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Abstract: Here, we study the quantum coherence of N-partite Greenberger-Horne-Zeilinger (GHZ) and W states in

the multiverse consisting of N causally disconnected de Sitter spaces. Interestingly, N-partite coherence increases

monotonically with curvature, whereas the curvature effect destroys quantum entanglement and discord, indicating

that the curvature effect is beneficial to quantum coherence and harmful to quantum correlations in the multiverse.

We find that with an increase in n expanding de Sitter spaces, the N-partite coherence of the GHZ state increases

monotonically for any curvature, whereas the quantum coherence of the I state decreases or increases monotonic-

ally depending on the curvature. We find a distribution relationship, which indicates that the correlated coherence of

the N-partite W state is equal to the sum of all bipartite correlated coherence in the multiverse. Multipartite coher-

ence exhibits unique properties in the multiverse, suggesting that it may provide some evidence for the existence of

the multiverse.
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I. INTRODUCTION

Quantum coherence, arising from the superposition
principle of quantum states, is an important feature of the
quantum world and is the basis of the fundamental phe-
nomena of quantum interference [1]. Similar to quantum
entanglement, quantum coherence is an important
quantum resource that can be applied in quantum inform-
ation processing, solid state physics, quantum optics,
nanoscale thermodynamics, and biological systems
[2-12]. Although quantum coherence is of great import-
ance, it did not attract further attention until Baumgratz et
al. proposed a rigorous resource theory framework for the
quantization of coherence, such as the /; norm of coher-
ence and relative entropy of coherence [13]. For complex
multipartite systems, the /; norm of coherence is more
directly calculated and is easier to obtain analytical ex-
pression for than the relative entropy of coherence.
However, as the quantum information task becomes in-
creasingly complex, we must deal with it using multipart-
ite coherence.

Observer-dependent quantum entanglement can be
discussed in the background of an expanding universe
[14—-17]. The theory of inflationary cosmology and our

current observations suggest that our universe may ap-
proach de Sitter space with a positive cosmological con-
stant in the far past and far future, which is the unique
maximally symmetric curved spacetime. Any two mutu-
ally separated R and L regions are eventually causally dis-
connected in de Sitter space [18], where the universe ex-
pands exponentially. This is most appropriately de-
scribed by spanning open universe coordinates for two
open charts in de Sitter space. The positive frequency
mode functions of a free massive scalar field correspond
to the Bunch-Davies vacuum (the Euclidean vacuum) that
supports in both the R and L regions. Using these, entan-
glement entropy between two causally disconnected re-
gions in de Sitter space has been studied in the Bunch-
Davies vacuum and a-vacua [19-24]. Motivated by this,
quantum steering, entanglement, and discord were also
studied [25-29]. Because it has been shown that quantum
entanglement between causally separated regions (bey-
ond the size of the Hubble horizon) exists in de Sitter
space, there may be observable effects of quantum correl-
ations on the cosmic microwave background (CMB) in
our expanding universe.

The vacuum fluctuations in our expanding universe
may be entangled with those in another part of the multi-
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(color online) Causal diagram of the inflationary

verse [19]. In other words, we can consider quantum en-
tanglement between two causally disconnected de Sitter
spaces (BD1 and BD2) as depicted in Fig. 1 [26, 30]. A
quantum system comprises subsystems BD1 and BD2.
Assume that the Universe is BD1 and we have no access
to BD2. In fact, quantum entanglement of the reduced
density matrix influences the shape of the spectrum on
large scales, which is comparable to or greater than the
curvature radius [20]. This may be the observational sig-
nature of the multiverse. In addition, quantum coherence
may be determined by the observers in the process of
bubble nucleation. It is well known that quantum coher-
ence reflects the nonclassical world better than quantum
entanglement, which is considered to be derived from the
nonlocal superposition principle of quantum states. In
other words, quantum entanglement is a special kind of
quantum coherence (genuine coherence) [31-33]. In gen-
eral, quantum entanglement and coherence show similar
properties in a relativistic setting [34—40]. It is not clear
whether multipartite coherence and quantum entangle-
ment have similar properties in the multiverse. Therefore,
demonstrating the observer's dependence on multipartite
coherence in the multiverse is one of the aims of our
study.

Another goal of our study is to better understand the
multiverse through multipartite coherence. According to
the string landscape and inflationary cosmology, our uni-
verse may not be the only one, but part of the multiverse
[41-45]. In the structure of the multiverse model, there
may be many causally disconnected de Sitter bubbles (de
Sitter universes). Until recently, the multiverse was
merely untestable philosophical conjecture. However, in
the multiverse, quantum coherence between N causally
separated universes may generate detectable signatures.
Some of their quantum states far from the Bunch-Davies
vacuum may be entangled with another universes [19].
Then, we introduce N observers who determine quantum
coherence between N causally disconnected de Sitter
spaces. We assume n observers inside de Sitter universes
and aim to discover how the inner n observers detect the
signature of quantum coherence with other N—n de Sit-
ter universes.

