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Abstract: In this study, we built upon the method proposed by Goon and Penco for analyzing the universality of

thermodynamic relations with corrections in de Sitter (dS) black holes. Additionally, based on our analysis of non-

linear magnetically charged black holes in dS spacetime, five-dimensional dS hairy spacetime, and five-dimensional

charged-dS rotating black holes, we demonstrate the universality of thermodynamic relations in dS black holes. This

establishes a universal conjecture relating shifted thermodynamic quantities for arbitrary black-hole backgrounds.

We consider that these universal relations will offer new insights into the realm of quantum gravity.
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I. INTRODUCTION

The proposal of black-hole thermodynamics has, to
some extent, become a bridge connecting general relativ-
ity, classical thermodynamics, and quantum mechanics.
With the establishment of the four laws of black-hole
thermodynamics, the study of its properties has become
one of the most active research topics in theoretical phys-
ics [1-8]. General Relativity is widely regarded as a low-
energy effective field theory (EFT) of gravity. Under-
standing how quantum gravity influences low-energy
EFTs is crucial in regimes where quantum gravity effects
become significant. Although black holes are often
treated as classical objects, their solutions have offered
remarkable insights into quantum gravity. The Swamp-
land program was introduced to identify constraints that
quantum gravity imposes on EFTs [9—15]. Within this
framework, the Weak Gravity Conjecture (WGC) serves
as one such constraint, proposing that any EFT with a
U(1) gauge field coupled to gravity must contain a
charged state with a charge-to-mass ratio greater than one
[16]. WGC can be examined through correction terms
[17-38], which introduce higher-derivative corrections.
Goon and Penco observed that a derivative in free energy
can be equivalently applied to the action [19]. They fur-
ther defined these corrections using a perturbative para-
meter linked to the cosmological constant.

It is well-known that in de Sitter (dS) spacetime,
when certain conditions are satisfied by the parameters of
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the spacetime, a region exists where both the black-hole
and cosmological horizons coexist [39]. In this coexist-
ence region, the curve of the spacetime mass M as a func-
tion of » has two extrema, corresponding to masses My
and M. Ref. [40] applied the theory proposed in [19] to
study the relation M — My in Reissner-Nordstrom-de Sit-
ter (RNdS), Kerr-de Sitter (KdS), and Kerr-Newman-de
Sitter (KNdS) spacetimes, confirming the universality of
the thermodynamic relation in dS black holes. Further-
more, these results suggest that WGC is still applicable in
the dS spacetime. Given the coexistence region in the dS
spacetime with two extrema, the extremum A is the inter-
section point where the positions of the black-hole and
cosmological horizons are equal. In the coexistence re-
gion M — My, the spacetime can evolve along either the
black-hole or cosmological horizon. Ref. [40] only dis-
cusses the four-dimensional case, specifically the ap-
proach to the extremum along the black-hole horizon in
the coexistence region. No previous study has addressed
the scenario of approaching the extremum along the cos-
mological horizon or the cases in higher-dimensional
spacetimes. In this study, combining the first law of ther-
modynamics in the dS spacetime, we investigated the uni-
versal relation proposed by Goon and Penco in dS black
holes [19]. We extended the approach proposed in Ref.
[40] to examine the behavior as one approaches the ex-
trema along both the black-hole and cosmological hori-
zons and to study the approach to the minimum extrem-
um from the region where both horizons coexist, provid-
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ing a universal relation,

oM oS - 0X;
11m<—”) =1im(—T—) =1im(—x,—f) ,
-0\ dn /y  T0 m/ yx, 10 m / yx.,

whereX; represents the state function of the spacetime.
Given that the studied examples involve higher-dimen-
sional spacetimes with double rotational parameters, the
conclusions obtained are more universally applicable.

This paper is organized as follows. Sec. II discusses
the universal relation of a non-linear magnetic-charged
black hole in dS spacetime, analyzing the influence of
charge and the cosmological constant on the coexistence
region of both horizons. Sec. I1I explores the universal re-
lation in five-dimensional dS hairy spacetime. Sec. IV ex-
amines a charged five-dimensional spacetime with double
rotation, deriving a universal relation. Finally, Sec. V
provides a summary.

