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Abstract: The quark-mass dependence of the  pole is  analyzed using the K-matrix method, with the 
scattering amplitude calculated up to the  order in the chiral perturbation theory. As the quark mass increases,
the  pole  gradually  approaches  the  real  axis  in  the  complex w-plane  (where ).  Eventually,  in  the

 case, it crosses the u-cut on the real axis and enters the adjacent Riemann sheet when the pion mass reaches
.  At  order ,  the  rate  at  which  it  approaches  the  real  axis  decreases;  however,  it  remains  uncertain

whether  it  will  ultimately  cross  the u-cut  and  enter  the  adjacent  Riemann  sheet.  In  addition,  the  trajectory  of  the
 pole is in qualitative agreement with the results from the linear σ model calculation.

Keywords: pion-nucleon scattering, chiral perturbation theory, sub-threshold resonance

DOI: 10.1088/1674-1137/ae4a0b        CSTR: 32044.14.ChinesePhysicsC.50053108

 

I.  INTRODUCTION

π−N
S 11

S 11

√
s = (918±3)−

Pion-nucleon scattering has been studied for over six
decades;  therefore,  it  is  surprising that  the pole  structure
of  the  sub-threshold  scattering amplitude,  particu-
larly in the  channel, has only been clarified very re-
cently. Two key findings have emerged: first,  as demon-
strated  in  Ref.  [1],  partial-wave amplitudes  (PWAs)  in-
deed contain poles, specifically, virtual states, located on
the  real  axis  below  threshold  on  the  second  Riemann
sheet  (RSII).  Second,  a  novel  resonance  pole  has  been
identified  in  the  channel  through  various  unitarized
approaches,  including  product  representation  [2−4], K-
matrix fit [5], and N/D method [6]. The resonance pole is
necessary because the contribution of the left-hand cut to
the phase  shift  is  negative  and  the  pole  has  to  com-
pensate  the  left-hand  cut  to  reproduce  the  experimental
phase shift [3, 4]. The existence of this resonance has fi-
nally  been  confirmed  by  the model-independent Roy-
Steiner equation formalism [7, 8], which respects analyti-
city,  unitarity,  and  crossing  symmetry  of  the S matrix.
This  sub-threshold  pole  located  at 

i(163±9) MeV N∗(920) has  been  designated  as .  See  [9,
10] for recent reviews.

mπ ≃ 391MeV
πK

mπ O(N)

Meanwhile,  understanding  the  quark-mass depend-
ence of  resonance  poles  is  crucial  to  gain  a  unique  per-
spective  on  strong  interaction  physics.  Lattice  quantum
chronodynamics  (QCD)  provides  a  first-principle, non-
perturbative  framework  to  investigate  how hadron  states
depend on quark mass. However, parameterizations of in-
finite-volume  PWAs  can  introduce  model  dependence
when fitting finite-volume spectra using the Lüscher for-
mula  [11]  and  its  generalizations  [12−14].  Ref.  [15]
demonstrated  a  model-independent approach  for  inter-
preting  lattice  data  via  the  generalized  Roy  equation,
which  reveals  that  the σ meson  becomes  a  bound  state,
with a new resonance emerging at . Similar
studies  have  also  been  completed  for  scattering,  as
detailed in Refs. [16, 17]. Subsequently, the trajectory of
σ with varying  was illustrated within the  linear σ
model (LσM) [18, 19].

N∗(920)The first attempt to trace the trajectory of the 
with varying pion masses was conducted within the LσM
with nucleons [20]. In that renormalizable model, the au-
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N∗(920)
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thors simultaneously computed the trajectories of both the
σ and  using several  unitarization methods at  the
one-loop  level.  The  trajectory  of  the σ was  found  to  be
consistent with previous results, while that of the 
was novel: it  crossed the u-cut (the cut  in Fig. 1)
to the adjacent Riemann sheet  at  tree level,  disappearing
from  the  RSII;  however,  it  continued  to  remain  on  the
complex plane of the RSII at the one-loop level.