In this paper, we discuss quantum coherence of the V-
partite Greenberger-Horne-Zeilinger (GHZ) and W states
of massive scalar fields in de Sitter universes. We as-
sume that N—n observers are in their respective static
universes, whereas n observers are in their expanding uni-
verses. Here, an observer corresponds to a universe. We
calculate N-partite coherence and obtain its analytical ex-
pression in the de Sitter background. We find that with an
increase in the curvature, N-partite coherence increases
monotonically, whereas quantum correlation decreases
monotonically as the curvature increases in de Sitter uni-
verses [25-28]. Therefore, we can gain a deeper under-
standing of the multiverse from the perspective of
quantum resources. Although this research may involve
quantities that cannot be directly detected in the multi-
verse, it provides profound insights into the fundamental
nature of quantum systems in different spacetime back-
grounds.

Interestingly, quantum coherence of the N-partite
GHZ state in de Sitter universes has nonlocal and local
coherence that can exist in subsystems, whereas quantum
coherence of the N-partite GHZ state in Rindler space-
time is genuinely global and cannot exist in any subsys-
tems. We quantify nonlocal coherence in terms of the
correlated coherence of the multipartite systems in the
multiverse. N-partite coherence of the W state in de Sitter
universes is not monogamous. However, the correlated
coherence of the N-partite W state is equal to the sum of
the correlated coherence of all the bipartite subsystems in
de Sitter universes. With increasing », quantum coher-
ence of the W state decreases or increases monotonically
depending on curvature, whereas N-partite coherence of
the GHZ state increases monotonically for any curvature.
These results reveal some unique phenomena of multi-
partite coherence in de Sitter universes, providing the
possibility of discovering the multiverse.

The paper is organized as follows. In Sec. II, we
briefly introduce the quantization of the free massive
scalar field in de Sitter space. In Sec. III, we study
quantum coherence of the tripartite GHZ and W states in
the multiverse. In Sec. IV, we extend the relevant re-
search to N-partite systems. Finally, Sec. V presents a
brief conclusion.

II. QUANTIZATION OF A SCALAR FIELD IN DE
SITTER SPACE

We consider a free scalar field ¢ with mass m in the
Bunch-Davies vacuum of de Sitter space represented by
the metric g,,. The action of the field is given by

4 |- m’ 2
S=/dxv—_g[—5 ou00-"0 (1)

The coordinate systems of the open chart in de Sitter
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space can be obtained via analytic continuation from the
Euclidean metric and divided into two parts that we refer
to as R,L. The R and L regions, which are covered by the
coordinates (¢;,r;) and (z,rr) , respectively, in de Sitter
space, are causally disconnected, and their metrics are
given, respectively, by

¢_

0? 0 1+
{— +3cothr— +

ds} = H2 [~de2 +sinh® tg (dr2 + sinh? r dQ2 or on
R= % g (drg +sinh” rg dQ )} ,

ds; = H? [-dr} +sinh’t, (dr] +sinh’*r,dQ%)], ()

o 0
{— +2cotht— —

where H™' is the Hubble radius, and dQ? is the metric on or? or

the two-sphere [18]. To obtain the analytic continuation = —(1+ pH)Y (1, Q),

solutions in the R or L region, we must resolve this pro-
cess in the Euclidean hemisphere. It is natural to choose
the Euclidean vacuum (Bunch-Davies vacuum) with de

Wz

H
- SinhtXp(t)Yp(’m(rsg)s (3)

and the solutions of the Klein-Gordon equations for y,(r)
and Y,4,(r, Q) in the R or L region are found to be

m2

}Xp(t) =0, (4)

7L2:| Ypfm(rs Q)

)

where Y,.,(r,Q) are eigenfunctions on the three-dimen-

Sitter invariance as the initial condition. Therefore, we
must find the positive frequency mode functions corres-
ponding to the Euclidean vacuum. By separating the vari-

ables, we obtain

sional hyperboloid, and L? is the Laplacian operator on
the unit two-sphere [19, 46].

The positive frequency mode functions correspond-
ing to the Euclidean vacuum supported both on the R and
L regions are given by

r (v +ip+
Xp,tr(t) =

F(v+ip+

e’ —ioe”

oe™” —je

inv e P —ige

1
r(v—ip+=
(v-ip+5)

oe ™ —je ™

. 1)
I'\v—-ip+=
(V 1p )

P? , (coshtz) - P (coshty),
V=3 v—1

1
;) o

P?  (cosht;) - P (cosht,),
V=3 v—1

:)

where Pfip% are the associated Legendre functions, and
o ==+1 isused for distinguishing the independent solu-
tions in each open region. Their Klein-Gordon norms are

hilation and creation operators

o H
b0 = < [ A0S (oo 0+ a3 0]

evaluated to give [x,o ()X po (D] = N,0ye With the nor- sinh?
L. 4sinhnp /coshmp — o sinmy
malization factor N, = — [18].
, ~ Nrfv+ip+pl ¢ X Y pon(r, Q). (8)
In the above solutions, v is a mass parameter that is given
by
where a, ¢, satisfies aqpu0)sp =0 in the Bunch-Davies
9 w2 vacuum. We introduce a Fourier mode field operator as
VEN 1T (7 follow

Note that the two special values of the mass parameters
v=1/2 and v=3/2 correspond to the conformally
coupled massless scalar and minimally coupled massless
limit, respectively. Here, p is the momentum of the scalar
field. The curvature effect in three-dimensional hyperbol-
ic space starts to appear around p ~ 1. When the mo-
mentum p decreases, the curvature effect becomes
stronger. Therefore, we can probe the curvature effect on
multipartite coherence by varying the momentum p
[25-29].

