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Abstract: We investigate the propagating modes of New General Relativity (NGR) in second-order linear perturba-
tions in the Lagrangian density (first-order in field equations). Dirac-Bergmann analysis reveals a violation of local
Lorentz invariance in NGR. We review the recent status of NGR, considering the results of its Dirac-Bergmann ana-
lysis. We then reconsider the vierbein perturbation framework and identify the origin of each perturbation field in the
vierbein field components. This identification is necessary to adequately fix gauges while guaranteeing consistency
with  the  invariance  ensured  by the  Dirac-Bergmann analysis.  We find  that  the  spatially  flat  gauge is  adequate  for
analyzing  a  theory  with  the  violation  of  local  Lorentz  invariance.  Based  on  the  established  vierbein  perturbative
framework, introducing a real scalar field as matter, we perform a second-order perturbative analysis of NGR with
respect to tensor, scalar, pseudo-scalar, vector, and pseudo-vector modes. We reveal the possible propagating modes
of each type of NGR. In particular, we find that Type 3 has five stable propagating modes, i.e.,  tensor, scalar, and
vector  modes,  compared to five non-linear  degrees of  freedom, which results  in  its  Dirac-Bergmann analysis.  The
linear perturbation theory of  Type 3 is  preferable for  applications to cosmology.  Finally,  we discuss our results  in
comparison to those of previous related work and conclude this paper.
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I.  INTRODUCTION

New  General  Relativity  (NGR)  is  an  extension  of
Teleparallel  Equivalent  to  General  Relativity  (TEGR)
with  three  free  parameters,  in  which  torsion  plays  the
primary  role  in  describing  gravity  in  a  parity-preserving
manner  [1, 2].  NGR provides  richer  degrees  of  freedom
(DOF)  compared  to  TEGR  [3],  and  this  abundance  has
the  potential  to  elucidate  issues  in  cosmology  such  as
dark energy [4−6], dark matter [6−8], and tensions in cos-
mological  parameters [9−13].  One can check the present
status  of  the  tensions  in  Ref.  [14].  To  investigate  these
phenomenological  issues,  it  is  essential  to  clarify  the
nature of DOFs in NGR from the viewpoint of cosmolo-
gical perturbations  based  on  a  constraint  system.  Re-
cently, one  of  the  authors  revealed  the  constraint  struc-
ture  and  counted  the  DOFs  of  NGR  [15, 16].  However,

while  propagating  modes  around  Minkowski  spacetime
have  been  well  investigated  in  previous  works  [17−21],
cosmological  perturbations  of  NGR  have  not  yet  been
sufficiently clarified [22].

f (R)

Cosmological  perturbations  for  NGR  are  special  in
the  sense  that  NGR no longer  satisfies  the  local  Lorentz
Invariance (LI) [15, 16]. In turn, this violation of local LI
can produce new propagating modes that do not appear in
conventional theories, such as GR and  gravity. Des-
pite this,  the  standard  perturbation  theory  typically  in-
cludes only metric components [23], which correspond to
the symmetric part of (co-)vierbein field components. To
properly account for these additional propagating modes,
it  becomes  necessary  to  incorporate  the  anti-symmetric
part of the (co-)vierbein field into the perturbative frame-
work, where the local Lorentz transformation operates.

f (T )Historically, -gravity  has  encountered  the  same
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issues as NGR. The first result on Dirac-Bergmann (DB)
analysis  [24−30]  appeared  in  Ref.  [31]. In  this  pioneer-
ing work, the authors implied the violation of local LI by
stating that the first-class constraints corresponding to the
local  LI  become  second-class constraints.  A  closed  al-
gebra  of  first-class  constraints  in  the  Poisson  bracket
forms a gauge symmetry [32−37]. Thus, the result means
that the LI is lost, at least as a local invariance. In this re-
gard, also see Refs. [31, 38−43] for details. On the other
hand, a vierbein perturbation theory has been established
[44−47].  The  authors  of  Refs.  [44−46]  incorporated  the
anti-symmetric part of vierbein components into the per-
turbations, thereby enabling us to consider a perturbation
theory with the violation of local LI. The authors of Ref.
[47] completed  the  perturbative  framework  by  consider-
ing the inclusion of the pseudo-vector mode.

Recently,  cosmological  perturbation  on  NGR  was
performed using conformal transformations based on the
results  on  Minkowski  background  spacetime  [19, 22],
where a  conformal  Newtonian  gauge  is  imposed  to  in-
vestigate  the  propagation  of  each  perturbative  mode.
However,  there  are  still  concerns  in  this  analysis  for  the
following  reasons:  1)  The  conventional  perturbative
framework  is  applied  [48], suggesting  that  the  relation-
ship  between  each  perturbative  variable  and  vierbein
component  remains  unclear.  In  particular,  in  Ref.  [48],
the perturbations  are  introduced  without  explicit  deriva-
tions,  suggesting  that  we  should  identify  each  origin  of
the  perturbation  field.  2)  The  perturbative  framework  in
this  work  does  not  take  into  account  pioneering  works
[44−47],  particularly  Ref.  [47].  The  consistency  with
Refs. [19, 22, 48] should be investigated. 3) Refs. [19, 22,
48]  do  not  reflect  the  result  of  the  DB analysis  in  NGR
[15, 16], meaning that there may remain a doubt that the
gauge  fixing  is  not  appropriate;  if  this  is  the  case,  the
propagating  modes  accounted  for  in  this  work  could  be
insufficient.  4)  The  metric  and  torsion  perturbations  are
calculated  at  first-order levels,  implying  that  considera-
tion of  higher-order  contributions in these variables may
raise additional propagating modes.

To address these issues, we analyze the cosmological
perturbation  and  reveal  possible  propagating  modes  in
NGR. We  perform  perturbative  expansion  of  the  Lag-
rangian density of NGR up to the second order around the
flat  Friedmann-Lemaître-Robertson-Walker  (FLRW)
spacetime. We introduce a scalar field as a matter field to
realize  the  flat  FLRW  background;  otherwise,  the  scale
factor  is  constant,  and  our  analysis  is  always  reduced  to
existing  analysis  [19, 21]  in  the  Minkowski  background
up to the scaling of the spatial coordinates. We investig-
ate the propagation of perturbation modes and discuss the

number  of  propagating  modes  according  to  the  known
classification of  the  three  parameters  in  NGR.  We  sum-
marize our results on the number of propagating modes in
Table 2.

The  remainder  of  this  paper  is  organized  as  follows.
In  Sec.  II,  we  review  NGR  in  terms  of  DB  analysis.  In
Sec. III, we reconstruct cosmological perturbations to cla-
rify the origin of each perturbation in vierbein field com-
ponents. In Sec. IV, we derive the background equations
of  NGR,  incorporating  a  real  scalar  field  as  matter.  In
Sec.  V,  we  investigate  the  propagating  modes  of  tensor,
(pseudo-)scalar,  and (pseudo-)vector  modes  in  each type
of NGR. Finally, in Sec. VI, we summarize and conclude
this paper.

c4/16πG =
1
α,β ,γ , · · · ,µ ,ν ,ρ , · · ·

A ,B ,C , · · · , I , J ,K , · · ·

a ,b ,c , · · · i , j ,k , · · ·
◦
∇

∇

Throughout this  paper,  we use the unit  of 
.  We  denote  spacetime  indices  by  Greek  letters,

;  internal-space  indices  by  capital
Latin  letters, ;  and  internal-space
spatial indices and spacetime spatial indices by small Lat-
in  letters,  and , respectively.  We  ex-
press  the  covariant  derivative  with  respect  to  the  Levi-
Civita connection as  and distinguish it from the covari-
ant  derivative  with  respect  to  an affine  connection as .
For  all  calculations  in  this  work,  we  utilized  Cadabra
[49], a free and excellent calculator. 

II.  NEW GENERAL RELATIVITY
 

A.    Fundamental Ingredients
NGR  consists  of  a  (co-)vierbein field  and  a  connec-

tion  1-form  in  the  internal-space  formulation.  In  this
work, we consider NGR based on the Weitzenböck gauge
in four-dimensional spacetime. This gauge restricts an af-
fine  connection  to  the  Weitzenböck  connection  given  as
follows:1) 

w
Γρµν = eI

ρ ∂µ eI
ν , (1)

eI
µ eI

µ

eI
µeI

ν = δ
µ
ν eI

µeJ
µ = δ

J
I

where  and  are  the  vierbein  and  co-vierbein  field
(components), respectively. Here, these quantities are re-
lated  by ,  or  equivalently, .  Thus,
NGR requires  only the (co-)vierbein to formulate  it.  Us-
ing this connection, the torsion tensor turns out to be 

w
T ρ

µν = 2
w
Γ
ρ
[µν] = eI

ρ
(
∂µeI

ν−∂νeI
µ

)
. (2)

Apparently,  Eq.  (1)  does  not  satisfy  the  local  LI.  The
same statement holds for Eq. (2). These properties are an
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1) We note that in TEGR, the absence of spin connection gives rise to a boundary term when we perform a local Lorentz transformation on the action integral. This
means that TEGR satisfies the local LI.
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implication  of  the  violation  in  NGR.1) In  detail,  see  Sec.
II-A in Ref. [15] and the original work Ref. [50].

