Chinese Physics C  Vol. 49, No. 7 (2025)

Gravitational losses for the binary systems induced by the next-to-leading
spin-orbit coupling effects”

Hao Zhang (5KZ%)'*  Wei Gao (=)'
Huanyu Jia (584t £)*

Guansheng He (B{ WL 3%)!T

Siming Liu (X1 P4 #7)*

Wenbin Lin (PR3CE)

'School of Mathematics and Physics, University of South China, Hengyang, 421001, China
2School of Physical Science and Technology, Southwest Jiaotong University, Chengdu, 610031, China

Abstract: The orbital energy and momentum of the compact binary systems will Toss due to gravitational radiation.

Based on the mass and mass-current multipole moments of the binary system with the spin vector defined by Bohé et

al. [Class. Quantum Grav. 30, 075017 (2013)], we calculate the loss rates of energy, angular momentum and linear

momentum induced by the next-to-leading spin-orbit effects. For the case of circular orbit, the formulations for these

losses are given in terms of the orbital frequency.
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I. INTRODUCTION

The compact binary systems such as black hole-black
hole pairs, black hole-dense star (neutron star, white
dwarf, or others) pairs, or double dense stars, are the best
candidates for the gravitational-wave sources, which have
been detected by LIGO/VIRGO [1—4], and also-will be
detected by the space-based gravitational-wave detectors
such as LISA, TianQin, and Taiji in the near future [5—9].

Gravitational radiation will carry away the orbital en-
ergy, angular momentum, and linear momentum of the
compact binary systems. The analytic calculations for the
gravitational losses can only be achieved via the post-
Newtonian (PN) approximations, which have been ex-
tensively studied in the literature. The references where
the results were first presented are summarized in the fol-
lowing tables.

Table 1 presents the references for the loss rates of
the non-spinning binary system's energy FE, angular mo-
mentum J, and linear momentum P to the different PN
orders including the tail contributions.

For the case of the spinning binary systems, the situ-
ation is somewhat more complicated as the definitions of
the spin vector and the supplementary spin condition
(SSC) are not unique. Although they describe the same
physical phenomena, the formulations of the gravitation-
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al loss rates are dependent on these definitions. Table 2
provides the reference for the formulations for the gravit-
ational loss rates of the spinning binary system's energy,
angular momentum, and linear momentum induced by the
spin-orbit (SO) coupling based on the spin vector defined
by Barker and O'Connell [23] under the SSC given by
Pirani [24].

Table 3 presents the references for the formulations of
the gravitational losses of the spinning binary system's
energy, angular momentum, and linear momentum due to
SO contributions and spin-spin (SS) contributions based
on the spin vector defined by Faye, Blanchet and Buon-
anno [26] and under the SSC given by Tulczyjew [27].
Table 4 provides the references for the case of the spin
vector defined by Bohé et al. [28].

In this work, we make use of the 2.5PN dynamic
equation of the center-of-mass and the 1PN precession
equations of the spin vector given by Bohé¢ et al. [28], and
the mass moment given by Marsat et al. [29], to calculate
the gravitational loss of the spinning binary systems in-
duced by the next-to-leading SO coupling effects.

The rest of this paper is organized as follows. Section
2 introduces the 2.5PN acceleration for the relative mo-
tion of the spinning binary systems, which will be used in
later derivations. In Section 3 we give the formulas for
calculating gravitational losses. Section 4 we derive the
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Table 1. References for the gravitational loss rates of the non-spinning binary systems in the Newtonian, 1PN, 2PN, 2.5PN, 3PN and
3.5PN approximation. The superscript "-" denotes the time derivative.

gravitational loss rates circular orbit general orbit
Ey Peters [10] Peters [10]
EipN Will & Wagoner [11] Will & Wagoner [11]
Eopn Blanchet, Damour & Iyer [12] Will & Wiseman [13]
E> Stail Blanchet [14] Arun et al. [15]
Espy Blanchet, Iyer & Joguet [16] Arun et al. [15]
E3 5tail Blanchet [17] N/A
In, Jipn Junker & Schafer [18] Junker & Schafer [18]
Jorn Gopakumar & Iyer [19] Gopakumar & Iyer [19]
J2.5ait, J3PN Arun et al. [20] Arun et al. [20]
Py Junker & Schafer [18] Junker & Schafer [18]
Pipy, Popy Racine, Buonanno & Kidder [21] Racine, Buonanno & Kidder [21]
P> 514t Kastha [22] Kastha [22]

