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Investigating the shadows of new regular black holes with a Minkowski core:

effects of spherical accretion and core type differences”

&k st

Yi Xiong (AE#E)!  Jin Pu (FEEE)' Guo-Ping Li (ZE[EF)' Gao-Ming Deng (¥} H)!

'School of Physics and Astronomy, China West Normal University, Nanchong 637002, China
“Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China
3School of Physics, University of Chinese Academy of Sciences, Beijing 100049, China

Yi Ling (R &)*

Abstract: We investigated the shadows and optical appearances of a new type of regular black holes (BHs) with a
Minkowski core under various spherical accretion scenarios. These BHs are constructed by modifying the Newtoni-
an potential based on the minimum observable length in the Generalized Uncertainty Principle (GUP). They corres-
pond one-to-one with traditional regular BHs featuring a de-Sitter (dS) core (such as Bardeen/Hayward BHs), char-
acterized by a quantum gravity effect parameter (eg) and spacetime deformation factor (n). We found that the char-
acteristic parameters give rise to some novel observable features. For these new BHs, both the shadow and photon
sphere radii decrease with the increase in @, while the observed specific intensity increases. Conversely, as z in-
creases, the shadow and photon sphere radii increase, while the observed specific intensity decreases. Under differ-
ent spherical accretion scenarios, the shadows and photon sphere radii remain identical; however, the observed spe-
cific intensity is greater under static spherical accretion than under infalling spherical accretion. Additionally, we
found that these regular BHs with different cores exhibit variations in shadows and optical appearances, particularly
under static spherical accretion. Compared with Bardeen BH, the new BHs exhibit a lower observed specific intens-
ity, a dimmer photon ring, and smaller shadow and photon sphere radii. Larger values of ¢ lead to more significant
differences, and a similar trend was also observed when comparing with Hayward BH. Under infalling spherical ac-
cretion, the regular BHs with different cores exhibit only slight differences in observed specific intensity, which be-
come more evident when «a is relatively large. This suggests that the unique spacetime features of these regular BHs

with different cores can be distinguished through astronomical observation.
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I. INTRODUCTION

The prediction of BHs by General Relativity (GR) has
long been a prominent topic in scientific research, draw-
ing widespread attention and academic debate. Since the
Laser Interferometer Gravitational-Wave Observatory
(LIGO) first detected gravitational waves from the mer-
ger of binary BHs [1-5], LIGO and its partners have re-
corded nearly a hundred such binary events. These obser-
vations not only validate GR but also provide valuable
data for BH research. Subsequently, the Event Horizon
Telescope (EHT) collaboration released the first ultra-
high angular resolution image of the supermassive BH in
the Messier 87 (M87%*) galaxy, marking a major mile-
stone in astrophysical research [6]. The image revealed a
bright ring-like structure surrounding a central dark re-
gion, known as the BH shadow, which is formed by light
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being strongly bent and focused as it approaches the edge
of the BH. This ring-like structure is referred to as the
photon ring. The strong gravitational field around the BH
plays a key role in the formation of the shadow. Further-
more, polarization measurements reported by the EHT
have shown the significant influence of the strong mag-
netic field at the edge of the BH on the behavior of sur-
rounding matter, confirming that the magnetic field struc-
ture around the accretion disk of the M87* BH is consist-
ent with predictions from general relativistic magneto-
hydrodynamics (GRMHD) models [7]. These findings
enhance our understanding of the physical processes
around BHs, including matter infall and jet formation.
Subsequently, the EHT captured the first hierarchical ra-
dio observation image of the Sagittarius A* (SgrA*) BH
at the center of our Milky Way galaxy, which is primar-
ily characterized by a bright, thick ring [8]. These obser-
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vations suggest that the accretion disk may influence the
observational characteristics of BH shadows, providing a
new perspective for studying them.

Indeed, the theoretical analysis of shadow formation
for Schwarzschild BH was proposed even before the EHT
was constructed [9]. Here, the photon escaping cone was
defined by the impact parameter corresponding to the
critical curve, known as the BH shadow. Later, Bardeen
examined the D-shaped shadow of Kerr BHs, which res-
ults from the dragging effect of a rotating BH on the
paths of light rays [10]. Additionally, real astrophysical
BHs in the universe are always surrounded by various ac-
cretion materials, which are crucial for the observation
and imaging of BHs. Consequently, Shakura and Sun-
yaev proposed a standard thin accretion disk model, as-
suming that the disks are geometrically thin, optically
thick, and in a steady state [11]. This model predicts the
disk's geometric configuration, optical properties, and
spectral characteristics, providing a theoretical founda-
tion for understanding the fundamental nature and en-
ergy release of accretion disks. It also aligns with numer-
ous BH observational phenomena. Using this thin accre-
tion disk model, Luminet simulated the first image of a
BH with an emitting accretion disk using a semi-analytic
method, visually illustrating the gravitational lensing ef-
fect and the formation of the photon ring [12].

