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Abstract: In this study, we employed the heavy quark expansion model with the kinetic scheme to evaluate ag (mg),
the strong coupling constant at the charm quark mass m., using data on inclusive semileptonic decays of charmed
mesons. Using the experimental values of the semileptonic decay widths of the D° and the D*, the value of (ys(mz)
was determined to be 0.445+0.009 +0.114, where the first uncertainty is experimental and the second is systematic.
This value of as(m%) is in good agreement with the value of ax(mg) which calculated by running g (m%) at the Z0 bo-
son mass myz with the renormalization group evolution equation. In addition, the values of as(m%) obtained individu-
ally from each of the DV, D*, and D} mesons were consistent, as they were of the same origin.
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I. INTRODUCTION

In the Standard Model of elementary particle physics,
Quantum Chromo-Dynamics (QCD) is the gauge field
theory for the strong interaction. In QCD, gluons are
force mediators, and as (the effective strong coupling
constant) dictates many features of the strong interaction.
Asymptotic freedom, in which the strength of «g in-
creases as the energy scale decreases, is one of the
primary features of QCD. The value of as has been
measured over the energy scale ranging from the 7 lepton
mass m, to several TeV, and it has been found to be con-
sistent with the theoretical prediction. However, as has
not been measured at energies below m, . In this regime,
the QCD physics may enter the non-perturbative scheme
and exhibit unknown behaviors. Therefore, measuring a
at lower energies to further understand QCD and probe
possible new physics is very desirable.

In the past five decades, significant progress has been
achieved in the theoretical description of inclusive
semileptonic decays of charmed and B mesons using the
framework of the heavy quark expansion (HQE) model
[1-7]. In the HQE framework, the features of the inclus-
ive semileptonic decays of heavy quarks are expressed in
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terms of agy, quark masses, Cabibbo—Kobayashi—
Maskawa (CKM) matrix elements, and non-perturbative
parameters. HQE calculations accurately describe experi-
mental features of inclusive semileptonic decays of
charmed and B mesons [5—10]. In addition, the HQE
model has been employed as a reliable method for experi-
mentally extracting the b quark mass and |V,,| with in-
clusive semileptonic decays of B mesons [8, 10—14]. In
these studies, the b quark mass and |V,;,| were determined
from the fits to the observables of inclusive semileptonic
decays of B mesons, where ay was fixed to the value run-
ning from ag(m2).

This procedure can also be applied to inclusive
semileptonic decays of charmed mesons. Experimental
measurements of m. and |V, have become more precise
[15—17], which will enable ag(m?) to be determined as a
parameter from charmed mesons, either by fixing the val-
ues of m,. and |V, to those measured in processes other
than semileptonic D decays, or through a fit that simul-
taneously extracts m,, |V, and as(m?) from inclusive
semileptonic decays of charmed mesons. In this article,
we present a determination of ag(m?) from inclusive
semileptonic decays of charmed mesons.
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II. HEAVY QUARK EXPANSION MODEL IN THE
KINETIC SCHEME

In this study, the theoretical calculation [5] of the in-
clusive semileptonic decay width (I'sy) for charmed
mesons was employed to derive as(m?). In [5], the au-
thors considered O(as) and O(Bya?) corrections [18, 19],
as well as O(1/m?) contributions [20], when calculating
Is.. As shown in Eq. (1) [5], T's;, is expressed in terms of
as(m?), quark masses, the CKM matrix element |V, and
non-perturbative corrections. In Eq. (1), Gr is the Fermi
coupling constant, » is the square of the ratio of the
strange quark mass to the charm quark mass (m?/m?),
as = as(m?), p2 and p% are the kinetic and chromomag-
netic dimension five operators [21—23], respectively, and
03, and pj¢ are the Darwin and the spin-orbital (LS) di-
mension six operators [23], respectively, in the HQE
model. The weak annihilation (WA) contribution, By,
depends on the type of spectator quark within each
charmed meson.
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The coefficients of the perturbative and non-perturb-
ative items, fy12(r) and f,.1s5.p(r), respectively, were cal-
culated using Eq. (2) [5], where n, is the number of act-
ive flavors and B, is the QCD beta function,
Bo=11-2n;/3.

