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Abstract: This paper presents a comprehensive analysis of the MD-BFKL equation, considering both shadowing

and anti-shadowing effects in gluon recombination processes. By deriving analytical expressions for unintegrated
gluon distributions through the solution of the MD-BFKL equation, with and without the incorporation of the anti-

shadowing effect, we offer new insights into the influence of these effects on the behavior of unintegrated gluon dis-
tributions. Our results, when compared to those from the CT18NLO gluon distribution function, demonstrate that the

anti-shadowing effect has a notably stronger impact on the characteristics of unintegrated gluon distributions, partic-

ularly in regions of high rapidity and momentum. This work significantly contributes to the understanding of gluon

recombination mechanisms and their implications in high energy physics.
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I. INTRODUCTION

In the framework of perturbative quantum chromody-
namics (pQCD), the understanding and prediction of par-
ton distribution functions (PDFs) in protons can be
achieved through the utilization of QCD evolution equa-
tions. The well-established Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equation [1-3] is ap-
plied to describe the growth of partons at high Q?, where-
as the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation
[4-9] provides insights into gluon splitting in the small-x
region [10].

Nonetheless, both DGLAP and BFKL equations ex-
hibit unbounded growth of the gluon density, which viol-
ates either the unitary or the Froissart bound [11]. To ad-
dress this issue, higher-order corrections must be taken
into consideration to regulate this uncontrolled growth.
Specifically, in regions of high density, gluons recom-
bine, and such recombination effects become particularly
significant in the near-unitarity limit, eventually leading
to saturation. The Color Glass Condensate (CGC) effect-
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ive theory serves as a potent and valuable tool for de-
scribing the saturation phenomenon [12—15]. Within the
framework of CGC, the Jalilian-Marian-Iancu-McLerran-
Weigert-Leonidov-Kovner (JIMWLK) renormalization
group equation [12, 16—18] was introduced to account for
small-x QCD evolution incorporating nonlinear correc-
tions. The mean-field approximation of the JIMWLK
equation, known as the Balitsky-Kovchegov (BK) equa-
tion [19-21], serves as a nonlinear extension of the
BFKL equation. By considering the dipole scattering
amplitude, the BK equation bridges the gap between the
unsaturated and saturated regions.

Furthermore, an alternative approach for modifying
the gluon DGLAP evolution equation has been proposed
by the Gribov-Levin-Ryskin and Mueller-Qiu (GLR-MQ)
equation [22—26]. However, it is worth noting that the de-
rivation of the GLR-MQ equation relies on the applica-
tion of AGK-cutting rules [27]. As highlighted in Ref.
[28], the employment of AGK-cutting rules in the GLR-
MQ equation presents certain limitations and drawbacks.

* Supported by the Strategic Priority Research Program of Chinese Academy of Sciences (XDB34030301), the Major Project of Basic and Applied Basic Research
of Guangdong Province, China (2020B0301030008), the Education Department of Guizhou Province, China (QJJ[2022]016), and the Basic Research Program (Natural

Science) of Guizhou Province, China (QKHJC-ZK[2023]YBO027)
 E-mail: yanbingcai@mail.gufe.edu.cn
* E-mail: xchen@jimpcas.ac.cn

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-

tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP? and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-

lishing Ltd

093110-1


http://orcid.org/0000-0002-7519-9961

Xiaopeng Wang, Yanbing Cai, Xurong Chen

Chin. Phys. C 48, 093110 (2024)

Notably, the GLR-MQ equation overlooks the antishad-
owing corrections associated with gluon recombination.
To address these limitations, Zhu, Ruan, and Shen revis-
ited parton recombination within the framework of the
QCD evolution equation using time-ordered perturbation
theory (TOPT). This led to the derivation of the modified
BFKL equation (MD-BFKL) and the modified DGLAP
equation (MD-DGLAP) [29, 30]. Importantly, both anti-
shadowing and shadowing effects are considered within
these modified equations, ensuring the preservation of
momentum conservation throughout the QCD recombina-
tion processes [31-34].