However, to more accurately approximate accretion
flows around BHs in realistic astrophysical environments,
it is necessary to consider magnetic field interactions,
which require numerical simulations using GRMHD to
generate BH images. It is worth noting that, in most
cases, toy models of accretion structures are sufficient to
reveal the basic characteristics of BH images and the be-
havior of strong gravitational fields. In this context, Wald
et al. studied radiation from the optically and geometric-
ally thin accretion disk around Schwarzschild BHs, cat-
egorizing it into direct, lensed ring, and photon ring com-
ponents [13]. They found that observed BH images are
primarily dominated by direct emissions, with smaller
contributions from lensed ring emissions and negligible
input from photon ring emissions. The observed appear-
ance of the BH shadow depends on the emission details
and morphology of the accretion disk, including the geo-
metry of the emission region, the emission profile, and
the optical depth. This initiated a series of research ef-
forts on various toy accretion models for different types
of BHs [14—22]. Spherical accretion, as a simplified toy
accretion model, has also garnered widespread attention
[23—29]. In this model, the size and shape of the BH
shadow are primarily determined by the spacetime geo-
metry of the BH rather than by the specific details of the
accretion process. Consequently, numerous simulations
of various BH shadows have been extensively studied, as
demonstrated in the examples and references cited in
[30—47]. These studies indicate that the properties of BH

shadows are closely tied to the spacetime background, of-
fering a potential method to distinguish BHs in GR from
other compact objects or BHs predicted by alternative
theories beyond GR.

To avoid the infamous singularity problem, research-
ers have proposed constructing regular BHs without sin-
gularities phenomenologically, either by introducing
exotic matter that violates standard energy conditions or
through quantum corrections to spacetime geometry
[48—58]. Traditional regular BHs, such as Bardeen/Hay-
ward/Frolov BH, have a dS core at their centers. Re-
cently, a new type of regular BHs featuring sub-Plancki-
an curvature was introduced in [59-60]. It is character-
ized by an exponentially suppressed Newtonian potential
and an asymptotically Minkowski core. These new regu-
lar BHs can reproduce the metric of Bardeen, Hayward,
or Frolov BHs on large scales by choosing different
forms of the potential and are derived from the GUP in
curved spacetime. Such regular BHs with a Minkowski
core have also been reported in [61-62]; however, our
understanding of them remains incomplete. Hence, ex-
ploring the connection between these new regular BHs
and astronomical observations to identify signs or traits
indicating that the observed BHs in the cosmos are of the
regular type rather than traditional singular BHs has be-
come an intriguing endeavor.

Evidently, at this stage, it is impractical to differenti-
ate between singular and regular BHs by crossing the
event horizon or detecting signals from their interiors.
Nevertheless, distinctions between these BHs may mani-
fest in external phenomena, such as the photon sphere or
the trajectories of massive particles [63—75]. Therefore,
in [63], we meticulously examined the photon spheres
and marginally stable circular orbits for regular BHs with
two distinct cores: the new regular BHs with a
Minkowski core and Bardeen/Hayward BHs with a dS
core. The results show that the positions of the photon
sphere and the marginally stable circular orbits for the
compact massive object (CMO) phase with a Minkowski
core differ notably from their counterparts in the CMO
phase with a dS core. Following this, in [17], we investig-
ated the thin accretion disks of regular BHs with a
Minkowski core, which can reproduce Bardeen BH at
large scales, and compared them with accretion disks
around Bardeen BH with a dS core. The results reveal
that the thin accretion disks of these regular BHs with dif-
ferent cores exhibit distinct astronomical optical charac-
teristics.

On this basis, we have extended the work presented in
[20] by studying images of these new regular BHs with a
Minkowski core under spherical accretion and compar-
ing them with those of traditional regular BHs with a dS
core. This provides a theoretical foundation for distin-
guishing between both types of regular BHs with differ-
ent cores through astronomical observations. More im-
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portantly, in [66], we found that for regular BHs with a
Minkowski core, different choices of the potential form
result in varying positions of the photon spheres and mar-
ginally stable circular orbits in the CMO phase. Addition-
ally, it was observed in [20] that the optical characterist-
ics of Bardeen and Hayward BHs surrounded by thin ac-
cretion disks exhibit differences. In particular, Hayward
BH exhibits a minimal distance between the innermost
region of the direct image and the outermost region of the
secondary image, which is expected to serve as a distin-
guishing feature for identifying Hayward BH. These find-
ings have sparked our interest in exploring whether simil-
ar differences exist in the images of the new regular BHs
with a Minkowski core under the spherical accretion
model, making this a meaningful pursuit.

The paper is organized as follows. In Sec. II, we
briefly review the new regular BHs with a Minkowski
core, which can reproduce the characteristics of tradition-
al regular BHs on large scales, and compare the behavior
of light rays around these regular BHs with different
cores using a ray-tracing code. In Sec. III, we detail a
study on the shadow and optical appearances of these
new regular BHs with a Minkowski core under two types
of spherical accretion. In Sec. IV, we compare the shad-
ows of regular BHs with a Minkowski core with those of
traditional regular BHs (Bardeen/Hayward BHs) with a
dS core. Our conclusions and a discussion are presented
in Sec. V.

