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Abstract: Shell closure structures are commonly observed phenomena associated with nuclear charge radii

throughout the nuclide chart. Inspired by recent studies demonstrating that the abrupt change can be clearly ob-

served in the charge radii of the scandium isotopic chain across the neutron number N=20, we further review the un-

derlying mechanism of the enlarged charge radii for “*Sc based on the covariant density functional theory. The pair-

ing correlations are tackled by solving the state-dependent Bardeen-Cooper-Schrieffer equations. Meanwhile, the

neutron-proton correlation around the Fermi surface derived from the simultaneously unpaired proton and neutron is

appropriately considered in describing the systematic evolution of nuclear charge radii. The calculated results sug-
gest that the abrupt increase in charge radii across the N=20 shell closure seems to be improved along the scandium
isotopic chain if the strong neutron-proton correlation is properly included.
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I. INTRODUCTION

For self-bound complex nuclei systems, quantum
shell closure effects are observed in various physical
quantities, such as a-decay properties [1—5], nuclear mass
evolution [6—9], and the systematic trend of changes in
nuclear charge radii [10—13]. A fully filled shell results in
a nucleus having relatively stable properties with respect
to the adjacent counterparts. Particularly, along a long
isotopic chain, the shrinking trend in nuclear charge radii
(being the kink phenomenon) can be evidently observed
at the fully filled neutron numbers N =28, 50, 82, and
126 [14, 15]. This results in the local minima of proton
radii along a long isotopic chain. Meanwhile, imprints of
the shell closures at the neutron numbers N =14 and
N =16 can be identified in the proton density distribu-

CSTR: 32044.14.ChinesePhysicsC.49064105

tions [16—18]. Therefore, the signature of neutron magi-
city can be identified from the local variations in nuclear
charge radii.

Charge radii of neutron-rich isotopes beyond the neut-
ron-closed shell N =28 appear to increase with similar
slopes [19, 20]. Across the traditional neutron magic
numbers N =20, the abrupt change in nuclear charge
radii unexpectedly disappears in the calcium isotopes.
The same scenarios can be encountered in the neighbor-
ing Ar [21] and K [22—24] isotopic chains; specifically,
only smooth variations are presented in the charge radii.
The apparent disappearance of the rapid increase in nuc-
lear charge radii poses a long-standing challenge to nuc-
lear many-body theory across the traditional neutron
number N =20. A potentially reduced charge radius of
32 Al seems to support an effect of the N =20 shell clos-
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ure from nuclei size [25]. Recent research reveals that
charge radii of neutron deficient **Sc (3.514+0.025 fm)
and *'Sc(3.503+0.020 fm) isotopes can be detected using
collinear laser spectroscopy approach [26]. Combining
the existing charge radius of *?Sc(3.557+0.014 fm) in
Ref. [27], the abrupt increase in charge radii can be ob-
served from *'Sc to **Sc. Therefore, a pronounced kink
phenomenon at the neutron number N =20 can be veri-
fied from the aspect of nuclear charge radii in the scandi-
um isotopes.

The undertaken efforts have been devoted to describ-
ing the trend of changes in nuclear charge radii, such as
the applied empirical formulas ruled by the A'/3 or Z'/3
law [28, 29], relativistic [30, 31] and non-relativistic
[32—34] energy density functionals, and machine learn-
ing approaches [35—41]. Here, the microscopic mechan-
isms cannot be properly captured by the empirical formu-
las. As suggested in Ref. [26], the charge radius of *'Sc is
significantly below the value of **Sc, and this results in
the pronounced kink structure at the neutron number
N =20 along the scandium isotopic chain. However, both
the ab initio and density functional theory (DFT) models
cannot reproduce the increasing pattern of charge radii
for neutron-deficient scandium isotopes. Nevertheless, as
demonstrated in Refs. [42, 43], the local variations in
nuclear charge radii cannot be reproduced well at the
mean-field level.

The discontinuous variations in nuclear charge radii,
such as the shell quenching phenomena, can be described
well by incorporating the Casten factor, in which the
neutron-proton correlations are derived from the valence
neutrons and protons [44—47]. A similar approach that
considers the neutron-proton correlations around the
Fermi surface in the root-mean-square (rms) charge radii
formula has been proposed to describe the fine structure
of nuclear size through the covariant density functional
theory (CDFT) model. This modified method can repro-
duce the anomalous behaviors of charge radii along a
long isotopic family; however, the odd-even staggering
(OES) effect is profoundly overestimated along odd-Z
isotopic chains [48, 49]. To resolve this tension, the neut-
ron-proton correlation derived from the simultaneously
unpaired neutron and proton around the Fermi surface has
been incorporated into the rms charge radii formula [50].
Although the correlation between the simultaneously un-
paired neutron and proton has been considered, the calcu-
lated charge radius of “*Sc is underestimated. Thus, the
neutron-proton correlation cannot be captured adequately
for the unpaired nucleons. Therefore, the underlying
mechanism should be clarified for a deeper understand-
ing.

