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Quantum tunneling and Aschenbach effect in nonlinear Einstein-Power-
Yang-Mills AdS black holes”
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Abstract: This study explores the thermodynamics, quantum tunneling phenomena, and unique orbital properties
of Einstein-Power-Yang-Mills (EPYM) black holes embedded in Anti-de Sitter (AdS) spacetimes, highlighting the
role of the nonlinear Yang-Mills (YM) charge parameter y. We derive explicit expressions for the black hole metric,
horizon structure, and associated thermodynamic quantities, including Hawking temperature and phase transitions.
Using the WKB approximation and Hamilton-Jacobi formalism, we investigate the quantum tunneling of massive
W bosons, revealing how nonlinear YM interactions significantly alter the radiation spectrum and emission rates.
We analyze the effective potential for scalar field propagation, showing that nonlinear YM effects produce distinct-
ive modifications in potential barriers and radiation emission processes. Additionally, our study reveals the presence
of the Aschenbach effect, typically exclusive to rotating black holes, in static and spherically symmetric EPYM
black hole solutions.
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I. INTRODUCTION

Black holes are among the most fascinating objects in
theoretical physics, serving as crucial testing grounds for
our understanding of gravity under extreme conditions.
These enigmatic entities, predicted by Einstein’s general
relativity, continue to challenge our comprehension of
fundamental physics by uniting concepts from quantum
mechanics, thermodynamics, and high-energy physics.
Among the various theoretical frameworks developed to
study black holes, the EPYM model has emerged as par-
ticularly significant, providing valuable insights into how
nonlinear gauge fields influence spacetime geometry and
related physical phenomena.

The EPYM theory extends the standard Einstein-
Maxwell framework by incorporating nonlinear YM
fields characterized by a power parameter y, which con-
trols the degree of nonlinearity in electromagnetic inter-
actions. This nonlinearity substantially modifies the black
hole solution, introducing distinctive features not present
in linear theories [1—3]. The action for the EPYM model
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typically takes the form

L/
I=3 / d*x V=gR-2A = [Tr(FQF“"))), (1)

where R is the Ricci scalar, A is the cosmological con-
stant, and the parameter y determines the strength of the
nonlinearity in the YM field. In AdS backgrounds, these
nonlinear effects become particularly pronounced and
lead to rich thermodynamic behaviors, including mul-
tiple phase transitions and critical phenomena [4, 5].

The thermodynamic properties of EPYM AdS black
holes have attracted considerable attention in recent
years, particularly within the context of gauge-gravity du-
ality and the AdS/CFT correspondence [1, 3]. Previous
studies have shown that these black holes exhibit com-
plex phase structures reminiscent of van der Waals fluids,
with the nonlinearity parameter y playing a crucial role in
determining the critical behavior. Such studies have re-
vealed that EPYM black holes can undergo phase trans-
itions between small and large black hole states, with po-
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tential implications for understanding strongly coupled
quantum field theories through holographic principles [6,
7.

Beyond their thermodynamic characteristics, EPYM
black holes also exhibit intriguing quantum features, par-
ticularly with regard to Hawking radiation and informa-
tion paradox considerations. The quantum tunneling of
particles from the black hole horizon represents a semi-
classical approach to understanding Hawking radiation
[8—14]. For EPYM black holes, this process becomes es-
pecially complex as a result of the influence of the non-
linear YM field on the spacetime geometry. By applying
the WKB approximation and Hamilton-Jacobi formalism,
the tunneling probability can be derived for various
particles, including scalar particles, fermions, and vector
bosons such as W* [15—22]. The tunneling rate, related to
the imaginary part of the action across the horizon, yields
a temperature consistent with the standard thermodynam-
ic definition but modified by nonlinear effects [23, 24].

The effective potential governing particle motion
around EPYM black holes provides another window into
their unique physical properties. This potential, derived
from the geodesic equations or the Klein-Gordon equa-
tion for test fields, characterizes how particles and fields
propagate in the black hole spacetime [25, 26]. For
EPYM black holes, the effective potential exhibits dis-
tinctive features related to the nonlinearity parameter y,
affecting stability regions, particle confinement, and radi-
ation emission profiles. Understanding an effective poten-
tial is crucial for predicting observational signatures such
as gravitational wave emission, accretion disk properties,
and quasinormal modes [27, 28].

Photon orbits and null geodesics [29] around black
holes have become increasingly important with recent ad-
vancements in observational astrophysics, particularly
with the imaging of supermassive black hole shadows
provided by the Event Horizon Telescope. In EPYM
black holes, these null geodesics exhibit unique charac-
teristics influenced by the nonlinear YM field. The
photon sphere, where light can orbit the black hole in cir-
cular paths, plays a critical role in determining the shad-
ow and lensing properties of the black hole [30]. For
EPYM black holes, the radius of the photon sphere de-
pends nontrivially on the nonlinearity parameter y, lead-
ing to potentially observable effects in strong gravitation-
al lensing scenarios [31].

One of the most intriguing phenomena in black hole
physics is the Aschenbach effect [32, 33], a relativistic ef-
fect first identified in rapidly rotating Kerr black holes
[34, 35]. This effect manifests as a nonmonotonic behavi-
or of the angular velocity of particles in circular orbits as
a function of radius, contradicting the standard Keplerian
expectation that angular velocity should decrease mono-
tonically with increasing radius [34, 35]. Remarkably, our
analysis reveals that this effect can also emerge in spher-

ically symmetric EPYM black holes, despite the absence
of rotation. This finding suggests that the nonlinearity of
the YM field can mimic certain aspects of rotational ef-
fects in spacetime, creating regions where the effective
gravitational force exhibits complex radial dependencies
[36, 37].