Table 2. Reference for the gravitational loss rates of the spinning binary systems with the spin vector defined by Barker and O'Con-
nell and under the Pirani's SSC

gravitational loss rates circular orbit general orbit

Kidder [25] Kidder [25]

Eisso, J1ss0, Pisso

Table 3. References for the gravitational loss rates of the spinning binary system base on the spin vector defined by Faye, Blanchet
and Buonanno and under the Tulczyjew's SSC

gravitational loss rates circular orbit general orbit
Eisso Same as Kidder [25] Same as Kidder [25]
Exss0 Blanchet, Buonanno & Faye [30] Blanchet, Buonanno & Faye [30]
Jisso Same as Kidder [25] Same as Kidder [25]
Jasso This work This work
Pysso Same as Kidder [25] Same as Kidder [25]
Racine, Buonanno & Kidder [21] Racine, Buonanno & Kidder [21]

Exss, Jass, Pisso, Poss

Table 4. References for the gravitational loss rates of the spinning binary systems based on the spin vector defined by Bohé et al. and

under the Tulczyjew's SSC

gravitational loss rates circular orbit general orbit
Elsso Same as Kidder [25] Same as Kidder [25]
Esrsso Marsat et al. [29] This work
E350taits E3550, E450tail Marsat et al. [29] N/A
Esss, Esss Bohé et al. [31] Bohé et al. [31]

Jisso Same as Kidder [25] Same as Kidder [25]

Jasso This work This work

Pysso Same as Kidder [25] Same as Kidder [25]

Pisso This work This work
gravitational losses induced by the next-to-leading spin- ison, we also present the 2.5PN angular momentum loss
orbit coupling effects. For completeness and as a compar- in terms of the spin vector defined by Faye, Blanchet and
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Buonanno [26] in Appendix B. Section 5 gives these loss
rates for the circular orbit. Summary is given in Section
6. In this article, small Greek alphabet represents 0, 1, 2,
3, and small letter represents 1, 2, 3.

2. THE MOTION FOR THE BINARY SYSTEM IN
THE 2.5PN APPROXIMATION

We assume the spinning compact binary has masses
M, and M,. The position vectors of the bodies are X, and
X,, and the corresponding velocities are V; and V,, the
spins of the two bodies are S; and S,. The precession

where M =M;+M, denotes the total mass of the system,
SM=M,-M, and n=M M,/M?*. S=S,+S, denotes the
total spin. A=M(S,/M,—S,/M;). V=V,-V, is the binary's
n=R/R with
R=X,-X, being the separation vector between the two
bodies and R=|R|. We also need the 2.5PN acceleration
of the spinning binary system's relative motion, which
can be written as [28,25]

relative velocity. is the unit vector,

dv
equations of the spinning binary systems can be written i An+Awpy +Arsso+ Azpy + Aasso s 3)
as [28]
as GM 7 36M where
. 2R2n{V[f(n~S)+f—(n~A)]
36M
[ (V8 +5 (VA ) M AN:—%n, @)
dA 36M
= SRV s+ (5-2n) ) oM i oM
3801 Ay = = o {n[(14 3V @+ 2 7
32w~ (G-2n)wn]}, @) 3 |
~ k] = 22-mRV} (5)
Aisso= % {6n [2(n><V)~s ¥ 5—m(nxV)~A} - [7(V><S) + 36—m(V><A)] +3R(3nxS + 6—mnxA>} , (6)
R m m m
_ GM 3 (GM)? , 15 3 L, 1 GM _,
Aspy = —W{n[z(12+29n) - HIG= AV (1= 3R = S = 4n)VPR — Sn(13 = di) ==V
M. 1. M .
—(2+25n+ 2772)%1%2] -3k [n(15+4m)V2 - (4 +415+ 8772)% ~3nG+2mR? (7)
G GM 3 i , GM 45 ., 3 .
Arsso= T,eg{[(24+19'7)7+§(1+10'7)R — 14nV2](Vx$) - [(28+29n)7+771e +50=15p)V | R(nxs)
1 GM 3 22 2 M 1 oM 22, 3 2| OM
+[2(24+19n) (1 +6DR 7nv] 1 (Vxd) [2(24+31n) o 1SnR + 21 8n)v] 1 K (nxA)
GM i , 1 GM . 1M
—n[(44+33n)7+30nR — 24V ](nxV)-S—nb(48+37n)7+1577R — 127V ]ﬁ(nxV)-A
21 3 oM .
- [7(1 ~mexV)-$+2(3 —4n)ﬁ(nxV)-A]RV} ,
3