For the isotope **Sc, the last unpaired proton and
neutron occupy the 1f7,, shell with respect to the relat-
ively stable core “°Ca. The blocking approximation is em-
ployed to tackle the unpaired nucleons [50]. For these

nucleons with time-reversal symmetry breaking, the un-
paired single particle occupations should be tackled ap-
propriately. To further review the underlying mechanism
for the enlarged charge radii from *'Sc to **Sc, the CDFT
model is employed in this study. The pairing correlations
are properly tackled by solving the state-dependent
Bardeen-Cooper-Schrieffer equations [31]. The quadru-
pole deformation and the neutron-proton pairing correla-
tion around the Fermi surface are incorporated into our
discussion. The influence of different occupations of the
proton and neutron single particle levels on the charge ra-
dius of #*Sc is inspected for the simultaneously unpaired
neutron and proton in this study.

The remainder of this paper is organized as follows.
In Sec. II, the theoretical framework is briefly presented.
In Sec. III, the numerical results and discussion are
provided. Finally, Sec. IV summarizes the study.

II. THEORETICAL FRAMEWORK

The covariant density functional theory (CDFT) mod-
el has enabled description of various physical phenom-
ena [51-67]. For nonlinear self-consistent Lagrangian
density, the effective interactions among nucleons are
provided by the exchange of o, w, and p mesons. The
electromagnetic interaction is offered by photons natur-
ally. The effective Lagrangian density is recalled as fol-
lows [68]:

L= lp[i’yﬂay -M-g,0 —V”(gwwp + gp?'ﬁp +eA)
1 1 1 1
+ 56”0'6#0'— Em(ZTO'2 - §g20'3 - Zg30'4
1

1 1 1, -
4Q’“’Qﬂv + Emiwﬂa/‘ + ZQ(LJ‘LU”)Z - ZRW-R’”
+1m2ﬁ*-* +1d (ﬁ’”)z—lF“VF (1)
2 P p/J 4 3 p/.l 4 uvs

where M is the mass of the nucleon, while m,, m,, and
m, are the masses of the o, w, and p mesons, respectively.
Here, g, 8w, 8> 82> &3, €3, d3, and €?/4x correspond to
the coupling constants for o, w, and p mesons and the
photon, respectively.

The Dirac equation with effective fields S(r) and V(r)
and Klein-Gordon equations with various mesons sources
are derived through the variational principle [68]. To cap-
ture the ground-state properties of finite nuclei, the quad-
rupole deformation parameter 3,y becomes constrained in
the self-consistently iterative process. Therefore, the
Hamiltonian formalism can be rewritten as follows:

H=a-p+V(@)+BIM+S(r)]-1Q, 2)

where A is the spring constant, and Q is the intrinsic
quadrupole moment operator. Those values of the corres-
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ponding quadrupole deformation parameter S, are
changed from -0.25 to 0.25 with the interval range of
0.01.

To account for the implications of the observed odd-
even oscillations of nuclear charge radii along odd-Z iso-
topic chains, a modified mean-square charge radii for-
mula has been proposed as follows (in units of fm?) [50]:

R, = (r2)+0.7056 fm” + %AD fm? + % el (3)

The first term represents the charge distribution of
point-like protons, and the second term is owing to the fi-
nite size of protons [69]. Here, the quantity of the proton
radius assumes values of approximately 0.84 fm [70, 71].
As shown in Eq. (3), the quantity of |AD] is associated
with the difference in Cooper pair condensation between
the neutrons and protons [72]. The effective force in the
covariant density functional theory is chosen to be the
parameter set NL3 [73]. The last term in this expression
represents the neutron-proton correlation derived from
the simultaneously unpaired neutron and proton. There-
fore, the quantity of ¢ equals zero for even-even, even-
odd, and odd-even nuclei. The values of ay = 0.561 and
6 =0.355 are calibrated by fitting the odd-even oscilla-
tion and the inverted parabolic-like shape of charge radii
along potassium and calcium isotopes under effective
force NL3 [50]. The pairing strength is determined
through empirical odd-even mass staggering [74]. As
shown in Ref. [50], the pairing strength is chosen as
Vo = 350 MeV fm? for the effective force NL3 set.