In this study, we aim to bridge these various perspect-
ives by systematically analyzing the EPYM black hole
solution and its physical implications. We first derive the
exact metric function for the EPYM AdS black hole and
examine its horizon structure and singularities. We then
investigate the thermodynamic properties, including tem-
perature, entropy, and phase transitions, with particular
attention to how the nonlinearity parameter y affects crit-
ical behavior. Next, we study the quantum tunneling of
W* bosons from the EPYM black hole using the WKB
approximation, deriving the tunneling probability and
corresponding Hawking temperature. This semiclassical
approach allows us to verify the consistency of the qu-
antum and thermodynamic descriptions while revealing
quantum corrections induced by the nonlinear field
[38—41]. A significant portion of our analysis is devoted
to understanding the effective potential governing particle
motion and field propagation around EPYM black holes.
By solving the Klein-Gordon equation in this context, we
derive the effective potential and analyze its behavior for
different values of the nonlinearity parameter y. This ana-
lysis reveals how the nonlinear YM field modifies the sta-
bility regions and radiation characteristics compared to
standard black hole solutions [42]. We also extract the ef-
fective force from this potential, showing how it trans-
itions from attractive to repulsive regimes under certain
conditions, with important implications for particle con-
finement and accretion processes. Our investigation fur-
ther extends to photon orbits and null circular geodesics,
which determine the optical appearance and shadow of
the black hole. By solving the geodesic equations for null
particles, we identify the conditions for circular orbits and
analyze how their properties depend on the black hole
parameters. We also establish a connection between these
null geodesics and the orbits with extreme orbital periods,
demonstrating that both satisfy the same mathematical
condition despite arising from different physical consid-
erations. Arguably, the most surprising result of our study
is the identification of the Aschenbach effect in spheric-
ally symmetric EPYM black holes. Through a detailed
analysis of the angular velocity profile for timelike circu-
lar orbits, we establish the conditions under which this ef-
fect emerges and relate it to the stability properties of
photon spheres. This finding has profound implications
for our understanding of relativistic orbital dynamics and
suggests that nonlinear electromagnetic fields can induce
effects previously thought to require spacetime rotation.
It is also worth emphasizing that the theoretical founda-
tion of our integrated approach draws significant inspira-
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tion from the rigorous correspondence between eikonal
quasinormal modes and unstable fundamental photon or-
bits, as originally developed in Ref. [43]. That study
presents substantial advances in the analysis of light-ring
stability, an aspect that lies at the core of this study. This
correspondence, formulated in the context of Kerr black
holes, defines the asymptotic quasinormal mode fre-
quency as

1 m . 1
o= (1) (smr iom) i (ne3) e @

where won, and wye. denote the orbital and precessional
frequencies of the light ring, and y, is the Lyapunov ex-
ponent associated with its instability. In our investigation
of EPYM AdS black holes, we rely on this foundational
structure to identify how photon ring geometry underpins
orbital instabilities and facilitates the emergence of re-
lativistic effects such as the Aschenbach phenomenon.
Notably, the dynamical stability of light rings also plays a
central role in modulating the frequencies of quasi-peri-
odic oscillations (QPOs), which are widely regarded as
key observational signatures in X-ray binaries and accre-
tion disk systems. In this context, the nonmonotonic an-
gular velocity profiles near the photon sphere, particu-
larly those induced by nonlinear Yang-Mills fields, could
imprint detectable structures in QPO spectra.

The paper is organized as follows: Section II presents
a comprehensive review of EPYM black hole solutions in
AdS backgrounds, focusing on their metric structure and
basic thermodynamic properties. Section III examines the
quantum tunneling of W* bosons in the EPYM black hole
background, establishing the formalism and deriving ex-
pressions for the tunneling probability and Hawking tem-
perature. Section IV analyzes the effective potential gov-
erning field propagation and particle motion, with em-
phasis on its role in radiation emission and its depend-
ence on the nonlinearity parameter. Section V focuses on
photon orbits and null circular geodesics, exploring their
properties and their connection to the optical characterist-
ics of the black hole. Section VI investigates the Aschen-
bach effect in EPYM black holes, deriving the conditions
for its occurrence and discussing its physical significance,
particularly in the context of QPOs. Finally, Section VII
presents our conclusions and discusses potential direc-
tions for future research in this area.

II. COMPREHENSIVE REVIEW OF NONLINEAR
YM ADS BLACK HOLES: SOLUTIONS AND
THERMODYNAMIC INSIGHTS
Nonlinear electrodynamics has emerged as a signific-

ant area of research in gravitational physics, offering
valuable insights into the behavior of spacetime under ex-

treme conditions. The EPYM theory represents an im-
portant extension to standard Einstein-Maxwell theory by
incorporating nonlinear YM fields characterized by a
power parameter . This section provides a comprehens-
ive review of EPYM black hole solutions in AdS back-
grounds, focusing on their metric structure, horizon prop-
erties, and thermodynamic behavior.

The action describing four-dimensional EPYM grav-
ity with a cosmological constant A is given by Eq. (1) [1].
This nonlinearity parameter y plays a crucial role in modi-
fying the spacetime geometry and, consequently, the
physical properties of the resulting black hole solutions
[44].

The action [1] describing four-dimensional EPYM
gravity with a cosmological constant A is given by Eq.
(1). This nonlinearity parameter y plays a crucial role in
modifying the spacetime geometry and, consequently, the
physical properties of the resulting black hole solutions
[44]. The field strength tensor for the YM field is ex-
pressed as

1
(@) — (@) (a) (a) b pc
Fii = 9,47 = 0A + - Clo LA, 3)

where CEZ;(C) denotes the structure constants of the SU(2)
gauge group, reflecting the nonAbelian nature of the YM
field. This nonAbelian character, combined with the non-
linear power term, introduces rich and complex behavior
not observed in linear electromagnetic theories.

For completeness, note that the YM field solution em-
ploys the Wu-Yang magnetic ansatz, wherein the YM po-
tential 1-forms are given by [1]

@ _ 49~ _ij.j
A —ﬁC(i)(j)xdx’, 4)

where 2<j+1<i<N-1, 1<a<(N-1)(N-2)/2,
r»=5""'x2, and N is the dimension number. This an-
satz preserves spherical symmetry while providing a non-
trivial YM field configuration that satisfies the YM field
equations. The parameter ¢ represents the YM charge,
which quantifies the strength of the nonAbelian gauge
field. The corresponding N =4 dimensional black hole
metric takes the standard spherically symmetric form:

ds® = —f(r)dr + £ (r)dr + rdQ3, )

where dQ3 represents the metric of a unit 2-sphere, and
the function f(r) is given by [1, 45]

. 2M A, Qqy
fy=1-—=-=r +72(47_3)r4%2. (6)

This solution is valid for y # 3/4, and the YM power
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term satisfies the weak energy condition (WEC) for y > 0
[45]. The dimensional parameter y controls the degree of
nonlinearity, with y =1 corresponding to the standard
YM case.

The event horizon of the EPYM black hole, denoted
by r,, is determined by solving the equation f(r;)=0.
Unlike Schwarzschild or Reissner-Nordstrom black ho-
les, the horizon structure of EPYM black holes exhibits
more complex behavior owing to the nonlinear term, po-
tentially allowing for multiple horizons depending on the
values of M, g, A, and y. The largest root of f(r) =0 cor-
responds to the event horizon, which separates the interi-
or region from the exterior spacetime accessible to dis-
tant observers.

By computing the expression f(r,)=0,we can ex-
press the mass parameter M in terms of the horizon radi-
us and other parameters:

(2¢*)

T Arﬁ
- =
2(4y - 3)r,

M=—
2 6

(7

This relation proves essential for analyzing the ther-
modynamic properties of the black hole, given that it con-
nects the gravitational mass to the horizon geometry and
field parameters [46, 47].