fo(r)=1-8r+ 8 —rt—12/2- log(r),

fi(r) = 2.86 Vr —3.84r-log(r),
£(F) = Bol8.16 VF— 1.21r - log(r) — 3.38],
Jx(r) = =fo(r)/2,
fot) = 5 o =201 =,
frs(r)=- fc(r)
Jo(r)=— Ty o(r) + glog(“WA @
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The infrared cutoff scale u in the kinetic scheme was
set to 0.5 GeV. In the theoretical expression for fp(r),
0.8 GeV was treated as the MS renormalization scale
(uwa) associated with the mix of Darwin and WA operat-
ors [5, 24, 25]. In Eq. (1), only the process of ¢ — siy
(which was slightly different from experimental measure-
ments [26, 27] because of missing Cabibbo-suppressed

processes) was taken into account. A corresponding sys-
tematic uncertainty was assigned to cover the missing
processes in the determination of ag(m?).

1. FITTING METHOD

The x*> minimization method was employed to de-
termine ag(m?) from fits of I's,, which is the T's, expres-
sion of Eq. (1) for different charmed mesons. The y?
function is expressed as

0,-6)?

>
~
j %

Yo(as.6) = Z Usep, — FSL(QS,G NG Z

O-FSLD

» )

i

where D; denotes D*, D°, or D}; Ts..p, and oy, , are the
measured inclusive semileptonic decay width and the cor-
responding uncertainty of D;, respectively; and 6; = {m,,
my, |Vesl, 1%, 12, o3, pis} represents the constrained para-
meters (the values and uncertainties of which are ¢; and
oy , respectively).

" The variable G» was fixed at 1.1663788x 10~5 [15].
According to [5], the values of By, for D*, D°, and D}
are fixed at —0.001, —0.001, and —0.002 GeV>, respect-
ively. Except for Gr and By, the parameters were al-
lowed to float when determining ag(m?). The value of
|V.,] has been measured to be 0.975+0.006 [15]. In the
kinetic scheme, the expected values of % and p3¢ do not
run with respect to the energy scale, and they have been
determined to be 0.288+0.049 GeV? and -0.113+
0.090 GeV?, respectively, from inclusive semileptonic B
decays [10]. In [5, 8, 28], the values of (0.5 GeV) and
03(0.5 GeV) were determined to be 0.26 +0.06 GeV* and
0.05+0.04 GeV*?, respectively, which were evolved to
u=0.5GeV using O(a?) expressions from values of
u=1GeV. The mass of the strange quark was set to
93.4+8.6 MeV [15].

The convergence of the perturbative series in the I's;
expression is strongly affected by the mass definition of
the charm quark [29—32]. In [16], the pole mass and the
MS scheme exhibited bad convergence behaviors in the
QCD corrections to I's;. To avoid the divergence, the
kinetic scheme [29, 31, 33] was introduced to calculate
I's.. The relationship between MS and the kinetic mass of
the charm quark has been investigated to three-loop or-
der (N*LO) [16, 17]. For different choices of i, (MS
scale), the value of m, at a scale of 0.5 GeV in the kinetic
scheme m*"(0.5 GeV) has been obtained separately using
the relationship in [16, 17]:

m"(0.5 GeV) = 1336 MeV for .(u, = 3 GeV),
m"(0.5 GeV) = 1372 MeV for 7. (u, = 2 GeV),
mi"(0.5 GeV) = 1404 MeV for 7 (u, = 7). 4)
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The average value of m!"(0.5 GeV) from different
usvalues was treated as the input value of m.(0.5 GeV) in
the y? fit, which was determined to be 1370 MeV. For a
conservative estimate, the largest difference between
m.(0.5 GeV) and m'"(0.5 GeV) was taken as the uncer-
tainty in m.(0.5 GeV). To evaluate the bias caused by the
choice of m,. and |V,,|, the first fit was performed with m,
as a free parameter and with |V,,| allowed to vary within
one standard error; the second fit was performed with m,
and |V,,| both fixed at the world average. The results for
as(m?) from these fits were compared to check the con-
sistency of the experiment.

