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Abstract: In this study, we investigate a two-component scalar dark matter framework featuring two singlet scalar

fields as dark matter candidates. To ensure vacuum stability, we employ copositive criteria for the scalar potential.

We analyze four distinct copositive scenarios characterized by specific negative parameter configurations using dir-

ect detection constraints. A comprehensive parameter space scan is performed under joint constraints from the ob-

served dark matter relic density and direct detection experiments. The different signs of couplings not only corres-

pond to different copositive criteria but also contribute to different parameter spaces caused by interference. The al-

lowed values of quartic couplings are different for the four different cases; however, they all require the new Higgs

to play a dominant role in determining dark matter relic density within the viable parameter space.
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I. INTRODUCTION

The Standard Model (SM) of particle physics has
been remarkably successful in describing fundamental
particles and their interactions. However, astrophysical
observations indicate the existence of dark matter (DM),
which constitutes approximately 26.5% of the mass-en-
ergy content of the universe [1]. The existence of DM can
be inferred from its gravitational effects on the large-
scale structure of the universe; however, its particle
nature remains elusive. In terms of particle physics, dark
matter (DM) can be assumed to be some stable particles
that carry no SM gauge group quantum number.

Weakly interacting massive particles (WIMPs) are
one of the most popular and attractive DM candidates
[2—4], wherein the observed DM relic density is gener-
ated via the "Freeze-out" mechanism [5]. Among the dif-
ferent WIMP models, the singlet scalar DM model is the
simplest one, wherein a new singlet scalar as DM is intro-
duced to the SM. The singlet scalar is stabilized by extra
Z,symmetry, and there are only two free model paramet-
ers in the model with a DM mass and quartic coupling of
DM with SM Higgs. The viable DM mass region is re-
stricted by the Higgs invisible decay search at the LHC
[6], DM relic density, direct detection constraint [7, 8],
and indirect detection constraint attributed to the gamma-
ray spectrum induced by DM annihilation observed at
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Fermi-LAT [9, 10] and HESS [11]. This causes the reson-
ant mass to be approximately half of the SM Higgs mass
and high mass region to be larger than approximately 3
TeV [12]. Current direct detection experiments do not
yield a clear signal, which imposes stringent constraints
on DM-nucleon interactions and present a significant
challenge for WIMP scenarios.

A possible solution to the problem is a multi-compon-
ent DM model, which includes two or more DM species.
In this model, one of the DM candidates has a large elast-
ic cross-section on the nuclei; however, it forms a sub-
dominant DM component that leads to a suppressed sig-
nal [13], causing it to escape the direct detection con-
straint. In addition, there is no preference to assume that
there is only one DM candidate in the universe, and dis-
cussions about multi-component DM have been previ-
ously reported [14—17]. For a multi-component scalar
DM model, an extra symmetry such as Z, xZ} [18], Zs
symmetry [19-21], Z; symmetry [22], or other Zy sym-
metry [23—25] can be considered to ensure the stability of
DM particles.

When constructing a viable multi-component scalar
DM model, the stability of the electroweak vacuum needs
to be guaranteed. Scalar field theories suggest that the
concept of vacuum stability is intricately linked to the
properties of the scalar potential, particularly, its quartic
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couplings. A scalar potential bounded from below is a
prerequisite for stable vacuum, which leads to copositive
criteria. Copositive matrices are a class of matrices that
are positive on non-negative vectors and provide a math-
ematical framework to assess the stability conditions of
scalar potentials. These matrices enable deriving the ne-
cessary and sufficient analysis conditions for vacuum sta-
bility, which is essential for ensuring that the scalar po-
tential does not lead to unphysical situations such as a va-
cuum that is not the global minimum of the potential.

Discussion about copositive criteria and DM have
been presented in [26—31]. In this study, we consider a
simple two-component scalar DM model and discuss the
copositive criteria for the model. We introduce three sing-
let scalars S, S,, and S; to the SM, where S, and S,
represent DM candidates and S; has a non-zero vacuum
expectation value. We obtain the two component scalar
DM model [17] when S; is absent, which necessitates a
large 4;, to evade direct detection and relic abundance
constraints outside the Higgs resonance region. The intro-
duction ofS; leads to new annihilation channels and
couplings of DM with SM Higgs. 1;, can be smaller to
escape the direct detection constraints with the observed
DM relic density constraint. The existence of S; contrib-
utes to the new DM annihilation processes so that a wider
parameter space compared to those of DM models that in-
volve only two singlet scalars can be obtained. A 4x4
copositive matrix of quartic couplings can be constructed
in the model. The copositive criteria of a rank <3 matrix
can be obtained concretely, whereas for a matrix with a
higher rank, related discussions about the models are ig-
nored becuase of their complexity. In this study, we ana-
lyze the copositive criteria of the model systematically.
We consider eight cases of the copositive criteria for a
rank 4 matrix; more complex cases can be obtained when
considering the signs of the model couplings. Based on
the direct detection constraint, we consider four different
cases from the point of exchange symmetry for simpli-
city and estimate the viable parameter space within the
DM relic density and direct detection constraints. The
signs of the couplings can not only determine the coposit-
ive criteria but also make a difference in the cross-sec-
tion of 2 — 2 processes related to DM annihilation into
other scalars attributed to the interference effect. We ran-
domly scan the selected parameter space and focus on
quartic couplings with A;3, A3, A14, and A4. The allowed
values of (|A3],|414]) are different for all four cases;
however, all of them require the new Higgs to play a
dominant role in determining DM relic density. Within
the viable parameter space, copositive criteria place strin-
gent constraints as long as some coupling is negative.