II. NEW REGULAR BHS WITH A MINKOWSKI
CORE

To avoid singularity, the key for constructing a regu-
lar BH at the phenomenological level is to ensure that the
Kretschmann scalar curvature remains finite. A new type
of regular BH with an asymptotically Minkowski core
was proposed in [59]. The metric for this type of regular
BHs has the form

dﬁ:—ﬂmm%wlfwhqﬁg% (1)
f(r)
where

J(r) = 1+24(r). 2

The gravitation potential (r) is defined as

M
Y(r)=——e ™. (3)

r

The dimensionless parameter «, is induced by quantum
gravity effects”. The gravitation potential has an expo-
nentially suppressed form, and the motivation stems from
the modification of the standard Heisenberg uncertainty
principle due to quantum gravity [76—80].

The dimensionless parameters x and 7 jointly determ-
ine the behavior of the Kretschmann scalar curvature at
the core, where they must satisfy the conditions
n>x>n/3 and n > 2 to ensure the existence of the event
horizon and maintain the scalar curvature at sub-Plancki-
an levels. Evidently, as » approaches 0, the spacetime is
dominated by a Minkowski core. Moreover, for certain
values of x and n, a one-to-one correspondence can be es-
tablished between such new regular BHs with a
Minkowski core and those with a dS core on large scales
[59]. Specifically, for the new regular BHs featuring a
Minkowski core, as expressed in Eq. (3), there exists the
corresponding traditional regular BHs with a dS core;
their gravitation potentials are given by

Mri™!

(" + xagM*)'1*"

Y(r) = - 4)

Note that, on large scales, the new regular BH with para-
meters x=2/3 and n =2 corresponds to a Bardeen BH,
while that with parameters x = 1 and n = 3corresponds to
a Hayward BH. This indicates that both types of regular
BHs exhibit the same asymptotic behavior on large
scales; however, they have distinct cores at their centers.
Note also that, for these new regular BHs with a
Minkowski core, the quantum gravity effect parameter «
must be within the range 0 < @y <0.73M for x=2/3 and
n =2 and within the range 0 < @) <0.98M for x=1 and
n =3 to ensure the existence of the horizon. When o, =0,
it returns to the standard Schwarzschild BH.

The horizon of the line element expressed by Eq. (1)
is determined by solving 1+ 2¢(r,) = 0. Following the nu-
merical calculation, we show the influence of the para-
meters g, 1, and x on the event horizon r, while keeping
the other parameters constant in Fig. 1. Note that the
event horizon r, decreases as a, increases for fixed » and
x. For fixed «y, r, increases as n increases, but r, de-
creases as x increases.

Next, we examine the motion of photons near these
new regular BHs. The motion of these photons is gov-
emned by the Euler-Lagrange equation, which is ex-
pressed as
i (5) = 5 ®

X X

1) In order to ensure the exponential factor in Eq.(3) remains dimensionless throughout, we implicitly adjust via appropriate dimensional powers of the Planck length

Ip = 1. Explicitly, one may define a parameter @ = aol),* and express G into a form of M”, such that the exponential term takes the form —a(GM)"/r". In this form,
the parameter « carries the dimension /-, thereby explicitly revealing its origin in the effects of quantum gravity.

095101-3



Yi Xiong, Jin Pu, Yi Ling et al.

Chin. Phys. C 49, 095101 (2025)

M=1,x=1

M=2,n=2

Loy
0.6

M
0.4

0.2 0.8

3.0
ap

(a)
Fig. 1.

Here, 1 is an affine parameter, and #* represents the four-
velocity of the photon. In the context of a static space-
time, the Lagrangian density £ is expressed as

N
T T8 da

[f(OE+ f(r) (1)i* + 77 (6 +sin’ 647) ] .

1
-3 ©)
For photons, the Lagrangian density satisfies .Z = 0.
In a spherically symmetric spacetime, we analyzed the
motion of photons restricted to the equatorial plane of
these new regular BHs by setting § = /2 and § = 0. Giv-
en that the Lagrangian density is zero and the metric
coefficients cannot be explicitly solved in terms of the ¢
and 6 coordinates, there exist two conserved quantities, £
and L, representing the energy and angular momentum of
the photons, respectively:
L=r ( > .

e=rn ().

By redefining the affine parameter as 1 — A/|L|, the four-

velocity can be expressed as
~ \/17
Ve~ Verr(r).  (8)

Here, the + signs denote the direction of photon motion
on the equatorial plane: the "+" sign corresponds to clock-
wise motion whereas the "—" sign corresponds to counter-
clockwise motion. The impact parameter b is defined as

do

da M

dr

1 do_ 1
P

A b

_

b= ©)
The effective potential V.u(r) is expressed as
Vet = L. (10)

For null geodesics, where g,,x*x” =0, we can obtain the

35
n

(b)

4.0

(color online) Event horizon r;, of the new regular BHs as a function of the parameters ao, 7, and x.

first-order differential equation of motion:

1
i“2+Veff= ﬁ

(11)

For photons to form a photon sphere, their circular orbit
must satisfy 7 =0 and # = 0. Mathematically, this means

F%.

(1) =0, Veg(re) = (12)

Here, r. represents the radius of the photon sphere, and b,
denotes the corresponding critical impact parameter,
which is related to the shadow radius of these new regu-
lar BHs.