S O(1 ,3)

To verify this violation in NGR, there are two meth-
ods: 1)  Derive  the  field  equation  with  respect  to  the  tet-
rad  field  components  and  check  the  anti-symmetric  part
of the equation. If the anti-symmetric part of the equation
identically  holds,  the theory satisfies  the local  LI.  If  this
is not the case, extra DOFs would arise up to six; 2) Per-
form  the  DB  analysis  [24−30]  and  check  the  Poisson
Bracket algebra  (PB  algebra)  of  constraints  in  the  vier-
bein  sector.  If  the  algebra  shows  the  Lie  algebra  of

, the given theory satisfies the local LI. If this is
not the case, the theory violates the invariance and gives
rise to extra DOFs up to six.2)

= ( − 2×#
− # )/2

#

#

Constraint systems are classified into two types: regu-
lar and irregular systems [27, 29, 30, 51]. For regular sys-
tems, based on the DB analysis, we can calculate the non-
linear  DOFs  by  the  following  formula: nonlinear  DOFs

phase  space  dimension   of  first-class con-
straint(s)   of second-class constraints ,  where the
symbol  denotes “number.” Here, the regularity of a sys-
tem  is  defined  by  the  first-order variation  of  every  con-
straint being  expressed  by  a  linear  combination  of  con-
straints existing  in  the  theory.  In  the  Hamiltonian  con-
straint formulation, a closed PB algebra of first-class con-
straints  provides  a  gauge  symmetry  of  the  given  theory
[32−37]. Thus, if a gauge symmetry, a closed PB algebra,
is  violated,  of  first-class  constraints  decreases.  This
provides  new  second-class  constraints  and/or  non-linear
DOFs  by  the  above  definition.  We  remark  that  the  non-
linear  DOFs  provide  the  upper  bound  of  the  possible
number  of  propagating  DOFs.  Inheriting  this  property,
the  non-linear  DOFs  are  sometimes  called  the  full/total
DOFs of a given theory. In the next subsection, we intro-
duce NGR, in which the local LI is violated [15, 16].

w
Γρµν

w
T ρ

µν

For irregular systems, we must regularize the system
to count the DOFs, although there is no generic method.
Here, we call a theory irregular if it  has a constraint that
violates the property of regularity.  Several  examples can
be  verified  in  Refs.  [16, 51].  In  general,  the  regularized
system does not change only in a local region of the con-
straint  surface.  That  is,  the  method  of  regularization  is
different  in  each  region  of  the  constraint  surface.  This
means that we cannot use the DOFs provided by the res-
ult of the DB analysis to set the upper bound of the per-
turbation theory. In the following, we omit the “w” on top
of  each  quantity,  such  as  the  Weitzenböck  connection,

, and torsion tensor, , for simplicity.
 

B.    Violation of Local Lorentz Invariance in NGR and
Extra Degrees of Freedom

The Lagrangian of NGR is given as follows [2]: 

LNGR := θ−1LNGR = c1 T µνρTµνρ+ c2 T µνρTρµν+ c3 T µ
µρTν

νρ

= c1 gµσ gνλ gρκ T µ
λκ Tσ

νρ+ c2 gνλT µ
λρT ρ

µν

+ c3 gρνT µ
µρT λ

λν ,

(3)

c1 c2 c3

c1 = −1/4 c2 = 1/2 c3 = 1

where θ is  the  determinant  of  the  co-vierbein field  com-
ponents,  and , ,  are  three  free  parameters  that
range in real value. For example, in TEGR, which is equi-
valent to GR up to a boundary term in the action integral
except  for  the  geometry  that  describes  spacetime,

, , .
Applying the variational principle with respect to the

(co-)vierbein  field  under  the  imposition  of  Dirichlet
boundary  conditions  on  these  fields,  we  obtain  the  field
equation 

1
2

eA
ρTρν = θ−1 ∂µ(θeA

ρ S ρ
µν)+ eA

λT ρ
µλ S ρ

µν− 1
2

eA
ν LNGR ,

S ρ
µν := c1 Tρ

µν+ c2 T [µν]
ρ+ c3 δρ

[µT |κ|κν] .

(4)

eA
ρTρν = θ−1 δLmatter /δeA

νHere,  is the push forward of the
energy-momentum  tensor  by  the  vierbein  field.  Pulling
back  this  equation  from  the  internal  space  to  spacetime
and taking the anti-symmetric part of this field equation,
we obtain 

0 = (−2c2+ c3)
◦
∇ρT ρ

[µν]− (2c1+ c2)
◦
∇ρT[µν]

ρ

+

Å
c1−

1
2

c2+
1
2

c3

ã
T ρσ

[µTν]ρσ , (5)

◦ ∇

T[µν] = 0

S O(1 ,3)

c1 = −1/4 c2 = 1/2 c3 = 1

where the circle '' '' on top of  denotes the covariant de-
rivative  with  respect  to  the  Levi-Civita  connection.  We
remark  that . The  number  of  independent  com-
ponents of  Eq.  (5)  is  six  at  most,  and  this  number  coin-
cides with that of the generator of -symmetry. In
the TEGR  case,  Eq.  (5)  is,  on  the  one  hand,  automatic-
ally  satisfied,  subject  to  automatic  vanishment  of  each
coefficient  in  Eq.  (5)  under , , .
On  the  other  hand,  if  Eq.  (5)  is  not  identically  satisfied,
the equation suggests the existence of propagating modes
generated by the violation of the local LI.

Cosmological perturbation in New General Relativity: propagating mode from... Chin. Phys. C 50, 065105 (2026)

1) In TEGR (Type 6 of NGR), a local Lorentz transformation of the Lagrangian provides a boundary term in the action integral. Thus, the theory guarantees the in-
variance only when the action contains boundary terms. In contrast, this is generally not the case in NGR except for Type 6 (TEGR).

(16×2−8×2)/2 = 82) In NGR, since the diffeomorphism invariance holds, the upper bound of non-linear DOFs is . The two DOFs of eight are none other than
the DOFs describing gravity (tensor modes). The remaining six DOFs are ascribed to the violation of the local Lorentz invariance. See also Refs. [15, 16, 21] in this
point.
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S O(3)

In the Hamiltonian formulation of NGR, we can clas-
sify  the  theory  into  nine  independent  types  based on the

-irreducible decomposition  of  canonical  mo-
mentum [50]. DB analysis on each type of NGR was per-
formed  in  Refs.  [15, 16] while  satisfying  the  diffeo-
morphism  invariance  (hypersurface  deformation  algebra
in terms of PB algebra) [29] in all  types.  The authors of
Refs.  [15, 16]  clarified  the  constraint  structure  of  each
type, which  is  the  expression  of  the  internal  local  sym-
metry of each type in terms of PB algebra. The resulting
PB algebra shows that all types do not have local LI ex-
cept for Type 6 (TEGR). Based on this, the authors coun-
ted out the non-linear DOFs of each type. We summarize
the results in Table 1.

All  types  violate  the  local  LI  and  give  rise  to  extra
DOFs up  to  six,  except  for  Type  6  (TEGR) [38, 39, 52,
53].  As  all  types  satisfy  the  diffeomorphism  invariance,
the extra DOFs in each type should be ascribed to the vi-
olation of  the  local  LI.  This  perspective  is  essential  be-
cause  it  indicates  that  the  propagating  modes  in  NGR
should be described in terms of the anti-symmetric part of
the vierbein perturbation. In the next section, we revisit a
complete formalism for describing linear perturbations of
NGR around the flat FLRW spacetime with local LI. 

III.  COSMOLOGICAL PERTURBATION FROM
THE PERSPECTIVE OF LOCAL LORENTZ

INVARIANCE

We revisit  the conventional framework of linear per-
turbations to  clarify  how  each  perturbation  field  is  re-
lated  to  local  Lorentz  invariance.  This  step  is  important
because,  if  one fixes  a  perturbation field associated with
local Lorentz  invariance  in  a  theory  where  this  invari-
ance is violated, such gauge fixing may inadvertently re-

move a genuine propagating mode.
Cosmological perturbations are considered around the

flat FLRW spacetime as follows: 

ds2 = −dt2+a2δi jdxidx j, (6)

a = a(t) 1
3

eI
µ ēI

µ

ẽI
µ

eI
µ

where  is the scale factor, and i and j run from  to
.  In  Refs.  [45, 46],  the  authors  decompose  the  co-vier-

bein field, , into its symmetric part, , and anti-sym-
metric part, . The symmetric and anti-symmetric parts
describe  the  DOFs  of  the  metric  tensor  and  extra  DOFs
generated  by  the  violation  of  the  local  LI,  respectively.
That is, we can split  as follows: 

eI
µ = ēI

µ+ ẽI
µ . (7)

gµν = eI
µeJ

νηIJ = ēI
µēJ

νηIJ ηIJ = diag(−1,+1,+1,+1)

According to Refs. [45, 46], we introduce perturbations in
terms  of  the  vierbein  field  with  the  condition

.  Here, 
is the Minkowski metric.

