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Abstract: The symmetry properties of the phase diagram of dense quark matter composed of u and d quarks with
three  colors  have  been  investigated  within  the  framework  of  massless  (3+1)-dimensional  Nambu–Jona-Lasinio
(NJL) and QCD models. It turns out that, in the presence of baryon , isospin , chiral , and chiral isospin 
chemical potentials, the Lagrangians of these models are invariant under the so-called dual transformation . In this
paper, it has been shown that the path-integration measure of the corresponding partition functions is also invariant
under . Consequently, the thermodynamic potentials of the NJL model (or QCD) are dually symmetric. In particu-
lar, this means that in the full  phase portraits of these models, the chiral symmetry breaking (CSB) and
charged pion condensation (PC) phases are arranged dually conjugately (or symmetrically) with respect to each oth-
er. Dual symmetry between the CSB and charged PC phases of quark matter is a fundamental property of massless
dense QCD; it should be observed within the framework of any approximation to the QCD phase diagram, and it has
important implications for studies of the phase structure.
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I.  INTRODUCTION

D

µI ↔ µI5

(1+1) (2+1)
(3+1)

Dense quark matter described by Nambu–Jona-Lasin-
io (NJL)  models  with  isospin  and  chiral  imbalances  ex-
hibits  a  discrete  duality  between  chiral  symmetry
breaking (CSB) and charged pion condensation (PC) phe-
nomena. Under a Pauli–Gursey–type rotation of the quark
fields  and  the  permutation  of  chemical  potentials

,  the  two  phases  are  mapped  onto  one  another.
This duality has been established in a series of works on

- and -dimensional  four-fermion  models
[1−10],  on  the  realistic -dimensional  NJL  model
with  two  flavors  and  three  colors  [9, 11−13],  and  has
been extended to the two-color case with diquark interac-
tions [14, 15]; further dual structures of a three-color NJL
model  with  color  superconductivity  were  investigated  in
[16, 17]. Most recently, the duality was shown to hold at
the level of the two- and three-color QCD Lagrangian it-
self [18, 19].

Although the invariance of the Lagrangian was estab-
lished in  those  works,  the  invariance  of  the  thermody-

D

D

Nc

namic  potential  (TDP)  was  only  implied.  In  the  present
paper,  we  close  this  gap.  Within  the  effective-action
formalism, we prove that the TDP of massless QCD and
QCD-like  models  is  invariant  under ,  and  we  further
show  that  the  path-integral  measure  in  the  generating
functional is also invariant under , so anomalies do not
destroy  the  duality.  Taken  together,  these  results  imply
that the  duality  between  CSB  and  charged  PC  is  an  in-
trinsic property of QCD and its effective models, holding
beyond the mean-field or leading-  approximations.

µB,µI ,µI5,µ5

The paper  is  organised as  follows.  Section II  sets  up
the NJL model  with  the chemical  potentials 
and recalls  the  mean-field  duality.  Section III  formalises
the dual transformation in the effective-action framework.
Section  IV  extends  the  analysis  to  the  NJL  model  with
diquark channels,  and Sec.  V addresses two-flavor QCD
itself.  Appendices  A–D collect  technical  material  on  the
symmetries of the effective action and on the dual invari-
ance of the path-integral measure.
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II.  DUALITY BETWEEN CSB AND CHARGED PC
IN THE MEAN-FIELD APPROXIMATION

Nc = 3We  consider  the  three-color  ( ),  two-flavor,
massless  NJL  Lagrangian  extended  by  baryon,  isospin,
chiral-isospin,  and  chiral  chemical  potentials  (cf.  Refs.
[12, 18, 19]): 

LNJL = iψγµ∂µψ+ψγ0Mψ+
G
Nc

¶
(ψψ)2+ (iψγ5τ⃗ψ)2

©
, (1)

with the chemical-potential matrix 

M = µB

3
+
µI

2
τ3+

µI5

2
γ5τ3+µ5γ

5, (2)

τk

k = 1,2,3

where ψ is  a  flavor  doublet  and  a  color  triplet  (a  color-
doublet  variant  is  treated  separately  in  Sec.  IV),  and 
( ) are the Pauli matrices acting in flavor space.

UB(1)×UI3 (1)×UAI3 (1)
The Lagrangian (1) is invariant under the continuous

group , whose  generators  are  giv-
en by 1) 

UB(1) : ψ→ exp(iα/3)ψ; UI3 (1) : ψ→ exp(iατ3/2)ψ;

UAI3 (1) : ψ→ exp(iαγ5τ3/2)ψ. (3)

nB = ⟨ψγ0ψ⟩/3
nI = ⟨ψγ0τ3ψ⟩/2 nI5 = ⟨ψγ0γ5τ3ψ⟩/2

µ5

n5 = nR−nL

UQ(1) Q = diag(2/3,−1/3)

The  associated  conserved  densities  are ,
,  and .  By contrast,  the

chiral chemical potential  does not correspond to a con-
served  charge;  it  parametrizes  matter  with  a  fixed  chiral
density  on  timescales  over  which  chirality-
changing  processes  have  been  exhausted  [20−25].  The
Lagrangian  is  also  invariant  under  the  electromagnetic

 symmetry with .

µB µI

n5 nI5

The motivation for retaining all four chemical poten-
tials  is  astrophysical.  Cold,  dense,  isospin-asymmetric
quark  matter  is  expected  in  neutron-star  cores,  and most
existing  analyses  retain  only  and  [26−54].
However,  the  strong  magnetic  fields  characteristic  of
neutron  stars  induce  nonzero  and  via  the  chiral
magnetic [55] and chiral separation [56] effects (see also
[13, 57]). Including all four potentials therefore provides
a  more  realistic  framework  for  magnetized  dense  quark
matter. 

