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Abstract: Based on the Weizsicker-Skyrme (WS4) mass model, the fission barriers of nuclei are systematically

studied. Considering the shell corrections, macroscopic deformation energy, and a phenomenological residual cor-

rection, the fission barrier heights for nuclei with Z > 82 can be well described, with an rms deviation of 0.481 MeV

with respect to 71 empirical barrier heights. In addition to the shell correction at the ground state, the shell correc-

tion at the saddle point and its relative value are also important for both deformed and spherical nuclei. The fission
barriers for nuclei far from the B-stability line and super-heavy nuclei are also predicted with the proposed approach.
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I. INTRODUCTION

Studies on nuclear fission are of considerable re-
search interest [1—6]. As one of the key and sensitive
physical parameters, fission barriers of nuclei are fre-
quently used in nuclear physics [7—12], reactor physics
[13] and nuclear astrophysics [14, 15]. In the synthesis of
super-heavy nuclei (SHN) through fusion reactions, the
prediction of the evaporation-residue cross section for
SHN strongly depends on the fission barrier height of the
compound nuclei adopted in the calculations [16—20]. An
1-MeV shift of the barrier height may change the calcu-
lated cross section of 3n or 4n reactions by 2—3 orders of
magnitude [21, 22]. Considering the complexity of a typ-
ical fission process, in which not only large-scale collect-
ive participation of nucleons is witnessed but also super-
deformed shapes of nuclei are encountered, accurate de-
scription of the corresponding fission barrier is of great
interest but at the same time remains challenging.

The fission barriers of nuclei can be described with
some nuclear mass models, such as macroscopic-micro-
scopic models [23—25] and microscopic models based on
the Skyrme energy density functionals [26—28] or covari-
ant density functionals [29—31], in which the model para-
meters are usually determined by the nuclear properties at
the ground state. For unmeasured SHN, the uncertainty of
the barrier heights predicted using these different models
reaches a few MeV [22, 24]. Considering the strong influ-
ence of the barrier height on the prediction of cross sec-
tion, as mentioned above, it becomes necessary to im-
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prove the model accuracy for describing the fission barri-
ers of unstable nuclei.

Inspired by the Skyrme energy-density functional, the
Weizsicker-Skyrme (WS4) mass model was proposed
[32], with which the known masses can be reproduced
with an rms error of ~ 0.3 MeV [33] and the known a-de-
cay energies of SHN can be reproduced with deviations
smaller than 0.5 MeV [34—36]. Therefore, it would be in-
teresting to apply the WS4 model for describing the fis-
sion barrier. In this work, we attempt to systematically
calculate the fission barrier height based on the WS4
model, considering the shell correction at the ground state
and that at the saddle point.

II. THEORETICAL FRAMEWORK

In the macroscopic-microscopic model, the fission
barrier height of a nucleus at zero temperature is ex-
pressed as the difference between the energy of the nucle-
us at saddle point E,q and that at its ground state E,;,

B =Esad_Egs =( ggC_E;ac)+(Usad_Ugs)+AB~ (1)

Here, EGY and ER*° denote the macroscopic energy at the
saddle point and that at the ground state, respectively.
Usa and U, denote the corresponding shell corrections.
AB denotes the residual correction. With the macroscop-
ic fission barrier height Bf"* = E™4 — Ef"™* and the macro-

scopic deformation energy Bur = Eg — Ef*°, the fission
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barrier height can be re-written as
Bf = B;nac - Ugs + (Usad - Bdef) + AB (2)

For spherical nuclei, the barrier height can be estimated
as B\ = B - U, if neglecting the saddle point shell
correction and the residual correction.