The scalar field can be expanded in terms of the anni-  line

o
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Bpin®) =D [GoptmXpa®)+ @y Xh e O] . (9)

For simplicity, hereafter, we omit the indices p, ¢, and m
in the operators ¢, dopem, and a;,,g_m. For example, the
mode functions and the associated Legendre functions
can be rewritten as P”, jp(coshtg,) — PRE P pp(coshig )
— PRI Jand y, (1) = x7.

The two lines of Eq. (6) can be expressed in the one
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X" =N [ag P P (10)
g=R.,L
- (1 +ip)|
N'l=—n 2
where N, 2p an
P — io_e—iirv e P — io_e—iirv
e e e t )
F<v+ip+§) l"(v—ip+§>
o = e’ — io-e‘i’l’v R . e~ —io-e‘il’rv .
F<v+ip+§> F(V—ip+§>
(12)
The complex conjugate of Eq. (10) reads as
XW =N;I Z [ﬂ;‘TPq+a;”P*q] . (13)

q=R,L

Then, Eq. (6) and its conjugate can be placed into the
simple matrix form [22, 26]

X'=N,'M';P’, (14)

where the capital indices (,J) run from 1 to 4, and

. a” ﬁo’
X=X, M= ( o ) ,
ﬁq aq

P’ = (P*, P PR PE) . (15)

Now, we introduce the new annihilation and creation op-
erators (b,,b}) that satisfy b,/0), =0 in different regions.
Because the Fourier mode field operator is the same un-
der the change of mode functions, we can relate the anni-
hilation and creation operators (bq,b;) and (a,,a}) in dif-
ferent references [22, 26]. Therefore, we have

o) =ax' =N,'a;M'; P’ =N,'b,; P/,
a;=(a,,a), by=(bg,br,by,by). (16)
From Eq. (16), we obtain the relation
w=b (MY, (M) = ( i"‘; g‘j" ) ,

qo
{ é= (a—ﬁa*‘lﬂ*)_l ’

§=—a B 4

Using the Bogoliubov transformation between the op-

erators, the Bunch-Davies vacuum and single particle ex-
citation states can be constructed from the states in the R
and L regions [28], which can be expressed as

0%p = /1=l Y ¥plm)ln)e, (18)

n=0

1y, <
Wap =28 S N T [jn+ Dy
\/E n=0

+|mLl(n+ 1)>R], (19)
where |n)z and |n); correspond to the two modes of the R

and L de Sitter open charts, respectively, and the paramet-
er v, reads as

V2

=1 .
Vcosh2zp + cos2nv + /cosh2xp +cos2av +2

Yp (20)

Now, we elaborate on the assertion that p can be re-
garded as the curvature parameter of the de Sitter space.
Employing Eq. (18), the reduced density matrix from the
Bunch-Davies basis to the basis of the open chart in the L
region can be expressed as

pL = Tre(0ep(0) = (1 =1y, > by, Pltal.— (21)

n=0

Similarly, we can also obtain the reduced density matrix
from the Minkowski basis to the Rindler basis, which is
found to be

pr=(1—-e6)> e ny(nl, (22)

n=0

where a is the acceleration [36, 38]. From Egs. (21) and

(22), we can obtain a = —nw/Inly,|. For the given values
a

of v and w, it is evident that the temperature Tv = o is a

monotonically decreasing function of p. That is, a de-

crease in p will lead to an increase in the curvature effect

of de Sitter space. This assertion has been utilized previ-
ously [25-29].

III. TRIPARTITE COHERENCE OF SCALAR
FIELDS IN THE MULTIVERSE

Utilizing this Bogoliubov transformation given by
Egs. (18) and (19), we discover that the initial state of the
Bunch-Davies mode observed by an observer in the glob-
al chart corresponds to a two-mode squeezed state in the
open charts. These two modes correspond to the fields
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observed in the R and L charts. If we exclusively exam-
ine one of the open charts, for example, L, we cannot ac-
cess the modes in the causally disconnected R region and
must consequently trace over the inaccessible region.
This situation is analogous to the relationship between an
observer in a Minkowski chart and another in one of the
two Rindler charts. In this sense, the global and
Minkowski charts encompass the entire spacetime geo-
metry, whereas the open and Rindler charts cover only a
portion of the spacetime. From the above analysis, we
find that time evolution does not play a direct role in the
calculations presented in the paper. The focus is primar-
ily on the initial quantum states and the subsequent tra-
cing out of parts of the density matrix.