N∗(920)

πN

mN

Fπ gA

∆(1232)

P33 S 11

To further  clarify  the  fate  of , this  work  em-
ploys the baryon chiral perturbation theory (BχPT) to in-
vestigate its  trajectory with increases in pion mass.  As a
low-energy effective field theory of QCD, BχPT has been
successfully  applied  to  describe  elastic  scattering
phase shifts and the pion-nucleon σ term. A particular ad-
vantage of  BχPT in studies with unphysical  pion masses
is that other parameters such as the nucleon mass , pi-
on decay constant , and axial coupling constant  can
be determined self-consistently once the low-energy con-
stants  are  fixed  at  the  physical  pion  mass.  The 
state  is  not  explicitly  included  because  it  appears  in  the

 channel  and  affects  only  through  the  crossed
channel and higher-order loop effects. Thus, its contribu-
tions is expected to be small.

πN
N∗(920)

O(p2) O(p3)

The  remainder  of  this  paper  is  organized  as  follows:
Section II briefly introduces BχPT and PWAs of  scat-
terings. In section III, the trajectory of  is presen-
ted at  and  orders for different sets of low-en-
ergy  constant  (LEC)  values.  We  conclude  with  a  brief
summary in section IV. 

πN

II.  A BRIEF INTRODUCTION TO BχPT AND
PWAs OF  SCATTERINGS

L =∑∞
i=1L(2i)

ππ +
∑∞

j=1L
( j)
πN L(2i)

ππ

L( j)
πN O(p2i) O(p j)

O(p4)

The  Lagrangian  in  BχPT  can  be  expanded  as
,  where  the  magnitudes  of 

and  are  and , respectively. Terms of the
meson part for calculation up to  are [21] 

L(2)
ππ =

F2

4
Tr
[
∇µU (∇µU)†

]
+

F2

4
Tr
[
χU†+Uχ†

]
,

(1)
 

L(4)
ππ =

l3+ l4

16
[
Tr
(
χU†+Uχ†

)]2

+
l4

8
Tr
[
∇µU (∇µU)†

]
Tr
(
χU†+Uχ†

)
, (2)

χ = M21l
where F represents  the  pion decay constant  in  the  chiral
limit.  (assuming  isospin  symmetry)  and M rep-
resents the lowest-order pion mass. Pions are contained in
the SU(2) matrix. 

U = exp
Å

i
ϕ

F

ã
, ϕ = ϕ⃗ · τ⃗ =

(
π0

√
2π+

√
2π− −π0

)
, (3)

∇µU = ∂µU − irµU + iUlµ lµ rµ
The  covariant  derivative  acting  on  the  pion  fields  is
defined  as ,  where  and  are
the external fields.

O(p3)
The required baryon Lagrangians for calculation up to

 are [22] 

L(1)
πN = Ψ

{
i/D−m+

g
2
γµγ5uµ

}
Ψ, (4)

 

L(2)
πN = Ψ

ß
c1 Tr[χ+]−

c2

4m2
Tr[uµuu] (DµDu+h.c.)

+
c3

2
Tr[uµuµ]−

c4

4
γµγu[uµ,uu]

™
Ψ, (5)

 

L(3)
πN = Ψ

ß
− d1+d2

4m

Ä
[uµ, [Du,uµ]+ [Dµ,uu]]Du+h.c.

ä
+

d3

12m3

Ä
[uµ, [Du,uλ]]

(
DµDuDλ+ sym.

)
+h.c.

ä
+ i

d5

2m

Ä
[χ−,uµ]Dµ+h.c.

ä
+ i

d14−d15

8m

Ä
σµu Tr

[
[Dλ,uµ]uu−uµ[Du,uλ]

]
Dλ+h.c.

