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Abstract: A suitable Hamiltonian is designed for the Zr isotopes over the N = 50 shell by including shell model
space between ®Ni and '*Sn. The Hamiltonian is composed by the pairing-plus-multipole force and monopole cor-

rection terms. The single-particle energies (SPEs) are initially taken from the low-lying states of the hole nuclei *'In

and "*'Sn (near the N=82 shell closure). These SPEs are then modified by three monopole correction terms to better

describe the low-lying states of *'Zr (near the N=50 shell closure). To test this-Hamiltonian, the level spectra of

917947 are investigated in both low-lying and high-spin excitations by large-scale shell-model calculations. Their

wave functions are further tested by comparing the electromagnetic transition probabilities with given B(E2) data.

The good performance in both spectra and transitions probabilities-makes the predicting calculations of the present

interaction more dependable to be referred in further experimental researches of Zr isotopes.
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I. INTRODUCTION

The nuclei region around mass number A = 90 lies
close to the first abundance peak of the rapid neutron-
capture process (r-process)[1—5]. Key nuclei in this re-
gion, such as *°Zr, and *°Mo, play a crueial role in nucle-
osynthesis networks[6—12]. Their nuclear properties, in-
cluding masses[13, 14], lifetimes[15—17], and neutron-
capture cross-sections[18, 19], directly influence the ac-
curacy of r-process simulations, thereby shaping our un-
derstanding of the origin of heavy elements in the uni-
verse, particularly in astrophysical events such as neut-
ron-star mergers[20—22].

Zirconium isotopes are of particular importance
across multiple disciplines, including nuclear physics, as-
trophysics, nuclear energy, and geochemistry. Their
unique nuclear behavior and chemical stability make
them a focal point for both fundamental and applied re-
search. In nuclear energy applications, natural zirconium,
composed predominantly of *°Zr, *'Zr, ®Zr, **Zr, exhib-
its an exceptionally low thermal-neutron capture cross-
section[18, 23—25]. This property renders zirconium al-
loys the material of choice for fuel-rod cladding and
structural components in light-water reactors[26]. Fur-
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thermore, *Zr, a medium-lived fission product (half-life
about 64 days), serves as an important monitor of fuel
burn-up and fission yield in reactor operations and nucle-
ar tests[27]. Several long-lived radioactive zirconium iso-
topes also appear in nuclear waste streams, and research
into their nuclear properties supports the assessment of
waste inventories and the development of potential trans-
mutation strategies[28].

From a nuclear-structure perspective, zirconium iso-
topes span a critical region of the nuclear chart. The iso-
tope *°Zr, with a neutron number N = 50, corresponds to a
traditional neutron shell closure. Systematic studies from
neutron-deficient species (e.g., ¥Zr) to neutron-rich ones
(e.g., 'Zr) reveal the evolution of nuclear shell struc-
ture[30, 31], the onset of collective deformation[32, 33],
and the occurrence of shape coexistence[34—36]. While
traditional shell models predict N = 50 as a magic num-
ber associated with spherical closed shells, experimental
evidence indicates significant deformation in many nuc-
lides near this region, reflecting the weakening of magic
effects and the evolution of shell structure[37—-39].

In this work, a suitable shell model interaction is de-
signed for describing the level structure of Zr isotopes (A
>90) in both low-lying and high-spin excitations. This in-
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teraction includes the pairing-plus-multipole force and
the monopole corrections in the shell model space with
four proton and five neutron orbits between 7Ni and
1328n. The next section 2 gives the interaction model
framework. Sec. 3 shows its performance in the level
spectra of nuclei °'-**Zr, as well as Electromagnetic
Transitions probabilities. Sec. 4 presents the conclusions.
The shell-model code NUSHELL@MSU is used for the
calculations [40].