In  Ref.  [47], the  authors  indicated  that  the  perturba-
tion theory formulated in Refs. [44−46] is incomplete be-
cause  the  anti-symmetric  tensor  introduced  in  Refs.
[44−46]  can be  further  decomposed into  a  pseudo-scalar
and transverse pseudo-vector. The authors also redefined
all perturbed fields and derived the gauge transformation
of these fields. However, the literature confuses the sym-
metric  and  anti-symmetric  parts  of  the  co-vierbein de-
composition and imposes gauge conditions that fix a part
of the anti-symmetric components of the co-vierbein. Our
aim is to investigate the propagation of the anti-symmet-
ric parts of the co-vierbein, which represent the propagat-
ing  modes  generated  by  the  violation  of  local  LI.  This
property indicates  that  we  should  not  fix  the  gauge  cor-

 

c1 c2 c3 S O(3)
c2

Table 1.    Conditions on parameters, , ,  and nonlinear DOFs of each type of NGR in the -irreducible decomposition of ca-
nonical momentum. We remark that the sign of the parameter  is opposite to that of the original work [50]. ''Special'' denotes the case
that  occurs  only  under  the  satisfaction  of  a  set  of  specific  conditions  on  Lagrange  multipliers,  whereas  ''Generic''  denotes  the  case
without  any conditions. “Regularity” represents  the  closedness  as  a  linear  combination  in  the  first-order  variation  of  each  constraint
with respect to all constraints existing in a theory [27, 29, 30, 51]. For details, see Refs. [15, 16].

Theory (c1 ,c2 ,c3)Conditions on parameter space Non-linear DOF Regularity

Type 1 arbitrary 8 −

Type 2 2c1 − c2 + c3 = 0 6 ✓

Type 3 2c1 + c2 = 0 5 ✓

Type 4 2c1 − c2 = 0 5 ×

Type 5 2c1 − c2 +3c3 = 0 7 ✓

Type 6 (TEGR) 2c1 − c2 + c3 = 0 2c1 + c2 = 0 & 2 ✓

Type 7 2c1 + c2 = 0 2c1 − c2 = 0 & 0 (Topological in bulk spacetime) ×

Type 8 2c1 + c2 = 0 2c1 − c2 +3c3 = 0 & 6 (Generic) or 4 (Special) ✓

Type 9 2c1 − c2 + c3 = 0 2c1 − c2 = 0 2c1 − c2 +3c3 = 0 &  & 3 ✓

Kyosuke Tomonari, Taishi Katsuragawa, Shin'ichi Nojiri Chin. Phys. C 50, 065105 (2026)
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responding  to  the  anti-symmetric  part  of  the  co-vierbein
at  least  in  advance.  Thus,  we  must  clarify  the  origin  of
each perturbation field in the pioneering work [47].

ēI
µ ẽI

µ

For  our  purpose,  we  reconsider  the  co-vierbein per-
turbation in Refs. [45−47]. Let  and  decompose as
follows: 

ē0
µ = (1+ψ) δ0

µ+a (∂iF +Gi) δi
µ ,

ēa
µ = a (1−φ) δa

µ+aδak
(
h jk +∂ j∂kB+∂ jCk +∂kC j

)
δ j
µ ,

(8)

and 

ẽ0
µ = a (∂iα+αi) δi

µ ,

ẽa
µ = aδai δkl ϵi jk

(
∂lσ̃+ Ṽl

)
δ j
µ . (9)

ēI
µ σ̃

ẽI
µ Ci Gi

αi Ṽi

hi j

ψ, φ, B, and F are the scalar perturbations of the symmet-
ric part of the co-vierbein field, . α and  are the scal-
ar  and  pseudo-scalar  perturbations  of  the  anti-symmetric
part  of  the co-vierbein field, ,  respectively.  and 
are  the  transverse  vector  perturbations  of  the  symmetric
part of the co-vierbein field, and  and  are the trans-
verse vector and pseudo-vector perturbations of the anti-
symmetric  part  of  the  co-vierbein  field,  respectively. 
is the traceless and transverse spatial tensor perturbation,
which corresponds to gravitational waves in GR. We note
that the local Lorentz transformation acts on the first and
second equations  in  Eq.  (9)  as  a  boost  and  rotation,  re-
spectively. Combining Eqs. (8) and (9) based on Eq. (7),
we obtain 

e0
µ = (1+ψ) δ0

µ+a [∂i(F +α)+ (Gi+αi)] δi
µ ,

ea
µ = a (1−φ) δa

µ+aδai
î
h ji+∂ j∂iB+∂ jCi+∂iC j

+ ϵi jk δ
kl
(
∂lσ̃+ Ṽl

)ó
δ j
µ . (10)

i , j ,k , · · · a ,b ,c , · · ·
We remark that  we do not  confuse the spatial  indices of
spacetime, , and the Lorentz indices, .

e0
µ

However,  this  decomposition  is  not  well-defined be-
cause the functional DOFs of each side of Eq. (10) do not
match  one  another.  That  is,  can  encapsulate  four
DOFs,  whereas  the  right-hand side  has  seven  perturba-
tion fields. In the second equation of Eq. (10), the co-vi-
erbein has room to encapsulate  these exceeded perturba-
tion  fields.  Thus,  to  reconcile  this  inconsistency,  we
modify it as follows: 

e0
µ = (1+ψ) δ0

µ+a (∂iα+αi ) δi
µ ,

ea
µ = a (1−φ) δa

µ+δ
ai (∂iF +Gi)δ0

µ

+aδai
î
h ji+∂ j∂iB+∂ jCi+∂iC j

+ ϵi jk δ
kl
(
∂lσ̃+ Ṽl

)ó
δ j
µ . (11)

hi j Gi Ci

σ̃ αi Ṽi

∂iC j

This perturbation theory can describe 10 (spacetime sec-
tor: , ψ, φ, F, B, , )  + 6 (internal-space sector: α,

, , ) = 16 propagating DOFs at most. In particular, a
violation  of  local  LI  causes  possible  propagating  DOFs
that are  ascribed  to  the  internal  space.  This  decomposi-
tion is  none other  than that  provided in  Ref.  [47]  except
for  the  difference  in  notation.  Compared  with  Refs.  [19,
22, 48], our  parameterization  coincides  with  theirs,  ex-
cept  for  the  use  of  conformal  time,  the  non-symmetriza-
tion of  terms,  and the composition of variables that
the local Lorentz transformation operates on.1)

xµ→ x′µ = xµ+ ξµ(x)

Now,  we  consider  the  gauge  transformation  of  these
perturbed  fields.  For  infinitesimally  small  coordinate
transformations, , the variation of the
co-vierbein is given as follows: 

δξ eI
µ = −Lξ eI

µ = −ξν∂νeI
µ− eI

ν ∂µξ
ν . (12)

LXYHere, we denote by  the Lie derivative of Y with re-
spect  to X. Then,  the  gauge  transformations  of  the  per-
turbations are calculated as follows: 

eI
µ→ e′Iµ = eI

µ+δξeI
µ = eI

µ− ξν∂νeI
µ− eI

ν ∂µξ
ν . (13)

ξµ ξi

ξi = ∂iξ+ ξ(v)i ξ(v)i
Decomposing the spatial component of , , further in-
to , where  is a transverse vector, we can
derive following transformation rules: 

ψ′ = ψ− ξ̇0 , φ′ = φ+
ȧ
a
ξ0 ,

α′ = α− 1
a
ξ0 , B′ = B− 1

a
ξ ,

F′ = F −
Å
ξ̇− ȧ

a
ξ

ã
, Ṽ ′i = Ṽ i−

1
a
ϵi jkδ

jlδkm∂lξ
(v)
m ,

C′i =Ci−
1
2a
ξ(v)

i , G′i =Gi−
Å
ξ̇(v)

i −
ȧ
a
ξ(v)

i

ã
. (14)

˙
hi j αi σ̃

Here, the dot '' '' stands for the time derivative. Other per-
turbations, , ,  and  do  not  change  with  respect  to
the infinitesimal gauge transformation given by Eq. (12).
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α+F σ̃ αi +Gi Ṽi
σ̃ αi Gi Ṽi

Ṽi +∂iσ̃
αi +Gi +∂i(α+F) Gi Gi

1) Translating their notations into ours, it states that scalar , pseudo-scalar , vector , and pseudo-vector  correspond to local Lorentz rotation of the
vierbein in Ref. [48]. Our current consideration does not follow from this reference for the following three reasons. a) α, F, , , ,  should be counted separately.
Otherwise, the functional degrees of freedom of the vierbein components and the total number of perturbation fields do not match each other, implying that we impli-
citly  induce  constraints.  This  may  accidentally  change  the  original  theory  into  a  different  one.  b)  local  LI  acts  on  for  three  rotations,  but  so  does  not  for

 for three boosts due to the incorporation of  and F. c)  and F correspond to the components of the metric perturbation, indicating that these
fields do not contribute to internal-space symmetries.
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This  transformation  coincides  with  that  provided  in  the
pioneering  work  [47]  up  to  the  difference  in  notation.1)
Based  on  the  above  results,  we  can  compose  five  set  of
gauge-invariant variables as follows: 

β = ψ+φ−aα̇ , γ = φ+ ȧα A = F −aḂ ,

Bi =Gi−2aĊi , W̃i = Ṽi−2ϵi jk∂ jCk . (15)

hi j αi σ̃Taking , ,  and  into account,  our  theory  con-
sists  of  twelve gauge-invariant  variables in total;  we can
replace  twelve  out  of  sixteen  perturbation  variables  in
terms of these gauge-invariant variables.