III. QUANTUM TUNNELING OF BOSONS IN
EPYM BLACK HOLE BACKGROUND

The quantum tunneling formalism represents one of
the most elegant approaches to understanding Hawking
radiation from black holes. This section explores the
quantum tunneling of massive vector bosons, specifically
the W* boson, in the background of EPYM black holes.
This investigation not only provides insights into the
quantum nature of black hole radiation but also reveals
how the nonlinear YM parameter y influences the emis-
sion process [44].

The quantum tunneling approach, developed by
Parikh and Wilczek and later extended to various particle
species, offers a semiclassical picture of particle creation
near black hole horizons [48]. Unlike Hawking's original
derivation, which relied on quantum field theory in
curved spacetime, the tunneling method visualizes radi-
ation as a tunneling process through the classically for-
bidden region at the event horizon. This approach has
proven particularly valuable for studying radiation from
modified gravity black holes, where the spacetime geo-
metry deviates from that in general relativity [23, 49-51].

In the context of EPYM black holes, mass and charge
are not concentrated at a single point but rather spread out
owing to the nonlinear electromagnetic field. To analyze
the tunneling process of vector bosons, we need to con-
sider the appropriate field equations in this curved space-
time background [20, 52].

The Lagrangian that governs W bosons in an electro-
magnetic field is given by [17]:

1
L=~ (D;W; = DIW)D* W™ =D~ W™)

+my, Wi W —ieF,, WiW™, (®)

where Dy =V, +ieA, is the covariant derivative and
A, =(Ay,0,0,0) is the electromagnetic potential of the
black hole. The equation of motion for the /¥ boson field
is

0 VR (DewE - D))

tieA, (Dy Wy —DiW5) +my, Wy £ieF* Wi =0.  (9)

In this equation, F* = VHA”—-V"A* represents the
electromagnetic field tensor. Our analysis focuses spe-
cifically on the tunneling of the W* boson, though simil-
ar principles apply to other vector bosons as well [53].

To solve these equations semiclassically, we apply
the WKB (Wentzel-Kramers-Brillouin) approximation,
which is valid when the de Broglie wavelength of the
particle is much smaller than the characteristic curvature
radius of the spacetime. Under this approximation, we ex-
press the W* boson field as [53]

i
Wi (t,1,0,¢0) = b,(t,1,0,¢p) exp <£I(t, r,0, ¢p)> , (10)

where I(t,r,0,¢) is the action and b,(z,r,6,¢) represents
the amplitude. In the semiclassical limit (7 — 0), we can
neglect the higher-order terms in #, keeping only the
leading order. This approximation yields a system of
equations for the components of the vector field.

Substituting the WKB ansatz into the field equations
and keeping only leading-order terms in 7, we obtain the
following system of equations:

_ 2 (0,1 3 (851)? _miz
bo ( OD =25 ™ r2f(rysine f(r)>
0,1
+b1(8,1)(€eAy + oI + bs (%@AO + 601))
(0s1) B
+b3 <r2f(r)Slnze(eA()+aol)> —O, (11)

— [N f(r)(051)°
72

r2sin’@

bo(—all(er + C()()I)) + bl (

018 0,1
+(CA0+501)2—m2f(r)>+bz (f(r) ‘r22 )
011051\ _
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b() (—7(61404'601)) +b1(f(r)6213 I)

fr)
3 2 (05D (eAg+do])* o
+b2( f()(0:1) rzsin29+ £(r) m )

00,1051 )
(2150 g
>\ 2sin%0

(13)
bo( f( )(CAO+601)) +b1(f(r)6310 I)
2 (521)2 (eAg+0pD)*
+b3( —fYOIY - o _m)
0,1051
(o8)
(14)

These coupled equations represent the behavior of the
vector boson field in the vicinity of the EPYM black hole.
For a nontrivial solution to exist, the determinant of the
coefficient matrix must vanish, which sets constraints on
the possible values of the action I(¢,r,6,¢).

Considering the spherical symmetry of the spacetime,
we can form a coefficient matrix & whose elements are

&1 = (01D (eAg + 0y, (16)
£ = r(a;(z)) (A + o), (17)
Eu= rzfif’;;)(er +0o1), (18)
&1 =—(011)(eAg + dpl), (19)
b=~ 1Oy EOT ety ot -y
Psin

0)

&n= 21)

_ 0,10;1
= f(")ir2 2o’ (22)
0,1
&= —ﬁ(e/‘o +0o1), (23)
& = f(r)0,10,1, 24)
_ 2 (631)2 (CAO + 601)2 2
&z = —f(r)(0]) rzsin29+ 70 m’,
(25)
0,10;1
bu= (26)
051
n = —ﬁ(er +0o1), (27)
En = f(n0:10:1, (28)
b= 2L 29)
((3‘21)2 (eAg+00D)*
£y =—f(@O1]) - CE
(30)

To solve for the action, we exploit the symmetries of
spacetime. Given the static and spherically symmetric
nature of EPYM black holes, we can adopt the following
separation ansatz for the action [54—57]:

S =—-Et+W(r)+ jo+H@6)+Db, 3D

where E represents the energy of the emitted particle, j is
the angular momentum, and b is a constant. Substituting
this ansatz into the determinant equation and solving for
the radial function W(r), we obtain

1
W, ==+ / dr— {EZ—ZEeA +e?A2
f(r) o

oI—

e

- f(r) <m2 +
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This integral describes the radial motion of the W*
boson as it tunnels through the event horizon. The signs
+ and - correspond to the outgoing and ingoing solu-
tions, respectively. The tunneling probability is related to
the imaginary part of this action [51].

To evaluate this integral near the horizon, we expand
the metric function f(r) in the vicinity of r;:

S = () (r=ry), (33)

where the prime denotes differentiation with respect to r.
Using this approximation, we can perform the integration
across the pole at r = r,, which yields:

. \/E*=2EeA,+e*A]
W, = +ir 7 .
Th

(34)

From the standard quantum tunneling formalism, the
tunneling probability is given by [53]

_ Epalance

= e—4ImW+ =e ﬁ’ (35)

where Ep,ance = E —eAq represents the effective energy of
the tunneling particle, accounting for electromagnetic in-
teractions. The tunneling process of the W, boson is ana-
lyzed in a semi-classical framework using the WKB ap-
proximation. In this approximation, the mass of the W*
boson (my) and the tunneling rate are not considered
large enough to create a significant feedback effect on the
macroscopic geometry of EPYM black holes. In particu-
lar, the energy of a single W, boson emitted during the
tunneling process (F) is very small compared to the total
mass M of the black hole (E < M). Therefore, the feed-
back effect of the W, boson on the black hole back-
ground is neglected in this study. Comparing this expres-
sion with the Boltzmann factor for thermal radiation, we
can identify the Hawking temperature as:

o L0

T dx dr (36)

Tn

By substituting the explicit form of f(r) for the
EPYM black hole, we obtain the expression for the
Hawking temperature:

M A (24%) (4y-2) 3
=TT o i (37
2nry,  6m 8n(4y —3)r,

Ty

This expression reveals how the nonlinear YM para-
meter y affects the thermal radiation of the black hole. For
different values of y, the temperature profile exhibits dis-
tinct behaviors, especially at small horizon radii where

nonlinear effects become dominant.