III. RESULTS AND DISCUSSION

The signatures of neutron magic numbers can be re-
flected through binding energies, nuclear charge radii, ex-
citation energies, and transition probabilities [19, 75, 76].
As in a strongly correlated many-body system, the rapid
rise in nuclear charge radii along a long isotopic chain
results from different mechanisms, such as the shape-
phase transition [77-79] and the shell closure effect
[10—13]. The isotopes with neutron magic numbers ex-
hibit relatively stable binding energies, and their proton
density distributions exhibit rather smaller variations in
comparison with those of neighboring counterparts. In
this study, the calculated result suggests that the quadru-
pole deformation B, for **Sc is approximately —0.07,
resulting in an almost spherical shape. This is in accord-
ance with the value shown in Ref. [80]. The spherical
shape has also been presented for #!Sc [50]. Thus, the in-
fluence originating from the quadrupole deformation is
not adequate in reproducing the abruptly increasing trend
of charge radii from #'Sc to “*Sc isotopes. The rapid in-
crease in charge radius can be clearly observed across the
#Sc isotope [26]. However, this profound kink structure

at the N =20 fully filled-shell is absent in the neighbor-
ing Ca, K, and Ar isotopic chains.

For the Sc isotopic family, the time-reverse sym-
metry is broken by the last unpaired proton. Generally,
the blocking approximation is employed in tackling the
occupation of the last unpaired proton and neutron. The
occupation numbers of unpaired neutrons and protons are
determined by adjusting them to minimize the nuclear
binding energy. Therefore, the blocking treatment of the
last unpaired neutron and proton is further inspected in
the following discussion. However, the quadrupole de-
formation has an influence on the determination of nucle-
ar charge radii [81]. Therefore, the potential energy
curves (PECs) of “*Sc should be depicted for various
blocking states. Fig. 1 shows the plot of the PEC of “*Sc
as a function of quadrupole deformation B,y. For the con-
venience of discussion, the projection of the angular mo-
mentum on the z-axis in the 1ds, (j,=3/2%, j.=1/2%)
and 12 (j.,=7/27, j.=5/27, j.=3/27, j.=1/27) shells
are employed to declare the occupied orbits for the last
unpaired proton () and neutron (v), in which the super-
scripts + and — represent the parity. The last unpaired
neutron (v) locates sequentially at the single particle
levels from the 1d5), to 1f5,, subshells. As shown in Figs.
I(a) and (b), the 1d;,, level is occupied in order by the
last unpaired proton. It can be observed that the local
minimum in the PEC of **Sc diverges considerably from
the experimental datum. In contrast, for v1f7/2-
(j.=7/27), the calculated result is relatively close to the
experimental datum; however, about 7.0 MeV, deviation
can be observed.

As shown in Fig. 1(c), the last unpaired proton occu-
pies the j =7/2 level. The largest binding energy of
#28¢ can be obtained if the last unpaired neutron occu-
pies the j, =7/2" level. Here, one can mention that the
quadrupole deformation is at the value of B, =-0.07,
resulting in an almost spherical shape. As shown in Figs.
1(d), (e), and (f), the levels =lf5/2-, =lf3/2~, and
mlf1/2- are sequentially occupied by the last unpaired
proton. Furthermore, the local minimum energies are al-
most similar or equivalent for these cases. This is be-
cause quadrupole deformation values are extremely close
to each other for the corresponding configuration mixing
of the last unpaired single particle levels. The 1f7/2~
level occupied by the simultaneously unpaired neutron
and proton gives rise to the relatively stable ground-state
property of “?Sc. Although the configuration combina-
tions through various levels such as z1f5/2~, #1f3/2",
and z1f1/2~ provide similar results, slight deviations can
be noted with respect to the case of the z1f7/2~ level oc-
cupied by the simultaneously unpaired nucleons.