ξ0

ξ(v)
i

Ṽi Ci Gi

αi

σ̃ Ṽi

Now, the origin of each perturbation field and its role
are  clear.  We  shall  consider  gauge-fixing  conditions  for
our analysis. Fixing the gauge , one of the three scalar
perturbations, ψ, φ,  or α,  vanishes  from  the  theory.  For
the gauge ξ, one of the two scalar perturbations, either B
or F,  vanishes.  In  the  same  way,  fixing  the  gauge ,
one of the pseudo-vector , vector , or vector  van-
ishes. If a given theory satisfies both diffeomorphism and
local LI,  we  can  simplify  the  perturbation  theory  as  de-
sired by fixing the gauge freely. In NGR, however, local
LI is  violated  while  preserving  diffeomorphism  invari-
ance. Therefore, we should not fix the following perturb-
ations that originated from the violation of local LI: α, ,

, and .

ξ0

ψ = 0 φ = 0
φ = 0

ξ(v)
i B = 0 Ci = 0

hi j Gi

αi σ̃ Ṽi

To  formulate  a  perturbation  theory  for  investigating
the propagating DOFs in NGR, we consider an appropri-
ate  gauge  choice.  For  the  gauge ,  we  should  fix  it  so
that  either  of  or  holds.  In  our  work,  we
choose  the  gauge  to  realize .  For  the  gauges ξ and

,  in  this  work,  we  fix  them for  and , re-
spectively. Therefore, the possible propagating DOFs are

, ψ, F, and  of the symmetric part of the co-vierbein
field and α, , , and  of the anti-symetric part of the
co-vierbein  field.  Explicitly,  the  co-vierbein field  be-
comes 

e0
0 = 1+ψ,

e0
i = a (∂iα+αi) ,

ea
0 = δ

ai (∂iF +Gi) ,

ea
i = aδa

i+aδal
[
hli+ ϵli j δ

jk
(
∂kσ̃+ Ṽk

)]
. (16)

The  above  gauge  choice  is  well-known  as  the  spatially
flat gauge.

Finally, we note the following three points. 1) The au-
thors in Ref. [47] indicates that in a parity-preserving the-

Ṽi αi ϵi jk(∂iα j)Ṽk

ory  the  possible  coupling  of  the  pseudo-vector perturba-
tion, ,  with  the  vector  perturbation, ,  is 
only.  Here,  we modified their  notation to  ours.  2)  In  the
linear perturbation  theory,  we  can  treat  all  modes  separ-
ately  except  for  the  vector  and  pseudo-vector perturba-
tions.2) 3)  The  background  Lagrangian  density  of  NGR
becomes 

L(flatFLRW)
NGR = −3(2c1− c2+3c3)a3H2 (17)

H := ȧ/awhere  is the Hubble parameter. In particular, for
Types  5,  8,  and  9,  the  background  Lagrangian  density
vanishes; that is, the existence of matter contributes to the
time  evolution  of  spacetime  more  than  first  order.  We
note  that  Types  2  and  3  are  none  other  than  Type  6
(TEGR) with a violation of local LI at least partially (for
details, see Ref. [15]). In the following sections, we util-
ize this  decomposition of  the co-vierbein field,  Eq.  (16),
to investigate propagating DOFs of each type of NGR up
to second-order perturbations. 

IV.  BACKGROUND EQUATION WITH MATTER
FIELD

ΦWe introduce a scalar field, , as the matter source: 

Lmatter = θ
−1Lmatter = −

1
2

gµν ∂µΦ∂νΦ−V(Φ) . (18)

Here, θ is the determinant of the co-frame field. Varying
with respect to Φ, we of course obtain the field equation: 

θ−1∂µ(θgµν∂νΦ)−V ′ = 0 . (19)

Φ0

δΦ

According to the pioneering work [47], we decompose Φ
into the background and first-order perturbation part, 
and , respectively, as follows: 

Φ = Φ0+δΦ . (20)

δΦ

We can expand the potential term, V,  up to second order
with respect to  as follows: 

V(Φ0+δΦ) = V0+V ′0 δΦ+
1
2

V ′′0 (δΦ)2 , (21)

′

Φ V0 = V(Φ0) V ′0 = V ′(Φ0) V ′′0 = V ′′(Φ0)
where  the  prime  represents  the  derivative  with  respect
to . We write , , and 

Kyosuke Tomonari, Taishi Katsuragawa, Shin'ichi Nojiri Chin. Phys. C 50, 065105 (2026)

1) In our notation, the sign of φ is opposite.
∂iσ̃ σ̃2) Technically, the term  behaves as a pseudo-vector perturbation, suggesting that  is independent of any of the other scalar perturbations in linear perturba-

tions.
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Φ0

for  simplicity.  The  isometry  of  the  background  flat-
FLRW  spacetime  requires  that  the  spatial  derivative  of
the background scalar field  vanishes: 

∂iΦ0 = 0 . (22)

Based  on  this  set-up,  the  field  equations  of  NGR  in
Eq. (4) around the flat FLRW background spacetime are
given as follows: 

−3(2c1− c2+3c3)H2 = −1
2
Φ̇0Φ̇0+V0 ,

− (2c1− c2+3c3)
(
3H2+ Ḣ

)
=

1
2

V0−
1
4
Φ̇0Φ̇0 . (23)

c1 = −1/4 c2 = 1/2 c3 = 1

2c1− c2+3c3

We can verify that these equations coincide with those in
GR by setting , , . Taking into ac-
count the result of its DB analysis [15, 16], the violation
of  local  LI  appears  in  the  weight, ,  which
couples  matter  with  gravitation.  In  addition,  combining
them, we  obtain  an  equation  to  describe  the  time  evolu-
tion of the Hubble parameter: 

−(2c1− c2+3c3)Ḣ =
1
4
Φ̇0Φ̇0−

1
2

V0 . (24)

2c1− c2+3c3 = 0If  holds, that is, in Types 5, 8, and 9, the
left-hand  sides  of  two  equations  in  Eq.  (23)  vanish.
Therefore,  the  Hubble  parameter  is  arbitrary,  and  in
Types  5,  8,  and  9,  we  cannot  specify  the  background
spacetime. This result can be interpreted as indicating that
matter  does  not  contribute  to  the  time  evolution  of  the
background  spacetime.  Therefore,  perturbative  analyses
in  these  types  effectively  correspond  to  studying  the
propagating DOFs  just  on  maximally  symmetric  space-
time; these  models  are  not  suitable  for  cosmological  ap-
plications.  Nevertheless,  the  possibility  of  astrophysical
applications, such  as  to  black  hole  spacetime,  still  re-
mains open.

Finally,  the  background  field  equation  of  the  matter
field, Eq.  (19),  around  the  background  spacetime  be-
comes 

−Φ̈0−3HΦ̇0−V ′0 = 0 , (25)

Φ0

We  use  Eqs.  (23)  and  (25)  to  eliminate  the  background
variable, ,  from  the  perturbed  Lagrangian  density  in

the  subsequent  sections.  As  a  note,  combining  Eq.  (24)
with  Eq.  (25),  we  can  solve  the  Hubble  parameter  and
background  matter  field.  Thus,  if  a  second-order per-
turbed  Lagrangian  density  contains  a  term  that  consists
only of the background matter field and Hubble paramet-
er, or equivalently, the scale factor, we can freely drop it
without  loss  of  generality  under  the  satisfaction  of  the
background  equations.  We  also  use  this  property  in  the
subsequent sections.
 

V.  PROPAGATING MODES
 

A.    Tensor Perturbation
We  calculate  the  tensor  perturbation  of  NGR  up  to

second  order.  The  Lagrangian  of  the  theory  is  given  by
Eq. (3). Focusing on the tensor terms of Eq. (16), we find
that the co-vierbein and vierbein field components are de-
rived as follows [47]:
 

e0
µ dxµ = dt ,

ea
µ dxµ = aδai

(
δi j+hi j

)
dx j ,

e0
µ ∂

∂xµ
=
∂

∂ t
,

ea
µ ∂

∂xµ
= a−1 δai

(
δi j−hi j+δkl hikh jl

) ∂

∂ x j
. (26)

Using  these  formulae,  the  metric  and  its  inverse  tensor
components are calculated as follows:
 

gµν dxµdxν = −dt2+a2
(
δi j+2hi j+δ

kl hik h jl
)

dxidx j ,

gµν
∂

∂ xµ
∂

∂ xν
= − ∂

∂ t
∂

∂ t
+a−2

(
δi j−2hi j+3δkl hik h jl

)
× ∂

∂ xi

∂

∂ x j
, (27)

gµν = eI
µ eJ

ν ηIJ

gµν = eI
µ eJ

ν ηIJ
where  we  used  the  relations:  and

.  The  determinant  of  the  co-vierbein  field
components with the traceless gauge is1)
 

θ = a3
Å

1− 1
2
δik δ jl hi j hkl

ã
. (28)

The tensor perturbation of Eq. (3) up to second order
becomes
 

Cosmological perturbation in New General Relativity: propagating mode from... Chin. Phys. C 50, 065105 (2026)

det(1+ ϵA) =
∑∞

k=0
1
k!