The variation of the Hawking temperature with the
horizon radius for different values of y reveals important
insights into the thermodynamic stability of EPYM black
holes. As shown in Fig. 1, the temperature is particularly
high for small values of r, and decreases rapidly as 7, in-
creases. The nonlinearity parameter y significantly af-
fects the temperature profile, with smaller values of y
leading to more pronounced temperature increases at
small radii. This behavior has important implications for
the final stages of black hole evaporation, suggesting that
nonlinear electromagnetic effects could substantially
modify the standard picture of black hole thermodynam-
ics.

The tunneling approach provides a physically intuit-
ive picture of Hawking radiation from EPYM black holes
and allows us to incorporate the effects of nonlinear elec-
trodynamics on the emission process. This analysis not
only confirms the thermodynamic temperature derived
through other methods but also offers insights into how
massive vector bosons are emitted from these black holes.
The dependence of the tunneling probability on the non-
linearity parameter y highlights the influence of nonlin-
ear electrodynamics on quantum processes in strong grav-
itational fields.

IV. ANALYSIS OF EFFECTIVE POTENTIAL AND
ITS ROLE IN RADIATION EMISSION

The effective potential governing particle motion in
black hole spacetimes provides crucial insights into vari-
ous astrophysical phenomena, including radiation emis-
sion processes, particle confinement, and stability of or-
bits. For EPYM black holes, the effective potential exhib-

80 4

70

60 4

50

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
h

Fig. 1. (color online) Plot of Hawking temperature 7Ty as a
function of the event horizon radius r, for different values of
y. The parameters are set to M =5, A=0.1, and ¢=0.5. The
dashed line represents Ty =0, indicating the extremal black
hole condition.
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its unique features resulting from the nonlinear YM field,
which significantly alters the spacetime geometry com-
pared to standard solutions in general relativity. This sec-
tion presents a detailed analysis of the effective potential
for scalar field propagation around EPYM black holes
and examines its implications for radiation processes.

The effective potential approach has proven invalu-
able in understanding black hole physics across various
contexts. In classical general relativity, it provides a
framework for analyzing the stability of particle orbits
and the behavior of test fields in black hole backgrounds
[58-59]. In semiclassical gravity, the effective potential
governs the greybody factors that modify the black body
spectrum of Hawking radiation, accounting for the backs-
cattering of emitted particles by the spacetime curvature.
The unique features of the effective potential in modified
gravity theories such as EPYM can lead to distinctive ob-
servational signatures that potentially differentiate these
black holes from their counterparts in general relativity.

The nonlinear nature of the YM field in EPYM the-
ory introduces additional complexity to the effective po-
tential, particularly through the parameter y that controls
the degree of nonlinearity. This parameter significantly
influences the shape and behavior of the potential, espe-
cially at small radial distances where the nonlinear elec-
tromagnetic effects become dominant [60]. Understand-
ing these modifications is essential for predicting the ra-
diation spectrum, absorption cross-sections, and quasinor-
mal modes of EPYM black holes, which could poten-
tially be detected by current and future gravitational wave
observatories.

In this section, we obtain the effective potential by
analyzing the propagation of scalar fields in the back-
ground of the static and spherically symmetric EPYM
black hole (Eq. (5)) defined by a metric function (Eq.
(6)). While this approach focuses on scalar fields for sim-
plicity, the qualitative features extend to higher-spin
fields as well, with appropriate modifications to account
for spin-curvature coupling. The resulting effective po-
tential encapsulates the essential physics of wave
propagation in this curved spacetime and provides a
foundation for understanding more complex radiation
processes.

To analyze the propagation of a scalar field in the
EPYM black hole background, we begin with the Klein-
Gordon equation for a minimally coupled scalar field E:

9, V—gg"9,2] = 0. (38)

This equation describes the behavior of a massless
scalar field in curved spacetime, assuming minimal coup-
ling between the field and gravity [61-62]. For the spher-
ically symmetric spacetime under consideration, we can
separate the variables using the decomposition method:

E= eiithwlm(r)Ylm(Hs ¢) (39)

Here, w represents the frequency of the field, R,;,(r)
is the radial function, and Y;"(6,¢) denotes the spherical
harmonics that capture the angular dependence of the
field. Substituting this decomposition into the Klein-Gor-
don equation and using the metric components of the
EPYM black hole, we obtain separate equations for the
radial and angular parts:

1d ( > delm ) (w2 /11 )
= L VR = 4
2 dr r f dr + f 2 wlm O’ ( O)

ym 1 2ym
0 (sinea—’)+ oY +AY"=0.  (41)

sinf 40 90 ) " sin*0 0p?

The angular equation is the standard eigenvalue equa-
tion for spherical harmonics, with the eigenvalue A; re-
lated to the angular momentum quantum number /. For a
scalar field in spherically symmetric spacetime,
A =1(l+1). In more general contexts, particularly for ro-
tating black holes, the separation constant may have a
more complex form, as given by the power series expan-
sion [63]:

4= (aw)Fu, A =I1+1), (42)

k=0

where « is the spin parameter of the black hole and Fy;
denotes coefficients dependent on the specific problem.
The lanFu|1ar momentum satisfies the conditions [ > |m|
—|m

and —— € 0,2),

To derive the effective potential that governs the radi-
al propagation of the field, we introduce the tortoise co-
ordinate v* defined by the relation

v 1 d d d? _ (d2 df d

T A i e A T

) . (43)

This coordinate transformation is standard in black
hole physics and has the advantage of mapping the event
horizon to v* — —co while asymptotic infinity corres-
ponds to v* — oo. This transformation simplifies the wave
equation and provides a clear physical interpretation in
terms of wave propagation. Additionally, we rescale the
radial function as

Rantr) = 127, (#4)

which removes the first-derivative term in the radial
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equation. After these transformations, the radial equation
becomes:

d2
(W - Veff) Twlm = 0» (45)

where the effective potential Vg is given by

1df(r) 2+l(l+1)). 5)

Veff=f(")<; o ¢ 2
Substituting the specific form of f(r) for EPYM black
holes, we obtain

_ (1= A ﬂ)
Vetr = (1 T 37' +2(4’y_3)r47_2
2M 2N ¢y (4y-2) l(l+1)>
(r3 3 2y T - (47)

This expression reveals how the effective potential
depends on the black hole parameters (M, ¢, A), nonlin-
earity parameter y, field frequency o, and angular mo-
mentum quantum number /. The behavior of this poten-
tial determines various physical properties of the black
hole, including its stability, radiation spectrum, and quas-
inormal modes.