A.    Thermodynamic potential

Z
Before studying the thermodynamics, we consider the

partition function  of  the  model  (1)  in  the  form of  the
following path integral: 

ZM =N−1
∫
DψDψexp

ß
i
∫

d4xLNJL

™
, (4)

N
DψDψ ≡DψuDψdDψuDψd ψ(x)→ Uψ(x)

ψ(x)→ ψ(x)U† 2×2
Dψ Dψ

where  is  an  infinite  normalization  constant  and
.  Note  that  if 

and , where U is a  flavor matrix, then
the  measures  and  of  the  functional  integral  (4)
transform according to the rule ((see, e.g.,  Chapter 19 of
Ref. [58] or Chapter 22 of Ref. [59])) 

Dψ→D(Uψ) = (detU)−1Dψ,

Dψ→D(ψU†) = (detU†)−1Dψ. (5)

U ∈ UI3 (1) U = cosα+ iτ3 sinα
UU† = 1 DψDψ

U ∈ UAI3 (1) U = cosα+ iγ5τ3 sinα
ψu→ eiγ5αψu ψd → e−iγ5αψd ψu→ ψueiγ5α

ψd → ψde−iγ5α

DψDψ ≡DψuDψdDψuDψd

Hence,  if , i.e.,  (see foot-
note  1),  then ,  and  the  measure  in  the
path  integral  (4)  remains  unchanged.  However,  if

, i.e.,  (see  footnote  1),
then , ,  and ,

.  In  this  case,  the  path  integral  measure
 transforms as follows: 

DψuDψdDψuDψd →

D(ψueiγ5α)D(ψde−iγ5α)D(eiγ5αψu)D(e−iγ5αψd)

=
[

det(e2iγ5α)det(e−2iγ5α)
]−1DψuDψdDψuDψd

=DψuDψdDψuDψd, (6)

UAI3 (1)

UB(1)
LNJL

UB(1)×UI3 (1)×UAI3 (1)

i.e.,  it  is  invariant  under  transformations  of  the 
group. Taking into account the trivial fact that this meas-
ure is invariant under  transformations, we can con-
clude that  not  only the Lagrangian  (1),  but  also the
integration measure of the functional integral (4) does not
change under transformations (3). This means that the dy-
namics  of  dense  quark  matter,  based  on  the  Lagrangian
(1),  is  indeed  invariant  under  the 
group.

σ(x)
π1,2,3(x)

Further,  similarly  to  the  Hubbard-Stratonovich trans-
formation used in Refs [60−62], it is also possible in our
case  to  introduce  the  auxiliary  scalar  fields  and

 and then rewrite  the  partition function (4)  in  the
following form 

ZM =N ′−1
∫
DψDψDσDπ1Dπ2Dπ3 exp

ß
i
∫

d4xL̃NJL

™
,

(7)

where 

L̃NJL = ψ
î
γρi∂ρ−σ− iγ5π⃗ · τ⃗

ó
ψ+ψγ0Mψ− Nc

4G

î
σ2+ π⃗2

ó
= LNJL−

Nc

4G

î
σ+2

G
Nc

(ψψ)
ó2

− Nc

4G

3∑
a=1

î
πa+2

G
Nc

(iψγ5τaψ)
ó2
.

(8)
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π⃗

L̃NJL

LNJL

After integrating Eq.  (7)  over the fields σ and , we ob-
tain (4). It follows from Eq. (8) that  differs from the
original  Lagrangian  by  two  terms;  however,  these
terms have no effect on the dynamics of the model (1). It
is  clear  from  the  fact  that  the  Euler-Lagrange  equations
for auxiliary scalar fields are 

σ(x) = −2
G
Nc

(ψψ); πa(x) = −2
G
Nc

(ψiγ5τaψ). (9)

L̃NJL

L̃NJL

LNJL

These relations do not contain time derivatives and there-
fore are  not  genuine  equations  of  motion,  but  rather  al-
gebraic constraint  equations.  Consequently,  when  con-
structing the  Hamiltonian  of  the  system  from  the  Lag-
rangian , one must take these constraints (9) into ac-
count.  As  follows  from Eq.  (8),  once  the  constraints  are
imposed,  reduces exactly to the original Lagrangian

.  This  means  that  the  dynamics  defined  by  the  two
Lagrangians  are  identical,  although  their  corresponding
Feynman rules differ.

L̃NJL

L̃NJL LNJL

ZM(J)

The advantage of the bosonized Lagrangian  lies
in the presence of auxiliary scalar fields that describe col-
lective quark states in different interaction channels. Ow-
ing  to  this  feature, ,  rather  than  the  original ,  is
more  convenient  for  analyzing  the  properties  of  the
ground state, i.e. the phase structure of dense quark mat-
ter. To this end, one proceeds from the partition function
(7)  to  the  generating  functional  of  the  Green’s
functions of the scalar fields 

ZM(J) = expiNcWM(J) =N ′−1
∫
DψDψDσ

3∏
i=1

Dπi

× exp
ß

i
∫

d4x
[
L̃NJL+Nc(σJ0+ π⃗ · J⃗)

]™
, (10)

π⃗ · J⃗ ≡ π1J1+π2J2+π3J3 J0(x) J1,2,3(x)where  and  and  are
scalar sources.

σ(x) πa(x)

UB(1)

UI3 (1) UAI3 (1)
L̃NJL

Assume that  the  spinor  fields  transform according to
one of the Abelian groups in (3). We determine how the
scalar  fields  and  should  transform so that  the
auxiliary  Lagrangian  (8)  remains  invariant.  First,  it  is
evident that if the spinor doublet ψ is transformed by the

 group,  then  it  is  sufficient  for  the  auxiliary  scalar
fields to remain unchanged. Second, if the spinor doublet
is  transformed by  or , then,  taking into ac-
count the footnote 1 and the explicit form of  (8), one
can  show that  this  Lagrangian  remains  unchanged  if  the
auxiliary scalar  fields  are  transformed,  respectively,  ac-
cording to the following rules 

UI3 (1) : σ→ σ; π3→ π3; π1→ cos(α)π1+ sin(α)π2;

π2→ cos(α)π2− sin(α)π1, (11)
 

UAI3 (1) : π1→ π1; π2→ π2; σ→ cos(α)σ+ sin(α)π3;

π3→ cos(α)π3− sin(α)σ.

(12)

Dσ∏3
i=1Dπi

Γ(σcl,πacl )
WM(J)

Note  that  the  path  integral  (10)  measure  is
invariant under these scalar-field transformations. Wheth-
er the symmetry breakings in (11)-(12) occur can be de-
termined  from  the  thermodynamic  potential  (TDP).  To
obtain  the  TDP,  we  first  derive  the  effective  action

 by  performing  the  Legendre  transform  of  the
functional  (10): 

Γ(σcl,πacl ) =WM(J)

−
∫

d4x

{
σcl(x)J0(x)+

3∑
a=1

πacl (x)Ja(x)

}
,

(13)

σcl(x) = δWM(J)/δJ0(x) πacl (x) = δWM(J)/
δJa(x)

σcl(x) = ⟨σ(x)⟩J πacl (x) = ⟨πa(x)⟩J
σcl(x) πacl (x)

where  and 
 denote  the  ground-state  expectation  values  of  the

auxiliary scalar fields in the presence of external sources,
i.e.,  and  (see Eq. (A2) in
Appendix A). The classical fields  and  satis-
fy the following equations 

δΓM(σcl,πacl )
δσcl(x)

= −J0(x),
δΓM(σcl,πacl )
δπkcl (x)

= −Jk(x). (14)

