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Abstract: We investigate the physical properties of quark stars within the framework of f(R,L,,,T) gravity. The

quark matter inside these stars is modeled as de-confined quarks and described by a color-flavor-locked equation of

state. Using this equation of state, we numerically solve the modified Tolman-Oppenheimer-Volkoff (TOV) equa-

tion to obtain the mass and radius of quark stars. We analyze key properties of the quark star such as dynamical sta-

bility, compactness, and gravitational redshift. The results show that the modified gravitational theory has a signific-

ant impact on the properties of quark stars and is consistent with the observational data of massive pulsars.
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I. INTRODUCTION

The introduction of general relativity (GR) had a pro-
found impact on the theory of gravity, astrophysics, and
cosmology. Based on FEinstein's field equations and cos-
mological principles, the standard Big Bang model of the
universe was established and subsequently validated by
observations of the cosmic microwave background radi-
ation and Hubble's law. However, in the 1990s, observa-
tions of Type Ia supernovae revealed that the universe
was expanding at an accelerated rate, which challenged
the original model [1, 2]. To explain this phenomenon,
the standard model introduced dark energy, a hypothetic-
al substance with negative pressure. Alternatively, some
researchers proposed that the accelerated expansion of the
universe may be explained by modifying gravitational
theories without introducing new components of matter.
As a result, many modified gravitational theories were
proposed, such as the scalar-tensor theory [3, 4], Horava-
Lifshitz theory [5, 6], Eddington-inspired Born-Infeld
theory [7, 8], and dRGT massive theory [9, 10], which
provide different theoretical paths for the accelerated ex-
pansion of the universe.

One of the simplest modified theories of gravity is
f(R) gravity [11-15], which is achieved by replacing the
Ricci scalar R in gravitational action with an arbitrary
function f(R). Building upon this foundation, Harko et al.
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proposed two extensions: f(R,L,) gravity [16, 17] and
fR,T) gravity [18, 19]. More recently, Haghani and
Harko proposed a broader theoretical framework known
as the f(R,L,.,T) theory of gravity [20], which incorpor-
ates both the matter Lagrangian density L, and trace of
the energy-momentum tensor 7 into the gravitational ac-
tion. These modified theories of gravity have been widely
applied to the study of compact stars, offering new in-
sights into stellar collapse and stability problems. For ex-
ample, the perturbative modeling of f(R) gravity has
been applied to the study of neutron stars [21]. Further-
more, higher-order f(R) gravity can also solve problems
associated with supermassive neutron stars [22]. Aman et
al. analyzed neutron stars within the framework of
f(R,G,L,) gravity [23]. Neutron stars and wormholes
were investigated in f(R,L,,) gravity [24, 25] and f(R,T)
gravity [26, 27]. Moreover, in the f(R,L,,T) theory of
gravity, researchers explored wormholes [28—31] and
neutron stars [32].

In the latest experimental observations, the mass lim-
its of massive pulsars impose stringent constraints on the
equations of state of compact stars. For example, PSR
J1614-2230, which was observed in 2010 [33], has a
mass of approximately 2.0 solar masses, challenging
many traditional nuclear equation of state models. The
LIGO/Virgo Collaboration measured the secondary ob-
ject in the gravitational wave event GW190814, which
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has a mass between 2.5 and 2.67 solar masses [34], lying
in the so-called mass gap region between the heaviest
known neutron stars and lightest black holes. The specif-
ic nature of these stars remains unclear, further stimulat-
ing interest in the study of strange stars. The interior of
neutron stars may be composed of more tightly bound
nucleons, or even stable strange quark matter. Quark
stars, theoretically composed of strange quark matter,
may also exist [35—38]. The quark matter in strange
quark stars is electrically neutral, composed of S -equilib-
rium u, d, and s quarks as well as electrons and muons
[39—41]. The MIT bag model is a simple and effective
method to describe strange quark matter, where quarks
are assumed to move freely within a spherical region.
Based on the equation of state of this model, Maurya et
al. modeled compact objects using the gravitational de-
coupling method [42—44]. Many researchers explored the
structure and stability of strange quark stars in the frame-
work of GR [45—48] and modified gravitational theories
[49—-64].