where the Tulczyjew's SSC has been employed. R =n-V.

III. FORMULAS FOR CALCULATING THE GRAVITATIONAL LOSSES

The isolated system's energy, angular momentum, and linear momentum losses due to the gravitational-wave radi-
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ation can be written in terms of the symmetric and tracefree (STF)-multipole moments as follows [32]:

dE G~/ (+D(I+2)  Goash ]y 4U(1+2) (@+1) (1)
dr 0512:2:{(c) I(1- DRI+ 1! ( ) (1= DI+ D@21+ DN } ©)
di; G - 20-2 (I+1)(+2) O W+ 1\2¢-1 4P(1+2) ORI el
w__EZ{<C> m Jpq PAII‘Z_‘IAII+<7> (l—l)(l+1)'(21+1)” JPQJPAIIJQAII}’ (10)
ar; _ gi{(l)za 2) 2(1+2)(I+3) @D D (1>2<l—|> 8(1+3) (t+2) "+
dt ¢ c I+ D121+ 3)n ~ A=A (I+ D121+ 311N
1\20-2 8(1+2) G+ (+D)
<*> (= DI+ )I2l+ Hh 7 "A“jq/*“}’ (b

c

where E, J; and P; are the orbital energy, angular momentum and linear one of the system. 7, and J,, are the STF ra-
diative mass and current multipole moments, respectively. A; denotes a multi-index of length /; i.e. A; = aja,...a;, where

0] 0]
a; with 1<i<I takes the indies of 1,2,3. 7=d'Z/dt' and J =d'J /dt".
Following the calculation method given in Ref. 18], we take alb ossible values for the parameter / in Egs. (9)-(11)
to ensure the accuracy of @ and ° d, " to the 2.5PN order, and that of —- to the 1.5PN order, as follows

dE Gr1®0® 1160 ® 11 ® ® 11® & 1 1 ® O
E :_C?[gfkl]-kl"'ggjklj 2 189]kImIkIm 484jklmjklm+ij-[klmnjklmn} ) (12)

dJ: G 22 3 132 @ 3 116G & 11 ® & 1 1 4) 4)
dit]:_gfqu{g pk qk+ 24SJ jqk+gafpklqul+ 428kaqukl+ 42268kalquklm]a (13)

dP. 2@ B 14 ®W B 16 OO 1 1 6 @& 11 @ @
TIJ == [63 -[/kIIkl+ 2 63 J]kljkl+45 Equ pquk'i' 2 1134 IjklmIkIm +gﬁ66qu-[pkqukli| (14)
The non-spin mass and mass-current multipole moments for the binary system can be written as [13,33]
1 GM, 1 GM
Ty=pR*{1+ —[—(1 -3 )V2—7(5 8 )—] —[—(2021 594777—4883;72)—V2
——(355+1906 ~337p )(G i —L(131—907 +1273 ) +—(253—1835 +3545)V*] by
11 1 .
R’ 1-3n)+ — | —= (742 - 3357 - 9857%) —— + —— 242 (1- HR Vo
+u {2162( m+ [189( n- n) M, 126(41 3370+ 733V + (1 S+ SR}V
4
2 2 2 2
—uRR {ﬁ(l —3'7)+g [@(13— 10177+ 2097%)V +ﬁ(1085—4057n— 14637 )7}}n<ivj>,
(15)
3 GM 1 oM 15 .
Tij= sz—{l +—[—4(9+1077)T+2—8(13—6817)V2]}qu<,nj>an ~1y 255 (1 2DRR GV, V. (16)