II. HAMILTONIAN

The shell model space includes five neutron levels be-
low the neutron magic number N = 82 (0g7,2, 1ds;, 2512,
Ohy1)2, 1ds52) and four proton levels below the proton ma-
giC number N =50 (0f5/2, 1]?3/2, 1P1/2, Ogg/z), with the
frozen core ®Ni. The single particle states of these orbits
are referred from Ref[41], which selected from the low-
lying levels of single hole nuclei '3'In and '*'Sn under the
132Sn. The Hamiltonian of this model space is given in
the proton-neutron (pn) representation as following:

H=HSP+HPO+HPZ+HQQ+H00+HHH+HW.

= Zeacmca, 3 ZZg,,u ZPIM” P

a,i 1=0,2 i’
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Eq.(1) includes the single-particle Hamiltonian (H,),
the J =0 and J =2 pairing (P}P, and P}P,), the quadru-
pole-quadrupole (Q7Q), the octupole-octupole (O70), the
hexadecapole-hexadecapole (H'H) terms, and the mono-
pole corrections (H,.). In the pn representatlon P,M”
and A}, (ia,i’b) are the pair operators, and QzM,,, , 0§M,,, ,
and Hjy;» are the quadrupole, octupole, and hexadeca-
pole operators, respectively, in which 7 and ¢’ are indices
for proton or neutron. The constants gy, 2.r» Xa.i» X4 s
and ky.(ia,i’b) are the corresponding force strengths, and

Table 1. The two-body force strengths (in MeV).
i’ 80, 82, X2, X3, X4
pp 39 350 600 550 0.0014
nn 18 320 400 70 0.0008
np 0 0 200 0 0.0009

b is the harmonic-oscillator range parameter. The force
strengths of the Hamiltonian are listed in Table 1. In
Ref.[42], the monopole and multipole effects are ex-
amined carefully by using the generator-coordinate meth-
od. In this work, three monopole correction terms are in-
corporated to apply the interaction to Zr isotopes near
A =90:

Mcl = kpno(vg7/2,v8712) =
Mc2 = kne(78o/2,v872) = —0.2 MeV

MC3 = kmc(ﬂgg/z,vs1/2) = —007 MGV

—-0.9 MeV

2)

As shown in Fig. 1, their effects are demonstrated
with adding the three monopole terms one by one. For
easy comparison of calculations with the corresponding
data, the difference factor is defined as the ratio of the
theoretical value to the corresponding datum. After only
considering Mcl, the bottom level 7/2* shifts up obvi-
ously, while the level 5/2* goes down as the ground state
in'both °'Zr and *Zr. The terms Mc2 and Mc3 improve
well the level 1/2% of °'Zr (®Zr) with a difference factor
1.06 (0.98) by comparing with the columns "+Mcl" and
"+Mc3". In 2Zr (°*Zr), the levels 2* and 4* are affected
slightly with monopole corrections, while the level 6*
shifts up well with a difference factor 0.99 (0.92) by com-
paring with the columns "+Mc0" and "+Mc3". The
second 0% and 2* of ?>%Zr are improved very well in
both excited energies and orders. The cross-subshell of
was reported in Ref.[43]. As shown in Fig. 1, the propor-
tion of cross-subshell Z = 40 is listed as WI/WO, which
means the ratio of with and without orbit gy, up Z = 40.
In low-lying levels, the cross-subshell share drops obvi-
ously by including monopole corrections.

III. RESULTS AND DISCUSSIONS

A. 'Zr

As a stable single-neutron nucleus, °'Zr attracts ex-
tensive researches for decades. Arroe and Mack studied
the optical hyperfine structure of Zr firstly, and obtained
the nuclear spin of 5/2 for *'Zr [44]. The ground state
5/2* is formed by coupling proton holes in the p;, and
gos2 orbits with a neutron particle in the ds, orbital. The
low-lying excited states 1/2* and 7/2* arise from coup-
ling the same proton holes with a neutron particle in the
s12 and ds;, orbits, respectively. As shown in Fig. 2, the
ground state 5/2% has 49.17% of configuration
Pi/8opvds, and 44.35% of configuration 7gg/Yvds,, The
main configurations of the excited states 1/2* and 7/2*
are 50.63% npi}851vsi, and 77.54% npij,gsh,vds ,, With
difference factors 1.06 and 1.007 respectively.