Figure 2 illustrates the variation of the effective po-
tential V.; with respect to the radial coordinate » for dif-
ferent values of the nonlinearity parameter y. The plot re-
veals important features of the potential profile.

For small values of r (r <3), the effective potential
shows a steep decrease to negative values, with this de-

4

2 2 6 8 10
r

Fig. 2. (color online) Variation of the effective potential Vg
as a function of r for different values of y (y =0.1,0.5,1). The
parameters used are M=1, g=1, A=0.1, ©=0.5, and /=1.
The behavior of Vs changes significantly for small values of
r, especially for lower values of p, while converging for larger
values of r.

cline more pronounced for smaller values of vy
(y=0.1,0.5). This behavior indicates the strong influ-
ence of nonlinear electromagnetic corrections in regions
close to the black hole. In the intermediate region
(3 <r<6), the potential approaches zero, while for large
values of r (r > 6), all curves converge to positive values
as the effects of the cosmological constant become dom-
inant.

The shape of the effective potential has important im-
plications for radiation processes. Regions where the po-
tential forms a barrier (positive values) tend to reflect in-
coming waves, while regions with negative potential val-
ues allow for transmission [64]. For EPYM black holes,
the potential barrier is modified by the nonlinearity para-
meter y, which affects both the height and width of the
barrier. Lower values of y create a deeper negative well
near the horizon, potentially enhancing the emission of
low-frequency radiation, while also forming a higher bar-
rier at intermediate distances that could suppress high-fre-
quency emission [65].

A. Effective force

Beyond the effective potential, the effective force ex-
perienced by test particles provides another important
perspective on the gravitational dynamics around EPYM
black holes. The effective force serves as an indicator of
whether a test particle in the gravitational field is attrac-
ted toward or repelled from the central mass. Mathemat-
ically, the effective force experienced by a particle in a
gravitational field is given by

1 aVeff

F= .
2 Or

(48)

For the EPYM black hole metric considered in this
study, the effective force takes the form

1 M A 2¢%)
Feﬁ,: (,_7_i 2+L)

277 T8 T aay=3e
y ( 6M  2U(1+1) (2¢*)(4y - 2)(47))
= r 24y —3)rtr!

M A QP Hy-2) | & Ry
+( 23 Ay 2 2

(LM 2A (2q2>«4y—2)> @)
r2 3 204y =341 /)”
This complex expression reflects the interplay

between various factors affecting particle dynamics in the
EPYM black hole spacetime. The effective force de-
pends not only on the black hole parameters (M, g, A)
and nonlinearity parameter y but also on the frequency
parameter  and angular momentum quantum number /
of the test particle. The radial dependence of the force re-
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veals how particles at different distances from the black
hole experience different gravitational effects.

Figure 3 illustrates the variation of the effective force
F.r with respect to the radial coordinate  for different
values of the nonlinearity parameter y:

The plot reveals important features of the force pro-
file. For small values of 7, the effective force is negative,
indicating an attractive force that pulls the test particles
toward the central mass. For smaller values of y (y =0.1
and y = 0.5), the magnitude of this attractive force is sig-
nificantly higher, suggesting a stronger gravitational pull
in regions close to the black hole. In contrast, for larger
values of y (y = 1), the force has a smaller magnitude and
transitions to positive values (repulsive force) at larger
radii.

These results demonstrate how the nonlinearity para-
meter y fundamentally alters the gravitational dynamics
around EPYM black holes. Lower values of y increases
the attractive force, making it more difficult for particles
to escape from regions close to the black hole. This has
important implications for accretion processes, as the en-
hanced gravitational pull could lead to higher accretion
rates and more efficient energy extraction. Conversely,
higher values of y weaken central attraction and intro-
duce repulsive effects at larger distances, potentially cre-
ating stable orbits where standard general relativity would
predict instability.

The effective potential and force analyses provide
valuable insights into the radiation emission processes
from EPYM black holes. The modified potential barrier
affects the transmission and reflection coefficients for
waves propagating in this spacetime, directly influencing
the spectrum of emitted radiation [66]. The deeper negat-

—125

—150 +

=175 4

~200 — y=1

0.‘6 0.‘8 l.‘O l.‘2 l.‘4
r

Fig. 3. (color online) Variation of the effective force Feg
with respect to the radial coordinate r for different values of y.
The parameters are chosenas M =1, ¢=0.5, A=0.1, /=1, and
w=0.5. The results indicate that for smaller values of y, the at-
tractive force is stronger near the center, while for larger val-
ues of y, the force weakens and transitions to a repulsive re-
gime at larger values of r.

ive well near the horizon for lower y values suggests en-
hanced emission of low-frequency radiation, while the
higher barrier at intermediate distances could suppress
high-frequency components, leading to a modified black-
body spectrum compared to standard Schwarzschild
black holes [67]. Additionally, the effective force profile
affects the dynamics of charged particles around the
black hole, which can generate secondary radiation
through processes such as synchrotron emission and
bremsstrahlung. The stronger attractive force for lower
values of y could accelerate charged particles to higher
energies, potentially leading to more energetic radiation
signatures. These distinctive features in the radiation
spectrum could provide observational tests for the exist-
ence of nonlinear electromagnetic effects in astrophysic-
al black holes.

V. PHOTON ORBITS AND NULL CIRCULAR
GEODESICS IN EPYM BLACK HOLES

The analysis of null geodesics presented in this sec-
tion serves as a critical methodological bridge connect-
ing the quantum tunneling phenomena examined in Sec-
tion III with the Aschenbach effect investigated in Sec-
tion VI. While these phenomena appear to be distinct,
they share a fundamental dependence on the metric func-
tion f(r) that characterizes EPYM black holes. The math-
ematical condition for null circular geodesics, which can
be derived as 2f(r)—rf’(r) =0, directly relates to the
parametric conditions that govern the emergence of the
Aschenbach effect through the criterion rf”(r)— f'(r) > 0.
This interconnection reveals how the nonlinearity para-
meter p, which modifies quantum tunneling rates through
its influence on spacetime geometry, simultaneously cre-
ates the distinctive conditions required for both photon
sphere formation and the nonmonotonic orbital velocity
profiles which are characteristic of the Aschenbach ef-
fect. This integrated theoretical approach elucidates how
nonlinear electromagnetic fields fundamentally alter both
quantum and relativistic orbital dynamics.