⟨σ(x)⟩
⟨π1,2,3(x)⟩

⟨σ(x)⟩ ⟨π1,2,3(x)⟩

ΩM(σcl,πacl )

From  this,  it  is  clear  that  the  expectation  values 
and  of  the  auxiliary  scalar  fields  in  the  true
ground  state  of  the  system  must  satisfy  Eqs.  (14)  in  the
absence of  external  sources.  In  addition,  we assume that
our physical system is invariant under spacetime transla-
tions.  This  implies  that  and  are inde-
pendent of the coordinates. Thus, these quantities are the
components  of  the  global  minimum  of  the  TDP

, which is defined by the relation 

ΓM(σcl,πacl )
∣∣∣
σcl ,πacl=const

= −ΩM(σcl,πacl )
∫

d4x. (15)

⟨σ(x)⟩ ⟨π1,2,3(x)⟩

ΩM(σcl,πacl )

Σ ≡
»
σ2

cl+π
2
3cl

Π ≡
»
π2

1cl
+π2

2cl

The  phase  structure  of  the  NJL  model  (1)  is  determined
by the behaviour  of  and  as  functions  of
the chemical potentials. The problem is significantly sim-
plified  because,  as  shown  in  Appendix  A,  the  TDP

 depends  only  on  two  field  combinations,

 and , i.e.,
 

ΩM(σcl,πacl ) ≡Ω
(
Σ,Π

)
. (16)
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B.    Dual symmetry in the mean-field approximation

Nc

For  simplicity,  both  the  phase  structure  of  the  NJL
model (1) and its TDP (15) are usually studied in the so-
called mean-field approximation or, equivalently, at lead-
ing order in the large-  expansion. In this case, using a
general formula 

N ′−1
∫
DψDψexp

ß
i
∫

d4xψDψ
™
= [det D]Nc , (17)

One can then integrate over the spinor fields in Eq. (10) 

ZM(J) = expiNcWM(J) =N ′−1
∫
Dσ

3∏
k=1

Dπk

× exp
ß

iNc

Å
S eff(σ,πa)+

∫
d4x

[
σJ0+ π⃗ · J⃗

]ã™
,

(18)

where 

Seff(σ(x),πa(x)) = −
∫

d4x
ï
σ2(x)+π2

a(x)
4G

ò
− iTrs f x ln D,

D = γνi∂ν+
µB

3
γ0+
µI

2
τ3γ

0+
µI5

2
τ3γ

0γ5+µ5γ
0γ5

−σ(x)− iγ5πa(x)τa.

(19)

Γm f (σcl(x),πacl (x))
Nc

Here,  the  Tr-operation  denotes  the  trace  over  spinor  (s),
flavor (f), and four-dimensional coordinate (x) spaces. As
shown  in  Appendix  B,  starting  from  Eq.  (18),  one  can
readily  obtain  the  effective  action  of
the model  at  leading order  in  the large-  expansion (or
in the mean-field approximation) 

Γm f (σcl(x),πacl (x)) = Seff(σcl(x),πacl (x)). (20)

It  follows  from  Eq.  (15)  that  the  mean-field approxima-
tion to the TDP of the model is given by the relation 

Γm f (σcl(x),πacl (x))
∣∣∣
σcl(x),πacl (x)=const

= −Ωm f (σcl,πacl )
∫

d4x.

(21)

Ωm f (σcl,πacl )

Ωm f (σcl,
πacl ) ≡Ωm f (Σ,Π)

The mean-field TDP (21) was investigated in a recent pa-
per  [12].  In  particular,  it  was  shown that  is
indeed  a  function  only  of  the  two  variables  Σ  and  Π
(defined  in  the  text  preceding  Eq.  (16)), i.e., 

,  and  that  the  mean-field TDP  is  invari-
ant under the transformation ‹D : Σ←→ Π, µI ←→ µI5. (22)

‹D
µB µ5

(µI ,µI5)

↔
µI ↔ µI5

Because  of  this  property,  it  was  shown in  Ref.  [12]  that
there is a duality between the CSB and charged PC phe-
nomena; accordingly, we refer to  (22) as a dual trans-
formation.  This  means  that,  at  fixed  and ,  the

-phase portrait (obtained within the mean-field ap-
proximation)  of  the  NJL  model  (1)  is  symmetric  under
the simultaneous transformations CSB charged PC and

.

µB µ5 µI = A µI5 = B

Ωm f (Σ,Π) (Σ = Σ0 , 0,Π = 0)

UAI3 (1)

More specifically, suppose that, for certain fixed val-
ues of the chemical potentials , , , and ,
the  global  minimum  of  the  thermodynamic  potential

 lies at the point . In this case,
for  the  chosen  set  of  chemical  potentials,  the  chiral

 symmetry  (12)  is  spontaneously  broken,  and  the
model is realized in the chiral symmetry breaking (CSB)
phase. ‹D

µI = B µI5 = A µB µ5

Ωm f (Σ,Π)
(Σ = 0,Π = Σ0)

UI3 (1)

Then,  owing to  the invariance of  the thermodynamic
potential under the dual transformation  (22), it  imme-
diately  follows  that,  at  the  interchanged  values  of  the
chemical  potentials,  and ,  with  and 
unchanged, the global minimum of  is located at
the point . As follows from Eq. (11), in this
region of the phase diagram the isospin  symmetry
is  spontaneously  broken,  and  the  system  resides  in  the
charged pion condensation (PC) phase.

µB

µI µI5 µ5

µI ↔ µI5 µB µ5

Consequently, knowledge of the phase realized in the
model  (1)  for  a  particular  set  of  external  parameters ,

, ,  and  is sufficient to determine the correspond-
ing dually conjugate phase realized after the interchange

, with  and  kept fixed.

‹D
µB µI µI5 µ5

µI ↔ µI5

nq(µI ,µI5)

nq(µI ,µI5)→
nq(µI5,µI)

Moreover, various  physical  quantities,  such  as  con-
densates, densities, and other observables, that character-
ize  the  two  dually  related  phases  are  connected  by  the
same dual transformation . For example, the chiral con-
densate  in  the  CSB  phase  at  given , , ,  and 
equals the charged pion condensate in the corresponding
dually  conjugate  PC  phase,  where  the  interchange

 is performed. Similarly, knowledge of the quark
number density  in the initial CSB phase allows
one  to  obtain  the  density  in  the  conjugate  PC  phase
simply  by  swapping  the  arguments, 

, and  the  same  applies  to  all  other  thermody-
namic quantities.