High-spin levels in °'Zr have been studied by using
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Fig. 1.
without cross-subshell ngg/,.

the reaction 3Sr(°Li,p2n)*'Zr, and  the ~ state
|(g9/2p1/2d5/2), 15/2_> is located at 2288 keV Ref[45] In
Ref.[46], a 21/2* state at 3167 keV. was discovered using
the reaction 38Sr(°Li,p2n)®'Zr. For the two data, the cal-
culational levels 15/2- and 21/2* at 1951keV and
2870keV have the difference factors 0.85 and 0.9 respect-
ively. The main configuration of the 15/2° level is
96.85% of npi),g5)»vds,,. The main configuration of the
21/2* level is 88.01% of npijg5hvds),.

The level scheme of °'Zr was extended with the
newly 15/2* and 19/2* states at 3.41 MeV and 3.78 MeV
in Ref.[48]. In calculations,the 15/2* state at 3.01 MeV
has a main configuration of npi},g;%vds,,, with a differ-
ence factor 0.88. The first 19/2* level at 3.047 MeV, and
the second 19/2; at 3.953 MeV. The 19/2; state has a
main configuration of 7pi/,g;5/,vhi,,, with a difference
factor 0.96. The present calculations extend the excited
energy to E,~ 10 MeV. In calculations,the first 29/2~
level at 7.256 MeV, and the second 29/2; at 7.393 MeV.
The main configuration of 29/2; is 96.61% of
TP3HP1 85 Vhiy 1, With a difference factor 1.034 by com-
paring with datum (29/2) at 7.663MeV. The configura-
tions of 33/2* and 35/2* are 91.93% and 91.15%
TP3HP1 5855 Vhi, 1, Tespectively. Their difference factors
are 0.96 and 0.98 by comparing with data (33/2) and
(35/2) at 9.129 and 9.462 MeV respectively. The ratio of
with and without cross-subshell Z = 40 is added as
WI/WO in Fig. 2. These quantitative proportions indicate

(color online) Monopole effects in the low-lying levels of *1=%zr, data from [29]. Label WI/WO is the ratio of with and

that cross-subshell excitations dominate the low-excita-
tion energy spectra, while the high-energy, high-spin por-
tions of the spectra almost entirely originate from proton
excitations across Z=40.

B. %Zr

In Ref. [50], the properties of the 2* states of “2Zr
were investigated though non-elastic electron scattering
experiments under low momentum transfer conditions. It
has been confirmed that the transitions to the 2} and 27
states primarily follow a monopole substructure
mode(Fig. 3). The first excited state 2* at 911 keV has
41.68% of configuration of npi}gst,vds,,, with a differ-
ence factor 0.97. The second 2} state at 1.874 MeV has
49.28% of configuration 7p;7,g5vds ,, with a difference
factor 1.01.In Ref. [51], this state was confirmed at 1.847
MeV by the (n,n'y) reaction.

The ground state 0* has two primary configurations:
43.59% of npi}gs)vds,, and 33.79% of ngg))vds,. The
0; level at 1224 keV has 48.79% of primary configura-
tion ng;)yvds,,, with a difference factor 0.88. The first 4*
level at 1.520 MeV agree with datum 1.495 MeV very
well, with a difference factor 1.01. It has 49.09% of con-
figuration 7p;},g5),vd;,,. The 6% and 8" states share the
same dominant configuration 7p;}g5%vds ., 71.01% and
71.3% percentage respectively. The negative parity level
5- at 2.014 MeV has a dominant configuration of
Tpi h8&5 V3, 80.36%. This level was first proposed with
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Fig. 2.  (color online) Level spectra of °'Zr, data from
[44—48]. Label WI/WO is the ratio of with and without cross-
subshell 7gg/»

(p,p’) angular distribution measurements by Dickens et
al. in Ref. [52]. Brown et al.[53], based on negative coef-
ficient measurements of the transition from 2485 keV to
the 4* state at 1495 keV, suggested this level as J=3 or 5.