In the structure of the multiverse model, there may be
many causally disconnected de Sitter bubbles (de Sitter
universes), and the inside of a nucleated bubble re-
sembles an open universe. Along this line, we initially
consider two typical tripartite GHZ and W states shared
by Alice, Bob, and Charlie, who determine quantum co-
herence between three causally disconnected de Sitter
spaces. The technology for preparing GHZ and W states
in experiments has become highly established [47, 48].
Quantum coherence can be observed experimentally in
flat spacetime [49, 50]. As is well known, the search for
multiverse observations remains an open question, and
most research on the multiverse is theoretical [26, 30].
Therefore, we believe that understanding the behavior of
quantum coherence of GHZ and W states can provide
guidance for simulating the multiverse using quantum
systems [51-53]. By removing a single particle from the
W state, the ensuing bipartite state remains entangled.
Thus, the W state demonstrates a remarkable persistence
of quantum entanglement in the face of particle loss. Un-
like for the W state, quantum entanglement and coher-
ence of the GHZ state only exist in three particles. Then,
we set Bob and Charlie to remain in the L regions of two
expanded de Sitter universes, and Alice is in the global
chart of the other de Sitter space without expansion. In
experiments, it is temporarily difficult to realistically
place an entangled particle in every universe, but this is
just for our theoretical model. If we probe only an open
chart, such as L, the observer cannot access the mode in
the causally disconnected R region, and the inaccessible R
region must be traced over. In other words, in composite
quantum systems, we only focus on the modes under con-
sideration; hence, we must trace the remaining modes. A
pure state of the observers will then be a mixed state.
Therefore, thermal noise introduced by the expanding
universe destroys quantum correlations [25-28]. In the
following, we explore the properties of tripartite coher-
ence in the multiverse.

A. Tripartite GHZ state
We assume that three observers, Alice, Bob, and

Charlie, share a tripartite GHZ state of the free massive
scalar field, defined as

1
V2
+1)a8p, 188D, 11)cBD;]- (23)

|GHZ) ppc = [|O>A,BD1 |O>B,BD2 |O>C,BD3

Here, Alice, Bob, and Charlie are in the three causally
disconnected de Sitter spaces (BD;), (BD,) , and (BDs),
respectively. Then, we consider that Bob and Charlie are
in the L regions of expanded de Sitter universes and Alice
is in a global chart of the other de Sitter space. For con-
venience, we omit the subscript BD. Using Egs. (18) and
(19), we can rewrite Eq. (23) as

1 _l |2 = n. m
\GHZ)sppec =% > v [|0>A|n>3|n>g|m>c|m>c

1— 2
e A TV T+ Dl

+|n)pln+1)p)

n,m=0

®(m+ elme + e+ 1c)],
(24)

where the modes B and C are in the R regions. Because
the R and L regions are causally disconnected, we must
trace over the modes B and C in the R regions and obtain
the reduced density matrix as

(I_b/ |2)2 . n.2m
Pasc = % Z 7’2 7’?; Prms (25)

n,m=0

where

1- 2
Pron =100 Ol o+ + TP NET Vi Ti0) 1
@) s(n+ 1]+ y,ln+ Dl (mdcim + 1)+ yyhm+ 1)e(m)
2
+ % Vi+1Vm+ 1|1)4(0|(|n + 1)5{n|

+y,men+ 1)@ (m+ Dc(m| + 7y, lm)c(m+11)

L U=yP)
4
+ Vn+2Vn+ 1 X (y,ln+2)p(n| +y;|n)3(n+2|)][(m+ 1

(m+ Dyeclm+ 1|+ |m)cim|)+ Vm+2 Vm+1
(¥plm+2)c(ml + 7y, Im)c{m+2])]. (26)

IDacli®[(n+ 1) (In+ 1)p(n + 1] +n)(nl)

Next, we explore the properties of quantum coher-
ence of the GHZ state in the multiverse. Here, we use the
l; norm of coherence introduced by Baumgratz ef al. to
quantify quantum coherence [13], which is defined as the
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sum of the absolute value of all the off-diagonal ele-
ments of a system density matrix,

Cp)=> o)l 27)
i#j
It is essential to emphasize that quantum coherence is
contingent upon the selection of a reference basis. Rep-
resenting the same quantum state with different reference
bases can result in different values of quantum coherence.
Practically, the selection of the reference basis may be
governed by the physics inherent in the problem under
consideration. For instance, one might concentrate on the
energy eigenbasis when exploring coherence in the con-
text of transport phenomena and thermodynamics. In the
quantum depiction of Young's two-slit interference, the
path basis is advantageous. In this study, we employ the
particle number representation to investigate the dynam-
ics of multipartite coherence for scalar fields in the multi-
verse. In quantum optics, the coherent superposition of
number states with different numbers of photons is cru-
cial, playing significant roles in various optical interfer-
ence settings [54]. As is widely recognized, coherent and
squeezed states of optical fields stand out as typical ex-
amples of such coherent superposition. In the case of
two-mode optical fields, coherent superposition in photon-
number bases can lead to the emergence of entanglement
between the photons of the two modes, such as in the
case of two-mode squeezed states. This represents an es-
sential resource in various applications. The coherence
resulting from the superposition of photon-number states
typically leads to a nonuniform distribution of optical in-
tensity concerning position or time. This phenomenon
gives rise to interference fringes, which can be detected
through appropriate settings. The maturity of technolo-
gies in quantum optics provides the foundation for invest-
igating scalar field counterparts in the multiverse.
Employing Egs. (25) and (27), quantum coherence of
the GHZ state becomes

) 2
Clpasc) = %{(1 ~ly, Py {Zy,%" Vi+1(1+ mi)}
n=0
[ee) 2
+ {(1 - |yp|2)zz:)/12,"+l Vn+2Vn+ 1}
n=0

+2(1 =y, 2 ny,"“ Vn+2Vn+ 1}. (28)

n=0

In the above calculations, we use the relations

A=ly,PY =1, (29)

n=0

and

A=l "+ = 1. (30)

n=0

As shown in Eq. (28), quantum coherence depends on the
curvature parameter p and mass parameter v, which indic-
ates that the curvature effect influences quantum coher-
ence in de Sitter spaces.

