furthermore, the red
dashed lines represent the fittings of the cluster preforma-
tion factors by the analytical formula proposed in this
work, which is expressed as

log,, Pit-eatitzext = g N, +b, (33)

a and b are adjustable parameters extracted from the fit-
tings of Figs. 2 and 3. For Fig. 2, a=-0.059 and b=
-3.603. For Fig. 3, a=-0.057 and b =-3.913. Eq. (33)
can effectively describe the calculated and extracted
cluster preformation factors. The corresponding standard
deviations o pi-an-en are calculated with the following

-4 RARRE RARRE LRSS ARSI LR UL UL MU LS IULLE IR IR
o b N O Calculated P& 3
N R - - Fitting line: Eq. (33) ;
5 RN
10 b o . 3
® |:|\:|\
[ o00Bg ;
= [ ba) ]
D) 14 F N ]
o - <4
N op “.
-16_— N —
; = o
-18:— N '
L Ope=1.245 So
-20_— © . N
F Fitting line: log, P @=-0.059*N_N,-3.603 "
i3 J) P P P PR PR PRI PRUTE PR TR FEETS P [ R

20 40 60 80 100 120 140 160 180 200 220 240 260 280 300
NN,

Fig. 2. (color online) Linear relationship between log,, P!
(denoted as blue open squares) calculated using Eq. (30) and
NyN,. N, and N, denote the numbers of valence protons and
neutrons relative to the nearest shell closures: Z =82 for the
proton and N =126 for the neutron. The red dash line denotes
the fitted cluster preformation factor using Eq. (33).

_4 [ T T T T T T T T T T T T T ]
sFE~ OO O Extracted P2 ]
.. s ]
N o N - - Fitting line: Eq. (33)] §
; =
-10 F N <O 7
% ; S
n’ 12 o_ O o ]
o " (m] N ]
D 4L a > 3
le) F N ]
= o® b
16 | B h
s ~ (m]
-18 ¢ N 1
N Gpﬂt—ext:'] 351 N < 1
20F 0 ° fitoxt N
 Fitting line: log,oP; *“=-0.057*N_N,-3.913
= 2 1 1 1 1 1 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160 180 200 220 240 260 280 300
NN,
Fig. 3. (color online) Same as Fig. 2, but it depicts the lin-

ear relationship between log,, P& (denoted as blue open
squares) extracted using Eq. (32) and N,N,,.

equation:

1 —cal fit—
O phi-cal fi-ext. = \/; Z(loglopgal,ext _ long?l cal, fit ext)2, (34)

where o pi-ea = 1.245 and opi-ee = 1.351 show that the fit-
ting cluster preformation factors from Eq. (33) can effect-
ively reproduce the calculated and extracted values. The
small standard deviations o pi-wa and o pi-ex also reveal
that log,, P. has a good linear relationship with N,N,,. Re-
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cently, Qi et al calculated the cluster preformation
factors using two different theoretical models and found
that both types of log,, P. were linearly related to N,N,
[30]. Combined with the work of Qi et al. [30], we con-
firm that the log,,P. of nuclei around the Z =282 and
N =126 closed shells is linearly dependent on N,N, , and
this linear relationship is model-independent. This also
shows that the valence proton-neutron interaction and
shell effect play key roles in cluster radioactivity.

In 1988, Blendowske and Walliser proposed the pre-
formation law of cluster radioactivity P.(A.)= P13
[27]. It was suggested that log,, P. is linearly dependent
on the mass numbers of the emitted clusters, A.. We must
examine the results of cluster preformation factors via the
preformation law of cluster radioactivity. The four types
of cluster preformation factors, i.e., log,, P, log,,P™,
log,, P1 and log,, P~ , are plotted against A, in Fig.
4 (a), (b), (c), and (d), respectively. As shown in Fig. 4,
all four types of calculated cluster preformation factors

-4 T T T T T

oF O g\ @ Calculated P ()
N
8 ~ B
A
A0 F ' N ]
3 da
Qe -12f 9 ]
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D 14| " JEEN ]
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22 1 1 1 1 1
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AC
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8 S o 3
~
CJ
-10 B S o Y ]
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Zo-12F 3 ]
D.: N 8
5 14 b 2 - ]
D N
o " 2
16 F ~ Q 1
~
18 F ~ 1
N
20 F ) ]
22 1 1 1 1 1
10 15 20 25 30 35 40
AC
Fig. 4.

are proportional to A,, indicating that our four calculated
types of cluster preformation factors satisfy the preforma-
tion law of cluster radioactivity.