II. NON-LINEAR MAGNETICALLY-CHARGED
BLACK HOLE IN dS SPACETIME

Einstein gravity coupled to the non-linear electromag-
netic field in the four-dimensional dS spacetime is de-
scribed by the action [39]

s foeial (12 -]

where R is the scalar curvature of the dS spacetime,
A(A=3/P) is the positive cosmological constant, and
L(F) is a function of the invariant F,F*'/4=F with
F,, =0,A,-0,A, being the field strength of the non-lin-
ear electromagnetic field. In this paper, the non-linear
electrodynamic term L(F) is explicitly expressed as

3IM QO*F)"”
L(F) = M QOFT 3)

0P [1 . (2Q2F)3/4} 2>

where M and Q are the mass and charge of the system, re-
spectively. A static and spherical symmetric dS black
hole of mass M and magnetic charge Q is expressed as

2Mrr P
f=1- 5= )
According to Refs. [19, 37, 40], the cosmological
constant becomes a perturbation parameter, yielding

s:/d“x\/—_g{% (R—(“-n)A)—ﬁL(F)}, )

2

where # is a very small constant. This correction shifts
the metric function in Eq. (4),

2mr? +77)r2
3 +Q3 2 >

f=1- (6)

and the relation between the black-hole mass M and its
horizon radius is established from the equation of the ho-
rizons f(r) =0 as

M =

ret (1_(1+n) ) ) o

2 2 +.,c
2ri . [

In the extended phase space, the entropy S, magnetic
charge 0, and thermodynamic pressure P are regarded as
a complete set of extensive thermodynamic variables.
Their corresponding conjugating quantities, which are in-
tensive thermodynamic variables, are the temperature 7,
chemical potential ®, and thermodynamic volume V.
Thus, the first law of the thermodynamics is established
on the event and cosmological horizons, respectively, as
follows:

dM = T,dS, +®.dQ + V.dP,
dM = -T.dS .+ ®.dQ + V.dP, (8)

where the minus sign in front of T, arises because the
surface gravity of the cosmological horizon is negative.
According to the conventional definition, 7. is negative.
We have that

0 P20 30 P A

47 anr, o (r3 .+ Q%) C 0T 8

aM) 30° ( 1+ , )
b, .= = 1 - 3 K
(a e, P e

T..

)

and from Eq. (7), we can obtain the M —r curve shown in
Fig. 1. We know that when Q and /(1 +17) are given, the
spacetime energy satisfies M¢ < M < My. In this case, the
non-linear charged dS (NLC-dS) spacetime has an inner
black-hole horizon r_, a black-hole horizon r,, and a cos-
mological horizon r.. At the local maximum point &, the
black-hole and cosmological horizons coincide, repres-
enting the highest energy state in which both horizons co-
exist, corresponding to M = My. The black hole at this
point is known as the Nariai black hole, whose event ho-
rizon radius ry is the largest positive real solution of the
following equation:
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Fig. 1.  (color online) Behavior of M as a function of r for
0=1, P/(1+n)=30.

r

3(1+7)
P rISV,C_r}tI,C+2Q?\I,C =0, (10)

Given that M = M, the inner horizon r_ and event hori-
zon r, coincide. Such a black hole is called a cold black
hole, whose event horizon radius r.y is the remaining
positive real solution of Eq. (9). From Egs. (7) and (10),
we know that when the charges O and / in the spacetime
remain constant, ryc is a function of #. When # changes,
it causes a corresponding change in the energy at point N,
given by

<6MN,C ) _ (et Qe
on /o 2rye P
A (1 30 +mre 2Q3> dryc

2 2 rve ) on’

(11)

and when the energy M remains constant, according to
Eq. (7), a change in # causes a corresponding change in
the charge Q and horizon position r, . given by

3Q2( (1+1) 2) rietQ
0= 1- JdO—-—= d
22, g lve) 9@
0 r3,+Q3( (1+n) , )
< 1- dr,., 12
ar+,c |: 2r«2+,c IS The " ( )
ie.,