The rest of this manuscript is organized as follows.
We present a two-component scalar DM model in Sec. II.
In Sec. III, we discuss the copositivity of the symmetric
matrix with eight different cases. In Sec. IV, we consider

the DM phenomenology of the model including relic
density and direct detection. In Sec.V, we consider four
different cases by fixing some of the quartic parameters
to be negative and discuss the effect of copositive con-
straint on a viable parameter space satisfying the relic
density and direct detection constraints. Finally, we
present a summary in Sec. VI.

II. MODEL DESCRIPTION

We establish a simple two-component scalar DM
model with Z, xZ)xZ! symmetry by introducing three
singlet scalars S,,; into an SM model. The correspond-
ing charges for DM particles S; and S, are (-1,1,1) and
(1,-1,1), and S; has a non-zero vacuum expectation
value (vev) carrying the (1,1,—1) charge, while the SM
particles carry a (1,1,1) charge. Therefore, the potential
part of the scalars can be given by

1 1 1 1
V=_-MiSt+-M3;S5~ EygSg — | HP? + A H|* + an.s‘l‘

2 2
1 1
+ Z/lzzsg + 1/133S§ +/112S%S§ +/113S%S§

+ S TH? + 138385 + 154 S3|HI* + A3, S 3| HP,
e)

where H represents the SM Higgs doublet. The Z; sym-
metry is introduced to simplify the scalar potential in this
study. Under unitarity gauge, H and S; can be expressed
as

0
H= V0+I’l N

V2

S3=s3+v, 2

where vy = 246 GeV corresponds to the electroweak sym-
metry breaking vev and v; represents the vev of S;. After
spontaneous symmetry breaking (SSB), the masses of S,
and S, can be given by

m% = M% + 2/113\/% +/114v§,m§ = M% + 2/123\/% +/124Vg. (3)

where m;(m,) represents the mass of §,(S,). We have the
squared mass matrix of s3 and # with

M= < 2/1331)% /134\/0\/1 ) ' (4)

2
A34VOV1 Z/IHVO

The physical masses of the two Higgs states h,,h, are
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2 _ 2 2 2 2
= AV + st — /(a3 = 5392 + (aavom 2,

mﬁz = /lHV% + /133\)% + \/(/IHV% — /133\/%)2 + (/134\/0\/1)2. (5)

The mass eigenstate (h;,h,) and gauge eigenstate (A, s3)
can be related as

hy cosf —sin@ h
=1 . . (6)
h, sin@ cos@ 53

Az4vovi

where

tan26 = @)

2 2"
/133\/1 - /IHVO

Furthermore, we can assume that h; represents the ob-
served SM Higgs and &, represents the new Higgs in our
model. The masses of the Higgs particles my,, and m;, can
be selected as inputs, and the couplings of Ay, 433, and
A4 can be given by

_ (my, +mj,) —cos 20(my, —m;, )

ﬂ- 9
" 4v?

_ (m, +m;, ) +cos 26(m;, —m;, )

/l';'i
33 4\)% >

sin26(m;,, —m, )

@®)

34 =
2VOV1

III. COPOSITIVITY OF THE SYMMETRIC
MATRIX

The extended scalar field models beyond the SM can
contain complicated quartic couplings, and therefore, it is
important to formulate criteria that define the bounded-
ness of the potential with the largest parameter space in
terms of the vacuum stability constraint. One possible
idea is constructing the quartic couplings as a pure square
of the combinations of bilinear scalar fields and setting
their coefficients to be non-negative. We imported the
idea of copositivity of symmetric matrices in this study.
In our model, the scalar potential quartic terms can be
given with a symmetric matrix as

A A Az A
An Az Ay
A3z Ay

In the following discussion, we use A4 to represent
Ay for the sake of coherence. For this symmetric matrix
of order four, we use eight different cases based on the
sign distributions of off-diagonal elements to determine if
this matrix is copositive. In these cases, all diagonal ele-
ments need to be positive as a generic condition. The
eight cases are presented below [28].