Gravitational losses for the binary systems induced by the next-to-leading spin-orbit... Chin. Phys. C 49, (2025)

oM 11 GM 1 oM 1 .
T = uR == o { 1+c—2[8(5—137])T—8(5—197])V2}}n<,-jk>+u——(1—277)RR3n<,-_,-Vk>

Ne M c?
oM 1
U S (=R Ve {1n
uz]—z:gjk = /1(1 - 377)RSqu<injk>npVq 5 (18)
l/kl (1 - 377)R Nejjkl> » (19)

NS

where n; and V; denote the i component of n and V. u =nM is the reduce mass-of the binary system. n;;. =nyn;,, etc.
denote the STF section of the tensors, as in Ref. [18].

The spin mass and mass-current multipole moments for the binary system with the spin vector defined by Bohé et al.
can be written as [29]

R 85 46M R 1 GM
;= ”{ (VXS)anyo 45 o (VXA . - <n><S)<,-V,->—§ﬁ<n><A)<,-vj>} + {31257

N

26 R 1 GM 1 1M
+5,=3nV ](VXS)<,~nj> + [5(1 +16m) 7= + 526 = 116m)V ] ~7 VXA
1 GM 4 , 1 GM
+ [— Q2+ 10 == — (1 =3V }(nxS)QVP + [— 57 (56:+34n) =~

1 oM 4 . 4 S OM
—(=4+36m)V?| — (X A) Vi — —(1 =3DRV X 8) Vs = 5~(1 = SPR—(V X A);V >
45 (FAF 36V SR XAV — S (L=3RVX )V = (1= SPR=E(V XAV,

GM

3 1 oM 38
+ [7(1 =3 (x V) S+ 59 ~40n)- Hnx V)-A[VaV + e [ﬁ(l +12n)(nxV)-S

2 M Ml . 1 oM
oy (24- 1377)%(” V)-A] nans + GT [5(17+61U)R(nx5)<,n,-> + 521 +3477)R6ﬁ(n><A)<,»nj>]
GM; 1 2 oM
e [ 361000 $) =53 =20) 7 - (- A)| (1 x V)any | (20)
_ 3Ry Rpsr 26M , 106M GM B , 1 GM
Jij= =3¢ b {l VT o R ]n<,sj>+[ 50— 143V + o (61-T1) = |nats
[33—(V 8)+ (33 - 155)(V-A) | niV s + 1k [3%%5 s+ (=16 VA | - L [(11-47n)(n-A)
T8 PRy T T4
M 1 GM
+11ﬁ(n-5)]v<,-vj> iR [9—( 8)+8=31n)(m-A) nany }, 1)
96M
,,k n{—f—(VxS)Qn My — (3—11;7)(V><A)<,n,nk>+3 (nxS)<,n,vk>+3(1—3;7)(nxA)<,n,vk>}, (22)
Ry oM
%jk = P [2n<ijSk> +2ﬁﬂ<ijAk>} . (23)

The STF tensors used in our derivations are provided in the Appendix A.
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IV. GRAVITATIONAL LOSSES INDUCED BY THE NEXT-TO-LEADING SPIN-ORBIT
COUPLING EFFECTS

Substituting Eqs. (15)-(23) into Eqgs. (12)-(14), making use of Egs. (4)-(8) to calculate the time derivative of velo-
city, and keeping the results to include the contributions of the next-to-leading spin-orbit coupling effects, we can ob-
tain the loss rates of the orbital energy, angular momentum, and linear momentum as follows