IV. EXPERIMENTAL INPUTS

The experimental measurement of I's; was derived
from the inclusive semileptonic decay branch fraction,
Bs [26, 27], and the lifetime, 7 [15], via Eq. (5), where
D; denotes D*, D°, or Dy :

6.582x 1072 - B, (D; — Xev,)
Ge

Tp;

i

V. (5)

l—‘SL, D; =

In Eq. (5), tp, is the mean life of D;, and Bs.(D;
— Xev,) is the branch fraction of the inclusive
semileptonic decay for D;. The inclusive semileptonic
branch fractions of D*, D°, and D! have been measured
by the CLEO-c [26] detector using 818 pb™" and 602 pb™'
open-charm data at E¢y = 3.774 GeV and 4.170 GeV. Be-
cause of limited statistics, the uncertainty in B, p+ was
much higher than that in B, p+/po in the CLEO-c meas-
urements. Recently, Bs; p+ has also been measured by the
BESIII instrument using 3.19fb™', 2.08fb™", and
1.05 fb™" e*e™ collision data at Ecy = 4.178 GeV, 4.189—
4219 GeV, and 4.225-4.230 GeV [27]. The uncertainty
in Bg,p+ has been reduced by the additional data
provided by the BESIII measurements. The Bg; p+po
value from CLEO-c and the Bg,,: value from BESIII
were adopted to calculate the I's; values of D*, D°, and
D?. In Table 1, the input values of Bs.(D; — Xev,), 1p,,
and [y, p, are displayed. The consistent T's; values of D°
and D* indicate the reliability of the HQE model for in-
clusive semileptonic decays of D° and D*.

Except for Bs,,the distributions of electron mo-
mentum (|p.+|) in the laboratory frame have been meas-
ured for inclusive semileptonic decays of D*, D°, and D}
by CLEO-c and BESIII [26, 27], as shown in Fig. 1. The

average |p.+| values of D°, D*, and D; are also plotted in
Fig. 1. Kolmogorov-Smirnov (KS) tests [34] between the
distributions of |p.+| and [p.| were performed to further
validate the reliability of the HQE model for inclusive
semileptonic decays of charmed mesons. The results of
the KS tests are shown in Table 2.

The |p,+| distributions for D*, D°, and D} were con-
sistent. This was a strong indication that the HQE model
was reliable for inclusive semileptonic decays of charmed
mesons. Because experimental measurements of |p,:|
were not available in the center-of-mass frame of the
charmed mesons, only I's; was used to extract ag(m?) in
this study.

V. RESULTS

The value of as(m?) was extracted from D*, D°, and
D7, including

e D", D° and D, respectively.

e D* and D° combined.

In the y? fit, high-order perturbative corrections
needed to be taken into account for the inclusive
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Fig. 1. (color online) Distributions of |p.+| with

|pe+| > 200 MeV from inclusive semileptonic decays of D*, DO,
and D} in the laboratory frame. The green diamonds and or-
ange triangles are the results of D° and D*, respectively,
measured by CLEO-c [26]. The blue dots are the results of DY
measured by BESIII [27]. The dashed gray line is the average
of DY and D*.