e Case I: Matrix S is copositive if and only if 2; > 0
when all off-diagonal elements are positive.

e Case II: Matrix S is copositive if and only if
(/lii/ljj—/l?j) >0 when ;<0 and other off-diagonal ele-

ments are positive.

e Case III: Matrix S is copositive if and only if
(/l,','/ljj - /112/) > 0, (/lllﬂkk - /llzk) >0 when /l,'j,/l]k <0 and oth-
er off-diagonal elements are positive.

e Case IV: When 2;;,44 <0, we need (;4, — A;jAy+
 Qidj; = 22)idi = 22)) 2 0 to ensure that matrix S is

copositive.

e Case V: Matrix S is copositive if and only if the
following order three matrix is copositive:

Ai Aij A
A A
Akk

when A;;, A4, 4x <0 and the other off-diagonal elements
are positive.

e Case VI: Matrix S is copositive if the following
matrix is copositive:

Aidji— /11-2]- Aidje = Aijdic Aidjp— Aijd
Aidie = A3 i — Ay
iy = A

when 4,4z, 4; <0 and the other off-diagonal elements
are positive.

e Case VII: The following matrix of order three
should be copositive to make sure S is copositive:
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/1kk (/l/J/llzk - 2J-ij/lik/ljk + /lii/lik) /lkk(/ljj/lik - /l[j/ljk) /lkk(ﬁikﬂjl - /l_/'k/lil)

Ajjdig — /lﬁk

Agedji — A
Ay — A

when 4;;, 44,4y <0 and other off-diagonal elements are positive.

e Case VIII: The following matrix of order three should be copositive to make sure S is copositive:

/lzz(ﬁii/lﬁl =20+ ;A% Au(udi— AjAan)  Au(Aud i — Ay A

when A;;, A, 4,43 <0 and other off-diagonal elements
are positive.

We discuss these eight cases separately and obtain
different allowed parameter spaces in terms of a theoret-
ical constraint.

IV. DARK MATTER PHENOMENOLOGY

In our model, the two scalar DM particles are stabil-
ized by Z, x Z; xZ; symmetry, which is related to the SM
particles with Higgs-portal interactions. The observed
DM relic density given by the Planck collaboration is
Qpyh? =0.1198 £0.0012 [32], and we consider DM pro-
duction in our model to be generated with the “Freeze-
out” mechanism. Both S, and S, contribute to DM relic
density, and the Boltzmann equations for the number
density of S, and S, are given as

dnl
$+3Hn] = —(a'v)slsl_’XX(n%—n_lz)
_ <O'V>Slsl—)hl’2h]’2(n% _n—12)
~2
n
—(ov)*rSimSa <n? ﬁli-ﬁ) :
ny
dn, §28525XX, 2 =2
O +3Hn, = —{(ov) (n; —ny")
_ <O'V>5252—)h1’2h]’2 (ng _ n—22)
§2852,-818 2 2”_22
— (o)t m=n— ) (10)
1

where n;(n,) represents the number density of S(S,),
71, (1) represents the number density in thermal equilibri-
um, A represents the Hubble expansion rate of the Uni-
verse, X represents SM particles, and (ov) represents the
thermally averaged annihilation cross section. In Fig. 1,
we show the Feynman diagrams of DM annihilation pro-
cesses related to new particles. Both §; and S, can be
dominant in the DM relic density because of the ex-

Aidy = A5,

Ay dix — Ay Ay
A — A3,

change symmetry, which depends on the mass heirarchy
between S, and S,. The lighter one is dominant because
a heavy component can annihilate into the lighter com-
ponent. To calculate the DM relic density numerically,
we use the mictOMGEAs 5.0.6 package [33], wherein the
model is implemented through the FeynRules package
[34].

DM can scatter the nuclei with Higgs-mediated t-
channel processes, which are constrained by the direct de-
tection results. The effective Lagrangian related to DM-
quark elastic scattering can be given by [35]

m, {C C _
Loerr= > _q< ’%SH ’:235>S5qq. (11)

2v,
§=51.5> 0 ha

where Cj,ss and Cj,ss represent the couplings of dark
matter S, with A, and

Cus,s, = —2¢08014vp +25in601,3vy,

Cth]S] = —ZSin9/l]4v0 - 2COS€/113V1,

Ch152S2 = =2c0S80A4vy + 2sin A3 vy,

CthzSz = —2sin 9/1241/0 —2cos 9/123\/1 . (12)

The expression of the cross-section for the spin-independ-
ent DM-nucleon elastic scattering can be given as [36]