The study of null geodesics, particularly circular-
photon orbits, provides crucial insights into the optical
properties and causal structure of black hole spacetimes.
For EPYM black holes, these geodesics exhibit distinct-
ive features due to the nonlinear YM field, which signi-
ficantly alters the spacetime geometry compared to solu-
tions in general relativity. This section presents a de-
tailed analysis of null circular geodesics in EPYM black
holes and examines their implications for observable phe-
nomena such as black hole shadows and gravitational
lensing.

Photon orbits play a fundamental role in determining
the optical appearance of black holes to distant observers
[68]. The photon sphere, a region where light can travel
in unstable circular orbits, forms the boundary of the
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black hole shadow and governs strong gravitational lens-
ing effects [69]. In standard general relativity, the photon
sphere of a Schwarzschild black hole is located at r = 3M,
while for charged and rotating black holes, its position
depends on the charge and spin parameters. For EPYM
black holes, the nonlinear YM field introduces additional
complexity, with the photon sphere location depending
nontrivially on the nonlinearity parameter .

In this section, we investigate the physical and math-
ematical properties of null circular geodesics in the back-
ground of EPYM black holes. Our analysis focuses
primarily on null circular geodesics in the equatorial
plane (6 =r/2), which captures the essential features of
the orbital dynamics of photons. Following a previous
study [70], we obtain the equation of a null circular
geodesic. The Lagrangian that defines the geodesics is

2L=—fP+ [T (Ni*+r ¢ (50)

Here, a dot denotes the derivative with respect to an
affine parameter along the geodesic. Given that the Lag-
rangian does not depend on the coordinates ¢ and ¢, the
corresponding conserved quantities are called £ (energy)
and L (angular momentum). The generalized momentum
components derived from the Lagrangian are expressed
as follows [70]:

P = gut = —f(r)i = —E = const, (51
Po = 8os® = r’¢ = L = const, (52)
Dr=8ni = f_l(r)i’. (53)

The Hamiltonian of the system is given by
H=pi+pi+psp—1L, (54)
and satisfies the condition
2H = —Ei+ L +g,,i* = & = const, (55)

Here, £ =0 is taken for null geodesics, which corres-
ponds to the case of massless particles such as photons.

From the conserved quantities, we obtain the follow-
ing relations:

i= £ -k (56)

When these relations are substituted into the Hamilto-
nian constraint equation, we obtain

E? L2)

2 = =
#1055

(57)

For circular orbits, we require # =0 and # =0, which
means that the radial motion is constrained to a fixed ra-
dius. The first condition yields

E? L?
—=—. (58)
fry r

Taking the derivative of the radial equation and set-
ting it to zero (second condition), we obtain

2f(r)—rf'(r)=0. (59)

This equation determines the radius of null circular
geodesics in the EPYM black hole spacetime. Note that
these geodesics are associated with the orbits having the
shortest orbital period around the central black hole. Ac-
cording to asymptotic observers, to minimize the orbital
period for a given radius, one should move as close to the
speed of light as possible. In this case, the orbital period
is expressed as follows [70]:

2nr

V)

I(r)= (60)

The circular motion with the shortest orbital period
must satisfy the following condition:

T'(r) = 0. (61)

This condition gives the equation for the fastest circu-
lar orbit:

2f(r)—rf'(r)=0. (62)

Substituting the specific form of f(r) for the EPYM
black hole, we obtain

oM Q)
2 r * (4y = 3)r+r-2

g’y (4y-2)
204y =32 0 63)

An important observation here is that the expression
for the null circular geodesic (Eq. (59)) and that for the
fastest circular orbit (Eq. (62)) are identical. In other
words, the equation for the extreme period circular radi-
us and null circular geodesic have the same roots. This
mathematical coincidence has a deep physical meaning:
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null geodesics represent the limit of timelike geodesics as
the particle velocity approaches the speed of light, and
this limit also corresponds to the minimum possible orbit-
al period [71].

If we can demonstrate the existence of the fastest cir-
cular orbit, we will have proven that null circular
geodesics also exist in the outer region of the EPYM
black hole. Therefore, the function 7'(r) must have a min-
imum at some finite radius r = reem. At this point, Eqgs.
(59) and (62) are satisfied, which shows that r = regem
corresponds to the location of the null circular geodesics.

Table 1 presents the numerical solutions for the radi-
us of the fastest circular orbit r; (which coincides with
the photon sphere radius) for different values of the
charge parameter ¢ and nonlinearity parameter y, while
keeping the black hole mass M =1 and cosmological
constant A = 1 fixed.

The results in Table 1 reveal several important fea-
tures of photon orbits in EPYM black holes. For small
values of ¢ and y, the radius of the photon sphere r-
emains close to the Schwarzschild-like value, r;=
1.057-1.076 for ¢ =0.1. This indicates that weak nonlin-
ear electromagnetic effects do not significantly alter the
photon orbit structure. However, as ¢ increases, the ef-
fects of nonlinear electrodynamics become more pro-
nounced, leading to significantly higher values of r;, par-
ticularly for y = 0.8, where r; increases drastically (e.g.,
rr~ 158.43 for ¢ = 0.5 and r; ~ 59608.80 for ¢ = 1).

This dramatic increase in the photon sphere radius
suggests that higher values of y introduce strong repuls-
ive effects that push the photon orbit far from the black
hole. This behavior is particularly significant for observa-
tional implications, as it would lead to a much larger
black hole shadow than predicted by general relativity,
potentially providing a clear observational signature of

Table 1. Solutions for r; with fixed M=1 and A=1 and
different values of ¢ and y.

q 4 rr
0.1 0.3 1.057
0.1 0.5 1.076
0.1 0.8 2.000
0.1 1.0 2.000
0.5 0.3 1.183
0.5 0.5 1.547
0.5 0.8 158.430
0.5 1.0 2.000
1.0 0.3 1.354
1.0 0.5 3.414
1.0 0.8 59608.800
1.0 1.0 4.000

nonlinear electromagnetic effects. Furthermore, for
v=10, the values of r; remain relatively stable at
r; =2.000 or 4.000, indicating a potential threshold where
the influence of the charge diminishes.

The existence and properties of photon orbits have
important implications for various astrophysical phenom-
ena. The photon sphere forms the boundary of the black
hole shadow, determining its apparent size and shape as
seen by distant observers. The significantly larger photon
sphere radius for certain parameter values in EPYM black
holes would result in a correspondingly larger shadow,
potentially observable with current and future very long
baseline interferometry (VLBI) facilities such as the
Event Horizon Telescope. Additionally, the photon sp-
here plays a crucial role in gravitational lensing phenom-
ena, particularly in the formation of relativistic images
[72—74]. These images arise when light rays from distant
sources pass close to the black hole and undergo multiple
loops around the photon sphere before reaching the ob-
server. The properties of these relativistic images, includ-
ing their magnification, separation, and time delays, de-
pend sensitively on the photon sphere radius and could
provide another observational test for nonlinear electro-
magnetic effects in black hole spacetimes.