µB , 0
µI , 0

µI5 , 0

1/Nc

1/Nc

Thus,  the  symmetry  of  the  thermodynamic  potential
of the massless NJL model (1) under the dual transforma-
tion (22) greatly simplifies the analysis of dense ( )
quark matter with simultaneous isospin ( ) and chir-
al  isospin  ( )  asymmetries.  However,  it  should  be
emphasized once again that the duality between the CSB
and charged PC phenomena, established in Ref. [12], was
demonstrated only at the level of the thermodynamic po-
tential  calculated  within  the  mean-field  (leading-order

) approximation.  Whether  this  duality  persists  bey-
ond mean-field, i.e.,  in  higher  orders  of  the  expan-
sion,  or  holds  for  the  full  NJL  model  itself  remains  an
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open and nontrivial question. 

III.  DUAL SYMMETRY OF THE SIMPLEST NJL
LAGRANGIAN

In  the  present  paper,  we  demonstrate  the  following:
(i)  there  exists  a  discrete  Pauli–Gursey-type transforma-
tion  of  the  quark  fields1) that converts  the  term  in  Lag-
rangian (1) responsible for the chiral  symmetry breaking
(CSB)  interaction  channel  into  the  corresponding  term
describing the interaction channel in which charged pion
condensation occurs, and vice versa.

Furthermore,  (ii)  under  the  same  transformation,  the
terms in Lagrangian (1) corresponding to the isospin and
chiral  isospin charge densities  are interchanged,  whereas
all other terms of the NJL Lagrangian remain unaffected.

µI ↔ µI5

Ω(Σ,Π)
Ωm f (Σ,Π)

ψ(x)

Consequently,  (iii)  if  the interchange  is per-
formed simultaneously with this Pauli–Gursey-type trans-
formation, the entire Lagrangian (1) remains invariant. As
a result,  the dual  symmetry (22) is  a  property of  the full
thermodynamic  potential  of  the  model,  and  not
merely of its mean-field approximation . To in-
vestigate this  issue,  we  define  the  following  transforma-
tion of the flavor doublet  (as will  be clear from the
following  discussion,  it  is  indeed  a  Pauli–Gursey trans-
formation) 

PG : ψR→ ψR, ψL→ iτ1ψL,

or ψR→ ψR, ψL→ ψL(−i)τ1, (23)

ψ = ψL+ψRwhere  and 

ψR ≡
1+γ5

2
ψ ≡ Π+ψ, ψL ≡

1−γ5

2
ψ ≡ Π−ψ,

i.e. ψR = ψΠ−, ψL = ψΠ+.

Alternatively, it can be expressed in the following form: 

PG : ψ→ ψR+ iτ1ψL, i.e.,
 

PGψ ≡ PG

(
ψu

ψd

)
=

(
ψuR+ iψdL

ψdR+ iψuL

)
. (24)

Using  Eqs.  (23)–(24),  it  is  straightforward  to  determine
how  the  simplest  quark–antiquark structures  in  the  Lag-
rangian (1) transform under this Pauli–Gursey-type trans-
formation 

ψψ = ψRψL +ψLψR
PG−→ ψRiτ1ψL −ψLiτ1ψR = −iψγ5τ1ψ

(25)

 

iψγ5τ1ψ = i(−ψRτ1ψL +ψLτ1ψR)
PG−→

− iψRτ1iτ1ψL− iψLiτ1τ1ψR = ψψ. (26)

Similarly, it can be shown that 

iψγ5τ2ψ
PG−→ iψγ5τ3ψ, (27)

 

iψγ5τ3ψ
PG−→ −iψγ5τ2ψ. (28)

PG

This means that  the four-fermion structures in Lagrangi-
an (1)  responsible  for  CSB  and  charged  PC  are  trans-
formed  into  one  another  by  the  transformation
(23)–(24), i.e. 

(ψψ)2+ (iψγ5τ3ψ)2 PG←→ (iψγ5τ1ψ)2+ (iψγ5τ2ψ)2. (29)

iψγµ∂µψ
PG

PG
ψγ0ψ ψγ0γ5ψ

(Note  that  the  original  Pauli–Gursey  transformation  of
Refs.  [63, 64]  connects  the  four-fermion  structures  of
low-dimensional  Lagrangians  responsible  for  the  CSB
and superconducting channels (see, e.g., Refs. [6−8, 65]).
Therefore,  to  highlight  this  particular  feature  of  the
Pauli–Gursey  transformation,  in  the  present  paper  we
refer to any transformation of spinor fields that connects
the quark structures of different interaction channels as a
Pauli–Gursey-type  transformation.)  Since  the  free  term

 of the Lagrangian (1)  remains unchanged under
the  action  of  the  transformation,  the  original  NJL
Lagrangian  (1)  is  invariant  under  the  Pauli–Gursey-type
transformation  (23)–(24)  at  zero  chemical  potentials.
However, at nonzero chemical potentials, it is no longer a
symmetry transformation  of  the  NJL model.  Indeed,  un-
der  the  action  of  the  transformation  (23)–(24),  the
quantities  and  remain unchanged, whereas 

ψγ0γ5τ3ψ = (ψRγ
0τ3ψR−ψLγ

0τ3ψL)
PG←→ (ψRγ

0τ3ψR+ψLiτ1γ
0τ3iτ1ψL)

= (ψRγ
0τ3ψR+ψLγ

0τ3ψL) = ψγ0τ3ψ. (30)

ψγ0τ3ψ ψγ0γ5τ3ψ

µI , 0 µI5 , 0

It  follows  that  the  densities  of  the  isospin  and  chiral
isospin charges, i.e.,  the quantities  and 
from  Eq.  (30),  transform  into  each  other.  Consequently,
when both  and ,  the  NJL Lagrangian (1)  is

Detailed study of the dual symmetry of dense quark matter within the effective action formalism Chin. Phys. C 51, 013110 (2027)

1) The most general form of the Pauli–Gursey transformation is given below Eq. (29).
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µI µI5

no  longer  invariant  under  the  Pauli–Gursey (PG)  trans-
formation. Thus, at nonvanishing  and , the discrete
PG  transformation  ceases  to  be  a  true  symmetry  of  the
model.

µI µI5

ψγ0τ3ψ

ψγ0γ5τ3ψ

µI ↔ µI5

Here,  and  act as external classical backgrounds
coupled to the isospin and chiral isospin currents 
and , respectively.  Since  the  PG  rotation  inter-
changes these two currents [Eq. (30)], interchanging their
sources, ,  restores  the  symmetry  and  maps  the
two source terms onto each other.  This  can also be seen
by rewriting the source terms 

µI

2
ψγ0τ3ψ+

µI5

2
ψγ0γ5τ3ψ

=
µI +µI5

2
ψRγ

0τ3ψR+
µI −µI5

2
ψLγ

0τ3ψL.