Os,N

2
4 2
my f; Chus:s; Chsis: .
NN ( R0 cos+ —22ging |,

" dn(my +m;)? 2 2

my, m,
(i=1,2) (13)

where my represents the nucleon mass, and fy represents
the Higgs-nucleon form factor with fy = 0.308(18) based
on the phenomenological and lattice-quantum chromody-
namics calculations [37]. We have two DM particles in
the model, and therefore, we compare the value of &0,
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Sl N Y hl, }22

Sh , hi, ha

NS
Fig. 1.

against the direct detection constraints provided by the
experiment results instead of the cross-section, where &
represents a fraction of S§; in the total relic density
defined by

Qpwm

‘fi ’(i: 1’2) (14)

where Qpy represents the observed value of the DM
density and €; represents the density of S;(i = 1,2). In our
analysis, we consider the current direct detection limit set
by the LZ results [38].

V. DISCUSSION

We estimate the parameter space in terms of the co-
positive criteria and DM phenomenology related to relic
density and direct detection constraints. The direct detec-
tion constraint is more stringent on the low mass region,
and we focus on the TeV scale DM mass in this study,
where indirect detection constraints cause slight differ-
ences on the parameter space. There are eight cases re-
lated to copositive criteria based on the sign of the para-

h, hy

N 7

N hihy

52 , hhe

Sy N So

51// (f) NI

Feynman diagrams of DM annihilation processes related to new particles.

meters, and each case corresponds to a viable parameter
space limited by the relic density constraint and direct de-
tection constraint. Regardless of the symmetric matrix S
with permutation A;; = A;, we can have different results
when indices i, j, k, and / consider different permutations
only for one case. Hence, discussions about the paramet-
er space are complex for the different permutations of in-
dices, and all possible cases should be considered to ob-
tain the viable parameter space.

A. Parameter estimation

We first estimate the parameters to simplify the dis-
cussion. In this study, we select the following parameters
as inputs.

Vl,Sin97mh2,m1,2,/ll1,/112,/113,/114,/122,/123,/124- (15)

Asz, Asq, and A44(1y) can be obtained from Eq. (8). A4
represents the coupling of the new Higgs particles, which
causes a slight difference in the DM results. Further, v,
sin@, and my, can be fixed such that 133,434, and A44(Ag)
are obtained explicitly. The self-interaction couplings A;
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and A, slightly affect DM production, and we fix
A11 = Axp = 7 for the sake of simplicity. Therefore, we can
just consider the Signs of /112,/113,/123,114,124. We have an
exchange symmetry of A;3 « Ay, djg & Ay, and §; & S,
because of the Z,xZ;xZ} symmetry, and there is no
preference for the permutations of the indexes. The five
couplings can be grouped as 4,5, (13, 414), and (a3, A24).

The direct detection result yields the most stringent
constraint on the parameter space. In Fig. 2, we obtain the
viable parameter space of (1;3,4,4) satisfying the direct
detection constraint with m; =1 TeV in the absence of
S,. In A4, the coupling of SM Higgs with S, is limited
within a narrow region under a direct detection constraint
while the value of A5 is more flexible. For a heavier m,,
a similar allowed region for (1;3,4;4) can be obtained
based on the expression of DM-nucleon elastic scattering.
A negative (positive) A;; always demands a negative
(positive) A4 for a large |A,5|, whereas the small values of
|213] and |2;4] make DM production over-abundant even
though the parameter space is under a direct detection
constraint. Therefore, one can conclude that 1,5 and A4
consider the same signs under the direct detection con-
straint, which is true for A,; and A4 because of the ex-
change symmetry. Further, we are left with 7(=23-1)
cases to be discussed, where the cases Ai»,413, 414,423,
Ay <0 are excluded according to the copositive criteria.
Owing to the exchange symmetry, the parameter space of
(A13,414) and (A3,454) can be similar, and therefore, we
can consider one case to decrease the complexity and
simplify the discussion. Thus, in the following discus-
sion, we focus on the viable parameter space of (1y3,1;4)
but fix 1,3 and 1,4 to be constants. We discuss five cases:
(1) A1z, 413,14, A3, A24 2 05 (2) A1z, Aoz, dos > 0,413,414 < 0
B) 220,213,414, 403,404 <0; (4) A2, 443,414 <0,
A3, Ars = 0; and (5) A2 0,413,414, A2z, Aps = 0. Case (5)
always satisfies the copositive criteria because
A11dyy — A2, > 0 always holds, and there is no difference
between Cases (1) and (5) when considering the coposit-
ive criteria. Therefore, we ignore Case (5) and focus on
the first four cases.

I
< /
“1F
2F
-3k, . . . . .
-6 -4 -2 0 2 4 6
A3
Fig. 2. (color online) Viable parameter space of (1;3,114) un-

der the direct detection constraint in the absence of S, with
mp =1 TeV.