In Ref. [30], the numerical solution of the MD-BFKL
equation demonstrated that the anti-shadowing effect has
a sizable impact on the gluon distribution. Therefore, it is
meaningful to obtain an analytic unintegrated gluon dis-
tribution from the MD-BFKL equation. In recent years, a
solution of the kinematic-constraint improved MD-BFKL
equation (KC-MD-BFKL) was obtained [35] in the near
saturation region. In fact, based on variable transforma-
tion, the MD-BFKL equation can be transformed into a
BK-like equation [30]. The BFKL kernel in the BK-like
equation can be expanded to a differential kernel as per-
formed for the BK equation [36—38], which is connected

OF (x,K*)  a,NK /°° dk” {
x -
Kk’

to the Fisher-Kolmogorov-Petrovsky-Piscounov (FKPP)
equation [39—41]. Therefore, the MD-BFKL equation can
be rewritten as an analytically solvable nonlinear partial
differential equation under the diffusive approximation.
In this work, we solved this nonlinear partial differential
equation analytically with and without the inclusion of
the anti-shadowing effect. In our following calculations,
it is shown that the anti-shadowing correction plays an
important role for unintegrated gluon distribution.

The arrangement of this article is as follows. In Sec.
II, we briefly introduce the MD-BFKL equation and its
transformation form, the BK-like equation. In Sec. 111, the
analytic solutions of the BK-like equation with and
without the anti-shadowing effect are obtained. Sec. IV
presents the results of fitting to the gluon distribution
function using our solutions. Sec. V includes the discus-
sion and summary.

II. BK-LIKE EQUATION FROM MODIFIED BFKL
EQUATION

In Ref. [30], a unitarized MD-BFKL equation incor-
porating both shadowing and anti-shadowing corrections
of the gluon recombination is shown as

(x, k’z) -F (x, kz)

F (xK%) }

+
ox n » K2 |k - K| VK +aK?
36a2 N? 182 N? X
_ s c F2 ,k2 + s c F2 (7’k2) , 1

AR N2 — 1 (ok) + g N1 \2 1
where F (x,k*) is the unintegrated gluon distribution _XBN (I, x) _ N, / ® dk”
[42—-45], a, is the coupling constant, N, is the color num- ox e K?
ber, apd R is the effective corr_ellation length of two re- y KN (K?,x) - KN (K, %) . ICN (I, x)
comblnat.lm.l gluqns. R~5GeV™ stands 7f10r the hadronic K2 —K| N
characteristic radius, whereas R ~2GeV~ stands for the N oN N
hot spot radius [46]. In this work, R is determined by fit- —2—=EN (K x) + —N? (kz, 5) . )

s /e

ting the gluon distribution function. The linear part in
Eq. (1) is the famous BFKL kernel. There are two nonlin-
ear terms (second and third terms on the r.h.s) in Eq. (1).
The second term stands for the shadowing effect and the
second term stands for the anti-shadowing effect, respect-
ively. The total nonlinear parts are the complete contribu-
tion of the gluon recombination. The MD-BFKL equa-
tion is a type of integral-partial differential equation,
which is difficult to solve analytically. Fortunately, a
transformation method has been proposed in [30] to re-
duce the MD-BFKL equation by defining

2a,
Y P k).

N(x, K> =
T

2

With this definition, Eq. (1) can be rewritten as

Here we refer to Eq. (3) as the BK-like equation,
which exhibits a comparable structure to the convention-
al BK equation in momentum space. Therefore, N can be
called "dipole scattering amplitude".

Equation (3) can now be simplified into an analytic-
ally solvable form. It is well-known that the BFKL ker-
nel in Eq. (3) can be transformed into a differential ker-
nel [20]. Therefore, Eq. (3) can be written as

1 ON(L,Y
= ((W ) _ Y(=8,)N(L,Y)—=2N*(L,Y) + N*(L,Y +1n2),
a
)
__a,N, 1 K . .
where @ = , Y:ln;, L=1n(?), k} is an arbitrary
0
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scale, and y(-9;) is the BFKL kernel [4, 7, 8],

X (=00) = 2¢(1) =4 (=0) = (1 +0.). ®)

X (=9dp) can be expanded around the critical point y, [38],

P ow
x() = YA,y
=0

!
=

P
=Y (-1)A,d). (©6)
p=0

Expanding y(-d,) to the second order (the diffusive
approximation), Eq. (4) is rewritten as [36—38]

1 N ON N
AN =2N*+N*(L,Y +In2)— — — —A|— +A,—— = 0.
0 TNAL Y +In2) = 2=y — A YA g o

Here, Ag, A1, and A, are the expansion coefficients. For
the sake of simplicity, we do not write the default vari-
ables L and Y for N. In the next section, we simplify
N?(L,Y +1n2) in Eq. (7) to obtain the analytical solution.

II. ANALYTICAL SOLUTION OF BK-LIKE
EQUATION

In this section, the detailed description of solving Eq.
(7) with fixed coupling is provided. To consider the im-
pact of anti-shadowing correction, we take into account
two strategies for the nonlinear parts:

(I) The anti-shadowing term is canceled directly.
Only the shadowing effect is considered. Therefore, Eq.