Ç
−
∞∑
j=1

ϵ j (−1) j

j
tr(A j)

åk

= 1+ ϵ tr(A)+
1
2
ϵ2
[

tr(A)2 − tr(A2)
]
+O(ϵ3) ,

1) We used the following formula:

where ϵ is an infinitesimal parameter.
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L(TP)
NGR = −3(2c1− c2+3c3)a3H2

−a3 (2c1− c2) δik δ jl ḣi j ḣkl

+2a3 H (2c1− c2+3c3) δik δ jl ḣi j hkl

− 1
2

a3 H2 δik δ jl hi j hkl

+a (2c1+ c2) δil δ jm δkn ∂ih jk ∂lhmn

−a (2c1+ c2) δim δ jn δkl ∂ih jk ∂lhmn , (29)

c1 = −1/4
c2 = 1/2 c3 = 1

− (2c1− c2) = +1

We used the torsion tensor components given in Ap-
pendix A and applied the transverse and traceless gauge.
In TEGR, where the parameters are chosen as ,

, , the overall sign of the kinetic term in Eq.
(30) is . From Table 1, Types 4, 7, and 9
do not  contain  the  kinetic  term of  the  tensor  mode,  sug-
gesting that these types are not simple extensions of GR.
This classification coincides with that of the recent work
in Ref. [21].

Substituting  Eqs.  (20),  (21),  (27),  and  (29)  into  Eq.
(18), we rewrite the matter Lagrangian density as follows: 

L(TP)
matter =

1
2

a3Φ̇0Φ̇0−a3V0+a3Φ̇0 ˙δΦ−a3V ′0δΦ

+
1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ−
1
2

a3V ′′0 δΦδΦ (30)

up  to  second  order  in  terms  of  the  perturbation  fields.
Combining the perturbed matter Lagrangian density with
Eq.  (30)  and  applying  the  background  equations  (Eqs.
(23) and (25)), we obtain the total Lagrangian density as
follows: 

L(TP;2ndorder)
total =L(TP)

NGR+L(TP)
matter

= −a3 (2c1− c2) δik δ jl ḣi j ḣkl

+2(2c1− c2+3c3) a3 H δik δ jl ḣi j hkl

− 1
2

a3 H2 δik δ jl hi j hkl

+a (2c1+ c2) δil δ jm δkn ∂ih jk ∂lhmn

−a (2c1+ c2) δim δ jn δkl ∂ih jk ∂lhmn

+
1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ

− 1
2

a3V ′′0 δΦδΦ , (31)

2c1− c2 , 0where we have dropped the surface terms. If ,
the first  term  in  Eq.  (32)  remains.  As  a  result,  we  con-
clude that Types 1, 2, 3, 5, 6 (TEGR), and 8 contain the
propagating  tensor  mode,  whereas  Types  4,  7,  and  9  do
not.  Moreover,  the  coefficient  of  the  kinetic  term  of  the
tensor mode gives us a ghost-free condition: 

2c1− c2 < 0 , (32)

c3and  is arbitrary. 

B.    Scalar Perturbation
We  calculate  the  scalar  perturbation  of  NGR  up  to

second  order.  Focusing  on  the  scalar  terms  of  Eq.  (16),
the co-vierbein, vierbein, metric, inverse metric compon-
ents,  and  determinant  of  the  co-vierbein  are  respectively
derived as follows:

 

e0
µ dxµ = (1+ψ)dt+a∂iαdxi ,

ea
µ dxµ = δai ∂iF dt+aδa j δi j dxi ,

e0
µ ∂

∂xµ
=
[
1−ψ+ψ2+δi j∂iF∂ jα

] ∂

∂t
+a−1

[
(1−ψ)δi j ∂ jF

] ∂

∂xi
,

ea
µ ∂

∂xµ
=
[
−(1−ψ)δa

i ∂iα
] ∂

∂t
+a−1

[
δa

i+δa
j ∂ jαδ

ik∂kF
] ∂

∂xi
,

gµν dxµdxν =
[
−(1+2ψ+ψ2)+δi j ∂iF ∂ jF

]
dtdt+2a

[
∂iF − (1+ψ)∂iα

]
dtdxi+a2

[
δi j−∂iα∂ jα

]
dxidx j ,

gµν
∂

∂xµ
∂

∂xν
=
[
−(1−2ψ+3ψ2)−2δi j ∂iF ∂ jα+δ

i j ∂iα∂ jα
] ∂

∂t
∂

∂t
+2a−1

[
(1−ψ)δi j ∂ jF − (1−2ψ)δi j ∂ jα

] ∂

∂t
∂

∂xi

+a−2
[
δi j+δik δ jl ∂kF∂lF +2δik∂kF δ jl∂lα

] ∂

∂xi

∂

∂x j
,

θ = a3(1+ψ−δi j∂iF∂ jα) . (33)

The torsion tensor components are given in Appendix B.
Differing from  the  tensor  perturbation,  we  must  ap-

ply not  only  the  background  equations  but  also  con-

straints to decouple propagating modes. To show the lat-
ter usage, we display an intermediate step. After deriving
the  perturbed  Lagrangian  and  adopting  the  background

Kyosuke Tomonari, Taishi Katsuragawa, Shin'ichi Nojiri Chin. Phys. C 50, 065105 (2026)
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equations, we obtain 

L(SP;2ndorder)
total =L(SP)

NGR+L(SP)
matter = (2c1− c2+ c3)a3δi j∂iα̇∂ jα̇+4(2c1− c2+3c3)a3Hδi j∂iα̇∂ jα−3(c2−3c3)a3H2δi j∂iα∂ jα

+
1
2

a3Φ̇0Φ̇0δ
i j∂iα∂ jα+2a2Φ̇0δ

i j∂iα∂ jδΦ

+ψ

ï
2(2c1− c2+ c3)a2δi j∂i∂ jα̇+4(2c1− c2+3c3)a2Hδi j∂i∂ jα−6(2c1− c2+3c3)a2δi j∂i∂ jF

−2(2c1− c2+ c3)a2Hδi j∂i∂ jF −a3Φ̇0 ˙δΦ−a3V ′0δΦ
ò

+ψ

ï
− (2c1− c2+ c3)aδi j∂i∂ jψ−3(2c1− c2+3c3)a3H2ψ+

1
2

a3Φ̇0Φ̇0ψ

ò
+F
ï

6(2c1− c2+3c3)a3δi j∂i∂ jα̇+ (2c1−7c2+21c3)a3H2δi j∂i∂ jα+2a2Φ̇0δ
i j∂i∂ jδΦ−V0a3δi j∂i∂ jα

− 1
2

a3Φ̇0Φ̇0∂i∂ jα

ò
+F
ï

10c1a3H2δi j∂i∂ jF − (2c1− c2+2c3)aδi jδkl∂i∂ j∂k∂lF
ò

+
1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ−
1
2

a3V ′′0 δΦδΦ , (34)

where we integrated by parts and neglected surface terms.
Varying with respect to ψ and F, we derive the following constraint equations:

 

0 = 2(2c1− c2+ c3)a2δi j∂i∂ jα̇+4(2c1− c2+3c3)a2Hδi j∂i∂ jα−6(2c1− c2+3c3)a2δi j∂i∂ jF −2(2c1− c2+ c3)a2Hδi j∂i∂ jF

−a3Φ̇0 ˙δΦ−a3V ′0δΦ−2(2c1− c2+ c3)aδi j∂i∂ jψ−6(2c1− c2+3c3)a3H2ψ+a3Φ̇0Φ̇0ψ (35)

and
 

0 = 6(2c1− c2+3c3)a3δi j∂i∂ jα̇+ (2c1−7c2+21c3)a3H2δi j∂i∂ jα+2a2Φ̇0δ
i j∂i∂ jδΦ−V0a3δi j∂i∂ jα

− 1
2

a3Φ̇0Φ̇0∂i∂ jα+20c1a3H2δi j∂i∂ jF −2(2c1− c2+2c3)aδi jδkl∂i∂ j∂k∂lF . (36)

Substituting these constraints into Eq. (35), we obtain the second-order perturbed Lagrangian density as follows:
 

L(SP;2ndorder)
total =L(SP)

NGR+L(SP)
matter = (2c1− c2+ c3)a3δi j∂iα̇∂ jα̇+4(2c1− c2+3c3)a3Hδi j∂iα̇∂ jα−3(c2−3c3)a3H2δi j∂iα∂ jα

+
1
2

a3Φ̇0Φ̇0δ
i j∂iα∂ jα+2a2Φ̇0δ

i j∂iα∂ jδΦ

+ψ

ï
(2c1− c2+ c3)aδi j∂i∂ jψ+3(2c1− c2+3c3)a3H2ψ− 1

2
a3Φ̇0Φ̇0ψ

ò
+F
ï
−10c1a3H2δi j∂i∂ jF + (2c1− c2+2c3)aδi jδkl∂i∂ j∂k∂lF

ò
+

1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ−
1
2

a3V ′′0 δΦδΦ . (37)

We find that all perturbation fields, α, ψ, and F, decouple
from  each  other,  and  the  scalar  mode α can  propagate.
The ghost-free condition for the scalar mode α is given as 

2c1− c2+ c3 > 0 . (38)

For  regular  systems,  the  scalar  mode α does  not
propagate in Types 2,  6 (TEGR),  and 9,  whereas it  does
in  all  other  types.  For  irregular  systems,  this  mode
propagates in  Types  4  and  7.  We  remark  that,  as  men-
tioned in Sec. II.A, in irregular systems, the DOFs based
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on the DB analysis cannot provide the upper bound of the
perturbation.  Thus,  in  Type  7,  the  propagating  mode α
can exist. 