PG
ψL→ iτ1ψL

ψLγ
0τ3ψL→−ψLγ

0τ3ψL τ1τ3τ1 = −τ3

(µI −µI5)
(µI +µI5) µI ↔ µI5

The  rotation (23) acts only on the left-handed doublet,
,  and  reverses  the  sign  of  its  bilinear,

 (since ), while  leav-
ing  the  right-handed doublet  unchanged.  Thus,  it  intro-
duces  a  minus  sign  in  the  term  and  leaves  the

 term  unchanged;  the  interchange  pre-
cisely compensates for this sign change.

µI ←→ µI5

D

Consequently, if  the permutation of the chemical po-
tentials  is  performed  simultaneously  with  the
field  transformations  (23)–(24), the  NJL  Lagrangian  re-
mains  invariant.  Transformations  under  which  not  only
the field variables of the Lagrangian but also some of the
external parameters  of  the  system (such  as  chemical  po-
tentials,  coupling  constants,  etc.)  are  simultaneously
transformed are hereafter referred to as dual transforma-
tions. Thus, the NJL Lagrangian (1) is invariant (or sym-
metric) under the discrete dual transformation  defined
as 

D : ψ→ ψR+ iτ1ψL, µI ←→ µI5. (31)

D
D

Under this  transformation,  the  quark  bilinears  corres-
ponding to the CSB and charged PC interaction channels
transform into one another (see, e.g., Eq. (29)). Therefore,
these channels are -dual to each other, or, equivalently,
the  CSB and  charged  PC phenomena  are dually -con-
jugated within the framework of the NJL model (1).

L̃NJL

σ(x) π⃗(x)
D

L̃NJL

L̃NJL

The full thermodynamic potential (TDP) (15)–(16) of
the  NJL  model  is  derived  from  the  auxiliary  bosonized
Lagrangian  (8). It is therefore natural to ask how the
scalar  fields  and  should  transform  under  the
dual transformation  (31) of the quark fields so that the
auxiliary  Lagrangian  remains  invariant.  Given  that
the  quark  bilinears  in  transform  according  to  Eqs.
(25)–(28), it is straightforward to verify that the auxiliary
scalar fields must transform as 

PG, D : σ(x)→−π1(x), π1(x)→ σ(x),

π2(x)→ π3(x), π3(x)→−π2(x), (32)

L̃NJLThese  transformations  are  required  to  leave  invari-
ant. The  same  transformation  rules  (32)  can  also  be  de-
rived directly from the Euler–Lagrange equations (9) for
the  auxiliary  fields  by  applying  the  dual  transformation
(31) to the quark fields in those equations.

DψDψ

ΓM(σcl, π⃗cl)
ΩM(σcl, π⃗cl)

σcl(x)
πacl(x)

µI ↔ µI5

D ‹D
Σ↔ Π µI ↔ µI5

Importantly,  Appendix  C  provides  a  direct  proof  of
the  invariance  of  the  functional  measure  in  the
partition  function  (4)  under  the  PG  (and  hence  dual)
transformation (31).  Consequently,  the  full  effective  ac-
tion  and  the  full  thermodynamic  potential

 (16) are invariant under the dual transforma-
tions  (C11)–(C12)  of  the  classical  fields  and

, accompanied  by  the  interchange of  chemical  po-
tentials  (see, for  example,  Eq.  (C14)  in  Ap-
pendix  C).  This  property —the -symmetry  of  the  full
TDP—is precisely the invariance of the mean-field TDP
under the discrete dual transformation  (22), which cor-
responds to the substitutions  and . Physic-
ally, this symmetry manifests itself as the duality between
the CSB and charged PC phenomena.

(µB,µI ,µI5,µ5)

1/Nc

D
DψDψ

Therefore,  we  conclude  that  the  dual  symmetry
between the CSB and charged PC phases of dense quark
matter with isospin and chiral isospin asymmetries (as de-
scribed below Eq. (22))—originally observed in Ref. [12]
within  the  mean-field  approximation —is  an  intrinsic
property of the massless NJL model (1) itself. Hence, the
duality between the CSB and charged PC phases is real-
ized  throughout  the  full  phase  diagram  of
the  model,  rather  than  only  within  the  mean-field  (lead-
ing ) framework. This follows directly from the dual
symmetry  (31) of both the microscopic NJL Lagrangi-
an  (1)  and  the  functional  integration  measure  in
the path integral. 

IV.  DUAL SYMMETRY OF NJL LAGRANGIAN
WITH COLOR SUPERCONDUCTIVITY

LCSC

Let  us  consider  a  more  general  type  of  NJL  model.
Recall that in the recent paper [17], the phase structure of
the four-fermion model whose Lagrangian , 

LCSC = LNJL+H
∑

k=1,2,3

[ψcγ5τ2ϵkψ][ψγ5τ2ϵkψ
c], (33)

ψc =CψT
ψc = ψTC

C = iγ2γ0

ϵk

k = 1,2,3 ×

which differs from Eq. (1) by an additional diquark-inter-
action term, was discussed in the mean-field approxima-
tion. In Eq. (33), ,  are charge-conjug-
ated  spinors,  where  is  the  charge-conjugation
matrix  (the  symbol T denotes  transposition),  and 
( )  are  3 3  matrices  acting  in  the  three-dimen-

T. G. Khunjua, K. G. Klimenko, R. N. Zhokhov Chin. Phys. C 51, 013110 (2027)
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SUc(3)
(ϵk)i j = ϵi jk

i, j,k = 1,2,3
LNJL

L̃CSC

sional  fundamental  representation  of  the  color 
group,  with  matrix  elements  (the latter  quant-
ity  is  the  totally  antisymmetric  tensor  in  the  indices

). The remaining notation is the same as that
for  the  Lagrangian  (see  the  text  below Eq.  (1)).  As
for the simpler NJL model discussed in Section II, when
analyzing the phase structure of the model (33), it is also
convenient to work with its auxiliary Lagrangian , 

L̃CSC = L̃NJL−
1

4H
∆∗k∆k −

∆∗k
2

[ψcγ5τ2ϵkψ]− ∆k

2
[ψγ5τ2ϵkψ

c],
(34)

L̃NJL

ψ(x)
σ(x), π⃗(x) L̃CSC

∆k(x) ∆∗k′ (x)
k,k′ = 1,2,3 SUc(3)

where  is the auxiliary semibosonized Lagrangian in
Eq. (8). In addition to the spinor fields  and auxiliary
bosonic fields  (see Eq. (9)),  contains aux-
iliary  scalar  diquark  fields  and ,  with

,  which  transform  in  the  color  anti-
triplet  and  triplet  representations,  respectively.  The
Euler–Lagrange  equations  of  motion  for  these  fields  are
given by 

∆k(x) = −2H[ψcγ5τ2ϵkψ], ∆∗k(x) = −2H[ψγ5τ2ϵkψ
c]. (35)

Their ground-state expectation values are the order para-
meters of the color superconducting phase.1)

ΓCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

)
ZCSC(J,η,η)

Using the microscopic auxiliary Lagrangian (34), it is
much  easier  to  construct  the  formal  effective  action

. First, one can write down the gen-
erating functional  of the model (33) 

ZCSC(J,η,η) =N ′−1
∫
DψDψDσ

3∏
i=1

DπiD∆iD∆∗i

× exp
ß

i
∫

d4x
[
L̃CSC+Nc(σJ0+ π⃗ · J⃗

+ηk∆k +ηk∆
∗
k)
]™
. (36)

WCSC(J,η,η) :ZCSC(J,η,η) = expiNcWCSC(J,η,η)
The effective action can be constructed using the generat-
ing functional . 

ΓCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

) =WCSC(J,η,η)

−
∫

d4x{σcl(x)J0(x)+πacl (x)Ja(x)

+ηa(x)∆acl (x)+ηa(x)∆∗acl
(x)},

Nc = 3where ,  and  summation  over  the  repeated  indices

a = 1,2,3 k = 1,2,3

σcl,πacl ,∆kcl ,∆
∗
k′cl

 and  in Eq. (36) is implied. The argu-
ments of the effective action,  namely the classical  scalar
fields , are defined by the following equa-
tions: 

σcl(x) =
δWCSC

δJ0(x)
, πacl (x) =

δWCSC

δJa(x)
,

∆kcl (x) =
δWCSC

δηk(x)
, ∆∗kcl

(x) =
δWCSC

δηk(x)
, (37)

σcl(x) = ⟨σ(x)⟩J ∆kcl (x) = ⟨∆k(x)⟩η, . . .

from  which  it  follows  (see  also  Appendix  A)  that  the
classical  scalar  fields  are  the  ground-state  expectation
values of the auxiliary scalar fields in the presence of ex-
ternal sources, i.e., , .

σcl(x)
πacl (x) ∆kcl (x) ∆∗k′cl

(x)
It  is  straightforward  to  show  that  the  fields ,

, , and  satisfy the following equations:
 

δΓCSC

δσcl(x)
= −J0(x),

δΓCSC

δπacl (x)
= −Ja(x),

δΓCSC

δ∆kcl (x)
= −ηk(x),

δΓCSC

δ∆∗kcl
(x)
= −ηk(x). (38)

⟨σ(x)⟩ ⟨π1,2,3(x)⟩ ⟨∆1,2,3(x)⟩
⟨∆∗1,2,3(x)⟩

J0 = Ja = ηk = ηl = 0

⟨σ(x)⟩ ⟨π1,2,3(x)⟩
⟨∆k(x)⟩ ⟨∆∗l (x)⟩

ΩCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

)

Similarly to  the  discussion  in  Section  II  above,  the  ex-
pectation  values , ,  and

 of the auxiliary scalar fields in the true ground
state of the system must satisfy equations (38) with van-
ishing external sources, . Furthermore,
the  physical  system  is  assumed  to  be  invariant  under
spacetime  translations;  therefore, , ,

 and  should  not  depend  on  coordinates.
Thus, the TDP  is defined by the re-
lation 

ΓCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

)
∣∣∣
...,∆kcl ,∆

∗
k′
cl
=const

= −ΩCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

)
∫

d4x, (39)

σcl,πacl ,∆kcl ,∆
∗
k′cl

which  is  indeed  a  function  of  the  constant  scalar  fields
,  one should note that these quantities are

the components of the global minimum of the TDP.

UI3 (1) UAI3 (1)
ΩCSC σcl πacl

ΩCSC

SUc(3)

It is straightforward to see that, due to the invariance
of the Lagrangian (34) and the path-integral measure with
respect to the Abelian  and  symmetries (3),
the total TDP  as a function of  and  depends
only  on  two  combinations  of  these  quantities,  Σ  and  Π,
which are defined around Eq. (16) 2). To discuss the sym-
metry properties of the TDP  with respect to the col-
or  group  and  its  dependence  on  the  scalar  color

Detailed study of the dual symmetry of dense quark matter within the effective action formalism Chin. Phys. C 51, 013110 (2027)

1) The details of the construction of the auxiliary semi-bosonic Lagrangian eLCSC are described both in Ref. [17] and in earlier reviews devoted to color supercon-
ductivity [66−71].

2) A similar procedure was carried out in Sec. II.A within the framework of the simpler NJL model (1), and it can be readily repeated in the more general model (33).
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∆kcl ,∆
∗
k′cl

ψ→ Uψ ∆→ U∗∆ ∆∗→ U∆∗ U ∈ SUc(3)
∆cl ∆∗cl

ΩCSC ∆cl→ ∆′cl = (U∗)−1∆cl =

UT∆cl, ∆
∗
cl→ ∆′∗cl = U−1∆∗cl

diquarks ,  it  is  necessary to take into account the
following  fact.  Although  the  quantized  fields  from  the
auxiliary  Lagrangian  (34)  transform  according  to

,  and  (where ),
the  classical  diquark  fields  and , which  are  in-
cluded in the set of arguments of the thermodynamic po-
tential , transform as follows: 

 (for  details,  see  Appendix  A).
In  terms  of  the  color  components  of  the  scalar  diquark
fields, this means that 

∆′acl
= ∆bcl Uba, ∆

′∗
acl
=
(
U−1
)

ab∆
∗
bcl
. (40)

LCSC

DψDψ ∏3
i=1D∆iD∆∗i Dσ∏3

i=1Dπi

SUc(3)
ΓCSC(σcl,πacl ,

∆cl,∆
∗
cl) SUc(3)

ΩCSC

SUc(3)

Because both the  (33)−(34) and the path integration
measures , ,  and  in  the
partition functional are invariant under the  group,
it  can  be  shown  that  the  effective  action 

 is invariant with respect to . Consequently,
the  TDP  of  the  model  is  also  invariant  under  the

 group, i.e. 

ΩCSC(σcl,πacl ,∆
′
cl,∆

′∗
cl ) = ΩCSC(σcl,πacl ,∆cl,∆

∗
cl).

ΩCSC

∆ ≡
(
∆1cl∆

∗
1cl
+∆2cl∆

∗
2cl
+∆3cl∆

∗
3cl

)1/2

S Uc(3)

Thus, instead of six color arguments, the TDP  must
depend  only  on  the  single  color-field  combination,

.  As  is  clear  from  Eq.
(40), the quantity Δ is invariant under  transforma-
tions. (Some details of this conclusion can be clarified on
the basis of the material presented in Appendix A.)