B. Theortical constraint of the copositive criteria

We discuss the four different cases with the theoretic-
al constraints of the copositive criteria. Case (1) corres-
ponds to Case I in Sec. III where all couplings are larger
than zero. Case (2) corresponds to Case IV with
A13, 414 < 0, and the copositive criteria demand that

A dza = Az dia + \/(/111/133 =~ )N —13,) >0, (16)

Case (3) corresponds to Case VI with A;,,43,4;4 <0, and
the copositive criteria demand that

Andy —Apdiz + \/(/111/122 — )11z = A33) > 0, 17)

A Ao — Apdig + \/(/111/122 =) (A1 Adas — A}) >0, (18)

Andza—Aizdia + \/(/11 1433 = A73)(A11 daa = A3,) 2 0, (19)

V2 \/(/111/124 —Apdi) + \/(/111/122 =) das = A7) \/(/111/123 —Andiz)+ \/(/111/122 =) dss = A7)

\/(/111/134 —Ai3di) + \/(/111/133 = )1 dag = A7) + \/(/111/122 = AL (133 = A33)(An g = Ay) + (A Ao

= AnAi3) \/ A dus = Ay + (A1 d0s — A A1s)

Az = A5+ (A1 A3 — Ai3414)

Andoy = A7, > 0. (20)

Case (4) belongs to Case VIII with A;; > 0,143,414, 423,424 <0, and we can define

Al = Ap(A33AT, = 21303012 + A1 A33), Ara = Aaa(A33d12 — A1323), Az = An(A3adin — A3 i),
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Ay = As3dyy — D3, Any = A dag — Az dag, Azy = Auadyy — A3y

Therefore, the copositive criteria demands that

A1 20,A0 20,433 2 0,A+ VA1 Ap 2 0,A13+ \/A11A33 2 0,An+ \/ApAs 20, (21)

Az VAp +Ap VA + \/2(A12+ VALAR) A+ VANAR)An + V/AnAs) + /A1 AnAs + A /Asz > 0. (22)

The copositive criteria can place stringent constraints on
the parameter space to obtain a stable vacuum, and differ-
ent copositive criteria are expected to contribute to differ-
ent viable parameter spaces that depend on the signs of
quartic couplings.

C. Results

We discuss the copositive criteria, DM relic density,
and direct detection constraint on the model. We con-
sider the four different cases of the copositive criteria and
focus on the viable parameter space of (1;3,414). We fix
vi=2 TeV, m,, =1.5 TeV, and sinf= 0.01 so that we
can obtain A3 =0.2812, A3, = 0.0454, and A4 = 0.1309. In
addition, we set |[1;,|=1 and m, =3.5 TeV and fix Ay
and A4 as constants. We select a small siné so that the
contribution of S;§; — hh(i=1,2) is suppressed. The
expression of processes related to DM production in the
limit of sinf — 0 can be found in Appendix (A4). We
randomly scan the parameter space with

my € {1 TeV,2 TeV,3 TeV}, |3
c [0.0001,3.14], |14 < [0.0001,3.14].

In our scans, we consider the model compatible with
the observed DM relic density if the value, as given by
micrOMEGAS, lies between 0.119 and 0.121.

In Fig. 3, we present the results of Case (1), where we
set A1, =1 and A;3,4;4 = 0. According to Fig. 3(a), we fix
Aoz =3.14, 2,4 =0.0787, wheraes in Fig. 3(b), we set
Aoz =24, 1,4, =0.0603. The value of A, is the upper
bound obtained by the DM direct detection constraint in
the absence of S;. The colored lines correspond to a vi-
able parameter space of (1;3,414), which satisfies the rel-
ic density constraint with m; = 1,2,3 TeV. The respective
dashed lines are the upper bound of A4 arising from the
direct detection constraint. The region of the colored lines
below the representative dashed lines correspond to the
parameter space satisfying both the relic density and dir-
ect detection constraint. The direct detection result puts
the most stringent constraint on the parameter space. A;3
is related to processes involving h,, while A4 is related to

[
processes involving SM Higgs (4;). According to Fig. 3,
when A;3 is small, the value of 1,4 is approximately equal
to a constant larger than 0.1 under the relic density con-
straint, which means the processes related to #; are dom-
inant over DM production while the processes related to
h, are less efficient. With an increase in A3, 4,4 decrease
sharply as long as A;3 is approximately equal to 1, where
processes related to h, are so efficient that A3 is con-
strained strictly and 4,4 has a lower bound. Direct detec-
tion constraint excludes the region that 4,5 is consider-
ably smaller than 1, which indicates that A, plays an im-
portant role in determining DM production within the vi-
able parameter space. For the heavier m; with m; =2 and
3 TeV, the upper bound of A;; is larger to obtain the cor-
rect relic density as the lower bound of A,, is larger.
However, in the case of m; =1 TeV smaller than m,, the
process of S1S; — hyh, is highly suppressed, and A;;
should be considerably larger to meet the relic density
constraint. The lower bound of A4 is larger according to
Fig. 3(a). In Fig. 3(b) with Ay =2.4,1,4 = 0.0603, we ob-
tain a similar conclusion, wherein the viable value of A5
is at theO(1) level. However, the lower bound of A, is
considerably larger because the density of S, is larger in
this case, and we require a stronger interaction related to
S| to obtain the correct relic density.