Table 2. Results of the KS tests, in which the null hypothes-
Table 1. Input values of Bs.(D; — Xev.), Tp,, and I'szp, . is was that the two tested distributions are identical.
D; Bs1, (%) 7(107135) [sz (10715GeV) Test Distributions Test Statistic P Value
DO 6.46+0.09+0.11 4.10+£0.01 104+2 P+ pol and [po+| 0.125 1.000
D*  1613x0.10£029  1033%0.05 103+2 |per.p+| and [pe+] 0.125 1.000
Dy 6.30+0.13+0.10 5.04+£0.04 822 |Per pr| and [pet] 0.132 0.992
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semileptonic decays of the charmed mesons. The a3 or-

der correction to b — clv has been determined to be less
than 1% in the kinetic scheme [7]. For a conservative es-
timate, 5% of I's; was taken as the high-order perturbat-
ive corrections for the inclusive semileptonic decays of
the charmed mesons. Furthermore, the theoretical calcu-
lation of I's; in Eq. (1) was the contribution of ¢ — siv, in
which Cabibbo-suppressed processes were missed. To
cover missed Cabibbo-suppressed processes, |V.4?/
(\Veal? +1Vesl?) = 5% was treated as the uncertainty in the
I's; expression. In total, 10% is taken as the theoretical
uncertainty in the calculation of T'y; for a more conservat-
ive estimate. The input values of the dimension six HQE
matrix elements were evolved from the results obtained
in the inclusive semileptonic B decays at 4 = 1 GeV. The
treatment of the inputs of the dimension six HQE matrix
elements may have impacted the systematic uncertainties,
which can be improved by obtaining more precise meas-
urements of the inclusive semileptonic decays in the
charm sector. Despite the fact that the kinetic scheme was
adopted to improve the convergence of the perturbative
series, the contribution of higher-order corrections was
larger owing to the slow convergence behavior in the
charm sector, which may have caused the systematic un-
certainties to be underestimated. To reduce the corres-
ponding systematic uncertainty, more measurements in
the charm sector, such as spectral moments, can benefit
the determination of higher-order corrections. High-order
perturbative corrections played an important role in this
study, and advanced theoretical calculations of high-or-
der perturbative corrections are highly desirable.

In Fig. 2 and Table 3, the fitted ag(m?) value of each
sample is shown and compared to as(m?) running from
as(m%) using RunDec [35] with a renormalization group
evolution equation. Because of relatively heavy spectator

quarks in D7, the combined result of D* and D° was
chosen to measure as(m?) in this study. Using the com-
bined sample of D° and D*, ag(m?*) was determined to be
0.445 +£0.009xp. £0.081,,, +0.0564y, £0.057hers  at  m, =
1.3701 GeV, where the first uncertainty is experimental,
the second is the uncertainty in m,, the third is associated
with high-order perturbative corrections in the I's; ex-
pression, and the fourth is related to other sources. As
shown in Fig. 3, the measured value of as(m?) was con-
sistent within 1o of the value running from ay(m2). The
consistent values of ag(m?) among different charmed
mesons indicated the robustness of this method. In the fit
for the combined D° and D* sample, the value of y?/dof
of the fit was 0.1/6, indicating good agreement between
the data and the model. In Fig. 4, the profile contours of
different samples confirmed the consistency among these
charmed mesons and the robustness of this method.

To check the stability of the results of this study, the
value of m,. was fixed at 1.370+0.034 GeV, and the cor-
responding uncertainty was estimated by varying the
value of m, within +10. Usually, the value of |V, is ob-
tained from exclusive semileptonic or leptonic charmed
meson decays; however, this technique could have intro-
duced bias in this study. Hence, obtaining a value for |V,,|
without involving semileptonic charmed meson decays
was necessary to validate the results of this study. Using
[Veal = 0.2181 £0.0049 £0.0007 from the leptonic decays
of D* [47] and |V,,| = (41.1 £1.2)x 1073 [15], the value of
|V.s| without involving semileptonic charmed meson de-
cays was calculated to be 0.975+0.001 via Eq. (6), which
has a negligible bias in the determination of @y (m?).