For high-spin states, Brown et al. conducted a study
on the high spin states of °Zr through the
8Sr("Li,p2n)??Zr reaction, extending the spectra to 12+ at
4947 keV [53]. In calculations, the first 12* level at 4.397
MeV, and the second 12* at 5.154 MeV. The 12} has
84.36% of configuration np;}g55hvd;,,, with a difference
factor 1.04. Fotiades et al. [54] investigated the level
structure of *?Zr by the **Mg + '*Yb reaction. The re-
search extended the level scheme up to (18%) state at
E,.~9127 keV. the first 18* level at 8.427 MeV, and the
second 18" at 9.583 MeV.The 18; state has a difference
factor of 1.04 by comparing with this datum. It has a
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Fig. 3.  (coloronline) Level spectra of **Zr, data from

[49-55]. Label WI/WO is the ratio of with and without cross-
subshell 7gg)s.

dominant configuration of 7p3},pi%gs/,vds Hhi; ,, 90.21%
percentage. In 2025, the experimental research extend the
excited energy of *>Zr to E, ~ 10 MeV with state (19) at
9.587 MeV[55]. The main configuration of level 19* is
90.82% of np3),pi/r8s5nvds shy, , With a difference factor
1.04 by comparing with datum (19) at 9.587 MeV.

C. %7Zr

The ground state of **Zr was confirmed in Ref.[56].
Cohen and Chubinsky [57] performed nuclear reactions:
pick-up *Zr(d,t)**Zr and stripping **Zr(d,p)**Zr, and pro-
posed the (ds;)" configuration dominating the low-lying
level structure of ®*Zr. In calculations, the level 5/2* has
43.84% of configuration npi}g5/vds, and 33.62% of
configuration 7gg/Yvd:,. In Ref.[58], a state 9/2* was
predicted at 1100 keV with the configuration (ds;;)*. To
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Fig. 4. (color online) Level spectra of **Zr, data from [54,
56, 60—62]. Label WI/WO is the ratio of with and without
cross-subshell gy .

confirm this prediction, B. Arad et al. measured y rays
from the B decay of the fission product **Y using a
Ge(Li) spectrometer, and tentatively established a level
9/2* at 1167.7 keV [59]. The latest research[60] investig-
ated the excited states of **Zr via the heavy-ion fusion-
evaporation reaction, and identified the 9/2* level at 949
keV. In this work, the level 9/2* at 1.066 MeV has
47.04% of configuration npi)gshvdl, and 36.93% of
configuration gy vds ,.

Besides low-lying levels, Ref. [54] extended the spec-
tra of %Zr to about 4.5 MeV though the coincidence of y
transitions and their relative intensities. The spectrum of
%7r was extended to about 7 MeV via reaction *Si +
176Yb, and the level at 4716.8 keV, which was assigned a
spin-parity of 25/2* for the first time [62]. However, in
the latest article, the energy level at 4716 keV has been

assigned as 25/2", and the parity is determined to be neg-
ative. In calculations(4), the level 25/2 at 4.392 MeV
has 68.67% of configuration npi}gs%vds , hi, ,, with an
difference factor 0.93. In research [60], the energy spec-
trum of **Zr was extended to E ~12.5 MeV with the
spin-parity to I"=(47/27). In calculations, the level
47/2- at 11.632 MeV has 85.05% of configuration
TP3 D1 2855vds ol o, With a difference factor 1.02. The
level 45/2~ at 11.206 MeV has 89.96% of configuration
P31 285 vds o3y, and the difference factor is 0.99.