ΩCSCHence,  the  total  TDP  of  the  NJL  model
(33)−(34) depends only on three field combinations, i.e. 

ΩCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

) ≡ΩCSC(Σ,Π,∆). (41)

ΩCSC(Σ,Π,∆)
∆kcl SUc(3)

Thus,  if  at  the  global  minimum  point  of  the  TDP
 the quantity Δ is  nonzero,  then at  least  one

of the quantities  is also nonzero, and the color 
symmetry  is  spontaneously  broken.  In  this  case,  diquark
pairing  occurs,  and  the  so-called  color  superconducting
phase is realized in the NJL model (33) and related mod-
els.

D

Recall that  in  Section  III,  we  proved  that  the  Lag-
rangian (1) of the simplest massless NJL model is invari-
ant  under  the  dual  transformation  (31), thereby  lead-
ing  to  the  duality  between  the  CSB  and  charged  PC
phases.  We  now  prove  that  the  same  property  holds  for
the NJL  model  (33)  with  an  additional  diquark  interac-
tion channel.

LCSC

D
To verify that the Lagrangian  is invariant under

the dual transformation , it is sufficient to check the in-
variance of only the second term on the right-hand side of
Eq.  (33).  This  can  be  shown  by  the  following  simple

transformations (see also Eqs. (23)−(24)) 

∆k(x) ∼ ψcγ5τ2ϵkψ = ψ
TCγ5τ2ϵkψ = ψ

T
RCτ2ϵkψR−ψT

LCτ2ϵkψL

D−→ ψT
RCτ2ϵkψR−ψT

L iτ1Cτ2ϵkiτ1ψL

= ψT
RCτ2ϵkψR−ψT

LCτ2ϵkψL = ψcγ5τ2ϵkψ.

(42)

In addition, the validity of a similar relation can be read-
ily established 

∆∗k(x) ∼ ψγ5τ2ϵkψ
c D−→ ψγ5τ2ϵkψ

c. (43)

LCSC

D L̃CSC

σ(x) π⃗a(x)

Hence,  as  a  whole  is  invariant  under  the  duality
transformation  (31).  The  auxiliary  Lagrangian 
(34)  of  the  model  is  also  invariant  under  this  duality
transformation, provided  that  the  corresponding  trans-
formations of the spinor fields (31) are supplemented by
the  transformations  (32)  of  the  auxiliary  meson  fields

 and ,  and  that  the  auxiliary  diquark  fields  are
taken to remain unchanged (see Eqs. (42)−(43)).

DψDψ

Dσ∏3
i=1Dπi

∏3
k=1D∆kD∆∗k

∆k ∆∗k

L̃CSC

ΓCSC(σcl, π⃗cl,∆kcl ,∆
∗
k′cl

) ΩCSC(Σ,Π,∆)

σcl(x) πacl (x)
∆kcl ∆∗k′cl

µI ↔ µI5

D
D ‹D Σ↔ Π
µI ↔ µI5

D

It is important to note that Appendices C and D prove
the  invariance  of  the  measure  of  the  generating
functional (36) under the duality transformation (31). The
invariance of the measure  un-
der the PG transformations (32) and the unchanged scal-
ar diquark fields  and  is rather evident, as discussed
in  Appendix  C.  Appendix  D  considers  in  detail  whether
the regularization procedure, which is inevitable in effect-
ive models,  can  break  the  duality  of  the  model.  Con-
sequently (see  Appendix  C),  not  only  the  auxiliary  Lag-
rangian  but  also  the  full  effective  action

 and  the  full  TDP  (41)
of  the  model  are  invariant  under  the  PG transformations
(C11)−(C12) of the classical fields  and , with
unchanged classical  diquark fields  and ,  whereas

.  We  refer  to  this  entire  procedure  as  the  dual
transformation  of the TDP. This last property, i.e., the

 symmetry  of  the  full  TDP,  is  precisely  its  invariance
under  the  dual  transformation  (22)  (when ,

,  and  Δ  is  unchanged)  of  the  TDP  found  in  the
mean-field  approximation  [17].  Therefore,  the  sym-
metry of the TDP should manifest itself in the full phase
portrait  of  the  model  as  a  duality  between  the  CSB  and
charged PC phenomena.

As  a  result,  we  see  that  the  dual  symmetry  between
the  CSB  and  charged  PC  phenomena  in  a  dense  quark
medium with isospin and chiral isospin asymmetries (see
the description  below  Eq.  (22)),  predicted  earlier  in  dif-
ferent  NJL models  [12, 17]  within  the  framework of  the
mean-field approximation to the phase structure, is in fact
a genuine property of dense quark matter described by the
massless  NJL  models  (1)  and  (33).  Thus,  the  duality

T. G. Khunjua, K. G. Klimenko, R. N. Zhokhov Chin. Phys. C 51, 013110 (2027)
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(µB,µI ,µI5,µ5)

D
DψDψ

Dσ∏3
i=1Dπi

∏3
k=1D∆kD∆∗k

between the CSB and charged PC phenomena is realized
in the full -phase diagrams of these models,
and not  only  within  the  scope of  the  mean-field approx-
imation,  since  it  is  a  consequence  of  the  dual  symmetry

 (31) of both the microscopic NJL Lagrangians (1) and
(33)  and  the  measures  and

 of path integration.
 

V.  DUAL SYMMETRY OF DENSE QCD

D

D

In  Sections  III  and  IV,  we  established  an  important
result:  two  formally  distinct  massless  NJL  models,  (1)
and  (33),  which  effectively  describe  the  low-energy  and
moderate-density regimes  of  massless  QCD,  both  pos-
sess  the  dual  symmetry  (31)  between  the  CSB  and
charged  PC  phenomena.  This  result  naturally  suggests
that the Lagrangian of massless dense QCD itself should
also be invariant  under  the  same dual  transformation .
In this section, we demonstrate that this is indeed the case
and discuss  several  related  properties  of  QCD  that  con-
firm the existence of  a  dual  symmetry between the CSB
and charged PC phases in fundamental QCD.

As  a  starting  point,  we  consider  the  Lagrangian  for
the  quark  sector  of  massless  QCD,  extended  by  baryon,
isospin, chiral, and chiral isospin chemical potentials: 

LQCD = iψγν∇νψ+
µB

3
ψγ0ψ+µ5ψγ

0γ5ψ

+
µI

2
ψγ0τ3ψ+

µI5

2
ψγ0γ5τ3ψ, (44)

ψ(x)
∇ν = ∂ν− igλaAa

ν(x)
λa a = 1, . . . ,8 3×3

Aa
ν(x) SUc(3)

where  is  the  two-flavor quark  doublet.  The  covari-
ant  derivative  acts  in  color  space,
where  ( )  are  the  Gell–Mann  matrices
and  are  the  gauge  fields.  The  Lagrangian
(44) therefore  describes  dense  quark  matter  in  the  pres-
ence of both isospin and chiral asymmetries.