Following Cohen-Swiatecki's formula [1], the macro-
scopic fission barrier height is expressed as

e 0383/4-x)E, : 1/3<x<2/3
By = : 3)
0.88(1-xE, : 2/3<xxl1

E,
with the ratio x= E E.=a.Z?/A'? denotes the Cou-

lomb energy and E, = a,A*3(1 —«kI?) denotes the surface
energy with isospin asymmetry I = (N —Z)/A. The coeffi-
cients a.=0.7092 MeV, a,=17.4090 MeV and «=
1.5189 are taken from the WS4 model [32]. Together
with the shell corrections Uy, Usq and the macroscopic
deformation energy Bgs also from the WS4 model pre-
dictions, the fission barrier heights for all bound heavy
nuclei can be calculated as follows:

BY$* = B — Uy + Ugua — Bt &)

neglecting the residual correction AB. The influence of
AB will be discussed later.

In this work, the saddle point of a nucleus is determ-
ined from the surface of the shell correction U(B,,B:)
based on the WS4 calculations in which the Strutinsky
shell correction is obtained from single-particle levels of
an axially deformed Woods-Saxon potential. As two ex-
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Fig. 1.
The crosses denote the positions of the saddle points.

amples, we show in Fig. 1 the contour plot of the shell
correction surface for nuclei 2%Pb and 2*®U. Here, other
deformations such as $8; and B¢ are neglected in the calcu-
lations. The contour plot reveals that the shell correction
U, at the saddle point is approximately 2.2 MeV for
208Pp and 1.0 MeV for 2¥U. In our calculations, we intro-
duced a truncation for the macroscopic deformation en-
ergy, i.e. Bgr < BM™, and we neglected the influence of
Ugq for nuclei with Ugy < 0.

III. RESULTS AND ANALYSIS

In Fig. 2(a), we show the discrepancies between the
empirical fission barrier heights Bi"" [3] and the model
predictions for 71 nuclei with Z > 82. For actinides, we
take the mean value of the inner and the outer barrier
height as the value of Bf"™" in the comparisons. Evidently,
with the saddle point shell correction U,y and the macro-
scopic deformation energy B taken into account, the
root-mean-square (rms) deviation with respect to the fis-
sion barrier heights is significantly reduced, from 2.410
MeV to 0.873 MeV. We note that, for both spherical and
deformed nuclei, the fission barrier heights are generally
better described by BYS*. For doubly-magic nucleus
208ph, the calculated B\” =25.1 MeV, which is smaller
than the empirical barrier height by 2.3 MeV. Consider-
ing Uy =22 MeV for 2Pb, we obtain BYS*=27.3
MeV, which is very close to the empirical value. For de-
formed nucleus 2%U, the calculated B{” =9.2 MeV,
which is higher than the empirical barrier by 2.9 MeV.
With the macroscopic deformation energy of By =3.4
MeV and Uy, = 1.0 MeV, we obtain BYS* = 6.8 MeV for
28U, which is comparable to the empirical value. From
Fig. 2(a), it is evident that the values of B{™ — B can be
categorized into two groups: approximately 2 MeV for
nuclei with A~210 and approximately -3 MeV for
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(color online) Contour plot of the shell corrections for 2% Pb and 23#U. The dashed curves denote the possible fission paths.
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cmp

(color online) (a) Discrepancies between the empirical fission barrier heights B;™" [3] and the model predictions. The open

circles denote the results obtained using BEO) = B - Ug and the solid circles denote the results obtained from Eq. (4). (b) Macroscopic

deformation energies Bger (solid squares) and shell corrections at the saddle points U (open squares) for these nuclei.

A >225. To understand the underlying physics, the mac-
roscopic deformation energies By and the saddle point
shell corrections Ug,y for these nuclei are shown in Fig.
2(b). Evidently, for nuclei with A ~ 210, the values of
U are obviously higher than By, whereas for A > 225,
Byet > Ugyq in general. The values of Uy — By, therefore,
can be categorized into two groups.

