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Complexity growth for AdS black holes in the presence of backreaction®
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Abstract: We investigate the holographic complexity in backreacted gravity backgrounds according to the com-

plexity-action conjecture. The backreaction considered here originates from the presence of static strings evenly dis-
tributed over the system. We exploit a probe string in the bulk and evaluate the Nambu-Goto action and its depend-

ence on backreaction. The results suggest that, for slower strings, the complexity increases with increasing backreac-

tion, in accordance with the findings of holographic entanglement entropy. However, for faster strings, the situation

is different. Furthermore, we analyze the relationship between complexity and space dimension as well as string ve-

locity.
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I. INTRODUCTION

The concept of complexity originates from quantum
information theory or computer science [1—4]. In the field
of quantum information, complexity quantifies how hard
it is to create a target state from a reference (initial) state
through a path of elementary gate operation [5].
Moreover, complexity has been defined within geomet-
rical approaches, which suggest introducing Finsler geo-
metry to quantum space and then determining the com-
plexity via the geodesic in the quantum space [6—11]. In
addition, defining complexity in quantum field theory has
recently become significant [12—24].

However, complexity is thought to have a holograph-
ic dual in gravity theory according to the AdS/CFT cor-
respondence [25—27]. In this case, the complexity is de-
scribed as "holographic complexity" [28, 29]. A reliable
candidate is complexity-action (CA) conjecture [30, 31],
where the complexity of the black hole equals the total
action evaluated for the Wheeler-DeWitt patch (WdW) in
the bulk (another candidate is the complexity equals
volume (CV) conjecture, but we do not discuss this here).
The CA conjecture has been investigated for various
cases [32—39], and some features of complexity have
been found; for example, complexity satisfies the second
law of thermodynamics [40], it is nonlocal [41], and its
variation only depends on the end point of the optimal
trajectory [5]. Moreover, using the CA conjecture, some
scholars have suggested that complexity can be studied
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using a probe [42—45]. For instance, Nagasaki proposed
[44] that the complexity of AdS black holes can be de-
termined by inserting a fundamental string in the corres-
ponding bulk spacetime. Specifically, one may consider a
Wilson line operator (a nonlocal operator) located in
AdSs spacetime by inserting a fundamental string, and
the Wilson line will move in a great circle in the S* part
in AdSs. This will then reveal how complexity is de-
formed when adding a time-dependent operator, which
describes a test particle moving in boundary gauge the-
ory. The studies in Refs. [44, 45] have already revealed
several interesting results. For example, complexity in-
creases with black hole mass but simultaneously exhibits
a specific behavior near the speed of light. Furthermore,
complexity becomes smaller as the string moves faster.
Other interesting results can be found in [46—51].

The purpose of this study is to investigate the effect
of backreaction on the complexity according to the CA
conjecture. The motivations for this are as follows. First,
in [44, 45], the author considers a Wilson line operator
located in AdS spacetime by inserting a fundamental
string in the bulk, and such an operator describes a test
particle moving in boundary gauge theory. However, in
practice, backreaction may exist owing to the presence of
other strings in the system. In other words, when analyz-
ing the complexity of AdS black holes using a probe
string, the effect of backreaction due to the presence of
other strings may need to be considered. Incidentally, the
backreaction effect also arose in a study of quark-gluon
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plasma (QGP) produced in heavy ion collisions [52—55].
Second, previous studies have shown that complexity is
expected to behave in a similar manner to entropy by the
second law of thermodynamics [40]. It is known that en-
tanglement entropy and black hole entropy are two typic-
al types of entropy with potential similarities, such as
their leading term divergences being proportional to the
area of the subsystem. Recently, the backreaction effect
on holographic entanglement entropy was studied in [56],
and the results showed that entanglement entropy in-
creased with respect to backreaction. Given the close ana-
logy between entanglement entropy and complexity, it
would be interesting to observe whether backreaction has
the same effect on complexity as that on entanglement
entropy.

This paper is organized as follows. In Section II, we
review the backreacted gravity geometry given in [52]. In
Section III, we study the complexity for the backreacted
gravity background and analyze its dependence on back-
reaction. Finally, Section IV presents the conclusion and
discussion.