(ag) 1 {ri,ﬁ 0’ {ri,c—zQS
on/, o, U 2r 213,
L3 +n)r3,(} au,c}
212 on )’
At point N, the black-hole and cosmological horizons co-
incide, and the radiation temperature of both horizons is
zero. Therefore, when approaching point N from the co-
existence region of both horizons, regardless of whether it
is along the black-hole or cosmological horizon, we have

(13)

that

3 3
lim <6MN,C) :_(rN,C+Q):_cD+C<6QN) a4
AN 212 on /u

At point C, the black-hole and inner horizons coincide,
and the radiation temperature of the black-hole horizon is
zero. However, the radiation temperature of the cosmolo-
gical horizon at the corresponding energy point is not
zero. Therefore, when approaching point C along the
black-hole horizon in the coexistence region, we have
that

. aMc) _ (}’é-f-QS)_ . <6Q0>
pim (%, T D

From Egs. (14) and (15), we observe that in the dS space-
time with a coexistence region of two horizons, when the
thermodynamic quantities of the spacetime approach the
endpoints of the coexistence region, i.e., at points N and
C, the perturbations in entropy S and energy M satisfy the
expression

lim (—T+‘9S*) = lim (0MN) ) (16)
T.—0 67] M0 T,—0 67] )

Moreover, the perturbations in charge QO and energy M
satisfy Eqgs. (14) and (15). From these equations, we
know that the perturbation relations are not only applic-
able to the case of approaching the extremum along the
black-hole horizon, but also hold when approaching the
extremum along the cosmological horizon. By using Egs.
(14) and (16), we can generalize the perturbation rela-
tions to dS spacetimes that satisfy the first law of thermo-
dynamics, i.e.,

oM, 9
lim (ﬂ) = lim —®+C(—Q)
T:—0 07] Xi T: >0 ’ 67] Xi

A
lim (—TH S, )
T1 >0 Ton S yxi
_.[0XI
lim —Xf<—) . 17)
420 on /o xisi

In this equation, X' and X' are a pair of conjugate
state parameters of the thermodynamic system. X' is the
spacetime parameter obtained after removing Q.

III. FIVE-DIMENSIONAL dS HAIRY SPACETIME

Although we are interested in Einstein gravity, we fo-
cused our investigation in the context of Lovelock grav-
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ity minimally coupled to a Maxwell field. The scalar hair
is conformally coupled to gravity via the dimensionally
extended Euler densities in terms of the rank four tensor
[41, 42]:

ds? = —f(r)d? + f7'dr? + r*dQ2, (18)
with the horizon function expressed as

8M Ar* H 4n0?
L v R S R PR

(19)

where M, H, and Q are mass, hair parameter, and charge
respectively; A is the cosmological constant. According
to Refs. [19, 37, 40], the cosmological constant becomes
the perturbation parameter, yielding a black hole with
three positive horizons: the black-hole event horizon r,,
internal (Cauchy) horizon r_, and cosmological horizon
r.[41]. From Eq. (19), we obtain

v 3ari.  n(l+mAri,
8 16 8r..

3nH n*Q?
3 +7rQ’
2,

(20)

The Hawking radiation temperature of the black-hole
and cosmological horizons is given by

1 1 A 20? H
T,.=2 _ArmAn. 207, . @D
’ 27r . 61 3y, dnri,

and the thermodynamic quantities corresponding to the
two horizons satisfy the first law of thermodynamics and
the Smarr relation [41]:

M =+T, 08+ V., 6P+, .00 +k, 0H, (22)

where A = —87P. The thermodynamic quantities corres-
ponding to the two horizons are the entropy S, ., thermo-
dynamic volume V, ., and electric potentials ¢, . and ¢, .,
expressed respectively as follows:

7T2 r3 ] ﬂ,z r4 7T2 Q 3ﬂ'
S c = +’L’V c = +’C7 c = 7k c= . 23
+, 2 =+, 2 ¢+, r‘%’c +, 8 e ( )