To further analyze the influence of the saddle point
shell correction, we introduce 6U = (Usq — U,s)/ U, to de-
scribe the relative value of the shell correction. In Fig. 3,
we show the values of Bi"™" — B}'>* as a function of 6U>.
Evidently, the difference between the empirical barrier
heights and the model predictions systematically de-
creases with increasing U*. Comparing Eq. (2) with Eq.
(4), one notes that the residual correction AB is neglected
in BY'5*. To better describe the fission barriers, we empir-
ically write the residual correction (in MeV) as

AB ~ 2.8+ 19exp(-6U?/0.8). 5)

In Fig. 4, we compare the results obtained using
BYS*+ AB and those obtained using FRLDM [25]. The
rms deviation is further reduced to 0.481 MeV, consider-
ing the residual correction given by Eq. (5). We note that
the trend of the results obtained using FRLDM is similar
to that obtained using WS4, for nuclei with A ~210 and
A >240. We also note that the mean values of the fission
barrier heights obtained using the three macroscopic-mi-
croscopic  approaches, ie.  (Bg) = (BFREPM 4 pVS4
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Fig. 3. (color online) Deviation B{"" — B)S* as a function of

the ratio square of the shell correction. The error bars denote
the difference between the inner barrier height and the corres-
ponding outer barrier height for actinides [3]. The solid curve
denotes the results obtained using Eq. (5).

BYS+*AB)/3 " also agree well with the empirical values,
with an rms error of only 0.585 MeV. In the calculations
of (B;) we set a relatively larger weight for the WS4
model, considering its smaller rms error for describing
known masses and empirical B;. We would like to em-
phasize that the difference between the inner barrier
heights and the outer ones for actinides (Z > 90) could
result in some uncertainties in analyzing the model accur-
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Fig. 4. (color online) The same as Fig. 2(a), but with the res-

ults of the finite-range liquid-drop (FRLDM) model [25] and

BYS*+ AB for comparison. The error bars denote the differ-

ence between the inner barrier height and the corresponding
outer barrier height for actinides [3].

acy. Compared with B}YS*, the rms deviation is reduced
from 1.01 to 0.77 MeV for the 45 inner barriers of actin-
ides with AB being considered, and the corresponding
value is reduced from 0.92 to 0.48 MeV for the outer
barriers.

Using the proposed approach, we systematically stud-
ied the fission barrier heights for stable nuclei. In Fig. 5,
we show the predicted B; for even-even nuclei which lie
on or are the closest to the S-stability line (Green's ex-
pression [37], N—Z = 0.4A%/(A +200), was arbitrarily ad-
opted). The solid curve denotes the results of the macro-
scopic fission barrier Bf* given by Eq.(3). Evidently, the
macroscopic barrier height approaches zero for super-
heavy nuclei. For nuclei around 2®Pb, the fission barrier
heights predicted with both FRLDM and WS4 models are
significantly higher than those of B™¢, owing to the
strong shell effects. For actinides with A ~ 240, the res-
ults obtained using WS4 are close to those obtained us-
ing FRLDM, with values of approximately 6 MeV. For
super-heavy nuclei around #*Cn, the results obtained us-
ing FRLDM are higher than those obtained using WS4,
by approximately 4 MeV.

In addition, using the proposed approach we simul-
taneously investigated the fission barrier heights of un-
stable nuclei. In Fig. 6, we show the predicted barrier
heights for isotopic chains of Pb, Ra, U and Cm. The pink
squares denote the empirical barrier heights taken from
Ref. [3]. For Pb isotopes, the fission barriers evidently
decrease with the increasing distance from the doubly-
magic nucleus 2®Pb. For Ra and U isotopes, all three ap-
proaches predict a peak at the neutron-deficient side with
neutron number N = 126. For 23U, the predicted barrier
height BYYS**AB = 530 MeV, while the result obtained us-
ing FRLDM is 9.67 MeV. Very recently, the fission bar-
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Fig. 5. (color online) Fission barrier heights for even-even
nuclei which lie on or are the closest to the g-stability line (us-
ing Green's expression [37]).