Conversely, color-flavor locked (CFL) quark matter is
considered the most symmetric ground state [65, 66] and
is likely to exist in hybrid stars or quark stars [67]. If CFL
quark matter is considered in compact stars, the number
densities of the u, d, and s quarks will be equal, and no
leptons will be contained in the CFL state. CFL quark
matter may be more stable than strange quark matter [68].
Recent studies suggest that CFL quark matter can ex-
plain the secondary companion of the GW190814 event
and observations such as HESS J1731-347 [69—72]. Bora
et al. studied CFL quark stars and their gravitational
wave echoes in Rastall gravity [73]. Moreover, the prop-
erties of CFL quark stars in the modified gravitational
theory were explored in Refs. [74—81] using observa-
tions of massive pulsars. In this study, we investigate the
properties of CFL quark stars within the framework of
fR,L,,T) gravity, based on observational constraints
from massive pulsars PSR J0740-6620, PSR J0952-0607,
and PSR J1614-2230 as well as the GW 190814 event.

This study focuses on the properties of CFL quark
stars within the framework of f(R,L,,T) gravity, a the-
ory that formally unifies and extends the f(R,T) and
f(R,L,) models. We adopt the specific form f(R,L,.,T) =
R+aTL, to investigate the effect of the free parameter a
on the masses and radii of quark stars. Furthermore, we
fit several observed compact stars and present radius pre-
dictions under different parameter conditions to assess the
explanatory power of this theory with respect to astro-
nomical observations.

The structure of the paper is as follows: we begin
with a brief overview of f(R,L,,T) gravity and the modi-
fied TOV equation. Sec. III introduces the equation of
state for the CFL phase of quark matter. In Sec. IV, we
employ numerical methods to investigate the structure of
quark stars in f(R,L,,T) gravity, focusing on the impact

of free parameters on key properties such as the mass-ra-
dius relation, compactness, gravitational redshift, and dy-
namical stability. Finally, conclusions are given in Sec. V.

II. FIELD EQUATIONS

The action of the f(R,L,,T) theory of gravity is writ-
ten as [20]

S = % / f(R,L,,T)—gd*x+ / L, v—gdx. (1)

By varying the action S with respect to the metric g, we
obtain

oT
68 = — [ d*xv=g { SR (
lon X V=8| frOR+ fTégW
oL 1
m = _ uv
+fL5gW 2gllVf 87rTyv>6g }’ (2)

where we defined fz =0f/0R, f.=0f/0L,, and f;=
df /0T . The variation of the Ricci scalar is derived from
the Palatini identity for the Ricci scalar, namely

OR =R, 08" -V, V068" +g,V, Vg, 3)

where V, is the covariant derivative and R, is the Ricci
tensor. The field equation is written as

1
fRR,uv + (g,uvl:l - V,uvv)fR - 5 |:f(R7 Ltm T) - (fL + sz)Lm] g,uv

1
= [87+ S (L4200 T+ fiTine
4)

where 7, is defined as

&L
— N, m
Tuy =28 0ghdg (5)

Let us begin by applying the covariant derivative of
Eq. (4):

1
R,qu#fR - Ev/tf(R’ le T) + fRV/IR/lV
1
= [SN + E(fL + 2f7)} VAT, +(0OV, =V,0)fr

-V, {Lm<%fL+fT>} +Tyvvﬂ<%fL+fT) + V" fr T (6)

Using the geometric identity V*G,, = 0 and mathematical
property (OV, —V,0)fk = R,, V" fz, we obtain the equation
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for the covariant derivative of the energy-momentum
tensor as:

1
V#Tﬂv = m [Vv(mem) + fLVVLm)
1
~ BT =TV otV rt] (D)
where we define
1
Sn=Jr+ Efb (®)

To study the structure of quark stars in the above
modified gravitational theory, the following form of an
arbitrary function is considered:

JR,L,,T)=R+aL,T, ©

in which a is the matter geometry coupling constant. Eq.
(4) is rewritten as

1 07
R = 38R = LTy = L) + 87+ ST+ 2L,)| T,
(10)

III. MODIFIED TOV EQUATIONS

Until 1939, Einstein's field equations only had two
analytical solutions: one was FEinstein's cosmological
solution, and the other was Schwarzschild's internal solu-
tion for an incompressible fluid sphere. Tolman was the
first to propose a new analytical solution to Einstein's
field equations: the static solution of the fluid sphere. Op-
penheimer and Volkoff immediately applied this solution
to the calculations of the structure of neutron stars, which
led to the development of the static equilibrium equa-
tions for fluids, known as the TOV equations. In the fol-
lowing, we present the modified TOV equations within
the framework of f(R,L,,,T) gravity.