dE

ar = EN+E1PN+E1.5s0+E2PN+E2.550 s (24)
dj . . . . . 5
E=JN+11PN+JL5S0+.12PN+J2.550, (25)
ar . . . .
EzPN+PO.SSO+P1PN+P1A5SO’ (26)
where
. 8 G3M2 2 5 &
Ey=-15"pt [12v2 - 118, @7
2 G3M2 2 p . GM
Epy = — 05 C7R4“ [(785 —825n)V* —2(1487 - 1392) V> R* + 3(687 — 620n)R* — 160(17 — ;7)7 V2
GM GM)*
+8(367~157) = R2+16(1-4 )( ) ] (28)
. 8 G*My2 . GM GM 1 6M
Eisso= =15 qps 1| 18K ~8 7 —BOVA[(nxV)S + [4=5 —43V2 4 SR - (nxV)-A (29)
. 2 GMYA . (G )3
Espy = — ——— { [18(1692 5497y +4430n%)V® — 24(253 — 10260 + 561°) — 54(1719-10278y
2835 (°R*
. M
+62921)VAR? + 108(4987 — 851315 + 2165772)TV2R2 3(106319 + 979815 + 53761 )( )
. . GM
+54(2018 — 152075+ 7572%)V2R* — 12(33510 — 6097177 + 142907 )—R —36(4446 —5237n + 13931;2)7v4
p (G M)
— 18(2501 — 202347 + 84041)R° + (281473 + 818287 +43687°) ——— V2| } |
(30)
. 2 GPmy? G>*M? GM GM .
Erss0 = ~ 105 2R { [(3776 +15607) 2t (15220 - 896;7)7 V(12892 - 2024;7)71%2 — (4828 — 7240n)V*
. . GM
+(14076 - 200167) V2R — (8976 — 125T6n)R* | (nx V)-8 + (10774 - 19887) =~ V2
GM . . G2 M?
— (14654 — 479677)7R2 — (2603 —4160n)V* + (9456 — 14484n)V>R* — (548 —952n) 7
1 6M
— (7941 - 10704;7)R4] %(nxV)-A} ,
€Y}
. 8 G Myu? GM
Jn=-3 SRf (nxV){2V> 3R 4277 } (32)
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. 2 GPMy?
Jirn = = 1550 X V)[(307 - 548m)V* = 6(74 - 277, V2R + 1519 — T2m)R’* - 4(58+95n)—v2
) (G )
+2(372+19777)—R —2(745-2m)——~| , (33)
] 2 GM 2 2 GM 2 2
Jisso= 13 8R3( nxV){[16375 + 111V? ~ 195K | (nxV)-S + 7125 + STV - 105R]—(n><V)A}
GZ 2 . .
R v{[12n-5) +5—(n-A)] M [50— +71V2—108R?| (V-S)
GM s 4 G2 2 GM)_ (GM , R
+[27T+35V —54R] (VA)} R {[1—\/ o —45—R](n5)+[165R — 132V
GM- . (GM)2 , .GM ., GM o .
—54—]R(V-S)+[ 247\/ 27713]—( n-A)= [257+60V —75R]ﬁR(V~A)}
4 GH? GZM2 GM _, s o GM ., . o
s g S|4 ~II e VIS TIV 48T R 4 240V - 165K
2
M. . .
+A[2GR 49G—vz+35v4 45%R2—114V2R2+75R4]},
(34)
; 1 GMy? 2 (GM)’ 2\ o6
o = = 5gre g (8 x V)[ (340724 + 1409227 +277217%) e — (491402053807 + 12222077)R
GM) .
+(23985 — 1111957+ 1160467*)V° + (151848 — 451836n + 82566172)( R2) R*— (200808 — 3725827
, GM . (GM)2
+872557) R* + (96525 — 4537357 + 423360m2) V2R — (191718 — 1832227 + 6170415%) ——— V2
+ (196677 — 1944275+ 22959° )T V2R? — (60642 — 3416315+ 4221997 V*R?
GM
+(1485—441917+36198772)TV4] , (35)
: 2 Gl GM)> .
Josso = —%CIOZS(nXV){(nXV) S[(60751+4021;7)( ) — (3996 — 12501;)V* + (11340 — 107105 R*

. GM .1 M
+(5276 + 1800017)TV2 — (8640 +4995n)V?R* — (23799 + 1935377)71%2] + ﬁ(n xV)-A

242

G’M
x [(30042.+ 13767) =5

GM GM
+(6030+60417) = V2 - (1785()+416477)—R2 — (1638 -7335)V*
G M)3

— (8820 + 111607 V2R? +(11970+22057)R*] } + s 10R3 {( 9)[(6360+744)

( )2 (G )2

—(4013+138877) V2R2 (35306 + 17421) V% + (61380 +49561m) R* — (3024 — 50401)V®

+ (12429 +5166m) —R“ +(5645 + 1254'7)7 V4 + (26460 — 44100n) V*R* — (26460 — 441007) V2R4]