ä
+

d16

2
γµγ5 Tr

[
χ+
]

uµ+
id18

2
γµγ5

[
Dµ,χ−

]™
Ψ,

(6)

li ci di

where m and g represent the bare nucleon mass and bare
axial-vector  coupling  constant,  respectively.  Parameters

, , and  are the LECs. The chiral vielbein and the co-
variant  derivative  with  respect  to  the  nucleon  field  are
defined as 

uµ = i
[
u†
(
∂µ− irµ

)
u−u

(
∂µ− ilµ

)
u†
]
, (7)

 

Dµ = ∂µ+Γµ, (8)
 

 

πN

sL = (mN −mπ)2, cL = (m2
N −m2

π)
2/m2

N , cR = m2
N +2m2

π,

sR = (mN +mπ)2

Fig. 1.    (color online) Cuts in  PWAs, represented by the
bold  lines. 
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Γµ =
1
2
[
u†
(
∂µ− irµ

)
u+u

(
∂µ− ilµ

)
u†
]
, (9)

 

u =
√

U = exp
Å

iϕ
2F

ã
. (10)

Iϕ
IN N(k) O(pk)

According  to  the  power  counting  rule  [23],  the  order  of
the  amplitude  for  a  diagram with L loops,  inner  pion
lines,  inner nucleon lines and  vertices from 
Lagrangian is given as 

D = 4L−2Iϕ− IN +

∞∑
k

kN(k) .

πN
O(p3)

In this work, the full amplitudes of  scatterings are cal-
culated up to the  order.

πa(p)+Ni(q)→ πa′ (p′)+N f (q′)For  the  process ,  the
isospin amplitude can be decomposed as 

T = χ†f

Å
δaa′T++

1
2
[
τa′ , τa

]
T−
ã
χi , (11)

τa a = 1,2,3 χi χ f

I = 1/2,3/2

where  ( )  are Pauli  matrices,  and  ( ) cor-
responds to the isospin wave function of the initial (final)
nucleon  state.  The  amplitudes  with  isospins 
can be written as 

T I=1/2 = T++2T− , T I=3/2 = T+−T− . (12)

I = 1/2,3/2For Lorentz structure with an isospin index , 

T I = ū(s′) (q′)
ï

AI(s, t)+
1
2
(
/p+ /p′

)
BI(s, t)

ò
u(s)(q), (13)

(s), (s′)
s = (p+q)2,

t = (p− p′),u = (p−q′) s+ t+u =
2m2

N +2m2
π T I,J

± L2I2J

with  the  superscripts  denoting the  spins  of  Dirac
spinors  and  three  Mandelstam  variables 

 obeying  the  constraint 
.  The partial  wave amplitude  for  the 

channel  with  orbital  angular  momentum L,  total  angular
momentum J, and total isospin I is defined as 

T I,J
± = T (L2I2J) = T I,J

++(s)±T I,J
+−(s), L = J∓ 1

2
, (14)

where the  definition  of  the  partial  wave  helicity  amp-
litudes are written as 

T I,J
++ = 2mN AI,J

C (s)+
(

s−m2
π−m2

N

)
BI,J

C (s)

T I,J
+− = −

1√
s

î(
s−m2

π+m2
N

)
AI,J

S (s)

+mN
(

s+m2
π−m2

N

)
BI,J

S (s)
ó

(15)

with 

F I,J
C/S (s) =

∫ 1

−1
dzsF I(s, t)

[
PJ+1/2 (zs)±PJ−1/2 (zs)

]
, F = A,B

(16)

zs = cosθ
T I,J
±

and  with θ as  the  scattering  angle.  The  partial
wave amplitudes  satisfy the unitarity condition 

ImT I,J
± (s) = ρ(s,mπ,mN)|T I,J

± (s)|2, s > sR = (mπ+mN)2 .

(17)

T (S 11)For simplicity, we denote the PWA  as T in the fol-
lowing.