For a static sphere with a symmetrical distribution of
matter, we use the following line element:

ds? = —0de + e 0dr? + 12(d6? + sin?), 1)

where v and A are radial functions. The energy-mo-
mentum tensor can be expressed as

Tyv = (p+l7)“puv+l78w, (12)

where p and p denote the energy density and pressure of

the fluid, respectively, and u, is the quadratic velocity.
Therefore, we obtain

T, = diag(-p, p, p, p),
T=3p-p. (13)

The matter Lagrangian density typically has two pos-
sible forms, namely L, = —p and L,, = p. Different forms
of the Lagrangian density not only simplify the expres-
sion of the field equations but also influence the internal
structural properties of compact objects (for more discus-
sion on this topic, see Ref. [82]). In this study, we choose
a matter Lagrangian density of L, = —p and combine it
with Eq. (13), thereby simplifying the field equation Eq.
(10) to

1 3a
Ry — ig”VR = [87r+ 7(p—p)} T#V—angyv. (14)

By using the field equation Eq. (14) and spherical sym-
metry metric Eq. (11), the nonzero component of the field
equation can be calculated with the following expression

’

A 1 1
e—l(f—f>+—=8ﬂp+g(3p—/0).0, (135)
r 2 ) 2

1 3
e-4<f+f)—— =87rp—a/p2+£(l7—/0)l7’ (16)
72 72 2

e {v' -2 . )P -va o
— v
2 r 2

3a
=8xp+=-(p—plp-ap’. (17)
Here, the prime symbol represents the derivative with re-

spect to r. Taking the covariant divergence of Eq. (7), we
obtain

al4pp +3pp —p)]
167+ 3a(p—p)

PtSotp)= (18)

Similarly to the form of GR, the metric function A(r)

is defined as

2m(r)
T

e =1

(19)

Subsequently, combining Egs. (15)—(17), Eq. (18), and
Eq. (19), we ultimately conclude that [32]
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2

d
= anrp+ T Bp-pp, (20)
dr 4

dp __(p+p)

dr r?

[47rr3p +m+3ar’(p-p)p/4— ar3p2/2]
: (122 (1 S doldn)—dpidpiapy
.

167+ 3a(p—p)
To recover the standard TOV equation in GR from Eq.
(21), all that is required is that o = 0.

21)

IV. EQUATION OF STATE

In quark matter, the three quark flavors are con-
sidered equivalent when the density is sufficiently high
and the breaking effect of the strange quark mass is negli-
gible. At this point, all three colors and flavors are fully
paired. The three flavor quarks form conventional zero-
momentum, spinless Cooper pairs, and quark condensa-
tion is not invariant under either color or flavor trans-
formations alone. However, it is invariant under simultan-
eous color and flavor transformations. Therefore, the con-
densation locks the color and flavor degrees of freedom
together, and the Fermi momenta of all the flavors be-
come the same value, which corresponds to the CFL
phase. CFL phase quark matter reduces the free energy of
quark matter by adding an energy gap term to free-state
quark matter. The thermodynamic potential of this form
can be expressed as [83]

3A2 2
Qcp = —72'11 + Qfree + B, (22)
b8

where A is the energy gap, and B is the bag pressure. Qg
denotes the free energy of non-interacting quarks, which
is expressed as follows

6 [ 3 [
eree=;/0 (p—ﬂ)pzdp+;/0 (V/p?+m2—p)pdp,

(23)

where u represents the baryon chemical potential, which
is expressed as u = (u, +uqg+u,)/3, and m, denotes the
mass of the strange quark. All quarks share the same
Fermi momentum v, and all participate in the pairing.
Therefore, they have the same quark number density »
(=n, =ny =ny). vand n are given by

2
v=2p- u2+%, (24)

V3 +2A
—.