We present the results of Case (2) in Fig. 4 with 2, =1,
113,/114 < 0, where we fix (a) /123 = 3.14,/124 =0.0787 and
(b) A3 =2.4,2, =0.0603. The colored lines correspond to
the viable parameter space of (|4,3], |[114]) satisfying a rel-
ic density constraint with m; =1,2,3 TeV, and the re-
spective dashed lines represent the upper bound of |14
arising from direct detection constraint. The blue-shad-
owed region corresponds to the parameter space satisfy-
ing the copositive criteria. The cross-section of
S:S; — hhi(i = 1,2) is determined by the Higgs-mediated
processes, and therefore, the quartic term |S,;[?|h;* and t-
channel processes exchange by DM, where the sign of the
couplings A;3 and Ay4 can create differences in the inter-
ference terms of these diagrams. Thus, the viable para-
meter space is different. According to Fig. 4(a), the smal-
ler |4;3] is excluded for DM density being over-abundant
because of the interference effect. Similarly, the viable
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the respective dashed lines are the upper bound of 1,4 arising from the direct detection constraint.
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(color online) Results of Case (2) with Ajp =1,413,414 <0, where we fix (a) A3 =3.14,124 =0.0787 and (b) A3 =24,

A24 = 0.0603. The blue-shadowed region corresponds to the parameter space satisfying the copositive criteria of Case (2). The colored

lines correspond to the viable parameter space of (|113/,1414]) satisfying the relic density constraint with m; = 1,2,3 TeV, and the respect-

ive dashed lines are the upper bound of |1,4] arising from the direct detection constraint.

|213] value is constrained within a narrow region while the
|14 value is more flexible; however, it sharply decreases
with an increase in |1;;3] by the direct detection constraint
as the results of Case (1), where &, plays a dominant role
in determining DM production. For a larger m;, the up-
per bound of |1;5] is considerably smaller to obtain the
correct relic density compared to that of the results of
Case (1) in Fig. 3(a) because of the interference effect. In
addition, the copositive criteria in Case (2) can constrain
the parameter space strictly and for m; =1 TeV. The al-
lowed (J4;3],|414]) 1s almost excluded as shown in Fig.
4(a). For Fig. 4(b) with A3 =2.4,2,4 = 0.0603, the copos-
itive criteria naturally exclude a small |13 from the point
of the theoretical constraint in the case of m; =3 TeV.
Further, for m; =1 TeV, the allowed parameter space of
(I13,1214]) are completely excluded by the copositive cri-
teria.

In Figs. 5(a) and (b), we present the results of Case
(3) with /1|2 = —1,/l|3,/l|4 SO, where we fix /123 =3.14,
A2y =0.0787 in (a) and Ay =2.4,2,4 =0.0603 in (b). The
difference between Cases (3) and (2) is 4;,, set to a neg-
ative value, and the combined contribution of the Higgs-

mediated processes and quartic term S353 will determine
the cross-section of S;5; — §,5,. The sign of A, affects
the interference terms; however, such interactions
between S and S, just adjust the relative relic density of
S and §,, which makes a slight difference in the viable
parameter space of A;3 and Ay4. Therefore, we obtain sim-
ilar results for Case (2) as we can see in Figs. 5(a) and
(b).

We present the results of Case (4) in Fig. 6 with 2, =1,
A3, dia, Aoz, s <0 The value of A,; and Ay, are also
constrained according to the copositive criteria of Case
(8). Within the selected parameter space, one can obtain
|123] < 0.94 and |1,4] < 0.64 with Eq. (21). In Fig. 6(a), we
fix A3 = —0.9 and 1,4, = —0.023, and the allowed values of
|113] and |4,4] are completely excluded by the direct detec-
tion constraint and copositive criteria within the selected
parameter space in the case of m; =1 TeV. For m; =3
TeV, the allowed value of |14 is more flexible because
of the interference effect. We set 1,3 =-0.75 and
Ao = —0.194 in Fig. 6(b), where the copositive criteria ex-
clude the parameter space of (|43/,|414]) in the case of not
only m; =1 TeV but also m; =3 TeV regardless of the
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(color online) Results of Case (4) with 112 = 1,413,414, 423,424 <0, Where we fix (a) 423 = —0.9,224 = -0.023 and (b) A3 = -0.75,

A24 = —0.194. The blue-shadowed region corresponds to the parameter space satisfying the copositive criteria of Case (3). The colored

lines correspond to the viable parameter space of (|4;3,|414]) satistying the relic density constraint with m; = 1,2,3 TeV, and the respect-

ive dashed lines represent the upper bound of |1,4| arising from the direct detection constraint.

direct detection constraint.