S 11The partial wave S matrix element in  channel can
be defined as 

S = 1+2iρ(s)T , (18)

ρ(s) =
√

[s− (mN +mπ)2][s− (mN −mπ)2]/swhere .  A K-
matrix  approximation  is  used  to  restore  unitarity  from
perturbation amplitudes.  Then,  the  partial  wave  amp-
litude and partial wave S matrix element are expressed as 

T̃ =
K

1− iρK
, S̃ =

1+ iρK
1− iρK

, (19)

πN

πN

where K needs to be real in the physical region above the
 threshold  to  meet  the  unitary  requirement  of  the S

matrix.  Typically, K is  considered as  the real  part  of  the
perturbation amplitude. For  scattering, it is 

K (2) ≡ T (2) (20)

O(p2) K (3)for the  calculation, while  is set to 

T (3)− iρ(T (1))2 (21)

O(p3) T (3)for the  calculation because  contains an imagin-
ary part on the right-hand cut [24].

s > (mN +mπ)2

πN

The  partial  wave  amplitude  as  constructed  is  a  real
analytic  function  on  the  complex s plane.  There  exists  a
physical  cut,  or  right-hand  cut,  above  the  threshold

. Partial wave projection and loop integrals
also introduce other cuts, called left-hand cuts. All the cut
structures  in  scattering are  shown in Fig.  1 [25, 26].
However,  in  general,  such  unitarization  approximations
suffer  from  problems  of  violation  of  analyticity  and
crossing symmetry [27−30].1) A direct consequence is the
appearance  of  spurious  physical  sheet  resonances
(SPSRs). A case by case analysis seems to be required, at
least, to ensure that the SPSRs play a minor contribution

Studies on quark-mass dependence of the N*(920) pole from unitarized πN χPT amplitudes Chin. Phys. C 50, 053108 (2026)
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N∗(920)

to  physical  quantities  such  as  phase  shifts.  Barring  for
this,  the K-matrix  unitarization  provides  a  quick  but
rough  estimates  of  the  physical  pole  position  such  as

. 

N∗(920)III.  ANALYSIS OF THE  POLE TRAJECT-
ORY AND ITS QUARK MASS DEPENDENCE

O(p2) O(p3)

δ = arctan[ρT̃ ]

O(p2)

To proceed, we follow Refs. [3, 24]. First,  we repeat
the  and  results  of  Ref.  [24].  The  obtained
partial  wave  unitary  amplitude  is  then  used  to  calculate
the  corresponding  phase  shift . A  sub-
sequent  fit  to  the  phase  shift  data  determines  the  LECs.
For  the  calculations,  we directly  use the results  in
Ref. [3]. 

c1 = −0.841 GeV−1, c2 = 1.170 GeV−1,

c3 = −2.618 GeV−1, c4 = 1.677 GeV−1 . (22)

mN = 0.9383 GeV, mπ = 0.1396 GeV, Fπ =
By  substituting  these  low  energy  constants  and  physical
quantities 

0.0924 GeV, gA = 1.267

S 11

N∗(920)
√

s = 0.954±
i0.265 GeV

,  we  can  calculate  the  cuts  and
poles  of  the  partial  wave  unitary  matrix  element  of  the

 channel  on  the  complex s plane. The  pole  corres-
ponding  to  resonance  is  found  at 

.

m2
π ∝ 2B0m̂ m̂ = (mu+

md)/2
N∗(920)

mπ
li di mπ

mπ
mπ

mN gA Fπ

O(p3)

In  the  isospin  limit,  the  pion  mass  is  related  to  the
quark  mass  by  the  relation ,  where 

 [31].  Consequently,  investigating  the  quark-mass
dependence  of  the  resonance  is  equivalent  to
studying  its  evolution  with  increasing  pion  mass.  By
definition,  the effective Lagrangian is  an expansion with
respect to  and soft momentum p; therefore, the LECs

 and  are  independent. The renormalization scheme
is selected to be  independent, and thus, the renormal-
ized LECs are independent of . In addition, key phys-
ical  quantities  (e.g., , ,  and )  are  renormalized;
therefore, it is essential to determine their values at differ-
ent  pion  masses.  Fortunately,  within  the  framework  of
BχPT, these  dependence  relations  can  be  directly  com-
puted. Up to the  order (one-loop diagrams), the ex-
plicit  dependence  relations  are  given  by  (this  result  can
also be found in [32−34])