C.    Pseudo-scalar Perturbation
We  calculate  the  pseudo-scalar  perturbation  of  NGR

up to second order.  Focusing on the pseudo-scalar terms
of Eq. (16), the co-vierbein, vierbein, metric, inverse met-
ric  components,  and  determinant  of  the  co-vierbein  are
respectively derived as follows: 

e0
µ dxµ = dt ,

ea
µ dxµ = aδa j

(
δi j− ϵi jk δ

kl ∂lσ̃
)

dxi ,

e0
µ ∂

∂xµ
=
∂

∂t
,

 

ea
µ ∂

∂xµ
= a−1

[
δa

i−δak ϵ
i jk ∂ jσ̃

+δan δlm ϵ
lik ϵm jn ∂ jσ̃∂kσ̃

] ∂

∂xi
,

gµν dxµdxν = −dtdt+a2 [δi j

+ ϵmik ϵl jn δ
ml δkp δnq ∂pσ̃∂qσ̃]dxidx j ,

gµν
∂

∂ xµ
∂

∂ xν
= − ∂

∂t
∂

∂t
+a−2

[
δi j

−δml ϵ
mik ϵ l jn ∂kσ̃∂nσ̃

] ∂

∂xi

∂

∂x j
,

θ = a3
(
1+δi j∂iσ̃∂ jσ̃

)
, (39)

ϵ i jkwhere  is the Levi-Civita symbol.1) The torsion tensor
components given in Appendix C.

Repeating  the  same  procedure  as  that  of  the  tensor
and scalar perturbation, we obtain

 

L(pseudSP;2ndorder)
total =L(pseudSP)

NGR +L(pseudSP)
matter = −2(2c1+ c2)δi j∂i ˙̃σ∂ j ˙̃σ−4(2c1− c2+3c3)Ha3δi j∂iσ̃∂i ˙̃σ+ (2c1− c2)aδi jδkl∂i∂kσ̃∂ j∂lσ̃

−3(2c1− c2+3c3)H2a3δi j∂iσ̃∂ jσ̃+2(2c1+3c2)aδi jδkl∂i∂ jσ̃∂k∂lσ̃−a3V0δ
i j∂iσ̃∂ jσ̃+

1
2

a3Φ̇0Φ̇0δ
i j∂iσ̃∂ jσ̃

+
1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ−
1
2

a3V ′′0 δΦδΦ .

(40)

σ̃

The  ghost-free  condition  for  the  pseudo-scalar  mode
 is 

2c1+ c2 < 0 , (41)

c3and  is arbitrary.
σ̃We find that the perturbation field  can propagate in

NGR. For  regular  systems,  the  pseudo-scalar  mode does
not  propagate  in  Types  3,  6  (TEGR),  and  8,  whereas  it
does in Types 1, 2, 5, and 9. For irregular systems, Type

7 does not contain the pseudo-scalar mode, while Type 4
does. 

D.    Vector and Pseudo-vector Perturbation

αi Ṽi

We  calculate  the  vector  and  pseudo-vector perturba-
tions of  NGR up  to  second  order.  We  note  that  a  coup-
ling  term between  and  appears,  indicating  that  we
cannot separate these perturbations. Focusing on the vec-
tor and pseudo-vector terms of Eq. (16), we obtain the re-
spective co-vierbein, vierbein, metric, and inverse metric
components as follows:

 

e0
µ dxµ = dt+aαi dxi ,

ea
µ dxµ = δai Gi dt+aδa j

(
δi j− ϵi jk δ

kl Ṽl
)

dxi ,

e0
µ ∂

∂xµ
=
[
1+δi jαiG j

] ∂
∂t
+a−1

[
−δi jG j− ϵ i jkG jṼk

] ∂

∂xi
,

ea
µ ∂

∂xµ
=
[
−δa

iαi+δa jϵ
i jkαiṼk

] ∂
∂t
+a−1

[
δa

i+ ϵ i jkδa jṼk +δ
i jδa

kG jαk −δklδanϵ
ki jϵ lnmṼ jṼm

] ∂

∂xi
,
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ea
µ ∂

∂xµ
= a−1

[
δa

n −δai ϵ
i jn ∂ jσ̃+δai δ

i j ∂ jσ̃∂nσ̃−δan δ
i j ∂iσ̃∂ jσ̃

] ∂

∂xn .

1) Expanding the third term of the right-hand side of the fourth equation in Eq. (40), we get

           
This result coincides exactly with the pioneering work Ref. [47]. However, we do not expand the Levi-Civita symbol at this stage for convenience in calculation.
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gµν dxµdxν =
[
−1+δi jGiG j

]
dtdt+a

[
−2αi+2Gi−2δ jlδkmϵi jkGlṼm

]
dtdxi+a2

[
δi j−αiα j+δ

pnδklδqrϵpikϵn jqṼlṼr
]

dxidx j ,

gµν
∂

∂ xµ
∂

∂ xν
=
[
−1−2δi jαiG j+δ

i jαiα j
] ∂
∂t
∂

∂t
+a−1

[
2δi jG j−2δi jα j+2ϵ i jkG jṼk

] ∂
∂t

∂

∂xi

+a−2
[
δi j−δikδ jlGkGl+2δikδ jlαkGl−δlmϵ

likϵm jnṼkṼn
] ∂

∂xi

∂

∂x j
,

θ = a3
(
1+δi j Ṽi Ṽ j−δi jαi G j

)
, (42)

The torsion tensor components are given in Appendix D.
Repeating the same procedure, we obtain

 

L(VPandpseudoVP;2ndorder)
total =L(VPandpseudoVP)

NGR +L(VPandpseudoVP)
matter = (∈⌋∞−⌋∈+ ⌋∋)⊣∋δ⟩|α̇⟩α̇|+△(∈⌋∞−⌋∈+∋⌋∋)⊣∋Hδ⟩|α̇⟩α|

−2c1aδi jδkl∂iαk∂ jαl−3(c2−3c3)a3H2δi jαiα j−2(2c1+ c2)a3δi j ˙̃Vi
˙̃V j

−4(2c1− c2+3c3)a3Hδi j ˙̃ViṼ j−a3V0δ
i jṼiṼ j+ (2c1− c2+ c3)aδi jδkl∂iṼk∂ jṼl

−3(2c1− c2+3c3)a3H2δi jṼiṼ j+2(2c2− c3)a2ϵ i jk∂iα̇ jṼk −4(2c1− c2+3c3)a2Hϵ i jkαi∂ jṼk

+Gi

ï
−2c1aδi jδkl∂k∂lG j+6c1a3H2δi jG j

ò
+

1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ−
1
2

V ′′0 a3δΦδΦ . (43)

Gi

αi Ṽi

αi Ṽi

We  notice  that  the  perturbation  field  decouples  from
other fields, but  and  are coupled with each other, as
in the sixth line of Eq. (45). The ghost-free conditions for
the vector and pseudo-vector modes,  and , are given
as
 

2c1− c2+ c3 > 0 , (44)

and
 

2c1+ c2 < 0 and c3 is arbitrary (45)

respectively.

2c1− c2+ c3 = 0 2c1+ c2 = 0
Ṽi

First,  we  consider  regular  systems  (see Table  1).  In
the case  and ,  that  is,  in Type
6 (TEGR), we find that α and  do not propagate, as de-
sired.

2c1− c2+ c3 = 0In the case of solely , that is, in Types
2 and 9, the perturbed Lagrangian density becomes as fol-
lows:

 

L(VPandpseudoVP)
total =L(VPandpseudoVP)

NGR +L(VPandpseudoVP)
matter = −2(2c1+ c2)a3δi j ˙̃Vi

˙̃V j−4(2c1− c2+3c3)a3Hδi j ˙̃ViṼ j−a3V0δ
i jṼiṼ j

−3(2c1− c2+3c3)a3H2δi jṼiṼ j+αi

î
4(2c1− c2+3c3)a3Hδi jα̇ j

+12(2c1− c2+3c3)a3H2δi jα j+4(2c1− c2+3c3)a3Ḣδi jα j−2c1aδi jδkl∂k∂lα j+3(c2−3c3)a3H2δi jα j

ó
+Gi

ï
−2c1aδi jδkl∂k∂lG j+6c1a3H2δi jG j

ò
+

1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ−
1
2

V ′′0 a3δΦδΦ , (46)

αi

Ṽi

where we used the constraint with respect to . We find that all the perturbation modes decouple from each other, and
the pseudo-vector mode  propagates in Types 2 and 9.