II. BACKGROUND GEOMETRY

Let us consider an (n+1)-dimensional gravity theory
with a negative cosmological constant A [52]:

dxd” N/E(R_ZA)"'Sm’ (1)

I =
471'Gn+l

where G,,; denotes the (n+1)-dimensional Newton con-
stant, R is the Ricci scalar, and S, represents the matter
part,

1 q v
Sm = _E zl:(]‘l/dzé: \/jlh ﬁaaxﬂaﬁx gl“” (2)

with g, being the space-time metric and A% the world-
sheet metric. Here, u and v are the space-time directions,
and a and S are the world-sheet coordinates.

Einstein's equations based on (1) are

1
Ry - Engv + A8 = 871G Ty, )

with

™=-3"7; / d2g\/ig7| VIhaglh® 3, X185 X7 5" (x — X)),
i " 4)

where 6;"'(x - X) refers to the source divergences owing

to the presence of strings.
The string cloud density is given by

a(x)=T>» 6" (x-X), with a>0. (5)

Averaging over the (n—1) spatial dimensions, the
constant string density can be written as

/a(x)d”_lx = TN R (6)

n-1

n-1

where V,_; is the volume of the (n—1) dimensional
space, and N is the total number of strings.
Choosing the static gauge =& and r = ¢', we obtain
the nonzero components of T+
5ol P
g = (7)
,

00
T = 3
-

where we assume that the strings are evenly distributed
over n— 1 directions.
The solution to Eq. (3) is

ds®> = -V(r)dr + d—rz + r—zé dx“dx? (®)
N Vi) R ’
with
2 2 2 Rn—3
Vin=K+ L " _ 2 9)

R 72 (n—-1r3’

where a=aR , with R being the AdS radius. K=
0, —1, 1 correspond to a flat, spherical, or hyperbolic
boundary, respectively. In this study, we are primarily in-
terested in the case of K = 0. Correspondingly, the metric
becomes

r? r? 1 R

ds® = —ﬁf(r)dtz + ﬁdfl + %ﬁdrz, (10)
where
2mR*  2a R*!
fr)= T a1 v (1)
2a R”’1> r

=({1-—— , 12
" ( n—1r") 2R (12)

with r=co as the boundary, and r=r, as the horizon,
where r, satisfies f(r,) = 0. Note that m is proportional to
the ADM (M) mass of the black hole via

Mo mn—-1)V,_

> 13
87TGn+1 ( )
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so if V,_; is considered a constant, m may be considered
the black hole mass for fixed 7.
The Hawking temperature of the black hole is

rrar 2 Rnfl
7= V87O \By :<_i)i (14)
¥ r=ry (n—Dyry 4nR?

It has previously been demonstrated [52] that the geo-
metry (10) is thermodynamically stable under tensor and
vector perturbations. For more information on backre-
acted gravity backgrounds, refer to [52].

III. COMPLEXITY GROWTH IN THE BACKRE-
ACTED GRAVITY BACKGROUND

From the holographic perspective, when a particle
moves on the boundary of AdSs space, the particle will
lose energy owing to the effect of shear viscosity in QGP.
Such a system is dissipative, and the energy loss can be
depicted by the drag force [57—59] related to the Nambu-
Goto (NG) action outside of the horizon. Inspired by the
AdS/CFT calculation of the drag force, Nagasaki sugges-
ted [44] that the complexity of a time dependent system
inside the horizon may be obtained in a similar manner.
Specifically, if one considers a Wilson line operator loc-
ated in AdSs spacetime by inserting a fundamental string,
the Wilson line will move in a great circle in the S* part
in AdSs. This process will then reveal how complexity is
deformed when adding a nonlocal operator. As a general
rule, inserting a Wilson loop is described by adding an
NG term, and the action is expected to consist of the NG,
Einstein Hilbert, and boundary terms; however, it was ar-
gued [44] that when treating NG action that includes up
to the first derivative of the fields, the boundary terms can
be neglected.