D. *Zr

The low-spin states of **Zr was investigated through
the B-decay of **Y in Ref.[66, 67]. The 2} state at 1671.4
keV was determined via the (n,n’y) reaction [64]. Peters
et al. [65] remeasured the energy of 1671 keV using the
Doppler-shift  attenuation method (DSAM) and the
(n,n’7y) reaction, which also reported the second 2* state
at1671 keV. As shown in Fig. 5, the ground state 0* has
two primary configurations: 7pi}gshvds;, (35.51%) and
ngy ) vds, (24.67%). The level 2+ at 0.849 MeV has
34.58% of configuration npi7gstvds ,, with a difference
factor 0.92. The 23 state at 1579 keV has a difference
factor 0.94, which has mixed configurations: 16.21% of
TP1 /8o VA3 s S, 13.02% of npitgshvds,,, and 8.97% of
TP h8&shVds nds . The level 47 at 1.592 MeV has 43.86%
of configuration 7pi},gsfvds,, with a difference factor
1.08. The level 4; at 2.251 Mev has 22.42% of
Tpih8&envds Hdy, configuration, with a difference factor
0.96.

For the high-spin states, Ref. [54] observed some data
from 4812 KeV to 7791 KeV via the decay of the com-
pound nucleus '’Pb produced by a **Mg beam at 134.5
MeV. Based on this research,via detecting the prompt y-
rays on the EUROGAM II and EUROBALL arrays, Pan-
telica et al. [62] assigned spins and parities of states (12%)
at 4813.8 keV, (11*) at 5492.9 keV, (12}) at 5806.9 keV,
and (13%) at 6009.51 keV, as well as spin-assigned states
(14), (15) and (16) listed in the top of Fig. 5. In calcula-
tions(5), the first 12* level at 4.549 MeV has a difference
factor 0.942 by comparing datum 4.813 MeV. The 12} at
4.829 MeV reproduce well the datum 4.813 MeV with a
difference factor 1.003, which has 68.78% of
Tpi h&shVd3 shy , configuration. For the datum (14) at
6.374 MeV, the first 14* level at 5.787 MeV has 69.09%
of mpilgs/vdi, hiy,, configuration. The level 147 at
6.131MeV has 45.84% of ngy/)vd:,hi,, configuration,
with a difference factor 0.96. The first 15* level at 5.849
MeV has 69.93% of pi/,g5/,vd3,hi,,, configuration The
level 153 at 7.070 MeV has a difference factor 1.001 by
comparing with datum (15) at 7.058 MeV, which has
85.84% of npi}ygo/svds yhiy pds,, configuration. The first
16" level at 7.125 MeV has 56.71% npi}g5/vdshi,
configuration. The level 16 at 7.619 MeV reproduce
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Fig. 5. (color online) Level spectra of **Zr, data from [54,
62—65]. Label WI/WO is the ratio of with and without cross-
subshell 7g89/2

well the datum 7.795 MeV with a difference factor 0.97,
which has 65.32% of ng;)yvds ,h3, , configuration.

E. Electromagnetic Transitions

Electric quadrupole transitions reflect the degree of
collective nuclear deformation, which is described by the
transition probability B(E2). The transition probabilities
are stringent tests for the wave function of energy levels.
The isomerism was discussed with lifetimes in the south-
eastern vicinity of 2Pb[68].

In Tab. 2, we list the B(E2) values with lifetimes.

The value 3.68 W.u. of B(E2;1/2" — 5/2%) has a dif-
ference factor 0.24 by comparing with datum 15 W.u. of
917r. The value 2.03 W.u. from the second 1/2* level has
a difference factor 0.78 with datum 1.6 W.u. The E2 val-

ues from 7/2* and 9/2* to the ground state reproduce
well the data 7.7 and 4.2 W.u. In %?Zr, the value 2.1 W.u.
of B(E2;2* — 0%) has a difference factor 0.32 by compar-
ing with datum 6.4 W.u. The value 3.79 W.u. from the
second 2* level has a nice difference factor 1.02 with
datum 3.7 W.u.