VI. ASCHENBACH EFFECT IN EPYM BLACK
HOLES

The Aschenbach effect represents one of the most in-
triguing relativistic phenomena in black hole physics,
characterized by a nonmonotonic behavior of the angular
velocity profile of orbiting particles. Initially discovered
by Bernd Aschenbach in the context of rapidly rotating
Kerr black holes [75], this effect manifests itself as a sur-
prising reversal in the expected monotonic decrease of
angular velocity with increasing orbital radius. While tra-
ditionally associated with rotating black holes owing to
frame-dragging effects, recent studies have suggested that
similar nonmonotonic behaviors might emerge in certain
nonrotating spacetimes under specific conditions. The
presence of this effect in static, spherically symmetric
EPYM black holes would represent a significant finding,
suggesting that nonlinear electromagnetic fields can in-
duce effects previously thought to require spacetime rota-
tion.

The Aschenbach effect has important astrophysical
implications, particularly for accretion dynamics and jet
formation mechanisms around black holes [75-77]. It
may lead to distinctive observational signatures in the X-
ray spectra of accreting black holes, including specific
QPOs that have been observed in both stellar-mass and
supermassive black hole systems [78—81]. Furthermore,
the regions where angular velocity exhibits nonmonoton-
ic behavior could serve as potential sites for particle ac-
celeration and energy extraction, influencing relativistic
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jet formation and high-energy phenomena around black
holes.

In EPYM black holes, the nonlinear YM field intro-
duces additional complexity to the spacetime geometry,
potentially creating conditions where the Aschenbach ef-
fect could emerge even in the absence of rotation. The
nonlinearity parameter y plays a crucial role in determin-
ing whether and how this effect manifests itself, with dif-
ferent values potentially leading to qualitatively different
orbital velocity profiles [82]. This section examines the
necessary conditions for the Aschenbach effect to mani-
fest in EPYM black holes and analyzes its physical im-
plications.

The Aschenbach effect [76] refers to the nonmono-
tonic behavior of the angular velocity of a timelike circu-
lar orbit (TCO) as a function of radial distance in a black
hole spacetime. In the case of a zero-angular-momentum
observer (Bardeen observer), this effect has been extens-
ively studied for rapidly rotating black holes. However,
its existence in static and spherically symmetric black
holes remains an open question. In this section, we ana-
lyze the necessary conditions for the Aschenbach effect
to manifest in such nonrotating black hole backgrounds.
For a general static, spherically symmetric black hole de-
scribed by the metric expressed by Eq. (5), the angular
velocity Qco of a TCO as observed from a distant observ-
er is given by

J'(r)

Qco = .
Co or

(64)

This expression directly relates the angular velocity to
the metric function and its derivative. For standard black
holes in general relativity, such as the Schwarzschild
solution, this angular velocity decreases monotonically
with increasing radius, following a behavior similar to
Keplerian orbits in Newtonian gravity. However, in the
presence of nonlinear electromagnetic fields, as in EPYM
black holes, this monotonic behavior can be disrupted.

To determine whether the Aschenbach effect is pr-
esent, we examine the derivative of Q¢ with respect to
the radial coordinate:

o 0=

0= Ve T (65)

The Aschenbach effect occurs if there exists a radial
region where Qg >0, indicating an increasing angular
velocity with radius. This condition simplifies to

rf’(r)—f'(r)>0. (66)

This mathematical criterion provides a clear test for
the presence of the Aschenbach effect in any spherically

symmetric spacetime [33]. For EPYM black holes, we
can substitute the specific form of the metric function
f(r) to determine the parameter ranges where this condi-
tion is satisfied.

An essential feature for the presence of the Aschen-
bach effect is the existence of a static point, defined by
the condition f’(r) =0. When this condition is met, the
angular velocity of the TCO vanishes at a finite radius,
implying the presence of an extremum in Qco [83].
Moreover, in black holes exhibiting multiple photon
spheres, at least one of them must be stable, further sup-
porting the possibility of the Aschenbach effect.

We further analyze the topological structure of TCOs
and their stability considering the second derivative of the
effective potential [33]:

2Bff -2rf?+rff")

Ve = T )

(67)

The sign of V; determines whether a TCO is stable
(Vi >0) or unstable (V/; <0). A critical observation is
that if a stable photon sphere is present, then rf”(r)—
f'(r)>0 holds in its vicinity, indicating a region where
Qg > 0, thereby confirming the Aschenbach effect [76].

For EPYM black holes, the specific form of the met-
ric function introduces complex dependencies on the non-
linearity parameter y. Numerical analysis reveals that for
certain ranges of y and charge ¢, the Aschenbach effect
can indeed emerge, creating regions where the angular
velocity increases with radius before eventually decreas-
ing again at larger distances. This behavior is particularly
pronounced for intermediate values of y, where the non-
linear electromagnetic field creates a gravitational effect
that mimics certain aspects of frame drag in rotating
black holes.

The physical mechanism behind the Aschenbach ef-
fect in EPYM black holes differs fundamentally from that
in Kerr black holes. In rotating black holes, the effect
arises from the interplay between centrifugal and gravita-
tional forces along with frame-dragging; in EPYM black
holes, it emerges from the radial dependence of the con-
tribution of the nonlinear electromagnetic field to the
spacetime geometry. The nonlinear term in the metric
function can create regions where the effective gravita-
tional force exhibits complex radial behavior, leading to
the nonmonotonic angular velocity profile characteristic
of the Aschenbach effect.

The astrophysical implications of the Aschenbach ef-
fect in EPYM black holes are significant. In accretion
disks, regions where the angular velocity increases with
radius can lead to enhanced viscous dissipation and ener-
getic phenomena [84-85]. These regions may serve as
preferred locations for the formation of high-energy radi-
ation, potentially leading to observable signatures in the
electromagnetic spectrum of accreting black holes. Addi-
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tionally, the nonmonotonic velocity profile could induce
specific resonance patterns in the disk, generating charac-
teristic QPOs that might be detectable in the X-ray emis-
sions from black hole systems [86—87].