We now follow the prescription in [44] to study the
effect of backreaction on the Wilson line operator, focus-
ing (only) on the NG term for the background metric
(10). The string is governed by the NG action,

SNG = —Ts/deO'\/—_, (15)

where T is the string tension, and g denotes the determ-
inant of the induced metric with

X+ 0X¥
gaﬁ g,uvao_d 60"8 (16)
where g,, and X* are the brane metric and target space
coordinates, respectively.
Supposing that the string moves in a great circle in
the S™! subspace, the induced metric of this part be-
comes di? = d¢?. Parametrizing the world sheet via

1=, r=o,

¢ =vt+&r), (7

we obtain nonzero components of the induced metric,

rf(r) r R?
T TR xx = 7o WY 18
gtt R2 g R2 g rzf(r) ( )
Therefore, the Lagrangian density becomes
r4 r
L= \/—grrgtt — 8r8uxV? _gxxgnf'z — 1— f(r) f( )6,2
(19)

with ¢ = d¢/do.
Substituting (19) into (15), we find the time derivat-
ive of the NG action,

dSnG r“f (r)

B T B h ~ W2 »
dz _Ts/o do _Ts/o | f() R &
(20)

Because the action in (20) does not depend on & expli-
citly, we can define a constant as

i) r R*

o= a‘;f e TIOR
1— f (r) &
f (r)
yielding
2
M2 [1-——
512 — ¢ |: f(r):| (22)
AT (A7 ]
R* | R ¢

Before continuing, we comment on (22). First, the de-
nominator and numerator are both positive for large » and
negative for small » (near the horizon). Second, &2
should be non-negative. Taken together, we infer that the
denominator and numerator should change sign at the
same point, i.e, the critical point. For the numerator, the
critical point r, satisfies

flr)=v, (23)
with f(r.) = f("),=., yielding

[ ) (24)

For the denominator, r, should satisfy
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(25)

Substituting (22), (23), and (24) into (20), we end up
with the growth of the NG action as

1 Th
1 dSg _ / dr
T, dt 0

As described, the growth of the NG action is closely
connected to the increase in complexity. Therefore, the
dependence of complexity on backreaction can be ob-
tained by analyzing (26). However, it is difficult to solve
(26) analytically, and we must resort to numerical meth-
ods (for convenience of calculations, we take the AdS ra-
dius R as the unit). The numerical procedure is summar-
ized as follows:

r(f(r)-v?)
r ) -rifr)

(26)

1) Choose a dimension n and obtain r, for different
values of a at fixed m using (12).

2) Then, obtain r. with r, for different values of v and
a using (24).

3) Next, substitute r, and r. into (26) to obtain the nu-
merical result of the complexity increase.

4) Repeat the same procedure for different values of n
to obtain the relationship of the increase in complexity
with @ and v.

5) Similarly, we can analyze other cases by varying
the value of m.

. dSne 1

In the left panel of Fig. 1, we plot 4 T
with fixed m for n=4 (where r,=1 and a=0 give
m =0.5; therefore, for comparative purposes, we take
m = 0.5 for all other situations). In all the plots, the ac-

tion growth is a maximum when the string is stationary,

Vversus v

dS /(T db

0.0 T T T T T T T T T 1
10 08 06 -04 -02 00 02 04 06 08 10

v

Fig. 1.

i.,e, v=0, and it decreases as v increases, implying that
complexity decreases as the probe string moves faster, in
accordance with [44, 45]. Furthermore, for slower strings,
the action grows as a increases, but for faster strings, this
is reversed. This is suggested by the left panel of Fig. 1,

which shows that the curves intersect as v increases. To

dSne 1

- Versus
dr T,

a with fixed v in the right panel of Fig. 1. For slower
strings, e.g, v = 0.6, the complexity increase is an increas-
ing function, whereas for faster strings, e.g, v=0.9, it is a
decreasing function. This indicates that complexity has a
different velocity dependence with respect to backreac-
tion in the relativistic region. Interestingly, similar phe-
nomena appear in the mass dependence at different velo-
cities: for slower strings, the mass dependence increases
with mass, whereas for faster strings, it changes to a de-
creasing function of mass [45].