In Fig. 2, we plot quantum coherence C(ppc) as
functions of the mass parameter v and curvature paramet-
er p. Quantum coherence of the GHZ state decreases
monotonically with an increase in the curvature paramet-
er p. In other words, quantum coherence of the GHZ state
increases with curvature. This suggests that the curvature
effect can improve quantum coherence in the multiverse.
Conversely, quantum entanglement and discord decrease
with an increase in the curvature in de Sitter spaces
[25-28]. In addition, quantum coherence of the GHZ state
is more sensitive to the curvature effect for v — 1/2 (con-
formally coupled massless limit) and v — 3/2 (minimally
coupled massless limit).

Tracing over the modes 4, B, or C from pspc, We re-
spectively obtain

1 o0
prc = {1 =l PY Dy el © (1= by, P)?

n=0

0 0 1._ 2\2
D v mdetml+ [%yﬁ"(n +1)
n=0

m=0

v [2)2
(Inyp{n|+|n+1)p(n+ 1)) + %ﬁn Vel

Vn+2<7pln+2>3<n|+y;|n>3<n+2|>}

*® 1— ; 2\2
®y [%ﬁﬂm + D)(fmye(m| +lm + e
m=0

=1y, 5,
(m+1))+ %yﬁ Vm+1Vm+2(y,Im

+cml+ymcim+ 2]}, G

0.0 v

Fig. 2.
GHYZ state as a function of the mass parameter v and curvature

(color online) Quantum coherence C(oapc) of the

parameter p.
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2\2
Pac =5 {|0>A<0| ®(1 -y, Z)’,mlm>c<ml +Da(1] ®Z [ (%ﬁ,’"(’n + Dimyc(m| +m+ 1)c(m+ 1|>
m=0
+ M%”yim Vm+1Vm+2(yplm+2)c(m| +y;|m)c(m+2|)} }, (32)
*© 1= 232
pas= 3 {I0s01@ (1 -1y )22y2"’|m>3<m| #10act10 Y| (T4 ot Dm 411
m=0
1- p
N %ﬁm Vi T Vm+ 20y, lm +2)p(ml + ' m) lm + 2|)} } (33)
Similarly, we obtain the density matrices of the subsystem 4, B, and C
1
pa= §(|0>A<O| +11a(1), (34)
o= 2 {00+ Z (o Dt gt +11)
1- J
+ %yﬁm Vim+1Vm+2(y,|m+2)s(m| +y;|m)3(m + ZI)} }, (35)
e = 3 {I0cc0r+ Z (B o s+ 3com 1)
1-
+ %yi’" Vm+1NVNm+2(y,lm+2)c(m +*y;|m)c(m + ZI)} } . (36)

Using Eq. (27), we obtain bipartite coherence as

C(pa) = Clpac) = val) Z Vi 2 Vit Ty, 2,
(37)
| w
C(pBC) = E{[(l — |fyp|2)22 Vn+2 \/n+ 1|,yp|2n+l]2
n=0
+201 =y, Va2V P (38)

n=0

From Egs. (34)—(36), we find C(ps) = 0 and C(pap) =
C(pac) = C(pp) = C(pc). This indicates that quantum co-
herence C(p,) in the global chart of de Sitter space is al-
ways zero, whereas quantum coherence C(pp) and C(oc)
in the L region of de Sitter space can be generated by the
curvature effect.

By calculation, we obtain an inequality C(opc) >
C(pp)+C(pc), suggesting that the curvature effect can
generate nonlocal coherence between the modes B and C
in de Sitter spaces. We can define the correlated coher-

[
ence of a multipartite quantum system described by the
density operator p,,..4, [31-33], which is expressed as

C(par-a,) = Cparn) = Y Clpa,). (39)
We obtain the correlated coherence as
1 (o)
C(ope) = 511 =1y, P)* D N+ 2V + Ty, 1P,
n=0
(40)

C(panc) = {(1 ~ly, Py’ {Zyz" Vi 1(1+ mn}

n=0

=iy P [zwwﬁvm 3
(41)

As shown in Fig. 3, the bipartite (correlated) coherence
decreases with an increase in the curvature parameter p,
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(b)

0.5k’

0.3r

Coh
Coh

0.1r

0.2 0.4 0.6 0.8 1.0

Fig. 3. (color online) Bipartite coherence C(pag), C(onc), correlated coherence C(ppc) , and C¢(papc) of the GHZ state as a function
of the curvature parameter p for a fixed v = 3/2.