(7) is rewritten as

1 ON ON PN
A N=-2N>— ——— —A|— +A,—— =0. 8
0 a.or oL T er ®)

By the variable substitution,

= AOC_}’,.YY’

A
x=  2(L-Aa&Y), ©)
A,
N = Agii(x, 1).
Equation (8) is transformed into the FKPP equation,

i — i, +i5—2i =0. (10)

2

X.
Equation (10) means that 2 satisfies the reac-

tion-diffusion FKPP equation when only the shadowing
term is retained. It is straightforward to obtain its solu-
tion with the homogeneous balance method [47],

pe— L (11)

St x 2
2 (ez"‘f*% + 1)

Here, 0 is an arbitrary constant. Naturally, the uninteg-
rated gluon is obtained:

4K3R* A
€ 2
27a ) (1 s /%L—( ’ /&Awf}Ao)mY)

(12)

F(L,Y)=

(IT) Both shadowing and anti-shadowing effects are
retained. In this situation, the only difficulty in obtaining
analytic solutions is how to deal with N?(L,Y +1n2).
When we consider that Eq. (7) has a traveling wave solu-
tion, the equation only depends on a single variable
T=L+DbY, where b is an arbitrary constant. Therefore,
N3(L,Y +In2) is written as N*(t+b-1n2). Then, N’(r+
b-1n2) is expanded in a Taylor series around 7 and re-
tained up to the first order,

2
N(t+b-1n2) ~ NZ(T)+b~ln2(9Ag @, (13)
T

Using variable 7, Eq. (7) is rewritten as

b ON N N
AN -2V 4 Nz +bin2) - 2N A N 40N
a, Ot or ot

Then, when N%(r+b1n2) is replaced by Eq. (13), Eq.
(14) is approximated as

ON(t) b ON ON PN
A N=N?>+2bIn2N—~ - — — — A — +A,— =0.
0 +evin or as Ot Vor T o*r

(15)

Equation (15) can be solved by using the homogen-
eous balance method [48]. One can suppose that N(r) can
be expanded to

N@ =Y av'(n), (16)
i=0
where q; is the expansion coefficient and v(r) is thed ex-
v
pansion function. The condition for v(r) is e
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k (1-v?). Using the homogeneous balance method to bal-
ance the highest power of v from 0*N/6*t with the
highest power of v from the nonlinear terms N?, we can
obtain

m+2=2m. (17)

It is obvious that m =2. Therefore, the form of the
solution of Eq. (15) is
N(T) = ay + av(1) + axv(1)?,
v(t) =k (1 - V(T)z) , (18)
v(T) = tan(kT),

where aq, a;, ay, and k are parameters to be determined.
Then, Eq. (18) is substituted into Eq. (15) and the coeffi-
cients of v are set to zero,

- af, +apAy—a1A k- a;bk +2a,A2k* + 2apa,bkIn2 = 0,
—2apa; +Apa; —2A a2k — ZLzbk —2a,Ak*

+2a2bkIn2 + 4aga,bkIn2 = 0, |

- af —2apay +Apas +a Ak + aclybk

—8a,Axk> — 2aga, bkIn2 + 6a1a25k1n2 =0,

C2aay+ 24 a0k + 222K L 0g, a2

Q@
— 24> bKIn2 — 4agasbkin2 + 4a2bkIn2 = 0,
- a% + 6612A2k2 —6a,a,bkln2 =0,

61220.

(19)

By solving Eq. (19), we obtain a suitable set of para-
meter values:

A0
dp = 7,
_ A0
a; = 7,
a, =0, (20)
_ b(In2)A,
24,
ayay — bk + Agabkln2
Al = .

ak

Therefore, the solution of Eq. (15) is obtained as fol-
lows:

A In2)A A
Ao Tann 20240 | o), Ao Q1)

N = ,
2 24, 2

where 6 is a free parameter. Using the definition in Eq.
(2), the unintegrated gluon distribution is written as

F(L,Y)=

4R {AO (b(ln2)A0

29 Tanh
a, © M\ T4,

> (L+bY)+9)+%}.

(22)

Generally, the values of Ay, A;, and A, are determ-
ined by the saddle point in the diffusive approximation.
However, to enhance the description of the gluon distri-
bution, we relaxed this constraint. Therefore, in the next
section, the parameters in Eq. (12) and Eq. (22) are de-
termined by fitting to the gluon distribution from the
database. The gluon distribution exhibits variability
across different databases. For this study, CT18NLO was
selected because it considers the saturation effect in
small-x by introducing the x dependent scale.