rier heights for neutron-deficient nuclei 2'°Fr and *'°Ra
have been measured [38], and the reported values were
B;(*'9Fr) = 10.67 MeV and B;(*'°’Ra) = 8.54 MeV with
uncertainty of 5%. The predicted values of BYY5**4B were
11.50 MeV and 8.78 MeV for 21°Fr and 2!°Ra, respect-
ively. From Fig. 6(b), it is evident that the measured
B;(*'%Ra) (open circle) can be well reproduced using the
WS4+AB calculations. For the neutron-rich side, the
trend of the fission barrier height is also strongly affected
by the shell corrections. In Fig. 7, we show the predicted
B¢ for nuclei with Z =102, 106, 119 and 120. For No and
Sg isotopes, the peaks of the fission barrier heights at
N =152 and N = 162 can be clearly observed. The abrupt
change of a-decay energies at neutron number of 152 and
162 owing to the shell effects can also be clearly ob-
served for heavy and super-heavy nuclei [39].

For unknown super-heavy nuclei (SHN) with Z =119
and 120, the predicted fission barrier heights are presen-
ted in Fig. 7(c) and (d). Evidently, for the SHN with
Z =119 and A =297, the barrier height predicted by the
FRLDM is 7.94 MeV, which is higher than that obtained
using the WS4 model by 2 MeV. We note that in the
study of the fusion reaction *Ca+2*®U [40], the negative
of the shell correction energy (6.64 MeV) from the finite
range droplet model (FRDM) [41] is taken as the fission
barrier height of the compound nucleus, but multiplied by
0.7 in order to reproduce the maximal cross section for
83Cn(3n) measured at an excitation energy of 35.0 MeV.
The predicted value of B}Y>* = 4.20 MeV for 26Cn, which
is comparable with the result obtained using the FRDM
multiplied by 0.7. Considering the reduction factor of 0.7
for the results obtained using the FRLDM, the fission
barrier heights obtained using the two models are com-
parable for the SHN with Z=119 and A =297. For the
SHN with Z = 120, the largest value of B}YS* = 6.23 MeV
is located at N = 176, which is consistent with the predic-
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Fig. 6. (color online) Predicted fission barrier heights for isotopic chains of Pb, Ra, U and Cm. The open squares denote the results
obtained using FRLDM. The crosses and the solid circles denote the results obtained using WS4 with Eq. (4) and those together with
the residual correction AB, respectively. The solid curve denotes the mean value of the fission barrier heights (B¢) obtained using the
three approaches. The open circle in (b) denotes the measured B; for 2'°Ra taken from Ref. [38].

10 — T T T 10— T T T
Z=102 Z=106
> ]
(0]
=
mw_ i
WS4+AB "
<B.>
f
260 270 280
>
()
S 6r 1
mﬁ—
3 - 4
1 1 1 1 1 O 1 1 1 1
285 290 295 300 305 288 294 300 306
A A

Fig. 7. (color online) The same as Fig. 6, but for heavier nuclei.
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tions of Warsaw's macroscopic-microscopic calculations
[24].

IV. SUMMARY

Based on the WS4 mass model with which the known
masses can be reproduced with an rms error of ~0.3
MeV and the known a-decay energies of SHN can be re-
produced with deviations smaller than 0.5 MeV, the fis-
sion barrier heights of heavy and superheavy nuclei were
systematically studied. Considering the shell corrections,
the macroscopic deformation energy and a phenomenolo-
gical residual correction, the fission barrier heights for
nuclei with Z > 82 were well described, with an rms er-
ror of only 0.481 MeV. We note that in addition to the
shell correction at the ground state, the shell correction at
the saddle point and its relative value were also import-
ant for accurate description of the barrier height. From

the predicted fission barriers for isotopic chains of Pb,
Ra, No and Sg, we note that the influence of the shell ef-
fect on the barrier height was evident. For Ra and U iso-
topes, all three approaches predicted a peak at the neut-
ron-deficient side with N = 126. For No and Sg isotopes,
the peaks of the barrier heights at N=152 and N =
162 were clearly observed. With the predicted fission
barriers, the evaporation residual cross sections in the fu-
sion reactions searching for new neutron-deficient iso-
topes [42] and the reactions leading to the synthesis of su-
per-heavy nuclei [43] can be analyzed more accurately.
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