. . 1
meaning that the curvature effect can generate the bipart- [W) = —T[10)4.8D, 0580, 1)cBps +10)48D, 11)58D,10c8D3
ite (correlated) coherence. V3
+11)480,10),8D,10)c 8D, 1- (42)

B. Tripartite W state
In this section, we assume that Alice, Bob, and  Following the treatment for the GHZ state, the W state be-

Charlie initially share the W state comes
o hll" )2 n m
IW)agsce = Z 7,,7,, |0>A|n>3|">3(|m)c|m +De
n,m=0
+|(m+ D)clmyc)+ Va+ 1|0 (In)pln + 1)z +n+ 1) +|n)p)
®lm)clme + V2(1 - |7p|2)_% |Daln)gln)glm)clm)e]. (43)

The reduced density matrix after tracing over the modes B and C can be expressed as

1 [ee]
pasc =3 > VY Pun (44)

n,m=0

_ 2
w[(m + D(melml+Im + Dedm+ 1)+ Nm+2 Vm + 1y imbe(m+2|

a |7p| 2y

P =100401® (1 = [y, ) ln)p(nl ®

+Yplm+2)c(mD] +10)4(0l @ ————[(n+ D(In)p(nl +In+ Dp(n+ 1)+ Va+1Vn+2(y,In)s

(n+ 24, + 25Dy, ) @ Imye(m| + [104(01® % N Tlnatn + 1]+ y,ln + Daal]
, \ (45)
1=y, )} 1=y, )
® % Vo 1Ly mbe(m+ 1]+l + Detml] + he.] + [0)a(1lin)s(nl ® % N+ 10y mde

(1-ly,P)?

(m+ 1 +m+ Dec(m|] +h.c.]+[|1)4{0|® \/§| ) Vo + 1|n)g(n+ 1 +y,ln+ 1)p(n|] @ |m)c(m| + h.c.]

+ (1= ly, YDA Uiy pérllm)c(ml].

Employing Eq. (27), the coherence of the IV state becomes
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1 o0
C(pasc) =3 {2(1 —ly, )’ Z " Vn+2Vn+1
n=0

+2V2(1 =1y, Dy Ve 1(ly, + 1)

m=0

o0 2
-ty | S N T+ D)}
m=0

As shown in Fig. 4, quantum coherence of the I state de-
creases monotonically with an increase in the curvature

parameter p. which indicates that auantum coherence in-
|

PBCc =

W —

(y,,|m+2>c<m|+y;|m>c<m+2|>}+h.c.} { '7”') Zﬁ"«/m (nyp(n+ 1+l + 1) @

creases monotonically with increasing curvature. From
Fig. 4, we also find that quantum coherence of the IV state
is most severely affected by the curvature effect of de Sit-
ter space for v — 1/2 (conformally coupled massless lim-
it) and v — 3/2 (minimally coupled massless limit). In
addition, quantum coherence of the W state is larger than
that of the GHZ state, which means that quantum coher-
ence of the W state is more suitable for processing
quantum information tasks in the multiverse.

We obtain the density matrix ppc, pac, and pap after
tracing over the modes A, B, and C from the state p,pc,
respectively.

H(l |y,,|)zy2"|n>3<n|® '7’") Zyz’"{<m+1)(|m>c<m|+|m+1>c<m+1|>+v 1 Vm+

(1-ly, )3
NG

> 2 Vm (|m+1>C<m|+7p|m>c<m+1|)+hc}+(1—|7p|)Z)’znln)g(n|®(l—lyp|)Zyz”’|m)c(m|} @)
m=0

n=0

1 -
pAc=§{|0>A<0|® '”) ¥y {(m+1)<|m>3<m|+|m+1>3<m+1|>+«/_ Vm+2 <7p|m+2>3<m|+y,,|m>3<m+2|)}

m=0
(1—|y,,|2)% =\ om . A=1y,P? <
+100a(1|® 2= "2 Nm+ L(im+ Lyg(ml + v mdp(m+ 1) + 140/ ® ——L= "y2" Vm+ 1(Im+ 1) ¢m|
\/E m=0 \/E m=0
+plmys(m+ 1) + 100401 @ (1 =1y, ) > y2"mys(m| +1)a(1| @ (1 = |y, | )Zy2'"|m>3<m|} (48)

m=0

m=0

1 1-1y,)?
Pap =3 {|0>A<0|® % ny,’" {(m+ Dmdc{ml+Im+ Delm+ 1)+ Vm+1Nm+ 20y, Im +2)c(ml +y lm)c(m+2])

+|O>A<1|®

m=0

b’p' ) Zy2n1 mqm + 1>C<m| +y;|m)c(m+ 1|) + |1>A<O| ®

(1-ly,P)?
Nz

Zyz"’ Vi ({m+ 1elml +yplmdem+ 1) + 10040l @ (1 =1y, | )Zy2m|m>c<m| 110

(11®(1 - |y,,|2)2yf,'"|m>c<m|} :

m=0

Using Eq. (27), we obtain the bipartite coherence as

1 (s8]
Closc) =3 {2(1 ~1y,? > Vit 1 Vn+2ly, !
n=0

o 2
+(1—|y,,|2)3{2|yp|2" vn+1<|yp|+1>} }

n=0

(50)

m=0
(49)
1 0
C(pac) =C(pap) = g[(l - |7p|2)22 Vin+1Vn+2|
n=0
Xy, "+ N2 =Ly, )Y by Vit
n=0
X (1 +1y,DI (51)

Similarly, we obtain the density matrices p4,05, and pc of
the single particle system as

075107-9



Shu-Min Wu, Chun-Xu Wang, Rui-Di Wang et al.