Encouraged by the high accuracy of the calculated
cluster radioactivity half-lives for known nuclei, cluster
radioactivity half-lives and cluster preformation factors
are predicted for 24 heavy nuclei whose cluster radio-
activity is energetically allowed or observed but not yet
quantified in NUBASE2020 [49]. The predictions are lis-
ted in Table 4. In Table 4, the first column shows the
cluster radioactivity including the parent nucleus, daugh-
ter nucleus, and emitted cluster. The second column rep-
resents the cluster radioactivity energy calculated using
the atomic masses taken from AME2020 [50, 51]. The
third column contains the minimum angular momentum
taken away by the emitted cluster, adopting the spin and
parity values taken from NUBASE2020 [49]. The fourth
column gives the cluster preformation factors log,, P!
predicted using Eq. (30) within the total GLDM interac-
tion energy E = Ena.+Emic. The fifth column is the

-4 T T T T T
oF ﬂ\ @ Extracted P (b) j
N
8 [ N E
~ 9
~
10 F <9 E
®
oo _q2[ N\ ) 4
o
2 Og\ ~
o 4L E
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. - IS
L N E
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18 F S ~ 3
~
20 F ]
22 1 1 1 1 1
10 15 20 25 30 35 40
AC
-4 T T T T T
eF ~ @ Fitted P4/ (q)
N
sk g N ]
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~
10 b \o ® ]
- ~
% Wo
E2o-12F —
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S 14 F N E
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o .
-16 | \Q &
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~
-20 | ] E
22 1 1 1 1 1
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A

C

(color online) (a) log,, P¢ calculated using Eq. (30) as a function of the cluster mass number A.. The black dashed line de-

notes the fitting of the preformation law of cluster radioactivity P.(A.) = PSP [27]. (b) Same as (a), but it depicts log,o P extracted

using Eq. (32) as a function of A.. (c) Same as (a), but it depicts log,, Pit=? calculated using Eq. (33) as a function of A.. (d) Same as

(), but it depicts log,, Pi-* calculated using Eq. (33) as a function of A..
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Table 4.

Predictions of the cluster radioactivity half-lives of heavy nuclei whose cluster radioactivity is energetically allowed or ob-

served but not yet quantified in NUBASE2020 [49]. The cluster radioactivity energies are calculated using the atomic masses taken
from AME2020 [50, 51]. The cluster radioactivity energies and half-lives are in units of 'MeV' and 's', respectively.

cluster radioactivity Q. Imin log; PE" log,  PAt-ext logio T f/r;dim log,o Tf;zdiaz log;o Tp5"
2YRn—Hg+"C 28.10 3 -5.99 -5.51 19.47 18.99 18.73
20Rn—*"Hg+"“C 28.54 0 -5.94 -5.74 18.31 18.11 17.76
BAc—Ph+N 39.47 3 -6.83 -7.11 13.71 13.98 13.62
20Th—2%ph+'%0 45.73 0 -8.74 -8.47 18.15 17.88 18.23
2 Th—2Pb+*0 44.20 4 -9.24 -8.93 21.27 20.95 20.67
2pa—2Bi+1%0 45.87 2 -8.90 -9.04 19.20 19.34 19.11
2TAc—""TI+°0 43.09 1 -9.91 -8.70 23.66 22.44 23.24
2Th—2Pb+20 43.40 2 -10.23 -9.84 24.59 24.20 23.83
BU—2%pph+2Ne 61.39 0 -11.47 -10.75 20.68 19.96 20.73
BINp—2Bi+?Ne 61.90 3 ~11.69 —11.44 21.47 21.22 21.29
BU—2"Pb+*Ne 57.36 1 -13.15 -13.60 28.81 29.27 27.98
BINp—2Bi+*Ne 62.16 3 -12.43 ~12.69 22.40 22.66 22.20
3U—*Ph+*Ne 57.68 3 -13.63 -13.60 28.97 28.94 28.22
20U—21%Ph+2Ne 56.69 0 -13.92 -14.17 31.37 31.62 30.55
BINp—-TTIH+*Mg 77.10 2 -14.54 -13.95 22.73 22.14 22.86
Bpu—2pb+*Mg 77.73 1 -14.88 —15.54 23.61 24.27 23.45
2% Am—2"Bi+*Mg 79.85 2 -14.79 -15.77 22.33 23.32 22.24
Bpu—2%pb+PMg 77.45 3 -14.97 —15.54 24.44 25.01 24.34
BUHg+ Mg 69.46 0 -16.54 -15.31 33.81 32.58 33.10
BNp—-2TTI+ Mg 74.79 2 ~15.65 -15.20 27.00 26.54 26.94
29pyu—2"Ph+ Mg 75.08 4 -16.00 -16.91 28.41 29.32 28.02
BIpu—2Hg+2Si 91.46 4 -16.66 —15.54 25.22 24.10 25.13
9 Am—2"TI+Si 94.50 3 -16.82 -17.25 2291 23.34 23.00
B9Ppu—2Hg+4Si 90.87 1 -17.31 -16.91 26.49 26.09 26.61