From Eq. (20), we can obtain the M —r curve for Q =1,
H=1,and (1+n)A =0.45. Figure 2 shows that when Q,
(1+nA and H are given, the spacetime energy satisfies
Mc < M < My, and the five-dimensional dS hairy space-
time has an inner black-hole horizon r_, a black-hole ho-
rizon r,, and a cosmological horizon r.. At the local max-
imum point N, the black-hole and cosmological horizons
coincide. This point represents the largest energy point
where both the black-hole and cosmological horizons co-

M
5.0

4.5
4.0

3.5

05 10 15 20 25 3.0 35
Fig. 2. (color online) Behavior of M as a function of .
exist. The corresponding black hole is known as the Nari-
ai black hole, whose event horizon radius ry is the largest
positive real solution of the following equation:

3arye  m(L+mArRye  3nH  2°Q°
4 4 8ric e

=0, (24)

According to Egs. (20) and (24), when the charges Q, A,
and H in the spacetime remain constant, ry¢ is a function
of . When 7 changes, it causes a corresponding change
in the energy at point N given by

M, 3nAr,
lim <a N’C) = Inc 25)
ToemON 0N Jgan 48

When the energy M, A, and H remain constant, we can
deduce from Eq. (20) that when 7z changes, it causes
changes in the charge O and horizon position r, .. The re-
lationship between these changes is given by

nArt Q
0=y Ty
16 (al r. 0
3nr,. n(l+mArd. 3zH 7T2Q2>
+ ~ — =+ - dry., (26
( 4 4 82, n )" (26)
ie.,

(%) -1 {nAric_(3nr+,c_n<1+n>Ari,c
on MAH

(I)Jr,c 16 4 4
3rH 202 .
7T2 _7r3Q >6r+, } @7
8r+,c Tie (91’]

Figure 2 shows that at point N, the black-hole and
cosmological horizons coincide, and the radiation temper-
ature of both horizons is zero. Therefore, when the space-
time approaches point N from the coexistence region of
both horizons, regardless of whether it is along the black-
hole or cosmological horizon, we have that
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oM Ar 0
lim (ﬂ) =_7T I'nc =— lim ®+c<£> .
ToemON O Jonm 16 Teem0 NN/ yam

(28)

At point C, the black-hole and inner horizons coincide,
and the radiation temperature of the black-hole horizon is
zero. However, at the same energy point, the radiation
temperature of the cosmological horizon is not zero.
Therefore, when approaching point C from the coexist-
ence region of the black-hole horizon, we have that

oM, Ard 0
1im< C) = _TVC _ _im <1>+(—Q> . (29)
.0\ 0n /onn 16 T.—0 on/ yan

When 7 changes, the change in entropy is given by

ory . Ar?

=+ 30

on 24nT, . (30)
S, Axr

lim (—T—) =2 31)
T, >0 o/ moe 167

When the energy O, A, and H remain constant, we find
from Eq. (20) that when # changes, the corresponding
change in M is given by

(67M) _ Ty, . 3, ( 1 (+mpAr,
on/onn 16 2 27F s 61

L H 2772Q2)6r+,c
dnri.  3ri./ on’

i <8M > Ay
lim | — =- .
T:—0 677 OAH 16
From Egs. (31) and (32), we obtain

0S.. Anrd oM
lim (—Tﬂ ) =+27N _ 4 gim ( N) .
T1eo0 on /aon AQH

(32)

Similarly, it can be proved that

oM Anrs oS
lim ( C) = 2N _ im (—n—*) . (34)
>0\ 0N / oan l6r  T.c—0 on / won
When the energy M, A, and QO remain constant, we find
from Eq.(20) that when # changes, it causes correspond-

ing changes in H and the horizon position r, .. The rela-
tionships for these changes are given by

aAr 3

0=——1¢ dn- 5,01
+ (372:“’ _d +Z)Ari’f + Z;i[ - ,T;sz) drie, (35)
ie.,
(‘97H) _ 1 {nAri,c_<37Tr+,c_7r(1+77)Ar-3+,c
o o Kool 16 4 4
e o

Figure 3 shows that at point N, the black-hole and
cosmological horizons coincide, and the radiation temper-
ature of both horizons is zero. Therefore, when approach-
ing point N from the coexistence region of both horizons,
regardless of whether it is along the black-hole or cosmo-

logical horizon, we have that
oM Ary oH
lim (ﬂ) = INC _ _ fim ku.(—) :
T4 0 @7] OAH 16 T4c—0 677 MA,Q
(37
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Fig. 3. (color online) Behavior of M as a function of .