2c1+ c2 = 0In the case of solely , that is, in Types 3 and 8, the perturbed Lagrangian density is
 

L(VPandpseudoVP)
total =L(VPandpseudoVP)

NGR +L(VPandpseudoVP)
matter = (∈⌋∞−⌋∈+ ⌋∋)⊣∋δ⟩|α̇⟩α̇|+△(∈⌋∞−⌋∈+∋⌋∋)⊣∋Hδ⟩|α̇⟩α|

−2c1aδi jδkl∂iαk∂ jαl−3(c2−3c3)a3H2δi jαiα j+ Ṽi

ï
−4(2c1− c2+3c3)a3Hδi j ˙̃V j

−12(2c1− c2+3c3)a3H2 ˙̃V j−4(2c1− c2+3c3)a3Ḣδi jṼ j

+a3V0δ
i jṼ j+ (2c1− c2+ c3)aδi jδkl∂k∂lṼ j+3(2c1− c2+3c3)a3H2δi jṼ j

ò
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+Gi

ï
−2c1aδi jδkl∂k∂lG j+6c1a3H2δi jG j

ò
+

1
2

a3 ˙δΦ ˙δΦ− 1
2

aδi j∂iδΦ∂ jδΦ−
1
2

V ′′0 a3δΦδΦ , (47)

Ṽi

αi

where we used the constraint with respect to . We find
that all perturbation modes decouple from each other, and
the vector mode  propagates in Types 3 and 8.

c1 c2 c3

c1

c2 c3 2c2− c3 = 0
2c1− c2+3c3 = 0 Ṽi

αi Ṽi

αi Ṽi

αi

Ṽi

In Type 1, the parameters , , and  can be freely
chosen.  This  flexibility allows us to select  values for ,

,  and  such  that  they  satisfy  both  and
,  which is  valid  for  decoupling α and 

modes. Then, all perturbation modes decouple from each
other, and the vector mode  and pseudo-vector mode 
propagate. We conclude that Type 1 can contain at most
the vector and pseudo-vector modes. In Type 5, however,
we  cannot  make  the  perturbation  modes  and  de-
couple  due  to  the  existence  of  the  first  term in  the  sixth
line of Eq. (45). Taking into account the result of the DB
analysis  [15],  which  suggests  that  the  upper  bound  of
DOFs in Type 5 is seven, we can conclude that either 
or  propagates.

Second, we consider irregular systems (see Table 1).
αi

Γ0

Γ1

Γ0∩ ¬Γ1

αi

Ṽi

Type 7 contains the vector mode  because this type
satisfies a common condition with Type 3. In Type 4, un-
fortunately,  we  cannot  decouple  any  modes  in  Eq.  (45).
In  Ref.  [16], it  is  shown  that  the  constraint  surface,  de-
noted  by ,  of  Type  4  contains  that  of  its  regularized
system,  denoted  by ,  which  implies  that  a  part  of  the
perturbation modes could be ascribed to the DOFs of the
outside region of the regularized system . If this is
the  case,  Type  4  contains  either  the  vector  mode  or
pseudo-vector mode . 

VI.  CONCLUSIONS

In this work, we investigated the propagating mode in
each type of NGR up to second order. After summarizing
recent progress on the Hamiltonian analysis of NGR, we
reconsidered  the  vierbein  perturbation  framework  and
clarified  the  correspondence  between  each  perturbation
field and  vierbein  component.  Throughout  this,  we  ad-
dressed  issues  1)  and  2)  in  Sec.  I.  We  revealed  that  the
spatially flat gauge is an adequate gauge choice in a the-
ory with the violation of  local  LI,  which addresses issue
3)  in  Sec.  I.  To consider  cosmological  perturbations,  we
introduced a scalar  field as matter  and derived the back-
ground-field  equations  of  NGR.  Finally,  we  performed
the  perturbative  analysis  of  NGR  up  to  second  order  to
reveal  the propagating modes in each type of  NGR. The

results  are  summarized  in Table  2.  The  emergence  of
modes is consistent with the consideration in Sec. III-F of
Ref.  [15]  and  Sec.  III-F  of  Ref.  [16].  We  found  new
propagating  modes  in  the  second-order perturbation  the-
ory of NGR, which addresses issue 4) in Sec. I.

We compare  our  result  with  the  previous  works  [19,
21, 22]. The perturbative analysis around the Minkowski
background  has  been  performed  by  several  groups  in
Refs.  [19, 21].  In Ref.  [21],  Types 1,  2,  3,  5,  6 (TEGR),
and  8  are  considered  gravitational  theories  including
tensorial propagating modes. The results of this work co-
incide with those of  Ref.  [19] except  for  Type 8;  it  con-
cluded that  the  tensor  mode does not  exist.  In  Ref.  [22],
applying  the  conformal  transformation  to  the  result  in
Ref.  [19],  cosmological  perturbative  analysis  is  carried
out. In all cases, no new propagating modes appear; pure
gauge degrees of freedom are converted into constrained
variables.  Our  result  differs  from  Ref.  [22],  except  for
Types 1  and  6  (TEGR).  We  shall  enumerate  the  differ-
ences as follows:1)
 

● Type 1

αi Ṽi

There is almost no difference from [22] except for the
vector  and  pseudo-vector  modes,  and , that  de-
couple  only  in  a  specific  case.  A  ghost-free  parameter
space exists, and our result differs from that in Ref. [21].
 

● Type 2
ṼiThe pseudo-vector mode  propagates in our case, in

addition to the propagating modes in Ref. [22]. A ghost-
free parameter space exists, and our result coincides with
that in Ref. [21].
 

● Type 3
αiThe  vector  mode  propagates in  our  case,  in  addi-

tion to  the propagating modes in  Ref.  [22].  A ghost-free
parameter space exists, and our result coincides with that
in Ref. [21].
 

● Type 4
α
αi Ṽi

αi

σ̃

In our case, the scalar mode  propagates. Either the
vector or pseudo-vector modes,  or , can propagate in
a  specific  case,  whereas  only  half  of  always propag-
ates  in  Ref.  [22].  The  pseudo-scalar  mode  propagates
as in Ref. [22]. A ghost-free parameter space exists.

Kyosuke Tomonari, Taishi Katsuragawa, Shin'ichi Nojiri Chin. Phys. C 50, 065105 (2026)

φ↔ ψ, ψ↔ ϕ, B↔ σ, F↔ ζ , α↔ β, σ̃↔ s , Ci↔ ci , Gi↔ vi , αi↔ ui , Ṽi↔ χi .

Ci 2∂(iC j)
ci Gi αi

Mi = (ui − vi)/2 Li = (ui + vi)/2

1) For the reader's convenience, we list the correspondence of perturbation fields between our work and Ref. [19] as follows (the left variables are ours, the right vari-
ables are those in Ref. [19]):

The tensor mode is represented using the standard notation. In our formulation,  is introduced as  according to the convention, by contrast, they introduce it
just as . Moreover, in our analysis, the perturbation field  does not propagate, which is a constrained variable. Thus, we can regard the perturbation field  in our
notation as both  and  in their notation.
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● Type 5

αi

Ṽi

hi j σ̃

The scalar  mode α propagates  in  our  case.  However,
the  vector  mode  propagates  in  a  specific  case,  and  if
this mode propagates, the pseudo-vector mode  cannot
propagate,  and  vice  versa.  Both  the  scalar  and  vector
modes  propagate  in  Ref.  [22].  The  propagation  of  the
tensor and pseudo-scalar modes,  and , is the same as
in Ref. [22]. A ghost-free parameter space exists, and our
result differs from that in Ref. [21].
 

● Type 6 (TEGR)
There  is  no  difference  from  Ref.  [22].  A  ghost-free

parameter space exists, and our result coincides with that
in Ref. [21].
 

● Type 7
αi

hi j

hi j

The scalar and vector modes, α and , propagate, but
the tensor mode  does not in our analysis. On the con-
trary, only the tensor mode  propagates in Ref. [22]. A
ghost-free parameter space exists.
 

● Type 8
αi hi jThe  scalar,  vector,  and  tensor  modes, α, ,  and ,

propagate in our case, whereas no propagating mode ex-
ists in Ref. [22]. A ghost-free parameter space exists, and
our result coincides with that in Ref. [21].
 

● Type 9
ṼiThe pseudo-vector mode  propagates in our case, in

addition to the propagating modes in Ref. [22]. A ghost-
free parameter space exists.
 

The additional propagation modes in Types 2, 3, and
9 can be attributed to the higher-order perturbative terms
included  in  our  analysis.  By  contrast,  the  differences  in

Ṽi = 0 α = F
Ṽi

the  propagating  modes  of  Types  4,  5,  7,  and  8  between
Ref.  [22]  and  our  work  may  stem  from  different  gauge
choices.  It  should  be  noted  that  these  analyses  were  not
conducted in terms of gauge-invariant variables. Here, we
note again that a violation of symmetry limits the proper
choice  of  gauge.  A  perturbation  field  originating  from a
broken symmetry should not be fixed, and such variables
should not be confused with other perturbation fields that
respect symmetry. For instance, one should not impose a
gauge  such  as  or ,  as F obeys diffeomorph-
ism  invariance,  which  holds  in  NGR,  whereas  and α
are related to local  Lorentz invariance,  which is  not pre-
served  in  NGR.  Otherwise,  such  discrepancies  may  be
signal issues  in  the  perturbative  framework.  A  more  de-
tailed investigation of this point is left for future work.