2 3
(GM ) — (17094 +2194n) (G ) —(720-420 )(GM)

+—(n A) [(30942+5082n)
+(5058 — 2477])—V4—(18615+133817) Mgy (7263 - 9;7)—134—(3024 2016m)V*

+ (26460 — 176401) V*R* — (26460 — 17640n)V2R4] +(V-S)R [(5 1034 + 5742;7) = v2
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GM . , GM)?
— (84174 + 8610;7)71%2 — (17190 — 8460n)V>R* — (3681 — 18324n)V* + (37556 + 693877)( 27 )

. GM)? GM GM .
+(V-A)R [(14634+3748;7)! +(29595 +5218n)—v2 —(41397+7176n)7R2 —(5913-7011n)V*

+(22365 - 34020’

GZMZ
2552 4
~ (5850~ 6210 V2R? + (16065 — 16065n)R]}+315 R

(GMm)
R2

{(n~S)R [(3118 + 1017677)%v2

— (27946 + 12221)

+(1902 - 8124n) 71’22 + (3024 — 5040n)V* — (26460 — 44100n) V>R?

) M M)? M.
+ (26460 — 44100n)R4] —(V-9) [(20890 + 106147,)(;Tv2 +(33212+ 417877)((}7) — (47262 + 10002;7)%1%2

. 1 OM .
— (2247 - 10974n)V* — (22752 — 204481) V>R* + (25965 — 38970n)R4] + ﬁR(n -A)
(G )2

GM . . GM
X [(53 13- 2496;7)71%2 — (26460 — 17640n)V>R* + (885 + 384777) 2+ (26460 — 17640n)R* — (13896 + 11367)
(GM)2

oM M
+(3024 — 2016n)v4] ~27 VA [(10995 + 66227;)% V2 + (14970 + 15527) — (20661 + 6012n)—R2

— (663 - 614Tn)V* — (19908 — 4122) V2R® + (24345 - 13545R*| | +
GM)? ., GM)
R R

2% IOR% {s[(14731+14916n)

( M)3

— (75236 +6410n) - (80308 + 283267]) V2R2 (6360 + 744n)

R*+ (72764 + 16587)

GM . .
+(73329 + 1674677)7R4 — (2247 - 10974n)V® — (19071 — 212417) V*R* + (43155 — 47430n) V>R* — (22365 — 3402077)R6]

GM 3 GM)>? GM)* . GM .
( ) +(36228 + 20507;)(7) V2 (35844 + 5998;7)QR2 +(34089 + 1 1577;7)7124

oM

+o A [(720 —420m)
GM

+ (6915 +8983n) —— V" — (38772 + 1777677) My _ (663 —6147n)V° — (13995 +2889n)V*R?

+(30195— 1975517)V2R4 — (16065 — 1606517)R6] Ic

(36)
. 8 G*M*? 1 " , JGMy . , GM .
Py=-gc" o (1—4n)2{v[38R —50V —87} +Rn[55V +127 = —45R 1}, (37)
. 8 GCMu® (. .
Pysso=~1z CgRﬁ‘ {4R(VXA) =2V (nxA) - (nx V) [3R(n-A) +2(V-A) | } | (38)
. 1 GPM? (GM)2 ., GM _,
Pioy= g (1- ) x {V[32189+17) —12(2663—139417)R + 36(907—162;7)—\/
+120(392 - 257n) V>R — 444(25 — 28n)V* — 12(2699 + 10;7) ] +Rn[4(12301 - 1168;7)
4 22 (GM)2 4
+24(851 = 779m)V* ~24(2834 ~ 1877 V2R ~ 12(590 — 4) 5 +24(1843 ~ 1036n)R
GM
—12(4385— 9567;)7\/2] } (39)

GM

4 G*Mu? M .
G My (nxV){[zlsssz—19536V2+2166—}R—(n S)+[ 272%—4857R2+3314V2}

Pisso = 45 s
M " . GM
XR=E(V-S)+ [—(4902+2919;7)— + (6264 - 37062n)R* — (5172 354481) V2| R(n- A) + [—(572—647;7)7

3

GM .
— (4281 - 85567)R* + (2024 — 5621 V2] (V- A) } + 31807 ~ 17964R? +17592V?]