According to Figs. 3 to 6, we show the effect of the
copositive criteria on the parameter space. Different
choices of the signs of couplings can contribute to differ-
ent copositive conditions, which can induce different vi-
able parameter spaces caused by the interference effect.
Further, we consider four different cases and randomly
scan the selected parameter space under DM relic density
and direct detection constraints. Direct detection con-
straint places the most stringent limit on the parameter
space, requiring the new Higgs &, to play a dominant role
in determining DM relic density. The copositive criteria
can also constrain the allowed parameters space such that
the case of m; =1 TeV is excluded for different coposit-
ive conditions when some of the couplings are negative.
When we consider A, = 1,253,414 <0,4,3 =-0.75 , and
Aoy = —0.194, the copositive criteria are more stringent on
the viable parameters, and the parameter space of m; =3
TeV is completely excluded regardless of the direct de-

tection constraint. The high values of the couplings ~ 1
can indicate a low energy validity for the model with two
stable scalars, which is expected to set limitations for the
model at high energies. In the appendix, we perform a
random scan and present viable parameter spaces with
four different cases satisfying the copositive criteria, rel-
ic density, and direct detection constraint. According to
the results, the allowed values for the couplings can be
obtained at the O(0.1) level, which are appropriate with a
high scale validity of the model.

VI. SUMMARY AND OUTLOOk

WIMPs as DM face serious challenges in that no sig-
nals have been found in direct detection experiments so
far, and therefore, one solution to such a problem is the
multi-component DM model, which includes two or more
DM species. The multi-component DM model is con-
strained by theoretical and experiment constraints. For
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the extended scalar DM models, vacuum stability re-
quires the scalar potential to be bounded from below,
which can place stringent constraints on the parameter
space. Further, the copositive criteria enable deriving the
necessary and sufficient analysis conditions for vacuum
stability of the couplings. Different copositivity criteria
can contribute to different viable parameter spaces de-
pending on the choice of the signs of the couplings.

We considered a two-component scalar DM model in
this study. The 4 x4 matrix of the quadratic couplings
must satisfy the copositivity criteria to obtain stable vacu-
um. Provided the direct detection results place stringent
constraints on the parameter space, the discussion on the
related parameters can indeed be simplified greatly, and
we focus on four different cases related to copositive cri-
teria based on the signs of quadratic couplings in the
model. The signs of these parameters will not only de-
mand different copositivity criteria but also affect the res-
ults of the cross-section of the 2 — 2 processes and in-
duce a different viable parameter space caused by the in-
terference effect. We randomly scanned the selected para-
meter space with DM relic density and direct detection
constraints. For the four different cases, the allowed val-
ues of (JA;3],|414]) are different; however, they demand the
new Higgs h, to play a dominant role in determining the
DM relic density within the viable parameter space. Fur-
ther, we perform a random scan in the appendix under
DM relic density and direct detection constraints; a few
points "survive" when copositive criteria are considered.
For different criteria, the allowed values for the coup-
lings are different according to the results. Thus, the co-
positive criteria can place stringent constraints on the
parameter space as long as some quartic coupling is neg-
ative.

The different choices of the signs of couplings can
contribute to different parameter spaces with the coposit-
ive criteria. The model in this study is simple, but the dis-
cussion about the copositive criteria is complex because
of the different permutations of the indices. For a more
complex model, the copositivity enables us to find the ne-
cessary and sufficient analysis conditions to ensure vacu-
um stability so that the parameter space can be theoretic-
ally estimated.