cluster preformation factors log,, P~ predicted using
Eq. (33). The sixth and seventh columns contain the
predicted cluster radioactivity half-lives by adopting the
total GLDM interaction energy E = Eyc + Emic With the
cluster preformation factors log,, P! predicted using Eq.
(30) and log,, Pi=* predicted using Eq. (33), respect-
ively. The last column lists the predicted -cluster
radioactivity half-lives using the UDL for comparison
[24]. As shown in Table 4, the predicted cluster forma-
tion factors log,, P! are consistent with log,, Pi=* both
numerically and in trend. In addition, three types of pre-
dicted cluster radioactivity half-lives can be consistent
with each other.

To examine the reliability of the two predicted types
of cluster preformation factors from the perspective of
N,N,, log,, P (denoted as blue squares) and log,, Pi—*
(denoted as blue circles) are plotted against N,N, in Fig.
5 (a) and (b), respectively. Moreover, to test the credibil-

ity of the two predicted types of cluster preformation
factors from the perspective of the cluster preformation
law [27], log,, P! and log,, P1"**" are plotted against the
mass numbers of the emitted clusters, A, , in Fig. 5 (¢)
and (d), respectively. As shown in Fig. 5 (a) and (b), both
log,, P and log,, PM~* decrease as N,N, increases, and
both log,, P! and log,, Pi"*" are linearly dependent on
N,N,, demonstrating that the shell effect plays a key role
in cluster preformation factors. In Fig. 5 (c) and (d), we
find that both log,, P! and log,, Pi*" decrease as A, in-
creases, and both log,, P and log,, Pi=**' are linearly de-
pendent on A., showing that the heavier the cluster, the
more difficult it is to form. The good linear relationships
shown in Fig. 5 also indicate that the predicted cluster
preformation factors log,, P! and log,, Pi~**' are cred-
ible.

Intuitively, the three types of predicted cluster radio-
activity half-lives are shown in Fig. 6. As shown in this
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(color online) (a) log;y P! predicted using Eq. (30) as a function of N,N,. The red dash line denotes the fitting of Eq. (33). (b)

Same as (a), but it depicts log;, Pi~X predicted using Eq. (33) as a function of N,N,. (c) log;, P<! predicted using Eq. (30) as a func-
tion of A.. The black dash line denotes the fitting of the preformation law of cluster radioactivity P.(A.) = ple=bis [27]. (d) Same as (c),
but it depicts log,, Pit-** predicted using Eq. (33) as a function of A.. The blue squares and circles denote log;, P! and log,, PI=**, re-

spectively.

figure, the two types of predictions log,, 775" (denoted
as red circles) and log, 7T75"* (denoted as blue
pentagons) obtained using the total GLDM interaction en-
ergy E = Ena + Emic With the predicted cluster preforma-
tion factors log,, P! and log,, Pi"** are highly consist-
ent with each other. In addition, both log,, 775" and
log,o T{’;;M are in agreement with the predictions
log,, T1/5" (denoted as purple stars) by adopting the UDL
[24]. The predictions of cluster radioactivity half-lives
and cluster preformation factors in this study can provide
a reference for future experiments.

IV. SUMMARY

In summary, we systematically study the cluster ra-
dioactivity by adopting the GLDM. The calculations of
cluster radioactivity half-lives have important improve-
ments and can effectively reproduce the experimental

data after considering the shell correction energy, pairing
energy, and cluster preformation factor in the theoretical
model. In addition, we study the systematic trends of the
cluster preformation factors P, in terms of the N,N,
scheme to investigate the influence of the valence proton-
neutron interaction and shell effect on cluster radioactiv-
ity. We find that log, P, is linearly dependent on N,N,,
indicating that the shell effect and valence proton-neut-
ron interaction play essential roles in cluster radioactivity.
Furthermore, we put forward an analytic formula for cal-
culating the cluster preformation factor. The cluster pre-
formation factors and cluster radioactivity half-lives of
some heavy nuclei are predicted, which can provide a ref-
erence for future experiments.
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