IV. CHARGED-dS ROTATING BLACK
HOLE IN n=5

In this section, we verify the relation for a charged-dS
rotating black hole in n=5. A charged-dS rotating black
hole in the n=5 solution comprises axially symmetric
black holes with an axis of rotation. The action is identic-
al to the SdS action, leading to a process similar to the
SdS case. The n =35 Kerr-Newman-dS metric for a rotat-
ing charged black hole with a positive cosmological con-
stant reads [2, 43, 44]
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R[(1 + g2rH)p*dt +2qv]dt

ds* = ——
':‘a':'bpz
2 Rdt ’
(2w, (R
Y Y —a—b
Zd 2 2d92 2+ 2
+pAr +pR +r:a sin?Ady?
2 b2
+ rTbcosszzpz, (38)
V3q ( Rdt
¢:7(: :h—w)7 (39)
where

v = bsin’Ady + acos’6dy,
dy

—_

. ,.d
w= asm29?¢ + bcos6
=a L=

R = 1 +a*g*cos’0 + b g*sin’6,

_ P +a>) P+ b1 - g2r2) + q2 +2abq —om

A 2

p? = 1 +bsin®0 + acos>6),

—

2, =1+d’¢* 5, = 1 +b*g%,

f=2mp*—q* = 2abqg’p’. (40)
The thermodynamic quantities are [44, 45]

M= am(2E, + 25, — E,5;) — 2nqabg?(E, + Zp)

=2m2 ’
—a=b

P +a>) P+ b1 - g2r2) + q2 +2abq
m= R

2r2
Jo_ nl2am+ gb(1 — a’g%)]
B 4227, ’
. n[2bm + gb(1 — a’g%)]
B 427%, ’
V3nq
0= == 1)
—a—b

where r represents either the position of the black-hole
horizon r, or the position of the cosmological horizon r..
For the black-hole horizon, we have that

ri[l - g2(2ri +a®+b)] - (ab+ q)2

T, =
" 2xr [(r2 + a?)(r2 + b?) + abq]

_ w2 (72 +a®) (2 + b*) + abq]
28 Epry ’

« a(ri +b*)(1 —g2ri) +bq

(2 +a) (2 +bY) +abg’

S

o = b(r* +a*)(1-g*r?) +aq
T (P2 +a®)(2 + b)) +abq’

V3gr?

= . 42
a (r2+a*)(r2 + b?) + abq (42)
For the cosmological horizon, we have that

7 =g QrR+a +bM)1- (ab+q)’

¢ 2rr [(r2 +a®)(r? + b?) + abq]
§ - (> + a*)(r* + b*) + abq]

‘ 28, Byt ’

o ar+b*)(1-g°r)) +bq

(P2 +a®)(P2+ b)) +abg’

b b(rf, +a?)(1 —gzrf) +aq

< (+a®)(rt+ b)) +abg’

3gr?
¢ = Var: . 43)
P2+ a®)(r2+b*) +abgq

The thermodynamic quantities of the spacetime satisfy
the first law of thermodynamics,

dM = +T,,dS, +> @, . dQ'+5.QL .dJ/ +V, dP,
J J
(44)

where r, . represents the positions of the black-hole and
cosmological horizons, respectively. According to Eq.
(44), M =M(S,..J/,0/,P). According to Refs. [19, 32,
37], the cosmological constant becomes a perturbation
parameter #, where 7 is a very small constant. Using Eq.
(41), we can represent the relationship between the hori-
zon position r,. and mass M in the spacetime when
a=0.001, »=0.05, g=0.1, and g =0.5, which is repres-
ented by the M —r curve.