IV. THE GLUON DISTRIBUTION FUNCTIONS

The relation of the unintegrated gluon distribution
F(Y,L) with the integrated gluon distribution xg(¥, 0?) is

_0?
r=<

xg,0)= [ " FLydL. (23)

0

To obtain a definite solution that can match the gluon
distribution function, the free parameters in Eq. (12) and
Eq. (22) are acquired by fitting to CT18NLO [49, 50]. As
we are focused on the properties of gluon distribution in
the small-x region, the fitting range of Y is set from 6 to
12. The fitting range of Q% is from 4 GeV? to 100 GeV?.
We set a,=0.2 and k}=0.04 GeV>. The coefficients
from fitting to CT18NLO are listed in Table 1. The para-
meter values that are not presented in Table 1 can be ob-
tained through the relationship in Eq. (20).

As shown in Fig. 1, the fitting results of the two situ-
ations for integrated gluon distribution xg(¥,Q% are

Table 1. Parameters from fitting to CT18NLO [49, 50] with
and without anti-shadowing.
Shadowing and anti-shadowing Shadowing

Ag 0.517 £0.010 1.507 £0.020

Al - 0.308 £0.023

Ar 0.137 £0.002 0.541 £0.007

b —0.431 £0.003 -

R 2.432 £0.030 2.367 £0.029
x2/dof 37.660/(1260 -5) 36.420/(1260-5)
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Fig. 1. (color online) Gluon distribution function fitted to

CT18NLO [49, 50] using Eq. (23) at Y=6, Y =8, Y =10, and
Y =12 (from bottom to top). The color bands stand for the
CT18NLO gluon data with uncertanties. The solid lines de-
note that both shadowing and anti-shadowing effects are con-
sidered. The dashed lines indicate that only the shadowing ef-
fect is included.

presented at Y =6, Y =38, Y =10, and Y =12, respect-
ively. Further, Fig. 2 demonstrates xg(¥, Q%) as a function
of Yat 0* =10 GeV2, 0? =20 GeV?, Q* =40 GeV?, and
0* = 80 GeV?, respectively. Our solutions can be related
to the gluon distribution by using Eq. (23). The solid lines
denote that both shadowing and anti-shadowing effects
are considered. The dashed lines indicate that only the
shadowing effect is included. Despite fitting the same
gluon data, we can still find differences between the
gluon distribution functions with and without the anti-
shadowing effect as Q? increases, especially in the high-
er Y region. When Y is larger, the total effect from the
shadowing and anti-shadowing terms is more obvious,
which means that the recombination effect becomes in-
creasingly important when gluons approach or enter the
saturation region. As gluons approach or enter the deep
saturation region, the dominant effect is the shadowing
resulting from the recombination process, which sup-
presses the growth of gluons to maintain unitarity. When
gluons move away from the deep saturation region, the
contribution of the anti-shadowing effect from the recom-
bination process is visible. The shadowing effect is
weakened by the anti-shadowing effect. Therefore, the
value of gluon distribution with the anti-shadowing ef-
fect is higher than that without the anti-shadowing effect
as O? increases.

The unintegrated gluon distributions F(Y,L) with and
without the anti-shadowing effect are shown in Fig. 3 and
Fig. 4. Figure 3 illustrates F(Y,L) as a function of L at
Y=6, Y=8, Y=10, and Y = 12, respectively. Figure 4
demonstrates the behavior of F(Y,L) with Y at L=38,
L=12, L=16, and L =20, respectively. For the evolu-

100 | Solid lines: shadowing and antishadowing ]
Dashed lines: shadowing
80— 2 _ 2 b
- @ =106V (pignLo A
R — Q?=20GeV?
& 60 L 5 1
> — (Q?=40GeV?
> 2 2
g  — =
m Q*=80GeVE 1
20 1
6 8 10 12
Y
Fig. 2.  (color online) Gluon distribution function fitted to

CT18NLO [49, 50] using Eq. (23) at Q®>=10 GeV?,
0% =20 GeV?, 0% =40 GeV?, and Q? =80 GeV? (from bottom
to top). The color bands stand for the CTISNLO gluon data
with uncertanties. The solid lines denote that both shadowing
and anti-shadowing effects are considered. The dashed lines
indicate that only the shadowing effect is included.