 

mN = m−4c1M2+∆m, ∆m =
3g2mN

32π2F2

[
A0(m2

N)+M2B0(m2
N ,M

2,m2
N)
]
,

Fπ = F
Å

1+ lr
4

M2

F2
− 1

16π2
ln
ï

M2

µ2

ò
M2

F2

ã
, l4 = lr

4+γ4λ, lr
4 =

γ4

32π2

Å
l̄4+ ln

M2

µ2

ã
, γ4 = 2,

gA = g+4d16M2+∆g,

∆g =
g
[
4(g2−2)m2

N + (3g2+2)M2
]

16π2F2(4m2
N −M2)

A0[m2
N]+

g
[
(8g2+4)m2

N − (4g2+1)M2
]

16π2F2(4m2
N −M2)

A0[M2]

+
gM2

[
−8(g2+1)m2

N + (3g2+2)M2
]

16π2F2(4m2
N −M2)

B0[m2
N ,m

2
N ,M

2]− g3m2
N(4m2

N +3M2)
16π2F2(4m2

N −M2)
, (23)

µ = mN mπ

A0 B0

where μ represents  the  renormalization  scale  which  we
fix at ,  and λ represents a  independent infinite
renormalization  constant  [21].  The  Passarino-Veltman
functions,  and , are adopted from [35] and have the
analytic expressions
 

A0[m2] = m2
Å
−Rϵ + ln

µ2

m2

ã
,

B0[p2,m2
1,m

2
2] = 1−Rϵ + ln

Å
µ2

m2
2

ã
+

1
2p2

ß[
p2(1+ρ)−Rm

]
ln
ï

Rm+ p2(1−ρ)
Rm−ρ2(1+ρ)

ò
+
[
ρ2(1−ρ)−Rm

]
ln
ï

Rm+ p2(1+ρ)
Rm−ρ2(1−ρ)

ò™
,

(24)

Rϵ = −
1
ϵ
+γE − ln(4π)−1 γE = −Γ′(1)

Rm

where ,  with  denot-
ing the Euler constant. ρ and  are defined as 

ρ =

√
p2− (m1+m2)2

√
p2− (m1−m2)2

p2
, Rm = m2

2−m2
1.

(25)

d16 = −0.83GeV−2 lr
4 = 0.00373

µ = 0.77 µ = mN

mN mπ
c1

O(p2)

Using the aforementioned formulas,  the resulting de-
pendence  relations  are  visualized  in Fig.  2. The  follow-
ing  parameter  values  are  adopted  in  the  calculations:

 [34, 36]  and  LEC  is de-
rived  through  the  evolution  of  its  conventional  value  at
the renormalization scale  [37–38] to . For
the three sets of  vs.  dependence curves presented
in Fig.  2,  the  corresponding  parameters  are  selected
from  Ref.  [3]  for  the  order,  Ref.  [39]  for  the
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O(p3)− (Yao) O(p3)− (WI08)
∆(1232)

∆(1232)

 set, and Ref. [40–41] for the 
set.  We  do  not  consider  explicit  in  the  BχPT;
therefore,  we  select  the  parameter  sets  in  the  cases
without explicit  from these references.

N∗(920)
0.1396 GeV 0.45 GeV,

0.60 GeV O(p2)
O(p2)

N∗(920)
w =
√

s

O(p2)
mπ = 0.526GeV

By substituting these derived dependence relations in-
to the partial-wave unitary matrix element, we obtain the
trajectory  of  the  resonance  as  pion  mass  varies
from  to  which is further extended
to  when  considering  contributions be-
cause  the  calculation  is  numerically  more  stable.
Fig.  3 illustrates  the  evolution  of  this  pole tra-
jectory  in  the w-plane  (where ): as  pion mass  in-
creases, the pole gradually migrates toward the real axis.
The  result shows a more complete picture: the pole
ultimately  traverses  the u-cut  (at ), enter-
ing the  adjacent  Riemann  sheet.  Furthermore,  the  cross-
ing  position  is  consistent  with  the  result  calculated  via
Equation (43) in Ref. [20], which is expressed as 