945 ~zops "R |



Gravitational losses for the binary systems induced by the next-to-leading spin-orbit...

Chin. Phys. C 49, (2025)
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— (697 - 2503n)—](n><V) A}+945 o { —R[608——5709R +5431V}(V><S)
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- [(3585 +4506n)71e2 +(10287 —9810n)R* + (1417 - 34841,)7v2 +(10287 —9810n) V*R?
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+(1322 - 9687)V*| (X A) - R (5677 — 158687) V> — (8355 — 180487)R> — (6478 — 1847,)%] (VXA)
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+ [18127132 — 6300R* —66471/2 +7491V2R? -

Among the above results, the loss rate of the system's
energy given in Eqs. (27)-(30) has been achieved in Ref.
[13]. The Newtonian and 1PN contributions to the loss
rate of the system's angular momentum, see Egs. (32) and
(33), as well as the Newtonian contribution to the linear
momentum loss rate, see Eq. (37), have been obtained in
Ref. [18]. The 2PN contributions to the loss rate of the
system's angular momentum and the 1PN contributions
the linear momentum loss rate, see Egs. (35) and (39),
have been obtained in Ref [20,21]. The 1.5PN SO contri-
butions to the loss rates of the energy and angular mo-
mentum, see Egs. (29) and (34), as well as the 0.5PN SO
contribution to the linear momentum loss rate, see (38),
have been achieved in Ref [25]. Here'we include them for
the completeness.

The core results of this work are the loss rates of the
system's energy and angular momentum induced by the

1469V* +72

(G )10
=1

M nx)}.

(40)

effects, since the leading spin-orbit coupling effects to the
system's energy and angular momentum are the 1.5PN
SO coupling contribution, while the leading spin-orbit
coupling effects to the system's linear momentum is the
0.5PN SO coupling contribution.

V. LOSS RATES OF GRAVITATIONAL RADI-
ATION IN THE CASE OF CIRCULAR ORBIT

When the binary systems loss their orbital energy, an-
gular momentum and linear momentum due to the gravit-
ational-wave radiation, their orbit will shrink and their ec-
centricity will decrease. In the final stage of binary inspir-
al, their orbit can be approximated as circular one
[25,34]. In this case, we have R=0. Following Ref. [16],
we introduce the PN parameter

2.5PN SO coupling effects, see Eqs. (31) and (36), and oo (GMLU)% (41)
the linear momentum's loss rate induced by the 1.5PN SO U3 ’
coupling effect, see Eq. (40). Notice that all these losses
can be called as the next-to-leading spin-orbit coupling with o being the orbital frequency
GM GM 2 41 GM\3,_I-S oM I-A GM\31,45 27 1S
2 _ 2 2 2
W = {1 2R+ (CzR) (6+n+n )‘(CTR) (53735 3p) (cTR) (5 - S5
27 13 oM I-A
+ (7 - 7”>WW]} (42)
where I=nxA with A=V /V denotes the unit vector for the angular momentum. Then, we achieve
dE 2 1247 35 44711 9271 65 3 I.S 56MI-A
- - 1= —x? L A (g
a5 UG ) ¢ o s w7 sz( W3 )
5 9 272 \IlS 6M 13 43 \I-A
G- 5 e o)) “)
aj 32,1, 1247 35 44711 9271 65 , 3 [-.S 6MS5I-A
M 1— [t dp e IS, g
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VI. SUMMARY

Based on the spin vector defined by Bohé et al. and
under the Tulczyjew's SSC, we have calculated the loss
rates for the binary system's energy, angular momentum
and linear momentum induced by the next-to-leading
spin-orbit coupling effects in the case of general orbit.
For comparison, we have also adopted the spin vector
defined by Faye, Blanchet and Buonanno to calculate the
angular momentum's loss rate to the same PN order. For
the case of circular orbit, we formulate these gravitation-
al losses in terms of the orbital frequency. The achieved
results are useful in determining the time change of the

A,B;Cys =

+(0:jBy + 0 4 Bi + 04 B))A,C* + (6;;Ar + 0 jyA; + 04A ) B,C]

Aijus = AiAjAA -

1
+7

35 A AAA (S04 + 6 ji+ 0y i)

1
Eab<iAj>BaCb = E(Eab<iAj> + Eab<in>)BaCb -

1
€<iAjBiCy Dy = {g(eabiAjBk + €iAxBj + €4y jA; By + €41y jAr B + €0 A B + €A B;) —

1
E(AiBjCk +A;BC;+A;B;C,+A;B.C;+AB;C; +AB;C;) -

1
551‘_; €k ArB.Cy ,

orbital.parameters for the general motion when the spin
vector defined by Bohé et al. is adopted.