APPENDIX A

1. Perturbativity

To ensure the perturbative model, the contribution
from loop correction must be smaller than the tree level
values, and such constraints can be ensured with

|A13| <4m, | o3| < 4m, |dio| <47, |dia] <A, |Apsl < 4m. (Al)

2. Perturbativity unitarity

Unitarity conditions arise from the tree-level scalar-
scalar scattering matrix, which is dominated by the quart-
ic contact interaction. The s-wave scattering amplitudes
should lie under the perturbative unitarity limit, given the
requirement that the eigenvalues of the S-matrix M must

1
be less than the unitarity bound given by [ReM| < 3

3. Renormalization group equations of quartic
couplings
In this section, we present the renormalization group
equations of the model with SARAH [39] at a one-loop

level. The beta functions of the quartic couplings are giv-
en by

9 9
By = +2A1p414— ﬁg%/lzzt - 585/124 + 8 A

+ 4/154 + 2/123 /134 + 12/124/144 + 6/124_)/%, (A2)

9 9
ﬂ/IM = — ﬁg%/lm — Egg/lm + 8/111),14 +4/l%4 + 2/112/124

+ 21334 + 12214044 + 6414)7,
(A3)

ﬂ/llz = 2/113/123 +4ﬂ%2 + 4/114/124 + 8/11 1/112 + 8/112/122,
(A4)

By, = 2412413 +4<2/122/123 + 223433 + ApaAza + /l§3>,
(A5)

ﬁ/113 = 2/112/123 +4/l%3 + 4/114/134 + 8}.11/113 + 8/113}.33.
(A6)

where y, represents the Top Yukawa coupling, and g, and
&> represent the gauge couplings of U(1) and SU(2).

4. Cross section ofS;S; — hh; and S;S; — hih,(i=1,2)

We consider the cross section of S,S; — h;h; and
S:S;—> hh, (i=1,2) in this section. We calculate the
cross section using Calchep [40]. The expressions in the
limit of sinf — 0 are given as
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[
According to the expressions of the cross-section, in
the limit of sinf — 0, the signs of A3, A3, A4, and Ay
can lead to differences in the terms, including the odd or-
ders of these couplings that contribute to the cross-sec-
tion of S;S; — hh(i =1,2). For non-zero sind, the signs
of A3, Ay, Ais, and Ay, can lead to differences in the

cross section because of the combined contributions of
these couplings such as A;31y.

5. Random scan results

In this section, we perfrom a random scan on the se-
lected parameter space with
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Fig. Al. (color online) Results of the viable parameter space : —
satisfying the relic density and direct detection constraint for o o .
Case (1). (a) Allowed values for DM mass S (red points) and :
S» (blue points); the black line represents the upper bound ac- " i

cording to the latest LZ results. (b) Viable parameter space for o ) s
my — 414, where bubbles with different colors correspond to the (© (@

fraction of §; defined by Q;/(Q; +Q). (c) Viable parameter Fig. A2. (color online) Results of viable parameter space

space for m, — 1,4, where bubbles with different colors corres-
pond to the fraction of S, defined by Q,/(Q +Q,). (d) Al-
lowed values for 13— 1,3, where bubbles with different col-
ors represent the viable values for ;5.

satisfying the relic density and direct detection constraint for
Case (2). In (b), (c), and (d), the colored points satisfy the co-
positive criteria, whereas the colored bubbles do not; they are
labeled as "copo" and "no copo," respectively.
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(color online) Results of viable parameter space

labeled as "copo" and "no copo," respectively.

|14l € [1074,3.14], | Az
c[1074,3.14], || € [1074,3.14].

We fix sin6=0.01,m;,, =1.5 TeV, and v, =2 TeV for
simplicity. We consider the copositive criteria, DM relic
density, and direct detection constraint on the model for
the four different cases. The results are presented in Figs.
Al to A4.

For Case (1), the copositive criteria result in a slight
difference in the parameter space, and the viable paramet-
er space satisfies the relic density and direct detection
constraint as indicated in Fig. Al. Both m; and m, can
have values in the range of [1 TeV, 4 TeV], as shown in-
Fig. Al(a). According to (b) and (c), a larger 1,4 (1,4) can
contribute to a stronger interaction rate such that the frac-
tion of S| (S,) is smaller. The direct detection constraint
limits A;4 and A4 to be small, and large A;3 and Ay; are
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H ;
@ s <
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Fig. A4. (color online) Results of the viable parameter space

satisfying the relic density and direct detection constraint for
Case (4). In (b), (c), and (d), the colored points satisfy the co-
positive criteria, whereas the colored bubbles do not. They are
labeled as "copo" and "no copo," respectively.

therefore required under the relic density constraint. Fig.
A1(d) shows that most of the points lie in the upper right
region for (1i3,43). In addition, 4, is related to the con-
version processes between S; and S,, which is less con-
strained.

For Cases (2), (3), and (4), we consider the coposit-
ive criteria on the parameter space. The viable parameter
space satisfying the relic density and direct detection con-
straint is shown in Figs. A2, A3, and A4, where the
colored points satisfy the copositive criteria, whereas the
colored bubbles do not. They are labeled as "copo" and
"no copo," respectively. We obtain a similar conclusion
for Case (1); however, when considering the copositive
criteria, the parameter space is more constrained, and
only a few points "survive" according to Figs. A2 to A4.
In addition, for the different copositive criteria, the al-
lowed parameter spaces are different.
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