(25)

n=n,=ng=ng=
T

The pressure and energy density of the CFL quark matter
phase can be expressed as

p=>vini+Qcp. =3un—p, and p=-Qcp. (26)

The equation of state can now be expressed as:

9o ?
2’

4
W=—c+\/o2+ §7r2(p— B), (28)

where o is defined as

p=3p+4B— 27

A?——m?. (29)

V. NUMERICAL RESULTS

The TOV equation (21) and mass function equation
(20) are highly nonlinear and difficult to solve analytic-
ally; therefore, we use numerical integration to solve
them. These two equations involve three unknown quant-
ities: m(r), p(r), and p(r), Therefore, we introduce the
formula that describes the relationship between pressure
and density inside the star, i.e., the equation of state of
CFL quark matter. Given that these are first-order differ-
ential equations, two boundary conditions must be spe-
cified, namely M(0)=0 and p(0)=p., where p. is the
central energy density. The integration process ends at the
surface of the star (p(R) = 0), where R is the radius of the
quark star, and the corresponding mass M(R) represents
the total mass of the star. To facilitate the solution, we
convert the units in the equation of state, mass function
equation, and TOV equation. In this formulation, the
gravitational parameter a has units of x, where u= 1078
st/kg?.

To examine the feasibility of the quark star model, we
show the variation of the energy density and pressure in-
side the quark star for different gravitational parameters o
in Fig. 1. The results show that both the pressure and cen-
ter density are nonsingular. We also observe that the radi-
us of the star decreases gradually with increasing a.

A. Mass-radius relations

The structure of quark stars is unique compared to
other compact objects such as white dwarfs and neutron
stars. Figs. 2—5 illustrate the mass-energy density and
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Fig. 1. (color online) Variation of the pressure p(r) (left panel) and energy density versus radius » with the following set of paramet-
ers: B=70 MeV/fm®, A =100 MeV, m, = 100 MeV, and p, = 510 MeV/fm®.
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Fig. 2. (color online) Mass-radius curves (left panel) and mass-central density curves (right panel) for different values of a, with the

parameters set as B =70 MeV/fm®, A = 100 MeV, and m, = 100 MeV.
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Fig. 3. (color online) Mass-radius curves (left panel) and mass-central density curves (right panel) for different values of A, with the

parameters set as B =70 MeV/fm?®, and m, = 100 MeV.

mass-radius relations for quark stars under the f(R,L,,,T)
gravity model. These figures also show the mass con-
straints of massive compact objects based on recent ex-
perimental observations. The red region, with a mass of
M =1.97+0.04 M, represents the mass range constraint
from PSR J1614-2230 [33]. The orange region, with a

mass range of M =2.08+0.07 M,, corresponds to da-
ta from PSR J0740+6620 [84]. The green region, with
M =235+0.17 M, is based on data from PSR J0952-
0607 [85]. The yellow region represents the mass range
of the companion object in the gravitational wave event
GW190814, with a mass range of 2.50—-2.67 M, [34]. In
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parameters set as A = 100 MeV and m, = 100 MeV.

Fig. 2, the mass-radius curves of quark stars are shown on
the left for different values of the gravitational parameter
a, with the parameters set as B =70 MeV/fm®, m, = 100
MeV, and A =100 MeV. The solid blue curve denotes the
result from GR, whereas the other curves correspond to
the case of the f(R,L,,T) gravity model; the relevant data
are given in Table 1. Compared to neutron stars [32], the
structure of CFL quark stars is more sensitive to changes
in parameter o; even small variations in a can lead to sig-
nificant changes in the mass and radius of a quark star. In
the GR case, the quark star has a maximum mass of
M =2.09 M, and radius of R=11.05 km, and the mass-
radius curve coincides with the data region of the pulsar
PSR J0740+6620, which provides a theoretical explana-
tion for the observations. As the value of a increases,
both the maximum mass and its corresponding radius de-
crease. When o = 0.1y, a two solar mass compact star
cannot be predicted. However, when o = —0.1u, the quark
star reaches a maximum mass of 2.27 M, with a corres-
ponding radius of 11.19 km, which reasonably explains
the observations of the pulsar PSR J0952-0607. In addi-
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(color online) Mass-radius curves (left panel) and mass-central density curves (right panel) for different values of B, with the

tion, the predicted radii corresponding to the observed
masses of the four strange star candidates are presented in
Table 2.