APPENDIX A: THE STF TENSORS USED IN THE
DERIVATIONS
For the readers' convenience, we give the STF tensors

used in the derivations for the compact binary systems'
gravitational losses.

1
?AaAa(5ijAkA[ + 6ikAiA[ + 6[1AjAk + 6jkAiAl + 6]'[A,~Ak + 6klAiAj)

+ (0;jAx + 0 A j + 0 kA€ By + (0, j€apk + Oik€apj + 5jk6abi)AzBl]} C.Dy .

<iB i> = B + B (5 B

ALB; (A Aj)— ~6,,A.B" (Al)
1 i

15 [(6;;Ck +0Ci +064C;)AB
(A2)
(A3)
(A4)

1
15 [(6:jBy + 0B + 0 jk Bi) €Ay
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APPENDIX B: THE ANGULAR MOMENTUM
LOSS INDUCED BY THE 2.5PN SO EFFECTS IN
TERMS OF THE SPIN VECTOR DEFINED BY
FAYE, BLANCHET AND BUONANNO

Faye, Blanchet and Buonanno give a new definition
for the spin vector, and calculate the energy loss of the
spinning binary systems to the 2.5PN order [26]. Later,
Racine, Buonanno & Kidder calculate the linear mo-
mentum loss to the 1.5PN order [21] using the same
definition. For the angular momentum loss, we have
checked that the result to the 1.5PN order is same as that
with the spin vector defined by Barker and O'Connell

1 G*?

Jasso = 315 c0R3

— (20458 — 7326;;)T V2 +(76320 - 121770n) V2R + (60612 = 3334817)
_ M . GM G*M
A [(40326 -~ 3930077)G—R2 (16194 - 1506277)—V2 — (48876 + 134801) =

+ (1674 — 6822n)V* + (30240 — 49320n) V2R? = (34650 — 71190n)R4]}+

M 3
x [(5064+37921) (GR3 ) _ (65118101 18477)

GMY
R2

+(62988 — 5160n)

M . .
x GTV“ +(35280 — 70560) VAR> — (35280 — 70560;7)V2R4}

— (15270 - 3170n)

(GM)2 (

3 —(2280 - 29401)
M_,.

X GT V2R* + (18009 — 46449;7)713

. M
+(V-$)R[ (46570 - 4842n) GT V2
(G )2

— (26289 — 89172n)V* + (36434 — 17801)
(GM )’

+(4095+49455U)R4]} 5. IOR;

GM
— (23046 — 8032877)—R

x [(18730+ 504;7)—\/2 +(33386 - 75161)

(nxV) {(n x V)-8[(1746 - 10800m)V* - (106022 + 242421)

V2R2 (36782 —12850n)

~(4032— 80647])V6 +(48123 - 101916;;)—

V{( SR [(25576 6400277)

GM
— (47052 - 186427) R

[23], which is given by Kidder [25]. Notice that the res-
ults are same to the 1.5PN order among the different
SSCs.

For completeness and comparison with the angular
momentum loss formulated in terms of the spin vector
defined by Bohé et al [28], here we derive the angular
momentum loss in terms of the spin vector defined by
Faye, Blanchet and Buonanno to the 2.5PN order.

The spins of the binary system are assumed as S, and

Su. Lot §=8,+8, and A=M(22-3L) we achieve th
. Let §=5,+5, an M, a1,/ We achieve the
angular momentum loss induced by the 2.5PN SO effect

for general orbit, which can be written as

(GM )?
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2
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2242
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G e
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For the case of circular orbit, we have
32 M 95 239 =~ oM /31 109 4 4471 5911 -
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where the parameter ¥ = (T) * can be found in reference [30].
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