Figure 3 shows that when M > My, there is no hori-
zon in the spacetime. When M = My, the black-hole hori-
zon position r, coincides with the cosmological horizon
position r., and such a black hole is called Nariai black
hole, whose event horizon radius ry is the largest posit-
ive real solution. As M = M, the inner horizon r_ and
event horizon r, coincide, and such a black hole is called
cold black hole, whose event horizon radius r.,; is the re-
maining positive real solution. When M < M < My, the
spacetime has a coexistence region between the black-
hole horizon r, and cosmological horizon r.. When
M < My, the spacetime has the cosmological horizon r,
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only. When the spacetime parameters J/,0Q, g, and P re-
main constant, the changes in M and entropy S, . caused
by a perturbation in # are given by

dM oM 8S., o5,
- = = = iT+c -
dp  98S,. dn an
K {ﬂm(ZEa +28), — E,5) — 21qabg*(ZE, + )
n 45252 ’
(45)
) (dM)
lim { —
Ty c—0 dn ]“,]h,Q,P
P 28, + 25, —E,E,) - 2nqabg*(E, + E
_90 {ﬂm( b —b)—z nqabg™( b) (46)
on 45257

When M remains constant, the change in S, . caused by a
perturbation in # is given by

0 {ﬂm(ZEa +28, — B,Ey) — 2nqabg*(E, + E;,)}
~op 42222

oM S,
3S.c O

+ (47)

From Eq. (44), we can obtain that

0 (ﬂm(ZEa +28), — Z,5p) — 21qabg?* (B, + Zp)
- 00 42252

—a=b

0

0 [mmQQE,+25, - 5,5, —2nqabg*(E, + Ep)

=22
on H2E

(48)

From Egs. (46) and (48), we obtain that

. 7 . 0S8 1c
lim ( — = lim | ¥7,, : .
Ty >0 dn J“,Jb,Q,P Ty >0 077 M,J“,J”,Q,P

(49)

When T, . — 0 corresponds to M — My and the coexist-
ence region of both horizons approaches point N, the un-
controlled evolution can proceed along either the black-
hole or cosmological horizon. When the coexistence re-
gion of both horizons approaches point C, only the radi-
ation temperature associated with the black-hole horizon
becomes zero at point C. Consequently, the evolution can
only proceed along the black-hole horizon toward point
C, that is,

M
lim (d—) = lim —T+(HS*) . (50)
L0\ dn / jupgp  Trem0 on /oo

and when M remains constant, the changes in Q and en-
tropy S .. caused by a perturbation in # are given by

00 0 {ﬂm(ZEa +25, —B,5) - 2nqabg®(E, + Zp)

+7

47272

=a=b

+
35 ..

From Eq. (44), we can obtain that

0 (ﬂm(ZEa +28), — E,8) — 2nqabg? (B, + Zp)

0=0, Z2+2
o " on

oQ 0 {nm(ZEa +28), — 2,5p) — 21qabg*(E, + Ep)
47272

—a—b

From Egs. (46) and (49), we obtain that

. dm .
lim | — = lim
ToemONdn / o pgp  Tre0

on - an 4828}
08 .
<, 51
) an (51)
} +T,, 05 . . (52)
an

(_(DM <2§> M,J“,J”,P) . &)

When M remains constant, the changes in J** caused by a perturbation in 7 are given by

0=0

35 ..

+.c an 677

From Eq. (46) and Eq. (54), we obtain that

aJ** 0 [mmQQE,+25, - E,E,) —2nqabg*(E, +Eyp)
+ g +T,. o

(54
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dm aJ* oJ°
lim (—) = lim <—Q‘ic( ) > = lim <—Qic<> > (55)
Toem0\ A / jajogp  Trem0 “Non/ypop)  Treo0 “Non/ yjeop
When the system approaches point NV from the coexistence region of both horizons, we have that
dm aJ* aJb
lim <—) = lim (—Q‘frc<> > = lim (—Qﬁc() )
Tic—0 dT] Ja,Jb.0.p Ty >0 ’ 677 M,Jb,0.P Tyc—0 : 67] M,Ja,0.P
= lim (—cbw (22) ) o (Bee) (56)
Ty >0 on MJI,0,P an M,Ji,Q,P
When the system approaches point C from the coexistence region of both horizons, we have that
M ; i
lim (d—) = lim (-Qg(aJ) ): lim <—®+(E)Q> ): (-n(as*) ) (57)
7,-0 \ dp sop T+0 on M.J().Q.P T.-0 on/ vip on M,Ji.Q.P