Next, we investigate the effect of A on the structure of
a quark star. In Fig. 3, we analyze the M —R and M —p,
relations of quark stars as A varies. The dashed and solid
lines correspond to the cases of @ =-0.1x and a=0.14,
respectively, and the other parameters are set to B = 70
MeV/fm® and m, = 100 MeV. Table 2 shows some quant-
ities related to the properties of quark stars. As A in-
creases from 60 MeV to 120 MeV, the maximum mass
increases gradually. This is because the decrease in A
leads to a softening of the equation of state, which re-
duces the ability of the star to support its own gravity. For
the case @ = 0.1y, the maximum mass ranges from 1.54 to
2.34 M,. Remarkably, when a=-0.1x and A = 120
MeV, the maximum mass increases to 2.65 M, which
corresponds to a radius of 12.85 km. At this point, the
mass-radius curve passes exactly through the contour of
GW190814. Therefore, we can infer from the figure that
a stiffer equation of state is able to fit the observations of
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Table 1. Properties of quark stars in f(R,L,,T) gravity corresponding to various selected values of a. Here, B =70 MeV/fm®, A =100
MeV, and m; = 100 MeV.
) Mimax (Mo) R (km) o Zourt PSR J1614-2230 PSR J0740-6620 PSR J0952-0607 GW190184
0.02 0.00

-0.10 227 11.19 0.57 0.53 11.69+0:92 11.72+5:99 - -

-0.05 2.19 11.10 0.55 0.50 11.63709) 11.60*99%% - -
0.02 0.24

0.00 2.09 11.05 0.53 0.46 11.50%0:92 11.22+0:24 - -

0.05 1.97 11.00 0.50 0.42 11.00%9:28 - - -

0.10 1.82 10.96 0.47 0.37 - - - -
Table 2. Properties of quark stars in f(R,L,,T) gravity corresponding to various selected values of A. Here, B=70 MeV/fm® and
mg =100 MeV.
aw) A MeV) Mpax (Mo) R (km) o Zat ~ PSRJ1614-2230 PSR J0740-6620 PSR J0952-0607 GW190184

0.03 0.49
60 2.08 10.20 0.57 0.53 10.75%0:93 10.20%0:40 - -
-0.1 90 2.21 10.86 0.57 053 10.45+001 10.44+0.90 10.86-11.25 -
0.05 . 0.12
120 2.41 11.81 057 053 10.22%0:93 12.313004 12.23%0.12 -
150 2.65 12.85 0.58 054 12.97+0:93 13.117908 13.3670.92 12.85-13.37
60 1.54 9.91 0.44 0.33 - - - -
0.1 90 1.74 10.65 0.46 0.36 - - - -
120 2.01 11.61 048 039 10.85*994 10.61 - -
150 2.34 12.72 0.52 0.44 12.90+004 13.00+004 12.75-13.05 -

—0.05 -0.06

GW190814 after the A exceeds 120 MeV. We then in-
vestigate the impact of m, on the structure of quark stars.
Fig. 4 presents the results for a varying within the range
[-0.8,1.0], while other parameters are held constant at A
=100 MeV and B =70 MeV/fm®. The figure shows that
as m, increases from 100 to 150 MeV, the equation of
state softens, leading to a slight decrease in the maxim-
um mass of the quark star. For the case of o =0.14, the
maximum mass of the quark star is 1.89 M, which is in-
consistent with observations of massive pulsars. When
a = —0.1u, the maximum mass ranges from 2.18 to 2.32
M, with the corresponding radius ranging from 9.82 to
12.21 km, as shown in Table 3.