We present in Tables 1 and 2 the numerical results for
the event horizon r,, photon sphere r., and critical im-
pact parameter b, corresponding to different values of the
parameter «,. The results indicate that the values of r,
re, and b, for Schwarzschild BH are greater than those of
the new regular BHs. For a given ay, the values of 7, r.,
and b, for the new regular BHs are related to the space-
time deformation parameters (x and n) and their core
type. As the parameterq, increases, the values of ry, r.,
and b, for these new regular BHs decrease. For a given
ay, the values of r;, r., and b, for the new regular BHs
are related to the spacetime deformation parameters (x
and n) and their core type. When the core type is the
same, these values increase with the dimensionless para-
meters (x and n). This means that, for the new regular
BHs, when x =1 and n =3, their values are greater than
those when x =2/3 and n = 2, and the values of Hayward
BHs are greater than those of Bardeen BHs. When the di-
mensionless parameters (x and n) take the same values,
the traditional regular BHs with a dS core exhibit slightly
greater values than the new regular BHs with a
Minkowski core. This discrepancy becomes more signi-
ficant as the parameter @, increases. This means that
Bardeen BH with a dS core exhibit slightly greater val-
ues than those with a Minkowski core (x=2/3 and
n=2). Similarly, Hayward BH with a dS core exhibit
slightly greater values than those with a Minkowski core
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Table 1.
(r.), and impact parameter (b.) with variation in the deviation
parameter oo (M = 1).

Locations of the outer horizon (r;), photon sphere

g Type h Te b,
0 Sch 2.00000 3.00000 5.19615
x=2/3,n=2 1.82833 2.81574 5.00833
03 Bardeen 1.83402 2.81929 5.01087
072 x=2/3,n=2 1.33657 2.44678 4.66393
Bardeen 1.49244 2.48965 4.69073
Table 2. Locations of the event horizon, photon sphere, and

critical impact parameter of the new regular BHs (x=1,n=3)
and Hayward BH for different values ofey. We set M =1.

o) Type T Te be
x=1,n=3 1.91656 2.92900 5.13562
03 Hayward 1.91849 2.92968 5.13600
x=1,n=3 1.74762 2.80996 5.03894
072 Hayward 1.77024 2.81540 5.04179
x=1,n=3 1.59272 2.74067 4.98595
092 Hayward 1.67020 2.75161 4.99145

(x=2/3 and n=2).

For better understanding of how the specific paramet-
ers affect the photon trajectories and their classification,
we describe the motion of photons around these new reg-
ular BHs by tracking the change in the radial coordinate
as a function of the azimuthal angle ¢. By introducing the
parameter u=1/r, we are able to derive the trajectory
equation:

d 1
ﬁ - \/ =5 =1 (1 =2Mue=ooM), (13)

The azimuthal angle ¢ can be integrated out as

|
= / (S o (14

Based on the above formulae, we numerically simulated
the turning points of photon trajectories around the new
regular BHs and analyzed the corresponding geodesic
geometry. To accurately distinguish among different light
trajectories, we used polar coordinates (b,¢) and em-
ployed a ray tracing code to plot the paths of light as it
moves around the new regular BHs, as shown in Fig. 2.
These plots represent the changes in trajectories for dif-
ferent values of the impact parameter b, with the separa-
tion between these values being 0.2.

In Fig. 2, the black disk represents the area inside the
event horizon, whereas the red dashed circle denotes the

trajectory of light rays with critical parameter b =b,,
which finally forms the photon sphere. For b <b., the
light trajectories are engulfed by these regular BHs, mak-
ing them invisible to an observer at infinity, as shown by
the black lines in Fig. 2. For b > b, the light trajectories
are deflected, enabling them to reach an observer at infin-
ity, as shown by the green lines in Fig. 2. Moreover, as
the parameter a, increases, the area in which the light tra-
jectories are captured by these regular BHs decreases, as
shown in Tables 1 and 2. Additionally, the area in which
the light trajectories are captured by these regular BHs is
also related to the dimensionless parameters (x and 7) and
their core type, as shown in Table 1 and 2. Figure 2
shows that, for the same core, the shadow radius of the
new regular BHs with parameters x=1 and n=3 is
greater than that with x =2/3 and n = 2, and Hayward BH
has a greater shadow radius than Bardeen BHs. For the
same dimensionless parameters (x and »), the shadow ra-
dius of Bardeen BH with a dS core is slightly greater than
that with a Minkowski core (x=2/3 and n=2), and the
shadow radius of Hayward BH with a dS core is slightly
greater than that with a Minkowski core (x=2/3 and
n=2).

These results indicate that the changes in the paramet-
ers induced by quantum gravity effect (represented by )
and spacetime deformation (characterized by x and #) can
modify the radius of these shadows. In particular, as the
parameter agincreases, the differences in the motion of
photons around the new regular BHs with different para-
meters (x and ) and distinct cores become more evident.
This finding offers crucial clues for further research on
the impact of quantum gravity and spacetime structure on
the images of the new regular BHs presented in the next
section under spherical accretion models.

III. IMAGES OF THE NEW REGULAR BHS WITH
A MINKOWSKI CORE

In this section, we investigate the shadow images of
the new regular BHs with a Minkowski core, considering
two models of spherically symmetric accretion: static and
infalling spherical accretions. We examine the impact of
the parameter () that is induced by quantum gravity ef-
fects and the parameter () that describes the formation of
various spacetime structures on the observational charac-
teristics of the shadow.