Figures 2 and 3 show the results of n=6 and n=8,
respectively. The results are similar to those in Fig. 1:
complexity decreases as the probe string moves faster,
and for slower strings, the inclusion of backreaction tends
to enhance the complexity. However, there are some dif-
ferences. First, the slopes of the plots in Figs. 2 and 3 are
smaller than their counterparts in Fig. 1. Second, for n =6
, the critical velocity is approximately v =0.97, whereas
for n =38, there is no critical velocity until v=0.99, i.e.,
the increase in complexity is still an increasing function
for v=0.99(but with a very small slope). Therefore, we
conclude that the higher the dimension, the smaller the
change in complexity owing to backreaction. Further-
more, for probe strings, the effect of backreaction be-
comes insensitive in higher dimensions.

Next, we compare our results with (holographic) en-
tanglement entropy. It has been argued [56] that entangle-
ment entropy increases with respect to backreaction.
Here, we find that for slower strings, complexity in-
creases as backreaction increases (whereas for faster
strings, the opposite may occur (except for n=38)).
However, it is worth noting that in [56], entanglement en-
tropy was determined as the area of a minimal surface ex-

more clearly show the difference, we plot

084—

dS AT d)

0.6

0.4

0.2
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a

(color online) Left: Action growth vs. string velocity for n = 4; Right: Action growth vs. a.
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Fig. 2. (color online) Left: Action growth vs. string velocity for n = 6; Right: Action growth vs. a.
1.05 4 1.05
1.00 4 1.00
= 0.95 g 0.95 4
o, =
N / =
3 0904 / w0904
(2] kel
©
0.85 f 0.85
0.80 0.80 4

Fig. 3.

tending from some predefined surface on the boundary
into the bulk, and the velocity effect has not yet been con-
sidered. It would be interesting to investigate whether the
effect of backreaction on entanglement entropy also de-
pends on velocity. Thus far, the results suggest that un-
der the condition of low velocity, backreaction has the
same effect on entanglement entropy and complexity, i.e.,
the inclusion of backreaction enhances entanglement en-
tropy and complexity and is thus bounded by the second
law of thermodynamics [40].

IV. CONCLUSION

Complexity is expected to be a useful tool for under-
standing gravitational physics. In this study, we follow
the prescription in [44] to investigate holographic com-
plexity in backreacted gravity backgrounds according to
the CA conjecture. Such backreaction originates from the
presence of static strings evenly distributed over the sys-
tem. Specifically, we use a probe string in the bulk that
contributes an NG action and determine the growth of the
action and its dependence on the backreaction, time-space
dimension, and string velocity. Our conclusions on the
complexity in backreacted gravity backgrounds can be
summarized as follows:

1) The effect of backreaction on complexity depends

(color online) Left: Action growth vs. string velocity for n = 8; Right: Action growth vs. a.

on velocity: for n =4 and n = 6, the complexity increases
as backreaction increases for slower strings, whereas for
faster strings, this is reversed. This specific behavior is
similar to that of the mass dependence [45]. However, for
n =8, the complexity increases as backreaction increases
at all velocities.

2) For n=4 and n =6 , the critical velocities are ap-
proximately v=0.8 and v=0.97, respectively, whereas
for n =8, there is no critical velocity. Moreover, we find
that the higher the dimension, the smaller the change in
complexity owing to velocity and backreaction.

3) Under the condition of low velocity, backreaction
has the same effect on entanglement entropy and com-

plexity.

Now, we discuss the physical significance of the res-
ults. It is known that complexity defines how complex a
physical system is. If a probe string in the bulk is used to
investigate the complexity, the backreaction from other
strings may affect it. Our results indicate that for slower
strings, complexity increases as backreaction increases,
implying the system may have more information, in ac-
cordance with our physical intuitions. However, for lower
dimension space, backreaction seems to decrease the
complexity for faster strings. This is an intriguing and un-
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expected result for which we cannot yet provide a clear
interpretation.

There are several questions that require investigating

in the future. First, the backreaction effect on entangle-
ment entropy including the velocity effect may be stud-

ied, and the results can be compared with ours. Moreover,

the relationships between complexity and temperature,

electromagnetic field, and angular momentum deserves

further research.
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