Finally, on the left side of Fig. 5, we investigate the
effect of B, which varies in the range of 60 —90 MeV/fm®,
on the mass-radius relation of quark stars. The other para-
meters are set as m, = 150 MeV and A = 100 MeV. The
results show that as the value of B decreases, both the
maximum mass and radius of the quark star increase sig-
nificantly. For the case of a =0.1x, the maximum mass
ranges from 1.49 to 2.04 M, with the corresponding ra-
dius ranging from 9.48 to 11.96, as shown in Table 4.
When o =-0.1u, the mass-radius curve passes exactly
through the contour lines of the data, except for those of
GW190814. The shaded regions in Figs. 2—5 represent
the mass-radius constraints from the gravitational wave
event GW170817, indicating that the compact star mod-
els generated by the above parameters all satisfy these
constraints. Furthermore, Fig. 6 shows contour plots of

the maximum mass and corresponding radius across the
entire range of parameter values, with the 2.00 M, con-
tour explicitly marked. Parameter combinations above
this contour are compatible with both the observed
massive pulsars and mass-radius constraints inferred from
gravitational wave event GW170817.

Additionally, the right side of Figs. 2—5 illustrates a
plot of mass versus the central energy density, which is
numerically calculated in the range 400 <p. < 1500
MeV/fm®. Based on the Harrison-Zeldovich-Novikov cri-
terion [86], the point on each curve that satisfies
dM/dp. = 0 is considered to be the critical point at which
the star moves from a stable to an unstable state. As seen
in Fig. 4, the mass of the star increases as the central en-
ergy density increases in this range. However, when the
central energy density increases to a certain point, the
mass of the star begins to decrease. Therefore, there ex-
ists a maximum mass value beyond which the star be-
comes unstable.

B. Gravitational redshift and the compactness

Compact objects such as neutron stars, quark stars,
and black holes possess extremely strong gravitational
fields on their surfaces. When observed from a distant
point, the spectral lines emitted by radiation sources with-
in the strong gravitational field appear redshifted, which
is known as gravitational redshift. By measuring the grav-
itational redshift of compact objects, key physical para-
meters such as the mass and radius of the stars can be in-
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Table 3. Properties of quark stars in f(R,L,,T) gravity corresponding to various selected values of m,. Here, B =70 MeV/fm® and
A =100 MeV.
a)  my(MeV)  Mpy (Ms) R (km) o Zgut  PSRI1614-2230  PSRJ0740-6620  PSRJ0952-0607 ~ GW190184
60 2.32 11.38 0.57  0.53 11.90+903 11.967300 11.38-11.94 -
0.1 90 2.28 11.25 057 053 11.76%0:93 11.80%0:99 11.25-11.76 -
120 2.23 11.07 0.56 052 11.56790) 11.57+300 11.07-11.45 -
150 2.18 10.84 0.56 052 11.28%0:99 11.22¥0.9 10.84 -
60 1.89 1120 047 037 - - - -
0.1 90 1.84 1103 046 037 - - - -
120 1.77 1079 046 036 - - - -
150 1.68 1045 045 035 - - - -

Table 4. Properties of quark stars in f(R,L,,T) gravity corresponding to various selected values of B. Here, A=100 MeV and
ms =100 MeV.
a()  BMeV/fi')  Muyu (M) R (km) - Zat  PSRJ1614-2230 PSR J0740-6620 PSR J0952-0607  GW190184
60 245 1201 057 0.54 12.5870:04 12.68+0:0¢ 12,6709 -
-0.1 70 2.27 1.19 057  0.53 11.69+902 11,7240 - -
80 2.13 1052 056 052 10.93+909 10.80%01 - -
90 2.01 9.97 0.56  0.52 10.12%0:11 9.78 - -
60 2.04 1196 048 039 12.23+502 11.96-12.17 - -
0.1 70 1.82 10.96 047 037 - - - -
80 1.64 10.14 046 035 - - - -
90 1.49 9.48 044 034 - - - -

directly inferred. These parameters are crucial for under-
standing the internal structures of the objects. The gravit-
ational redshift at the surface of a star is typically de-
noted by Z,+, and its expression is given by:

(30)

where ¢ denotes the compactness of quark stars. The sur-
face gravitational redshift corresponding to the maxim-
um mass quark star is given in the last column of Table 1.
The gravitational redshift is 0.46 under GR and 0.37 and
0.53 when o assumes values of 0.1x and -0.1u, respect-
ively. This result indicates that an increase in o leads to a
decrease in the gravitational redshift. The influence of
equation of state parameters on the gravitational redshift
was also studied, with results presented in Tables 2—4.
This study shows that the gravitational redshift decreases
with increasing m, and B, while an increase in A results
in an increase in the gravitational redshift. Moreover, the
results shown in these tables also provide values for the
compactness, and we observe that the compactness and
gravitational redshift follow the same trend as the model
parameters change. Moreover, the effect of @ on the grav-
itational redshift and compactness is significantly stron-

ger than that of the equation of state parameters. There-
fore, precise measurements of these two quantities are ex-
pected to effectively break the degeneracy between the
gravitational parameter and equation of state parameters.

C. Sound speed and causality

We examine the stability of stellar configurations by
calculating the sound speed, defined as V> =dp/dp. The
causality condition requires that the sound speed remain
below the speed of light, i.e., V> < 1. As shown in Fig. 7,
the speeds lie within the acceptable range and vary
smoothly across different parameter values. This indic-
ates that the models satisfy the causality condition.

D. Dynamical stability

In the quark star model, studying the adiabatic index
is an important method for analyzing the stability of the
system. Chandrasekhar was the first to use the variation-
al method to propose a theory for describing the dynamic-
al stability of relativistic star systems under infinitesimal
radial adiabatic disturbances. For adiabatic perturbations,
the relationship between the adiabatic index and speed of
sound is crucial, and is defined as:
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Based on the study by Heintzmann and Hillebrandt
[87], due to relativistic effects, the instability of the sys-
tem leads to a critical adiabatic index I higher than the
Newtonian value I' =4/3. The behavior of the adiabatic
index as a function of the radius is discussed. As shown
in Fig. 8, the adiabatic index satisfies I' > 4/3 for differ-
ent parameter values. This indicates that the model con-
structed under the f(R,L,,T) gravity framework is stable
against radial adiabatic infinitesimal perturbations.

A (MeV)

MeV)

E"’ 100

m_=100MeV,B=70MeV/fm>

150

-0.05 0
a ()

A=100MeV,B=70MeV/im®

0.05 0.1

80

70

60
-0.1

-0.05 0
a (k)
A=100MeV,ms=1OOMeV

0.05 0.1

1

10

95
-0.1

-0.05 0
a (p)

0.05 0.1

(color online) Contour plots of the maximum mass (left panel) and corresponding radius (right panel).

VI. CONCLUSIONS

In this study, we systematically investigate the struc-
tural properties of CFL quark stars under f(R,L,,,T) grav-
ity, utilizing observational data of massive pulsars. We
first investigate the impact of the gravitational parameter
o on the mass-radius relation of quark stars. The results
indicate that, within the f(R,L,,T) gravity model, both
the maximum mass and corresponding radius of the quark
star are highly sensitive to variations in a. Specifically,
the maximum mass decreases as a increases, and the
mass-radius curve aligns well with observational data
from massive pulsars and gravitational wave events. For
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example, when B=70 MeV/fm®, m, =100 MeV, and
A =100 MeV, the maximum mass reaches 2.27 M, as a
decreases to -0.1 . We further explore the effect of the
equation of state parameters on the mass-radius relation.
An increase in A stiffens the equation of state, leading to
an increase in the maximum mass of the quark star,
whereas an increase in m, produces the opposite effect.
The bag constant B also influences the mass-radius rela-
tion, with both the maximum mass and radius increasing
as B decreases.

In addition, we analyzed the compactness and gravita-

tional redshift of quark stars. The results show that both
the compactness and gravitational redshift decrease as the
parameter o increases, and they also change with vari-
ations in the equation of state parameters. Finally, we fur-
ther examined the adiabatic index I', which is used to as-
sess the stability of the quark star model. The study
shows that under the f(R,L,,T) gravity model, the adia-
batic index is always greater than the Newtonian value,
indicating that the model is stable against radial adiabatic
perturbations.
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