To facilitate a quantitative comparison, the rms
charge radii of #*Sc are plotted in Fig. 2 as a function of
quadrupole deformation S3,, under various configuration
mixing occupations of the simultaneously unpaired neut-
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(color online) Potential energy curve (PEC) of “?Sc as function of quadrupole deformation 8y for different configurations of

mixing of single particle orbits occupied by the last unpaired nucleons. 7 and v denote the last unpaired proton and neutron, respect-

ively, where the components of the angular momentum of the 1d5), (j; =3/2* and j, =1/2*) and 1f5,, (j.=7/2", j.=5/27, j.=3/27, and

Jjz = 1/27) subshells projected on the z-axis are used to denote the occupied states. Experimental data are taken from Ref. [7] and repres-

ented by the short horizontal line.

ron and proton. The calculated results can cover the un-
certainty range of the charge radius of **Sc when the last
unpaired proton and neutron occupy the 1d;, and 1f5,
subshells, respectively. However, for these cases, the
ground-state energies are deviated considerably from
those of the experiment; in particular, loosely bound
states are expected. The same scenarios can be en-
countered in the configuration where the unpaired proton
and neutron occupy the 1f7, and 1d5,, subshells, respect-
ively. For the configuration mixing with various levels in
the 1f7,, subshell, each of these occupied combinations
produce a lower value than the experimental one. There-
fore, the experimental value cannot be reproduced well
through various configuration mixing of the last unpaired
neutron and proton.

The signature of local variations can be manifested in
nuclear charge radii. To further inspect these discontinu-
ous variations in charge radii for a specific isotopic fam-
ily, the three-point formula can be recalled as follows [34,
42]:

A(N,Z) = %[ZR(N,Z) -RIN-1,2)-R(N+1,2)], (4)

where R(N,Z) is the rms charge radius for a nucleus with
neutron number N and proton number Z. As discussed
above, the charge radius of “*Sc cannot be reproduced

well by blocking various forms of configuration mixing
of the simultaneously unpaired neutron and proton.
Meanwhile, combining various occupations of the un-
paired single particle levels in our model, the quadrupole
deformation parameters 3,y result in an almost spherical
shape. Hence, the abrupt increase in charge radii owing to
the shape-phase transition has been excluded in our dis-
cussion.

Considering the neutron-proton correlation around the
Fermi surface for the simultaneously unpaired neutron
and proton, the odd-even staggering (OES) behavior of
charge radii can be characterized well along odd-Z iso-
topic chains. In particular, the OES of charge radii along
potassium and copper isotopes can be reproduced well.
However, for the scandium isotopic family, the abrupt in-
crease in charge radii from #'Sc to **Sc cannotbe de-
scribed well in the recently developed model [50]. Thus,
the neutron-proton correlation around the Fermi surface is
significantly underestimated in our calculations.
However, “?Sc can be regarded as a combination of the
two valence nucleons and the relatively stable core of
#0Ca. To establish the neutron-proton correlation around
the Fermi surface, we further redefine the three-point for-
mula along the isotonic chain as follows:
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Fig. 2. (color online) Same as Fig. 1 but for the root-mean-square (rms) charge radii. Experimental data are taken from Refs. [26, 27],

where the light blue region represents the systematic error band.

A(AR:)(N,Z) = %[Ar(N’Z) —AN,Z-1)=-A(N.Z+1)],
®)

where the values of A,(N,Z) can be obtained through Eq.
4.

In Fig. 3, the values of A(AR.,) derived from Eq. (5)
are used to measure the simultaneously unpaired neutron-
proton correlation around the Fermi surface. From this
figure, the OES in A(AR.,) can be observed with increas-
ing neutron numbers. The calculated results at the neut-
ron numbers N =22, 23, and 24 can reproduce the experi-
mental data well. At the neutron number N = 21, the cal-
culated result is apparently underestimated in comparis-
on with the experimental value. Thus, the simultaneously
unpaired neutron-proton correlation around the Fermi
surface is underestimated significantly for “?Sc, namely
the 0 value in Eq. (3) is considerably lower. The same
scenario can be observed at the neutron number N =20
owing to the overestimated charge radii of “*#'Sc [50].
Therefore, more reliable experimental data are urgently
required in the proceeding work.

As shown in Ref. [50], charge radii of “**!Sc isotopes
can be reproduced well with the effective force PK1 in
comparison with those obtained by the NL3 set. There-
fore, the effective force PK1 [83] is used to depict the
trend of changes in charge radii for scandium isotopes in
the following discussion. As mentioned above, the neut-
ron-proton correlation seems to be underestimated in Eq.
(3). To facilitate the quantitative comparison, charge radii

0.04 ——1——1——T—"—T——T—T—7
0.02
@ L -
~2 000 | -
S L -
-0.02 - L .
- i -
-0.04 PR TR I TR N T T I T R T
16 18 20 22 24 26 28 30
Neutron Number N
Fig. 3. (color online) Evolution of A(AR,) derived from Eq.