[Vesl = /1= |Vea> = V> = 0.975 £ 0.001 (6)

m.=1.370 GeV, |Ves|=0.975

mq and Vel are frec parameters
D°:— : = 0.448+0.013+0.114
D+ L e 0444200124015 -| A
DO, D+f— ; o}
Dz g 0.4000.014£0.113 -|
T IR S R S R E ! T I S SR R SR

0.445+0.009+0.114 | A

- 0.449+0.013+0.116 |

0.443+0.012+0.116 |

0.446+0.009+0.116

0.401+0.014+0.115 |

T RN
0.3 0.4 0.5 0.6 0.7
as(mg)

Fig. 2.

T RN
0.3 0.4 0.5 0.6 0.7
ag(m2)

(color online) In the left panel, m, and |V, were allowed to float in the fit; in the right panel, m. and |V,;| were fixed in the fit.

Points with error bars are the determined central values of as(m2), and the inner and the outer error bars are the experimental and total

uncertainties, respectively. The dashed gray line and shaded box indicate the value of and uncertainty in ag(m2) running to m, from

as (m%), respectively.
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Table 3.
the values of m, and |V, were allowed to change in the fit.

Values of as(m?2) obtained for each sample, where

The first and second uncertainties of ag(m2) are the experi-
mental and theoretical uncertainties, respectively. The result,
which was jointly obtained from D° and D* (bold), was simil-
ar to 0.375+0.011, the value of ag running from mz down to

me.
Sample DO D+ D, D° D?
mc[GeV] 1.3701 £0.03391.3699 +0.03401.3701 + 0.0338 1.3699 + 0.0340

as(mAH[10731 448+ 13+ 114 444+ 12+ 115 445+9+114 400+14+113

¢ This work 8

T decay ]
4 Heavy quarkonia |
7  e‘*e” jets/shapes 1
4

pp/pp/ep jets

g i«%%ﬂ&%%;
01F ~—ag(m3) =0.1180 + 0.0009 ]
00.1 00 101 102

Q [GeV]
Fig. 3. (color online) Values of as at different energy

scales. The blue dot is the measured as(m2) value obtained in
this study, where the inner and the outer error bars are the ex-
perimental and total uncertainties, respectively. The other
points are measurements of ag at different energy scales
[36—46]. The solid and dashed gray lines are the values and
uncertainties of @s running from g (m%), respectively.

Figure 2 presents the fitted as(m?) values for differ-
ent D meson samples for a fixed m.. The robustness of
this study was confirmed by the consistent values of
as(m?) obtained via fits with fixed and floating values of
m.

V1. SUMMARY

In summary, the value of as(m?) at m.=1.37 GeV
was determined to be 0.445+0.009+0.114 using the

1.507 ——
- Contour @68%C.L. - DO
e D*
1.45? — D°.D* B
3 "y
G 1.40F Best fit ]
1S
1.35[ B
L L | L L L | L L L | L L L |
130752 0.4 0.6 0.8
ag(m?)
Fig. 4.  (color online) Profile contours of the different

samples at the 68% confidence level. The solid blue curve and
star are the contour and best-fit value for D° and D* com-
bined, respectively. The dashed orange curve and cross are the
contour and best-fit value for D}, respectively. The dashed red
and the green curves and crosses are the contours and best-fit
values for D° and D*, respectively.

semileptonic decay widths of the D° and D* measured by
CLEO-c, and it was cross-checked using the I's; of the
D! meson reported by BESIII. This result for ag(m?) was
in good agreement with the value obtained by running
as(m%) to m.. The values of ag(m?*) were derived for each
of the D°, D*, and D! mesons, and were found to be
within +1o of each other, illustrating the robustness of
the analysis method. The leading uncertainty in ag(m?)
was from the theoretical calculation of I's;, which can be
reduced by detailed experimental studies on the
semileptonic decays of the D mesons as well as superior
HQE calculations. This study represents the first meas-
urement of @y (m?) obtained using a new approach. With
additional statistical data and enhanced modeling of the
HQE, the systematic uncertainty in the value of ag(m?)
may be significantly reduced in the future.
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