(mN −mπ−w)(mN +mπ−w)
[
mN(mN −w)(mN +w)2−m4

π

]
= 0,

w =
√

s

(26)

O(p3)
O(p2)

O(p3)−

For  the  calculations,  more  LECs  are  required
compared to that required for . We use the results of
Fit 1 in Ref. [39](denoted as Yao in Fig. 3). 

c1 = −1.22GeV−1, c2 = 3.58GeV−1,

c3 = −6.04GeV−1, c4 = 3.48GeV−1

d1+d2 = 3.25GeV−2, d3 = −2.88GeV−2,

d5 = −0.15GeV−2, d14−d15 = −6.19GeV−2,

d18 = −0.47GeV−2 (27)

N∗(920)
√

s = 0.896± i0.258 GeV
0.1396 GeV

0.45 GeV N∗(920)

Using  these  LECs,  the  corresponding  positions  of
 pole  are  found  to  be .

Specifically, as the pion mass increases from 
to ,  the  trajectory of  approaches  the u-
cut, as shown in Fig. 3. We do not track the trajectory for

mπ

mπ

O(p3)

mπ

higher  to verify if it crosses the u-cut because of three
reasons:  (1)  trajectory  evolution  is  too  slow  in  the  loop
calculations;  (2)  the fluctuation in the numerical  integral
calculation becomes significant,  and the searches  for  the
pole become  difficult  and  unstable  as  the  pole  ap-
proaches the real axis; and (3) since χPT is a perturbative
expansion  with  respect  to ,  it  is  reasonable  to  expect
that at higher orders the region where it provides a good
approximation  would  become  smaller.  Thus,  the 
result  does  not  indicate  if  the  pole  will  touch  the u-cut
and move across to the adjacent Riemann sheet for larger

.
Further, we compare our results with those from Ref.

[20],  which  were  obtained  using  LσM  with  nucleons.
While the overall trends of the trajectories are consistent,
the rate at which the pole approaches the real axis in LσM
is  notably  higher  at  both  tree  and  one-loop  levels.  This
causes the pole to cross the u-cut at  a smaller pion mass

 

mN gA Fπ
mπ

Fig. 2.    (color online) Dependencies of the nucleon mass , axial-vector coupling , and pion decay constant  on the pion mass
.

 

N∗(920)
K (2) K (3)

O(p2)

mπ = 0.1396 ∼ 0.60 GeV O(p3)

mπ = 0.1396 ∼ 0.45 GeV

mπ = 0.138 ∼ 0.360 GeV

Fig. 3.    (color online) Variation of the  pole position
with the pion mass in the  and  amplitudes. The units
for the pole positions are in GeV. The results obtained in this
work  are  shown  in  red  upright  triangles  (  tree-level),
covering  and  green  solid  circle  (
one-loop),  covering  .  The  results  from
Ref.  [20]  are  also  displayed  in  orange  upside-down  triangles
(Tree–Li)  and  blue  squares  (Loop–Li),  covering  the  range

.
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O(p3)

mπ

in their tree-level calculation. In addition, the authors did
not  extend  their  one-loop  calculation  to  very  large  pion
masses because of the limited applicability range of LσM.
Consequently, the pole in LσM appears to remain on the
complex plane without reaching the real axis. In contrast,
in  this  study,  the  result  shows  that  the  trajectory
continues to bend downward toward the real axis with in-
creasing , following a trend similar to the tree-level be-
havior.