Chin. Phys. C 48, 075107 (2024)

v
0.0

Fig. 4. (color online) Quantum coherence C(papc) of the W
state as a function of the mass parameter v and curvature para-
meter p.

1
Pa = 3200+ [DaclD, (52)

(1= ly,P*)?

1 o0
pp=3120=1y,) Yy} lm)sml+=—

m=0

ny,m[(m + D)(Im)p(m| + [m + 1) p(m + 1)
m=0

+ Vm+1NVm+2(y,lm+2)p(m| + v, lm)s(m+2)]],
(53)

(1=ly,l*)?

1 [ee)
pe=3v {20 =Py v mdctml+ —
m=0

S oy {(m+ D)(m)yc(ml +lm -+ D(m + 1)

m=0

+ Vm+1Vm +2(y,|[m+2)c(m| +'y;|m)c(m + ZI)} }

(54)
The corresponding single particle coherence reads as

Clpa) =0, (35)

(a)

0.35

_ 22 ®
C(pp) = Clpc) = A=) Z Vi+ 1 Vn+2ly, .
n=0

3
(56)

According to Eq. (36), we can obtain the correlated co-
herence as

1 s —
C“(pasc) =3 {2 V2(1 - y,P)? Z byl N+ 1(ly, | + 1)

m=0

oo 2
+<1—|yp|2>3{prfm«/mﬂuyplﬂ)} }
m=0

(57)

‘ ‘ 201y, ) &
Cpan) =C(pne) = 2D S ey )
n=0

(58)

oo U= [ ?
Clope) = ——3"— | D" N+ 1y, + D] . (59)
n=0

As shown in Fig. 5, the properties of the single particle
coherence C(p,) and C(pp), bipartite coherence C(ppc)
and C(p,p), and correlated coherence C(o4z), C(0sc),
and C¢(papc) in the W state are similar to those in the
GHZ state.

The relationship of quantum coherence for the ¥ state
is still unclear in the multiverse. Through direct calcula-
tion, we obtain a distribution relationship between the
correlated coherence of the tripartite J¥ state as

C*(papc) = C(pap) + C(ppc) + C(pac)- (60)
From Eq. (60), we find that the correlated coherence of
the W state exists essentially in the form of bipartite cor-
related coherence, showing that the correlated coherence
of the tripartite system is equal to the sum of all the bi-
partite correlated coherence in the multiverse. In addition,

(©)
35 .

0.30F
0.25F
0.20F
0.15F
0.10F
0.05F
0.00

Coh

\\
3.0F N

~ === Cpnsc) |

=== Clpnc) ] 25
2.0F
1.5F

1.0

0.5F

0.0

0.2 0.4

Fig. 5.

P

0.6 0.8 1.0 0.2

(color online) Single particle coherence C(pa) and C(pp), bipartite coherence C(opc) and C(pap), and correlated coherence

C(pan), C(ppc), and C¢(papc) of the W state as a function of the curvature parameter p for a fixed v = 3/2.
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Egs. (18) and (19) are very similar to Eqgs. (14) and (16)
for gg = 1/ V2 in reference [55]. Therefore, the properties
of multipartite coherence in de Sitter space are similar to
those beyond the single-mode approximation in Rindler
spacetime.

IV. N-PARTITE COHERENCE IN THE
MULTIVERSE

In this section, we discuss the extension of the tripart-
ite systems to N-partite systems (N > 3). The N-partite
GHZ and N-partite I states can be written as

1
%(m)BD,I |0>BD,2~~|0>BD,(N—1) |0>BD,N

+ Do, Dep2---[1)8D,00-1y1)BD.N)> (61)

|GHZ>1234..N =

1
[W)in3..n = N(l gp,110)8D.2-+10)8D,(v-1)|0)BD N

+108p,111)8D2.--[08D,(W-1)|0)BDN + - - -

+108p,110)8D.2---[0)BD,(V-1) | DBDN), (62)

where the mode i (i = 1,2,...,N)) is observed by observer
O; in de Sitter space BD,. Now, we assume that n
(2<n<N-1) observers are in the different L regions of
the expanded de Sitter spaces and N —n observers are in
the global charts of the other de Sitter spaces. Through a
series of calculations, we obtain N-partite coherence of
the GHZ and W states as

1-
caHz) = {2| T2 '\ji') Zwmv Tyl + 1]

+ [1 +(1 —|y,7|2>22|y,,|2'"+1

m=0

mm}"_l}, (63)

l o
CW) =5 {n(l ~1y®?> " Vm+ 1V + 2y, !
m=0

A=1y,P? <, L
n)¢z:|yp|2 Vm+1

(vl + 1)+ nin - [ '”") 3y

m=0

+2n(N -

Vm+1(|yp|+l)} +(N—n)(N—n—1)}. (64)

After tedious but straightforward calculations, the correl-
ated coherence of the GHZ and W states reads as

C“(GHZ):%{2[( “byP)’ Zmﬁ’"v (|7p|+1>}

+ {1 +(1 —|y,,|2)22|«y,,|2’"+1 Vm+1 \/m+2} -

m=0
—n(1=ly, P>y P Vm+ 1 «/m+2},
m=0

(65)

. e R e
C(W) = —2<N m) 2= "Iy, " Vm+1(ly, |+ 1)

\/_ m=0
1-ly,
i 1)[( D S~ N Ty e )]
m=0
+(N—n)(N—n—1)] (66)

As shown in Egs. (63)—(66), N-partite (correlated) co-
herence of the GHZ state depends only on the n observ-
ers who are in the different L regions of the expanded de
Sitter spaces, whereas N-partite (correlated) coherence of
the W state depends not only on the n observers but also
on the initial N observers.