A. Static spherical accretion

Generally, when matter in the universe is captured by
a BH, the morphology of the accretion flow around the
BH is governed by its angular momentum. High angular
momentum causes the matter to form a disk-like accre-
tion structure, whereas extremely low angular mo-
mentum leads the matter to flow radially toward the BH,
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Fig. 2.

and ag = 0.72, respectively. We set M =1.

resulting in spherically symmetric accretion [80—86]. We
first investigate the shadow images and photon spheres of
the new regular BHs with a Minkowski core surrounded
by static spherical accretion, assuming that the accretion
is static relative to these BHs. For an observer at infinity,
the observed specific intensity I,(v,) (measured in erg
s™' em™? str™! Hz™') is determined by integrating the spe-
cific emissivity along the photon path y [85-86]:

Iobs(vn):/g3je(ve)dlprop- (15)
Y

Here, v, is the frequency of the observed photon, and v,
is the frequency of the emitted photon. The redshift factor
g is defined as g = v, /v, = f(r)'/2. In the rest frame of the
emitter, j,(v,) represents the emissivity per unit volume
and is typically given by the form j.(v,) « (v, —v.)/7?,
where v, is the frequency in the rest frame of the emitter
[86]. The infinitesimal proper length di,., is given by

1 1 do\*
dlprop = %dr2+r2d¢)2 = %4‘7’2 (a) dr. (16)

where d¢/dr is obtained from Eq. (13). Subsequently, the
observed specific intensity is expressed as

NGRS dg\’
Iobs_/y > %“2(5) dr. (17)

10 5 0 5 10 0 5 [ 5 10

10 5 [ 5 10 10 5 [ 5 10

(g) z=1,n=3 (h) Hayward BH

(color online) Trajectories of light rays for regular BHs with different cores. The top and bottom plots correspond to ag = 0.3

According to Eq. (17), the observed specific intensity
Is 1s a function of the impact parameter b. Note that we
aim to study how variations in the quantum gravity effect
parameter (a,) and spacetime deformation (n) affect the
observed specific intensity. We compared the cases with
x=2/3 and n =2 to those with x =1 and n = 3. In Fig. 3,
we show the trend of the observed specific intensity at
spatial infinity as a function of the impact parameter b. It
is evident that the observed specific intensity increases
gradually with » when b <b,, rising sharply as it ap-
proaches b, reaching a maximum at this position. Fol-
lowing this, as the value of b continues to increase bey-
ond b,, the observed specific intensity begins to decrease
gradually, eventually approaching zero at infinity.

Figure 3 shows that the peak intensity for the new
regular BHs with a Minkowski core is consistently high-
er than that of Schwarzschild BH. When the spacetime
deformation is set as n = 1, the peak intensity for the new
regular BHs corresponding to ay =0.72 (represented by
the green dashed line) is greater than that of the case with
ap = 0.2 (represented by the green solid line). Similarly,
for the spacetime deformation factors n =2 and n = 3, the
peak intensity corresponding to ay = 0.72 (represented by
the blue and red dashed lines) is also greater than that for
ap = 0.2 (represented by the blue and red solid lines).
These results imply that the larger the value of g, the
stronger the observed specific intensity of the new regu-
lar BHs. Notably, the parameter «, arises from the cor-
rections due to the quantum gravity effect, indicating that
the stronger the quantum gravity effect, the higher the lu-
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Fig. 3. (color online) Variation of the observed specific in-

tensity radiated from the static spherical accretion with the im-
pact parameter for different values of oy and n. We set M =1.

minosity of the new regular BHs.

Furthermore, Fig. 3 shows that, for the parameter
ap =0.72, the peak intensity decreases in the order of
n=1, n=2, and n=3, corresponding to the green
dashed, blue dashed, and red dashed lines, respectively.
Similarly, for the parameter = 0.2, the peak intensity
also decreases sequentially for n=1, n=2, and n=3,
corresponding to the green solid, blue solid, and red solid
lines, respectively. This implies that as the parameter n
increases, the observed specific intensity of the new regu-
lar BHs gradually weakens, indicating that a smaller
value of n can increase the optical brightness and enable
the observer to detect more luminous signals.

Finally, in Fig. 3, AI represents the difference in peak
intensities for n =1 and n =2 corresponding to ay =0.72,
whereasAl’ represents the difference for n=1 and n=2
corresponding to @y =0.2. It is evident that AJ is greater
than AI’, which means that the difference between peak
intensities becomes more pronounced as the parameter
apincreases. This in turn indicates that, the larger the
value of «, the easier it is to distinguish between these
new regular BHs for different values of n through the ob-
served specific intensity. We set n=1 and n=2 as ex-
amples and present the two-dimensional image of the ob-
served specific intensity for the new regular BHs for dif-
ferent values of a, in Fig. 4.

(a) n=1, g =0.2 (b) n=2, ap=0.2
Fig. 4.

In Fig. 4, the photon sphere corresponds to the bright
ring with the highest luminosity. It can be observed that
the region inside the photon sphere is not completely
dark, as a small fraction of radiation can escape from the
new regular BHs, resulting in weak luminosity near the
photon sphere. Evidently, the parameters «, and n have a
significant impact both on the photon ring brightness and
shadow radius. In Fig. 4, we can see that, for a given n, a
larger value of a, leads to a brighter photon ring of the
BH image but a smaller radius of the BH shadow and
photon sphere. For a given ay, a larger value of n leads to
a dimmer photon ring of the BH image but a larger radi-
us of the BH shadow and photon sphere.