In *Zr, the value 4.45 W.u. of B(E2;3/2* = 5/2%)
has a difference factor 0.63 by comparing with datum
7(6) W.u. The B(E2) value from second 3/2* to the
ground state 5/2% is 0.73 W.u. For other B(E2) trans-
itions, no more experimentally measured values are avail-
able, and we have theoretically calculated those from sev-
eral low-lying excited states to the ground state. For ex-
ample, the value of B(E2;1/2* — 5/2%) is 1.61 W.u. and
the second 1/2* state to the ground state 5/2* is 3.71
W.u. The value of B(E2;9/2* — 5/2*%) is 1.73 W.u. and
the second 1/2* state to the ground state 5/2* is 4.39
W.u.

In **Zr, the B(E2;2} — 07) was obtained as 4.9(11)
W.u. via the (n, n’) reaction in the Doppler Shift Attenu-
ation Method (DSAM)[69]. As shown in Table 2,the cor-
responding value is 2.57 W.u. with a difference factor
0.52. The B(E2) value from second 2* to the ground state
0* is 3.27 W.u., which has a difference factor 0.83 with
the datum 3.9 W.u. The value 0.55 W.u. from 4* to 2* re-
produces very well the corresponding datum 0.88(23).
Several experimental B(E2) transition probabilities have
been observed to significantly exceed calculations. Not-
able examples include the B(E2;3/2* — 5/2%)=59(6)
W.u. in °'Zr, the B(E2;107 — 87) =31} W.u in *Zr, and
the B(E2;45 —23) =341 W.u. in *Zr. As reported in
Ref. [69], the B(E2) values in **Zr provide direct evid-
ence for a consistent picture of shape coexistence. Fur-
thermore, Ref. [70] reports the large B(E2) value in *?Zr
and proposes, within a phenomenological deformed rotor
model, that the observed nuclear collectivity may origin-
ate from a coexisting deformed structure. The consist-
ently enhanced B(E2) values across these Zr isotopes in-
dicate the nuclear collectivity in this region, while a trun-
cated model space severely limits the ability of the shell
model to describe nuclear collective effects.

IV. SUMMARY

In this work, a suitable interaction is designed for in-
vestigating the level structure of Zr isotopes over N = 50
shell. The interaction is composed by the pairing-plus-
multipole force and monopole correction terms. Three
monopole correction terms are added to modify the single
particle states of '32Sn to suit the low-lying states of *'Zr
close to the N = 50 shell. The present interaction de-
scribes well the level structure of *'~*Zr in both low-ly-
ing and high-spin excitations.

The excited states of *'Zr extend to about 10 MeV
with spin up to J=35/2. By including three monopole
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Table 2. Electric quadrupole transitions [29, 64, 69—71].

Zx Transition(W.u.) 7L Exp. 7 (ps) Th. 7 (ps)
olzy 1/2* - 5/2* E2 15(4) 0.89 3.68 1.86
1/23 - 5/2* E2 1673 0.19 2.03 0.26
7/2 - 5/2* E2 7.7(13) 0.109 4.93 0.13
7/25 - 5/2* E2 11542 0.48+1% 0.09 0.81
3/2t > 5/2* E2 59(6) 0.016 0.68 0.005
3/25 > 5/2* E2 3.32
3/27 - 5/2* E2 0.024 0.01 0.09
9/2+ - 5/2* E2 4.2(6) 0.163 4.28 0.15
(13/2)* = (9/2%) E2 >0.0079 7.73
(13/2)5 - (9/2%) E2 0.87
(17/2)* - (13/2*) E2 >0.19 5.48
(17/2)5 - (13/2%) E2 0.37
27r PAR E2 6.4108[71] 7.21(58) 2.1 1.727
25 >0 E2 3.4(4)[71] 0.138(14) 3.79 0.25
25 >0 E2 <0.005[71] > 1.1 0.19 2.27
25 >0 E2 0.043(7) 0.092(10) 0.36 1.01
25 >0 E2 0.001
4+ 0% E2 4.05(1D)[71] 0.147(4) 1.26 2.15
45 > 2* E2 6.1(8)[71] 0.215(23) 3.1 0.58
4% > 2* E2 0.06
4= -5 E2 <0.3
45 >5” E2 0.07
10* — 8* E2 3173 [70] 2.14
937¢ 3/2t > 5/2* E2 7(6) 2092(7) 445 13870
3/25 - 5/2* E2 0.73
3/23 > 5/2* E2 0.57
3/2; - 5/2* E2 1.78
1/2* —>5/2* E2 1.61
1/25 > 5/2* E2 3.71
1/25 > 5/2* E2 0.002
1/2; - 5/2* E2 0.67
9/2+ - 5/2* E2 1.73
9/25 —»5/2* E2 4.39
9/2; —>5/2* E2 0.09
9/2; —»5/2* E2 0.06
9Zr 2t 5 0* E2 4.9(11)[69] 9.9(21) 2.57 19.7
25 - 0" E2 3.9(3)[69] 3.6870:927 3.27 0.69
25 >0 E2 1.42
25 > 03 E2 19(2)[69] 1.85
25 > 03 E2 0.04(5)[64] 338
25 > 03 E2 0.04