From Fig. 6, we find that the curvature effect en-
hances N-partite (correlated) coherence. Therefore, the
curvature effect is beneficial to N-partite (correlated) co-
herence in the multiverse consisting of many de Sitter
spaces. As shown in Fig. 7 (a)—(b), N-partite (correlated)
coherence of the GHZ state increases monotonically with
increasing n for any curvature parameter p. Fig. 7 (c)—(d)
show that with an increase in n, N-partite (correlated) co-
herence of the W state increases monotonically for a
smaller curvature parameter p, whereas it decreases
monotonically for a larger curvature parameter p in the
multiverse. From Fig. 8, we find that N-partite (correl-
ated) coherence of the W state increases monotonically
with increasing N for any p and n, whereas N-partite (cor-
related) coherence of the GHZ state is independent of N.
We can also see that N-partite (correlated) coherence of
the W state increases or decreases monotonically with in-
creasing n depending on the curvature parameter p.

Next, we study the distribution relationship of coher-
ence for N-partite systems in the multiverse. For the N-
partite W state, the distribution relationship of the correl-
ated coherence can be written as

-1 .
"D popo) + (N ~mC (pop)

(N-n)(N—-n-1)
A —

C*(pxpx) = C°(W). (67)

Here,
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Fig. 6. (color online) N-partite coherence and correlated coherence of the GHZ and W states as functions of the mass parameter v and
curvature parameter p for fixed n=10 and N=20.
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Fig. 7. (color online) N-partite coherence and correlated coherence of the GHZ and W states as functions of the curvature parameter p
for fixed v=3/2, N= 20 and different n.

. I LR N o L S — 2 . _
C (,00,00) = N |:—2 ;l’yﬂ m+ 1(|’yp| + 1) C (pOpX) =

S
@ A=l Sy o Ty, 1+ 1)
m=0

2

N V2

denotes the bipartite correlated coherence of the modes
corresponding to two observers who are in the L region of

i the expanded de Sitter space and the global chart of de
panded de Sitter spaces; Sitter space, respectively; C¢(pxpx) =2/N denotes the bi-

denotes the bipartite correlated coherence of the modes
corresponding to two observers in the L regions of the ex-
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Fig. 8.
p=0.6 (c) and (d). The parameter v is fixed as v=3/2.

partite correlated coherence of the modes corresponding
to two observers in the global chart of de Sitter spaces.
From Eq. (67), we find that the total correlated coher-
ence of the N-partite J¥ state is equal to the sum of all bi-
partite correlated coherence in the multiverse.

V. CONCLUSIONS

The curvature effect on quantum coherence of tripart-
ite GHZ and W states in the multiverse is investigated.
We show that tripartite coherence increases with
curvature, indicating that the curvature effect is benefi-
cial to quantum coherence in the multiverse. However,
with increasing curvature, quantum entanglement gradu-
ally vanishes and quantum discord gradually decreases to
a fixed value at the limit of infinite curvature in de Sitter
space [25-28]. We find that quantum coherence of the
GHZ and W states is sensitive to the curvature effect in
the limit of conformal and massless scalar fields. Interest-
ingly, the curvature effect can generate bipartite quantum
coherence and single-partite quantum coherence. We ob-

I ;::!Il]iffiilll T o j|au

TR

20 0

| ] $3838 |20

Van ..mmgzg;ﬁ;ﬁziiiiiﬁg;g

40 20
n

(color online) N-partite coherence and correlated coherence of the W state as functions of » and N for p=0.1 (a) and (b),

tain a distribution relationship of correlated coherence for
the W state in the multiverse. In other words, tripartite
correlated coherence of the W state is equal to the sum of
all bipartite correlated coherence.

We extend the investigation from tripartite systems to
N-partite systems in the multiverse. Unlike tripartite co-
herence, N-partite coherence of the W state depends not
only on the curvature and mass parameters, but also on
the n particles in the L regions of the de Sitter spaces and
the initial N particles. However, N-partite coherence of
the GHZ state is independent of N. We find that with in-
creasing n, N-partite coherence of the GHZ state in-
creases monotonically for any curvature, whereas N-
partite coherence of the W state increases or decreases
monotonically, depending on the curvature. We extend
the tripartite distribution relationship to the N-partite dis-
tribution relationship. This indicates that the total correl-
ated coherence of the N-partite W state is essentially a bi-
partite type. Based on the above arguments, we expect
that multipartite coherence will be able to provide some
evidence for the existence of the multiverse.
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