(5) according to neutron numbers. Experimental data are taken
from Refs. [14, 15, 26, 82].

of the scandium isotopes are shown in Fig. 4. In this fig-
ure, the last term in Eq. (3) is sequentially replaced with
the 26/ VA and 46/ VA modifications. With increasing
neutron-proton correlations derived from the simultan-
eously unpaired neutron and proton, charge radius of “*Sc
is enlarged. This causes the significant shrinking trend of
charge radii at the neutron number N =20. However, the
trend of changes of charge radii cannot be described well
at approximately N =24. This may result from the time-
reversal symmetry breaking of the unpaired nucleons. As
shown in Fig. 4, the value of charge radius for **Sc re-
mains underestimated. Therefore, more underlying mech-
anisms should be appropriately considered.
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Fig. 4. (color online) Charge radii Ry, of scandium isotopes
derived from Eq. (3) with 26 and 46 modifications as a func-
tion of neutron numbers. Experimental data are taken from

Refs. [14, 15, 26, 82].

Here, the phenomenological term is used to capture
the correlation between the simultaneously unpaired neut-
ron and proton in Eq. (3). The calculated results show
that this incorporated term cannot cover the enlargement
of charge radii from #'Sc to “*Sc adequately, as shown in
Fig. 4. In addition, more underlying mechanisms in treat-
ing pairing correlations, such as particle number conser-
vation [61], quadrupole deformation [81], and the appro-
priate Bogoliubov transformation [51, 84], should be con-
sidered. As demonstrated in Refs. [85, 86], the beyond-
mean-field approaches play an important role in describ-
ing the bulk properties of finite nuclei. As shown in Fig.
1(c), the potential energy curve of “*Sc is relatively sofft.
Therefore, the beyond-mean-field corrections should be
considered in analyzing the enlarged charge radius of
“23c.

IV. SUMMARY

The signature of nuclear shell structures is generally
observed in nuclear charge radii at the traditional neutron
magic numbers N =28, 50, 82, and 126. However, as a
participant of the traditional neutron magic number
N =20, this profound kink structure is absent in Ca, K,
and Ar isotopic families. A recent study provides reliable
values of charge radii for **Sc and *'Sc isotopes by em-

ploying the laser spectroscopic approach [26]. Consider-
ing existing literature [27], the abrupt increase in charge
radii can be observed significantly across the N = 20 shell
closure. This unexpected trend poses a long-standing
challenge in theoretical study. This is because **Sc can be
regarded as a combination of the **Ca core with the sim-
ultaneously unpaired neutron and proton in the proton-
proton and neutron-neutron channel, respectively.

This study focuses on the following key aspect: the
reason behind the unexpected rapid increase in charge
radii. The recently developed model that considers the
simultaneously unpaired neutron-proton correlation
around the Fermi surface has been employed in our dis-
cussion [50]. Analyzing various forms of blocking con-
figuration mixing of the simultaneously unpaired neutron
and proton, our findings suggest that the influence of
quadrupole deformation and blocking configurations on
determining the increasing trend of charge radii of “*Sc
should be considered properly. Through the values of
A(AR4,), we can infer that the neutron-proton correlation
for the last unpaired nucleons in **Sc is underestimated
significantly. Meanwhile, the overestimated charge radii
of 04S¢ results in the underestimated neutron-proton
correlation at the neutron number N =20. As shown in
Ref. [87], the overlap between the neutron and proton
wave functions can be used to measure the neutron-pro-
ton correlation. This seems to provide a microscopic ac-
cess to capture the correlation between the simultan-
eously unpaired neutron and proton. Meanwhile, it should
be mentioned that the isospin symmetry breaking effect
can have an influence on the determination of charge
radii [88, 89].

As is well known, nuclear charge radii can be influ-
enced by various mechanisms [90]. A reliable descrip-
tion of charge radii can be used to extract the information
about proton size [91]. A highly linear correlation
between the difference in charge radii of mirror-pair nuc-
lei and the slope parameter of symmetry energy has been
built to pin down the isospin interactions in the equation
of state of asymmetric nuclear matter [92—101]. There-
fore, the underlying mechanisms should be taken into ac-
count properly in describing the nuclear charge radii. Fur-
thermore, more reliable charge radii data are expected in
experiments.
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