O(p3)

In  addition,  we  tested  another  set  of  parameters
[40–41], referred to as the WI08 parameter set, and found
that  the  calculation  yields  consistent  results.  The
results  are shown in Fig.  4 below, and the specific para-
meters are 

c1 = −1.50GeV−1, c2 = 3.76GeV−1,

c3 = −6.63GeV−1, c4 = 3.68GeV−1

d1+d2 = 3.67GeV−2, d3 = −2.63GeV−2,

d5 = −0.07GeV−2, d14−d15 = −6.80GeV−2,

d18 = −0.50GeV−2 . (28)

mN gA

Fπ

mN

mN = 800 MeV+mπ

gA O(p3)
Fπ

N∗(920)
N∗(920) O(p2)
O(p3)

mπ O(p2) O(p3)

In  addition  to  the  dependence  relations  for , ,
and  derived from the chiral perturbation theory, simil-
ar results  are  also  obtained  by  some  theoretical  fits  per-
formed on  the  lattice  data.  For , we  use  the  ruler  ap-
proximation  in  Ref.  [42],  that  is, ,
which is  consistent  with  the  lattice  QCD results  [43–44]
in a  large range.  For ,  we use the  result  in  Ref.
[45]  (Fig.  4.),  and  for ,  we  use  the  fit  result  with
strategy 2 (left subfigure in Fig. 4.) in Ref. [46]. Based on
these dependence relations, the resulting trajectory of the

 pole  is  shown  in Fig.  5.  The  points  where  the
 pole  approaches  the u-cut  from  the  and

 chiral perturbation theory calculations tend to con-
verge.  There is  no guarantee that  the pole reaches the u-
cut  at  the  same  for  both  and  results;
therefore, this convergence may just be accidental.

N∗(920)As illustrated in this section, the  pole traject-
ory  obtained  in  different  approximations  and  parameter
sets are in qualitative agreement with each other. 

IV.  SUMMARY

N∗(920)
O(p2) O(p3)

πN

N∗(920)

O(p2)

In  this  study,  we  investigated  the  trajectory  of
 as  the  pion  mass  increases  within  the  BχPT

framework both at  and  orders. In BχPT, the
functions  of  the  nucleon  mass,  pion  decay  constant,  and

 axial-vector  coupling  as  a  function  of  the  pion  mass
are obtained self-consistently, provided that the LECs are
fixed.  In  both  cases,  the  moves along  a  right-
ward-downward  trajectory  toward  the u-cut on  the  com-
plex energy plane. At the  level, the pole eventually

O(p3)

N∗(920)

O(p3)

mπ

crosses  the u-cut,  entering  the  adjacent  Riemann  sheet
defined by the u-cut. The result at the  order shows
that the circular cut has marginal effects on the trajectory,
and  the  higher-order contributions  slow  down  the  ap-
proaching rate of the pole. Furthermore, to test the robust-
ness,  we  employed  three  different  LEC  parameter  sets.
All  three  results  demonstrate  that  the  moves to-
ward  the u-cut.  However,  we  cannot  confirm  if  it  will
meet the u-cut and move across to the adjacent Riemann
sheet because the numerical  results  at  become un-
stable  as  the  pole  moves  closer  to  the  real  axis  and  the
higher  order  chiral  expansion  may not  be  good  at  larger

. Further, the trajectory is compared with the result in
the  previous  work  [20],  showing  qualitatively  consistent
behaviors. Our  analyses  in  this  study  may  provide  valu-

 

mπ N∗(920)
O(p3)

O(p3)

Fig.  4.    (color online)  dependence  of  pole  from
the  full  amplitude  including  loop  corrections,  using
parameters from Eq. (31). The previous -(Yao) result in
Fig. 3 is displayed for comparison.

 

N∗(920)
K (2) K (3)

mN gA Fπ mπ
GeV K (2)

K (3)

mπ

Fig. 5.    (color online) Dependence of the  pole posi-
tion on pion mass, as determined from the  and  amp-
litudes (with the dependencies of , , and  on  taken
from lattice–data–based  fits).  The  unit  is .  The  res-
ults  are  indicated  by  red  triangles,  while  the  results  are
shown as green circles. The pion mass  varies from 0.1396
to 0.44 GeV.

Xu Wang, Kai-Ge Kang, Qu-Zhi Li et al. Chin. Phys. C 50, 053108 (2026)

053108-6



able insights for future Lattice studies with unphysical pi-
on masses.
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