Continued on next page
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Table 2-continued from previous page

zx Transition(W.u.) 7L Exp. 7 (ps) Th. 7 (ps)
03 -2 E2 9.3(4)[69] 1.53
0f -2 E2 0.04
0; -2 E2 223
4 5ot E2 0.88(23)[69] 721(19) 0.55 177
43 - 2% E2 13+4[69] 0.42+92 4.69 0.85
4 -t E2 0.74
43 -2 E2 34+10[60] 3.94
45 -2 E2 1.67

correction terms, the energy ordering and positions of
low-lying levels (e.g., 5/2*, 1/2*, 7/2*, and 11/27) are
significantly improved, bringing them into good agree-
ment with experimental values. The model also satisfact-
orily reproduces other high-spin states (e.g., 29/27,
33/2%, 35/2%). Specifically, the 29/2; state have the dif-
ference factor 0.96, which are coupled by orbits np;),,
Ttp125 T892 and V892 The 33/2+ and 35/2+ states have
the difference factors 0.96 and 0.98, which are coupled
by orbits TIP3, P12, TT89)2 and hll/Z- The excited levels
of 2Zr are well explained up to about 10 MeV with spin
J =19. For examples, the low-lying states 2*, 4* and 6*
reproduce well the corresponding data with difference
factors 0.97, 1.01, and 0.99 respectively, which are
coupled by orbits 7p;,, mge;, and vds,. The high-spin
levels 125 and 18; show the same difference factors 1.04,
which are coupled by the orbits np,, 7go, vds;, and
Vhll/z-

The level spectra of **Zr are reproduced well with ex-
cited energy more than 11 MeV. For example, the low-ly-
ing levels 1/2*, 9/2* and 13/2* have the difference
factors 0.98, 1.12 and 1.04 respectively, which are

coupled by orbits 7pi,,, 7gep, vds;y and vsyp,. The high
levels 43/2=, 45/2°, and 47/2~ have the difference
factors 10.99, 0.99 and 1.02 respectively, which are
coupled by the orbits npi,, ngos, vds,, and vhyy,. The
level spectra of **Zr are investigated up to about 8 MeV
with spin J =16. The low-lying states 2*, 4*, and 6*
have the difference factors 0.92, 1.08 and 0.92 respect-
ively, which are coupled by orbits 7py,,, 7892 and vds,.
The high spin states 14}, 155 and 16; have the differ-
ence factors 0.96, 1.001 and 0.97 respectively, which are
coupled by the orbits 7p, 2, 7802, vds;2, vhii 2 and vds,.

The spectra of °'=°*Zr are investigated in both low-ly-
ing and high-spin excitations, and their wave functions
are further tested by comparing the electromagnetic trans-
itions probabilities with given B(E2) data. The calcula-
tions provide systematic predictions and configuration in-
terpretations for the high-spin states of Zr isotopes. The
well performance in both spectra and transitions probabil-
ities makes the predicting calculations of the present in-
teraction more dependable to be referred in further exper-
imental researches of Zr isotopes.
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