In addition, as «, increases, the differences between
the shadow images for n =1 and n =2 become more ap-
parent in Fig. 4. Therefore, under the static spherical ac-
cretion model, the enhancement of the quantum gravity
effect can increase the luminosity of the photon ring and
enlarge the shadow radius for the new regular BHs. As n
decreases, the enhancement of the quantum gravity effect
becomes more pronounced. This is because a smaller
value of n amplifies the influence of @, on the optical
characteristics of the new regular BHs, thereby making it
easier for the observer to distinguish these new regular
BHs.

B. Infalling spherical accretion

In this section, we investigate the shadow images of
the new regular BHs with a Minkowski core surrounded
by infalling spherical accretion. This is a dynamical mod-
el in which the accretion is assumed to move radially to-
ward the BH. In this case, the observed specific intensity
described by Eq. (15) remains applicable, but the corres-
ponding redshift factor differs from that in static spheric-
al accretion. The redshift factor for infalling spherical ac-
cretion can be expressed as

K, ,
g = —Kpug, K = %,. (18)

Here, K* represents the four-momentum of a photon
emitted by the accreting matter, uj = (1,0,0,0) corres-

15 0 5 [ 5 10 15

(d) n=2, ap=0.72

(c)n=1, ap=0.72

(color online) Optical appearances of the new regular BHs under static spherical accretion for different values of ao and n.
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ponds to the four-velocity of a static observer, and u¢ de-
notes the four-velocity of the infalling accretion, given by

1

uizm, w=—+/1-f(r), u=ul=0. (19)

The four-momentum of the photon is derived from
the null geodesic, which is expressed as

_1 L1 f0
K’_B’ K’_if(r) b R (20)

Note that, in K,, the + or — sign indicates whether the
photon is moving radially inward or outward from the
BH. For the case of the infalling spherical accretion, the
redshift factor can be written as

g = {ui+(%) ug}il. (1)

Furthermore, unlike the static spherical accretion case,
the proper distance di,, is defined as the spatial distance
measured in the local rest frame of the infalling spherical
accretion. The four-momentum K*=dx*/d1 (with
K"K, =0) is projected onto the spatial hypersurface or-
thogonal to ## using the projection tensor A = 6" + utu,,;
therefore, we have

K" = K" = K* + u(u, K"). (22)

In the local rest frame, the magnitude of the spatial mo-
mentum |K%| is given by

K% = /g (KDKY) = \/(Kad)? = K. (23)

Given that K* and ! denote null and infalling accretions,
respectively, their inner product is K,u <0. Hence,
|K"| = —K,u". The proper distance dl,,, traveled by the
photon in the local rest frame over an affine parameter in-
terval dA is

dlprop = |Kli|d/l = —K#Ml;d/l. (24)

By convention, the negative sign is absorbed into the
definition, yielding

K,
dr. (25)

dlyrop = K,udA =
PR gilK,

The observed specific intensity for the infalling spherical
accretion is calculated as

3
g K,
L = L dr. 26
b Lﬂmlr (26)

Based on this equation, we can obtain the variation of the
observed specific intensity I,,s with the impact parameter
b for different values of the parameters a, and n, ob-
served by an observer at infinity.

We selected the cases of @y =0.2 and ay=0.72 as
well as n=1 and n =2 for representation in Fig. 5. Note
that, as the impact parameter b increases, the observed
specific intensity increases slowly. When the impact
parameter b approaches the critical value b.,the ob-
served specific intensity increases rapidly and reaches a
peak. Subsequently, as & continues to increase, the ob-
served specific intensity gradually decreases. The wvari-
ation of the observed specific intensity is closely related
to the parameters n and «,. For a fixed n and increase in
@y, the impact parameter » corresponding to the peak po-
sition of the observed specific intensity decreases, and the
peak intensity increases. For a fixed apand increase in #,
the impact parameter b corresponding to the peak posi-
tion of the observed specific intensity increases, and the
peak intensity decreases.

Figure 6 shows the optical appearances of the new
regular BHs under infalling spherical accretion. By com-
paring Figs. 6(a) and 6(c), it can be concluded that, as
increases, the peak intensity becomes higher, while the
shadow and photon sphere radii become smaller. Con-
versely, by comparing Figs. 6(c) and 6(d), it can be con-
cluded that, as the parameter » increases, the peak intens-
ity becomes smaller, and the shadow and photon sphere
radii become larger. Moreover, by comparing the differ-
ences in the photon ring and shadow radius between Figs.
6(a) and 6(c), as well as between Figs. 6(b) and 6(d), it
can be concluded that, as «a, increases, the differences in
the optical appearances of n=1 and n =2 become more
evident. Therefore, under infalling spherical accretion,

08r

06

Lobs

04r-

00 P L | Ll L 1 L 1 L 1 L I}
3.0 35 4.0 4.5 5.0 5.5 6.0 6.5

b

Fig. 5. (color online) Variation of the observed specific in-
tensity radiated from the infalling spherical accretion with the
impact parameter for different values of oy and n. We set
M=1.
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Qw

n=2, ag=0.2

(a) n=1, ap=0.2
Fig. 6.

the larger the value of «p, the greater the luminosity of
the photon ring but the smaller the shadow radius. Con-
versely, as the parameter n increases, the photon ring be-
comes dimmer, and the shadow radius becomes larger.