The presence of the Aschenbach effect could also in-
fluence the stability and dynamics of accretion flows. The
regions where the angular velocity increases with the ra-
dius may create conditions favorable for various instabil-
ities, including magnetorotational instability (MRI), wh-
ich plays a crucial role in the transport of angular mo-
mentum in accretion disks [88]. These instabilities could
lead to enhanced accretion rates and energetic outflows,
potentially affecting the overall behavior of the black
hole-accretion disk system. Furthermore, the Aschen-
bach effect has implications for the structure and dynam-
ics of jets and outflows from black hole systems. The re-
gions of nonmonotonic angular velocity could serve as
launching sites for relativistic jets, with the complex or-
bital dynamics in these regions contributing to the collim-
ation and acceleration of outflows. The specific proper-
ties of these jets, including their Lorentz factors and en-
ergy distribution, might carry signatures of the underly-
ing nonlinear electromagnetic field, potentially providing
observational tests for EPYM black holes.

VII. CONCLUSIONS

In this study, we conducted a comprehensive investig-
ation of the thermodynamic and quantum properties of
EPYM black holes in an AdS background. By incorporat-
ing a nonlinear YM charge parameter y, we explored the
profound effects of this modification on black hole solu-
tions, their thermodynamic stability, quantum tunneling
mechanisms, and relativistic orbital behaviors. Our find-
ings enhance the understanding of nonlinear electrody-
namics in curved spacetime and contribute to the broader
discourse on modified gravity theories and high-energy
astrophysical phenomena.

We began by deriving the exact metric function for
EPYM AdS black holes in Section II, given by Eq. (4),
and examined how the nonlinearity parameter y affects
the structure of the horizon and the singularity properties.

The solution revealed that the metric function depends
Qg .

2y =32 introdu-

cing significant modifications to the spacetime geometry

compared to standard solutions in general relativity. We

found that the mass parameter could be expressedzin
o Arn

terms of the radius of the horizon as M = Eh— 6h

2¢*) L . :
W, establishing a crucial connection between
the gravitgtional mass and electromagnetic field paramet-
ers.

The thermodynamic analysis demonstrated that EP-
YM black holes exhibit rich phase structures, with the

nontrivially on y, with the term

Hawking temperature showing nonmonotonic behavior as
a function of the horizon radius for certain parameter
ranges. As shown in Fig. 1, the temperature profile is par-
ticularly sensitive to the nonlinearity parameter p, with
smaller values of y leading to more pronounced temperat-
ure increases at small radii. This behavior has significant
implications for the final stages of black hole evapora-
tion, suggesting that nonlinear electromagnetic effects
could substantially modify the standard picture of black
hole thermodynamics.

In Section III, we investigated the quantum tunneling
of W* bosons from EPYM black holes using the WKB
approximation and Hamilton-Jacobi formalism. By solv-
ing the relativistic wave equation for vector bosons in the
EPYM background, we deg}{ﬁg the tunneling probability
expression I' = e™™W+ = ¢~ 7u  which yielded a Hawk-
ing temperature consistent with the thermodynamic defin-
VE2=2EeA, +€e2A}

Il

vealed how the nonlinear YM field modifies the tunnel-
ing process, affecting both the emission rate and energy
spectrum of radiated particles. This semi-classical ap-
proach provides a physically intuitive picture of Hawk-
ing radiation and confirms the consistency between qu-
antum and thermodynamic descriptions of black hole ra-
diation.

Our analysis of the effective potential in Section IV
yielded significant insights into particle dynamics and ra-
diation processes around EPYM black holes. The effect-
ive potential, given by Eq. (46), exhibits distinctive fea-
tures that depend strongly on the nonlinearity parameter
y. As shown in Fig. 2, the potential profile changes dra-
matically with different values of y, particularly at small
radial distances where nonlinear electromagnetic effects
dominate. For lower values of 7y, the potential develops a
deeper negative well near the horizon, potentially enhan-
cing the emission of low-frequency radiation, while also
forming a higher barrier at intermediate distances that
could suppress high-frequency emission.

We also computed the effective force, expressed in
Eq. (50), which revealed how the nonlinearity parameter
affects the gravitational dynamics around EPYM black
holes. Figure 3 shows that for smaller values of y, the at-
tractive force is significantly stronger near the center,
while for larger values of y, the force weakens and trans-
itions to a repulsive regime at larger radii. These findings
have important implications for accretion processes and
particle confinement, suggesting that the nonlinear YM
field can fundamentally alter the gravitational interaction
in ways that could potentially be observable in astrophys-
ical systems.

Section V focused on photon orbits and null circular
geodesics, which determine the optical appearance and
shadow of EPYM black holes. We derived the condition
for null circular geodesics, 2f(r)—rf’(r) =0, and demon-

ition. The radial function W. = +ir re-
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strated its equivalence to the condition for the fastest cir-
cular orbit. Our numerical analysis, summarized in Table
1, revealed remarkable behavior of the photon sphere ra-
dius for different values of ¢ and y. The dramatic in-
crease in the radius of the photon sphere for certain com-
binations of parameters is particularly remarkable, e.g.,
rr~ 15843 for ¢=0.5, y=0.8 and r;~59608.80 for
g=1, y=0.8. These results indicate that strong nonlin-
ear electromagnetic effects can push the photon orbit far
from the black hole, potentially leading to a much larger
black hole shadow than predicted by general relativity.

Arguably, the most surprising finding of our study is
the identification of the Aschenbach effect in spherically
symmetric EPYM black holes, discussed in Section VI.
This effect, traditionally associated with rapidly rotating
Kerr black holes, manifests as a nonmonotonic behavior
of the angular velocity profile in regions where Q¢ > 0.
We established the mathematical criterion for this effect,
rf”(r)—f'(r)>0, and demonstrated that it can be satis-
fied in EPYM black holes for certain parameter ranges.
This discovery suggests that nonlinear electromagnetic
fields can induce effects previously thought to require
spacetime rotation, opening new perspectives on the rela-
tionship between electromagnetic and gravitational phe-
nomena in strong-field regimes.

Throughout our analysis, we observed that the nonlin-
earity parameter y plays a crucial role in determining the
physical properties of EPYM black holes. It affects not

only the spacetime geometry and horizon structure but
also the thermodynamic behavior, radiation processes,
and orbital dynamics. The rich phenomenology associ-
ated with different values of y highlights the importance
of nonlinear electrodynamics in extending our under-
standing of black hole physics beyond the standard
framework of general relativity.

Looking ahead, several promising directions emerge
from this study. Future research could extend our analys-
is to rotating EPYM black holes, incorporating both spin
and nonlinear electromagnetic effects to explore their
combined influence on black hole properties. Developing
detailed models for accretion disks around EPYM black
holes would enable more precise predictions of observ-
able signatures, including electromagnetic spectra, QPOs,
and jet properties. Additionally, investigating the gravita-
tional wave signatures of binary systems involving
EPYM black holes could provide another avenue for test-
ing these models with current and future gravitational
wave observatories.
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