50 T T T
r Solid lines: shadowing and antishadowing

40 _ Dashed lines: shadowing ]
S_.Z 30|
= I
M oa0f

10}

10 20 30
L

Fig. 3. (color online) Comparison of the unintegrated gluon

distribution function including shadowing and anti-shadow-
ing effects with the unintegrated gluon distribution function
only including the shadowing effect as a function of Y at
Y=6,Y=8, Y=10, and Y = 12 (from bottom to top). The sol-
id lines denote that both shadowing and anti-shadowing ef-
fects are considered. The dashed lines indicate that only the
shadowing effect is included.

tion of unintegrated gluon distributions, the impact of the
anti-shadowing effect is significant. In a large L, the unin-
tegrated gluon distribution with the anti-shadowing ef-
fect decreases more slowly. When the gluon moves away
from the saturation, the anti-shadowing effect gradually
increases its effect as L becomes larger. Therefore, the
anti-shadowing correction is important for the gluon dis-
tribution.
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40 | Thick lines: shadowing and antishadowing]
Thin lines: shadowing ]
—_— L =8
e L=12
L=16

-
—_——
-

Fig. 4.
distribution function including shadowing and anti-shadow-

(color online) Comparison of the unintegrated gluon

ing effects with the unintegrated gluon distribution function
only including the shadowing effect as a function of Y at
L=8, L=12, L=16, and L =20, respectively. The thick lines
represents the situation where both shadowing and anti-shad-
owing effects are considered. The thin lines stand for the situ-
ation where only the shadowing effect is included.

It should be noted that, e “F(L,Y) < N(L,Y) from Eq.
(2) has scaling characteristic when the running coupling
constant is fixed. In other words, e *F(L,Y) is a function
of only one dimensionless variable 7=L+bY. For the
situation where only the shadowing effect is considered,
t=L+byY, where by =—(A;+5/%%)a,=-0.4302,
which is close to the value in the case with anti-shadow-
ing (see Table 1). In general, as shown in Fig. 5, the dif-
ference in scaling behavior of the two solutions is not ob-
vious. Actually, the scaling property of e XF(L,Y) im-
plies that e "2/ xg(x, 0%) has geometric scaling charac-
teristic when «; is fixed [25, 51]. However, a, can only
be considered a constant when Q7 is large. The correla-
tion of geometric scaling properties between the uninteg-
rated and integrated gluon distributions is obvious in the
differential relationship.

de™" 7 xg(Y, 0%)

2
e LF(Y,L) = +e " xg (Y, 0%)

dln % szkz’
g E (V.0 e
= | E LD o e 07
87’ 02=k2
(24)

The scaling behavior of e “F(Y,L), comes from the
geometric scaling of gluon distribution from CT18NLO.
As shown in Fig. 1 and Fig. 2, the difference between two
situations for e ™2/A’xo(Y,0%) is small. The values of

—— shadowing and antishadowing
0.06 === shadowing g
=
~ 0.04 i
€9
[N
‘QJ
0.02 + i
000 C 1 1 1 1 ]
0 5 10 15
T
Fig. 5. (color online) e F(L,Y) as a function of only one di-

mensionless variable 7. The solid line denotes that both shad-
owing and anti-shadowing effects are considered. The dashed
line indicates that only the shadowing effect is included

parameter b in these two situations are nearly identical,
indicating that the discrepancy in scaling behavior
between the two solutions is not significant.

V. CONCLUSION

In this study, the MD-BFKL equation is transformed
to the BK-like equation by using the relationship between
"dipole scattering amplitude" and unintegrated gluon dis-
tribution. The BK-like equation arises from the expan-
sion of the BFKL kernel to second order using the diffus-
ive approximation, resulting in a nonlinear partial differ-
ential equation. By considering the nonlinear term,
N(2,k?), in two strategies (with and without anti-shadow-
ing), we derive solutions for the MD-BFKL equation us-
ing the homogeneous balance method.

To investigate the impact of the anti-shadowing ef-
fect, we compare and contrast the obtained solutions, suc-
cessfully determining their parameters by fitting them to
the CT18NLO gluon distribution function in the small-x
region. Our findings, illustrated in Fig. 1 and Fig. 2, re-
veal that the gluon distribution without the anti-shadow-
ing effect exhibits a gentler growth as Q* and Y increase.
Fig. 3 and Fig. 4 further demonstrate a significant dispar-
ity between the unintegrated gluon distributions with and
without the anti-shadowing effect, with the latter show-
ing a slower decrease in large L values. This disparity be-
comes more pronounced with an increase in Y.

In addition, the scaling behavior of e™F(L,Y) is
presented. In fact, the scaling properties of e “F(L,Y) re-
flect the geometric scaling property of e "2"/A’xg(Y,Q?)
when «, is fixed. In conclusion, our obtained solutions
provide valuable insights into the nature of gluon distri-
butions and pave the way for future phenomenological
studies.
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