Combining the results in Fig. 4 under static spherical
accretion and those in Fig. 6 under infalling spherical ac-
cretion, for an observer at infinity, the observed specific
intensity, shadow radius, and photon sphere radius of the
new regular BHs with a Minkowski core are closely re-
lated to the intrinsic parameters of the BHs themselves.
Under both spherical accretions, the larger the value ofay,
the larger the observed specific intensity, while the shad-
ow and photon sphere radii decrease. In contrast, as n in-
creases, the observed specific intensity decreases, while
the shadow and photon sphere radii increase. By compar-
ing the results of the two spherical accretion models, we
found that the shadow radius and location of the photon
sphere are independent of the choice of spherical accre-
tion model. However, the observed specific intensity of
the new regular BHs depends on the choice of spherical
accretion model: the specific intensity from static spheric-
al accretion is significantly higher than that from infall-
ing spherical accretion. This indicates that the BH shad-
ow reflects the intrinsic properties of the BH spacetime,
while the choice of accretion model only influences the
observed specific intensity and not the structure of the
BH shadow itself. Therefore, the spacetime characterist-
ics of the new regular BHs can be distinguished by ob-
serving and analyzing their shadows.

In the next section, we further compare the shadows
formed by these new regular BHs with a Minkowski core
and traditional regular BHs with a dS core under the two
different spherical accretion models. We also discuss the
application of shadow analysis in distinguishing regular
BHs with different cores.

IV. COMPARISON WITH TRADITIONAL
REGULAR BHs

As previously mentioned, the new regular BHs exhib-
it an asymptotic behavior similar to that of traditional
Bardeen/Hayward BHs on large scales, but they differ in
terms of the central region. Specifically, the new regular

(d) n=2, ap=0.72

(¢) n=1, ag=0.72

(color online) Optical appearances of the new regular BHs under infalling spherical accretion for different values of o and n.

BHs have a Minkowski core, while the traditional
Bardeen/Hayward BHs possess a dS core. It has been
found that, under the thin accretion disk model reported
n [17], the optical observational characteristics of the
new regular BHs and the corresponding traditional
Bardeen BHs may differ. Based on this, in this section,
we further compare the shadows and optical appearances
of the new regular BHs with those of the corresponding
traditional Bardeen/Hayward BHs under the spherical ac-
cretion model. Additionally, as shown in the previous
section, different spherical accretion models can affect
the observed specific intensities of the shadows. There-
fore, we also compare the shadows of the new regular
BHs and the corresponding traditional regular BHs under
both static and infalling spherical accretion models.

A. Comparison under static spherical accretion

According to the previous discussion, when n =2 and
x=2/3 and when n=3 and x =1, the new regular BHs
show a one-to-one correspondence with the Bardeen and
Hayward BHs, respectively, on a large scale. Note that
the cores of these new regular BHs are different from
those of traditional regular BHs at the center. To com-
pare the shadows of regular BHs with different cores,
Figs. 7 and 8 present the observed specific intensity and
optical appearances of both types of regular BHs with dif-
ferent cores under static accretion.

First, it can be observed from Figs. 7(a) and 8(a) that
the peak intensity of the new regular BHs with a
Minkowski core is always smaller than that of traditional
regular BHs with a dS core. Here, AI and AI’ represent
the differences in the peak intensities of the regular BHs
with different cores for the same «,, with AI > AI’. This
implies that, the larger the value of ay, the greater the dif-
ference in the peak intensities of these BHs with differ-
ent cores, and the higher the significance of the corres-
ponding difference in total observed intensity.

Secondly, Figs. 7(b), 7(c), 8(b), and 8(c) present the
optical appearances of these BHs with different cores
when @y =0.72 and a, =0.92, respectively. It is evident
that the photon ring of these regular BHs with a
Minkowski core is significantly dimmer than that of the
traditional regular BHs with a dS core. Moreover, the
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Fig. 7. (color online) Observed specific intensity and optical appearances under static spherical accretion for the new regular BH with

n =2 and corresponding Bardeen BH.

- = Hayward, ay=02
-n=3, ay=02
= = Hayward, ay=0.92

—=3, =002

(a) fixing n=3 and changing ag
Fig. 8.
n =3 and corresponding Hayward BH.

shadow and photon sphere radii of the former are also
smaller than those of the latter. This indicates that, under
the static spherical accretion model, compared with tradi-
tional regular BHs, the new regular BHs have a dimmer
photon ring, and both types exhibit different optical ob-
servational characteristics; as a, increases, the differ-
ences in the optical observational features between regu-
lar BHs with different cores become more significant,
making it easier to distinguish them from their optical
features.

Finally, by comparing Figs. 7 and 8, it can be con-
cluded that, under static spherical accretion, the differ-
ence between the Bardeen and new regular BHs corres-
ponding to n=2 is more evident than that between the
Hayward and new regular BHs corresponding to n = 3.
This once again proves that, the smaller the value of n,
the easier it is for observers to distinguish these regular
BHs with different cores.