Thus, Eqgs. (56) and (57) can be extended to any spacetime with multiple parameters as long as the state parameters of

the spacetime satisfy the first law of thermodynamics:

(MlziTﬂdSw+§:XﬂXﬂ

(58)

and when the spacetime approaches the maximum energy value at point N from the coexistence region of both horizons,

we have that

= lim
Ty >0

M
i (%)~ i (o7
T >0 a’] Xi ’

When the spacetime approaches the minimum energy value
have that

3S ..
on

ox’

- fim X (
m , an

T..—0 +e

(59

) MXi ) M. X%

at point C from the coexistence region of both horizons, we

M + o 0X
lim (6—> = lim (—T+ 95 ) = - lim X/ (6—> . (60)
T.=0N 0N /i Tecm0 o/ yxi T+=0 o / yxiei
where X/ and X/ are a pair of conjugate state parameters . oMY\ 0S ..
. . lim | — | =(=xT,. . (61)
that satisfy the thermodynamic system. Teem0\ O / “om ) yx

V. CONCLUSIONS

From the above discussion, it can be concluded that
when the energy M in the spacetime is a function of the
state parameters and satisfies the first law of thermody-
namics, under the condition that other state function X'
remains constant, when the spacetime perturbation para-
meter # changes, the energy M and horizon position in the
spacetime also change. The relationship between these
changes is given by Eqgs. (11), (32) and (46). When the
spacetime evolves from the coexistence of two horizons
towards the maximum energy corresponding to the coex-
istence of both horizons, the relationship between the
changes in energy M and horizon position (entropy) satis-
fies

In this equation, the positive and negative signs cor-
respond to the cases when approaching point N from the
coexistence region of both horizons along the black-hole
and cosmological horizons, respectively. When approach-
ing point C from the coexistence region of both horizons,

we have that
) < +) ’
X! M X!

T
When the perturbation parameter # changes, it causes one
of the state functions X' in the state function X/ to vary
with 7, while the other state functions remain unchanged.
The relationship is given by

i <6M
T}r—{lo 0

n

(62)
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(LM) _<LM<91) +(LM<LS> 63)
o/ \OXi o)y \OS on/y

When the energy M remains constant, Eq. (63) can be ex-

pressed as
(Puowy  (ouas)
oX/ on M.Xi#] aS 0n/ yxi

. J
= (f(’ai) + (J_rTH%) =0. (64)
on / yixiei ton  yx

From Egs. (62) and (64), we can obtain the universal rela-
tion at the maximum energy point N corresponding to the
coexistence region of two horizons approaching the coex-
istence region of both horizons. The relation is given by

. (oM . 08,
lim ( — = lim (¥7T,.—~
Teem0\ O /i Tiem0 T oy

_. (0X/
— lim Xic(—> , (65)
7.0 T\ On MXi%]

and from the coexistence region of both horizons ap-
proaching the minimum energy point C corresponding to
the coexistence region of both horizons, the universal re-
lation is given by

lim (a—M> = lim (—nas*)
T.-0 \ 0n i T+=0 on MXi
_. (0X!
— lim X/ (—) . (66)
] 677 M,Xi;tj

From the above analysis, we obtained the variation
law of the state parameters of the system as the perturba-
tion parameter n changes at the endpoint of the coexist-
ence region of both horizons in the dS spacetime. It is
concluded that as long as the state parameters of the
spacetime satisfy the first law of thermodynamics, Egs.
(65) and (66) remain valid. We extended the conclusions
provided in Refs. [19, 37] to the endpoints of the coexist-
ence region of two horizons in any dS spacetime. Our
method is simple to compute and the process is clear, of-
fering a pathway to further investigate the physical prop-
erties of the coexistence region of two horizons in the dS
spacetime.

The exploration of the proportional relationship
between corrected mass and entropy provides a pathway
to understanding WGC, which offers intriguing insights
into the realm of quantum gravity. Studies such as the
present one contribute to a deeper comprehension of this
fundamental aspect of physics.
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