In Table  2,  we  observe  discrepancies  between  the
columns  #  of  Non-linear  DOF  and  Propagating  mode.
There are  two  possible  scenarios  that  explain  these  dis-
crepancies.  The  first  possibility  is  that  the  linearization
process accidentally restores part of the symmetry. In this
case,  additional  first-class  constraints  appear,  and  as  a
result,  the total  number of DOFs is  reduced.  The second
possibility is that strong coupling occurs. In this case, the
kinetic  term  responsible  for  the  propagation  of  a  mode
may  arise  only  at  higher  order  in  perturbation  theory,
thereby resolving  the  apparent  absence  of  the  propagat-
ing  mode  at  the  linear  level.  Clarifying  which  of  these
possibilities explains the discrepancies in each type is an
important issue for future work.

S O(3)

S O(3)

Most importantly, in cosmological applications, it has
been shown that Type 3 still preserves  invariance.
(for  instance,  see  Refs.  [15, 16]).  The  preservation  of

 invariance in  Type  3  implies  that  the  modes  cor-
responding to this symmetry never propagate at the non-
linear level. Our current results based on the perturbative
approach are consistent with this picture and also with ex-

 

; ;
Table 2.    Summary of our work on the linear perturbations of NGR around the flat FLRW background spacetime. Perturbations that
are listed on the left-hand side of '' '' always propagate. Perturbations given on the right-hand side of '' '' can propagate under the impos-
ition of a specific condition on the parameters. “XXX - YYY” denotes the range from XXX to YYY. Type 6 is TEGR, which is equi-
valent to GR. We remark that for irregular systems, the non-linear DOF cannot restrict the number of perturbation modes. See Sec. II A
or Refs. [16, 51] for details.

Theory Regularity # of Non-linear DOF (DB analysis) Propagating Modes (Perturbative analysis) Ghost-free conditions

Type 1 − 8 hi j,α, σ̃,αi( Ṽi) Ṽi( αi)6 - 8: ( or ; or ) 2c1 − c2 < 0 2c1 − c2 + c3 > 0 2c1 + c2 < 0 &  & 

Type 2 ✓ 6 hi j, σ̃, Ṽi5: ( ) 2c1 − c2 < 0 2c1 + c2 < 0 & 

Type 3 ✓ 5 hi j,α,αi5: ( ) 2c1 − c2 < 0 2c1 − c2 + c3 > 0 & 

Type 4 × 5 α,σ̃ αi Ṽi2 - 4: ( ; either  or ) 2c1 − c2 + c3 > 0 2c1 + c2 < 0 & 

Type 5 ✓ 7 hi j,α, σ̃, αi Ṽi6: (  either  or ) 2c1 − c2 < 0 2c1 − c2 + c3 > 0 2c1 + c2 < 0 &  & 

Type 6 ✓ 2 hi j2: ( ) 2c1 − c2 < 0

Type 7 × 0 (Topological) α,αi3: ( ) 2c1 − c2 + c3 > 0

Type 8 ✓ 6 or 4 (Bifurcate) hi j,α,αi5: ( ) 2c1 − c2 < 0 2c1 − c2 + c3 > 0 & 

Type 9 ✓ 3 σ̃, Ṽi3: ( ) 2c1 + c2 < 0
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c1 c2 c3

isting works [19, 21, 22], independent of any concerns re-
garding  an  improper  gauge  choice  or  potential  issues  in
the  perturbative  framework.  Furthermore,  in  Ref.  [21],
Type  3  allows  parameter  ranges  for , ,  and  that
render  the  theory  stable  in  the  Minkowski  background
spacetime. The same property can be expected in cosmo-
logical perturbations, since, according to Refs. [19, 22], a
proper  conformal  transformation  connects  the  results  of
perturbative  analysis  around  the  Minkowski  background
to those of the flat  FLRW background spacetime. In our
analysis, Type 3 has a ghost-free region in the parameter
space;  thus,  our  perspectives  align with  each other  at  all
points.

S O(3)

Given that  the  number  of  DOFs  in  the  DB  and  per-
turbative  analyses  coincide  and  that  Type  3  contains  the
propagating tensor modes, if Type 3 does not suffer from
strong couplings, a healthy MAG theory can be obtained
for cosmological applications. If this is the case, the the-
ory  will  provide  a  new  perspective  on  the  large-scale
structure  formation,  including  dark  matter  issues  due  to
the  violation  of  boost  invariance,  whereas  it  retains  the
properties of  isotropy  in  the  cosmic  microwave  back-
ground  by  virtue  of  the  invariance  of  the  theory.
However, if this is not the case, we should investigate the
possibility of implementing the screening mechanism [54,
55] to  remedy  the  strong  couplings,  with  the  aim of  ap-
plying  it  to  astrophysics.  For  example,  violations  of  the
local  LI  could  leave  observable  imprints  in  gravitational
wave signals [56]. These issues must be considered in fu-
ture further investigations. 
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APPENDIX A: TORSION TENSOR IN TENSOR
PERTURBATION

We  calculate  the  torsion  tensor  components  up  to
second order as follows: 

T 0
0i = 0 ,

T 0
i j = 0 ,

T i
0 j = Hδi

j+δ
ikḣk j−hikḣk j ,

 

T i
jk = −δil∂khl j+δ

il∂ jhlk +hil∂khl j−hil ∂ jhlk ,

T µ
0µ = 3H+δi jḣi j−hi jḣi j ,

T µ
iµ = −δ jk∂ jhik +δ

jk∂ih jk +h jk∂ jhik −h jk∂ih jk , (A1)

hi j hi
j = h j

i = δikhk j

hi
j = h j

i = δ jkhik

where h is  the  trace  of .  We  set  and
.

 

APPENDIX B: TORSION TENSOR IN SCALAR
PERTURBATION

We  calculate  the  torsion  tensor  components  up  to
second order as follows:
 

T 0
0i = a (∂iα̇−ψ∂iα̇)−∂iψ+δ

jk∂ jα∂k∂iF +ψ∂iψ,

T 0
i j = 0 ,

T i
0 j = Hδi

j−a−1δi j
(
∂i∂ jF +∂iF∂ jψ

)
+2Hδi j∂iF∂ jα+δ

i j∂iF∂ jα̇ ,

T i
jk = 0 ,

T µ
0µ = 3H−a−1δi j∂i∂ jF −a−1δi j∂iF∂ jψ

+2Hδi j∂iF∂ jα+δ
i j∂iF∂ jα̇ ,

T µ
iµ = ∂iψ−δi j∂iα∂ jF −ψ∂iψ+a (−∂iα̇+ψ∂iα̇) . (B1)

 

APPENDIX C: TORSION TENSOR IN PSEUDO-
SCALAR PERTURBATION

We  calculate  the  torsion  tensor  components  up  to
second order as follows:
 

T 0
0i = 0 ,

T 0
i j = 0 ,

T i
0 j = Hδi

j−δikδlmϵ jkl∂m ˙̃σ−δik∂ jσ̃∂k ˙̃σ+δi
jδ

kl∂kσ̃∂l ˙̃σ,

T i
jk = δ

ilδmnϵ jlm∂n∂kσ̃−δilδmnϵklm∂n∂ jσ̃+δ
il∂ jσ̃∂l∂kσ̃

−δil∂kσ̃∂l∂ jσ̃−δi
jδ

lm∂lσ̃∂m∂kσ̃+δ
i
kδ

lm∂lσ̃∂m∂ jσ̃ ,

T µ
0µ = 3H+2δi j∂iσ̃∂ j ˙̃σ,

T µ
iµ = δ

jlδkmϵi jk∂l∂mσ̃+δ
kl∂iσ̃∂k∂lσ̃+δ

jk∂ jσ̃∂k∂iσ̃ ,

(C1)

ϵi jkwhere  is the Levi-Civita symbol.
 

APPENDIX D: TORSION TENSOR IN VECTOR AND PSEUDO-VECTOR PERTURBATION

We calculate the torsion tensor components up to second order as follows:
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T 0
0i = aα̇i+δ

jkα j∂iGk +aδ jkδlmϵi jlαk
˙̃Vm ,

T 0
i j = a

(
∂iα j−∂ jαi

)
+a

(
δklδmnϵ jkmαl∂iṼn−δklδmnϵikmαl∂ jṼn

)
,

T i
0 j = Hδi

j−a−1δik∂ jGk +δ
ilδkmϵl jk

˙̃Vm+a−1δikδlmδpqϵklpṼq∂ jGm−δikGkα̇ j+δ
klδimδpqδrsϵ jkpϵmlr

˙̃VqṼs ,

T i
jk = δ

liδmnϵ jlm∂kṼn−δliδmnϵklm∂ jṼn+δ
ilGl∂kα j−δilGl∂ jαk −δilδmnδpqδrsϵlnpϵ jmrṼq∂kṼs+δ

ilδmnδpqδrsϵlnpϵkmrṼq∂ jṼs ,

T µ
0µ = 3H−a−1δi j∂iG j−a−1δi jδklδmnϵikm∂ jGnṼl−δi jGiα̇ j+2δi j ˙̃ViṼ j ,

T µ
iµ = −aα̇i+δ

jkδlmϵi jl∂kṼm−aδ jkδlmϵi jlαk
˙̃Vm+δ

jkG j∂kαi−δ jkG j∂iαk −δ jkαk∂iG j+δ
jkṼi∂ jṼk +δ

jkṼ j∂iṼk .
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