B. Comparison under the infalling spherical accretion

Under the infalling spherical accretion model, the ob-
served specific intensity and optical appearances of the
new regular BHs with n =2 and n =3, along with their
corresponding Bardeen/Hayward BHs, are shown in Figs.
9 and 10, respectively. It can be observed that there are
only slight differences in the shadows between the regu-

1.0
08
06
04

(b ) n=3, ap =0.92

0
1.0
08
06
04

0

-15 -10 -5 0 5 10 5

(c) Hayward, ap =0.92

(color online) Observed specific intensity and optical appearances under static spherical accretion for the new regular BH with

lar BHs with a Minkowski core and the traditional regu-
lar BHs with a dS core. As «, increases, the shadow and
photon sphere radii of the former are slightly smaller than
those of the latter, and the photon ring of the former is
slightly dimmer than that of the latter. This difference be-
comes slightly more evident only when «, is relatively
large.

The shadows of the new regular BHs with a
Minkowski core and those of the corresponding tradition-
al regular BHs with a dS core (Bardeen/Hayward BHs)
were comparatively analyzed under two spherical accre-
tion models. The shadows of the new regular BHs differ
from those of the traditional regular BHs. Specifically,
the new regular BHs exhibit a lower peak intensity, a
dimmer photon ring, and smaller shadow and photon
sphere radii. Moreover, as «, increases, these differences
become more pronounced, making it easier to distinguish
regular BHs with different cores through their optical ob-
servational characteristics. Additionally, the differences
are more significant under the static spherical accretion
model.

V. CONCLUSION

In this study, we explored the shadows of new regu-
lar BHs with a Minkowski core under different spherical
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with n =3 and corresponding Hayward BH.

accretion models and compared them with traditional reg-
ular BHs with a de Sitter (dS) core (Bardeen/Hayward
BHs). The results reveal that, under both static and infall-
ing spherical accretion, the observed specific intensity,
shadow radius, and photon sphere radius of these new
regular BHs are closely linked to their intrinsic paramet-
ers. As the quantum gravity parameter «@pincreases, the
observed specific intensity increases, and the shadow and
photon sphere radii decrease. Conversely, as the space-
time deformation parameter n increases, the observed
specific intensity decreases, and the shadow and photon
sphere radii increase. Moreover, the shadow and photon
sphere radii are unaffected by the choice of spherical ac-
cretion model, whereas the observed specific intensity
varies between models, being higher in static spherical
accretion than in infalling spherical accretion.

Secondly, there are differences in the shadows of the
two types of regular BHs with different cores, and these
differences are more pronounced in static spherical accre-
tion. Taking a new regular BH with a Minkowski core
(n=2, x=2/3) and a Bardeen BH as an example, the
former has a smaller observed specific intensity, a dim-
mer photon ring, and smaller shadow and photon sphere
radii. More importantly, these differences become more
significant as «, increases. Similarly, the new regular
BHs (n=3 and x=1) and Hayward BHs exhibit a simil-
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(c¢) Bardeen, ag =0.72

(color online) Observed specific intensity and optical appearances under infalling spherical accretion for the new regular BH

04
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(b)n 3, ap=0.92

04
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¢) Hayward, ag=0.92

(color online) Observed specific intensity and optical appearances under infalling spherical accretion for the new regular BH

ar trend. In the infalling sphere accretion, there are only
subtle differences in observed specific intensity, and the
differences are only slightly more evident when « is rel-
atively large.

Additionally, the results show that the shadows re-
flect the intrinsic properties of the BH spacetime, and the
choice of spherical accretion model only affects the ob-
served specific intensity of the shadows and not the struc-
ture of the BH shadow itself. Therefore, the spacetime
characteristics of these new regular BHs can be distin-
guished by observing and analyzing their shadows.

In this study, we only applied two models: static
spherical accretion and infalling spherical accretion. In
fact, more complex accretion models can be studied, such
as those incorporating the effects of magnetic fields or
non-spherical accretion. It will help us to more compre-
hensively understand the changes in the shadows of BHs
under different accretion scenarios and provide a more
abundant theoretical foundation for astronomical observa-
tions. Meanwhile, our focus in this study was on compar-
ing these new regular BHs with a Minkowski core to tra-
ditional regular BHs with a de Sitter core. Future re-
search could expand the parameter ranges to study BH
shadows under a wider variety of parameter combina-
tions. With ongoing advances in astronomical observa-
tion technology, the accuracy and scope of observational
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data continue to improve. Strengthening the integration of
theoretical research with experimental observations is
crucial. High resolution BH images and other observa-
tional data can be used to more precisely test theoretical
models. By comparing theoretical shadow calculations
with observational results, models can be continuously
refined, enhancing our understanding of BH properties.
Furthermore, studying the correlations between BH shad-

ows and other astrophysical phenomena, such as BH spin
and the distribution and dynamics of matter around BHs,
is important. Exploring how these factors jointly influ-
ence the observational characteristics of shadows will
contribute to a more comprehensive understanding of the
physical processes around BHs and their role in galaxy
evolution.
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