D

D

We now show that  the dual  symmetry ,  defined in
Eq. (31)—which, in the NJL framework, relates the CSB
and charged PC channels—is also realized in the funda-
mental QCD Lagrangian (44). It follows from the discus-
sion in the previous sections that the sum of the chemical-
potential terms in Eq. (44) is invariant under . The kin-
etic term is invariant as well, since 

iψγν∇νψ = iψRγ
ν∇νψR+ iψLγ

ν∇νψL
D−→ iψRγ

ν∇νψR

+ iψL(−iτ1)γν∇νiτ1ψL

= iψRγ
ν∇νψR+ iψLγ

ν∇νψL = iψγν∇νψ, (45)

D
Thus,  the  full  QCD Lagrangian  (44)  is  symmetric  under
the dual transformation  (31).

It is  well  known in  quantum field  theory that  the  in-
variance of a classical Lagrangian under a given group of

DψDψ

transformations does  not  necessarily  imply  the  invari-
ance of the corresponding quantum theory under the same
transformations  (see,  for  example,  Section  9.6  of  Ref.
[58]).  Such  discrepancies,  known  as  anomalies,  arise
when a symmetry of the classical action is not preserved
after quantization. This situation typically occurs for axi-
al transformations of spinor fields. To verify that a sym-
metry  group G is  non-anomalous,  one  must  explicitly
demonstrate  the  invariance  of  the  functional  integration
measure  in the partition function of the model un-
der transformations of G.

UI3 (1)
L̃NJL

Γ(σcl,πacl)

UI3 (1)

For  illustration,  we  refer  the  reader  to  Appendix  A,
where  the  invariance  of  the  symmetry  (11)  is
demonstrated for both the auxiliary NJL Lagrangian 
of Eq. (1) and its  effective action .  There,  it  is
shown that the key step in establishing this invariance is
to  prove  that  the  integration  measure  is  invariant  under
the  transformation.

D
γ5

D

D

As shown  above,  the  QCD  Lagrangian  (44)  is  sym-
metric  under  the  dual  transformation  (31).  Because
this  transformation  involves  the  spinor  matrix ,  one
might suspect that  could be anomalous. If this were the
case, neither  the  full  effective  action  nor  the  thermody-
namic potential  would remain dually symmetric,  and the
dual  correspondence  between  the  CSB  and  charged  PC
phases of dense quark matter would be lost. However, as
proven  in  Appendix  C,  this  suspicion  is  unfounded:  the
functional  integration  measure  in  the  QCD  generating
functional is invariant under the dual transformation .

DψDψ
U(θ⃗) ∈ SUV (2) UA(ω⃗) ∈ SUA(2)

U(θ⃗)UA(ω⃗)
θ⃗ = −ω⃗ = (π/4,0,0)

D
ψ(x) DψDψ

D

Specifically,  Appendix  C  shows  that  the  measure
 is  invariant  under  both  vector  transformations

 and  axial  transformations 
(see Eqs. (C2) and (C3), respectively). Consequently, it is
invariant under their product . By choosing the
specific  parameters ,  this  combined
transformation  coincides  exactly  with  the  dual  (Pauli–
Gursey)  transformation  (31)  of  the  spinor  doublet

.  Therefore,  the  path-integral  measure  in
massless QCD is invariant under , and this transforma-
tion is non-anomalous.

D
(µB,µI ,µI5,µ5)

It follows that  both the effective action and the ther-
modynamic  potential  of  QCD  are  symmetric  under .
Hence, in the full  phase diagram, the CSB
phase  is  dually  conjugate  to  the  charged  PC phase.  This
dual  symmetry  should  be  regarded  as  a  fundamental
property of massless QCD and is expected to manifest it-
self  in  any  consistent  approximation  to  the  QCD  phase
structure. 

VI.  SUMMARY AND CONCLUSIONS

µB

In this work, we have demonstrated that the Lagrangi-
ans of the massless NJL models (1) and (33), formulated
for  three-color u and d quarks and including the baryon,
isospin, chiral, and chiral isospin chemical potentials ,
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µI µI5 µ5 D

DψDψ

D

, , and , possess a discrete dual symmetry  (31)
that  relates  the  chiral  symmetry  breaking  (CSB)  and
charged pion condensation (PC) interaction channels (see
Sections  II–IV).  Since  the  path-integral  measure 
in the  generating  functionals  of  these  models  is  also  in-
variant  under  the  transformation (as  shown  in  Ap-
pendix C), it follows that the corresponding total thermo-
dynamic  potentials,  viewed  as  functions  of  the  chemical
potentials  and  the  order  parameters  Σ  and  Π  associated
with the CSB and charged PC phases, are invariant under
the dual transformation (22).

µB

µ5 (µI ,µI5)
µI = µI5

1/Nc

Consequently, in the complete phase diagram of each
model,  the  CSB  and  charged  PC  phases  appear  as  dual,
mirror-symmetric  counterparts.  In  particular,  at  fixed 
and ,  the  phase portrait  exhibits  mirror  sym-
metry  with  respect  to  the  line .  Thus,  we  have
shown  that  the  dual  symmetry  between  the  CSB  and
charged PC phenomena is an intrinsic property of the full
massless  NJL  models  (1)  and  (33),  rather  than  merely  a
feature of their mean-field (leading ) approximation,
as previously established in Refs. [11, 12, 17].

D
Furthermore,  in  Section  V,  we  proved  that  the  same

dual symmetry  (31) is also realized in the fundamental
massless  QCD  Lagrangian  (44)  for  three-color u and d
quarks.  This  result  implies  that  the  dual  correspondence
between CSB and charged PC phenomena is not an arti-
fact  of  effective  theories  but  a fundamental  property  of
dense  massless  QCD.  Hence,  it  should  manifest  itself
within  any  consistent  approximation  to  the  QCD  phase
diagram. Moreover, in the case of two-color QCD, addi-
tional dual  correspondences  arise,  enriching  the  sym-
metry structure of the phase diagram [18, 19].

Establishing  this  dual  correspondence  directly  from
first principles, i.e., within QCD itself, opens the possibil-
ity of a broad class of applications of dual symmetries in
studies of the QCD phase structure. The concept of dual-
ity is no longer confined to the chiral dynamics of quarks:
in principle, it can encompass other QCD phenomena, in-
cluding  gluonic  degrees  of  freedom,  transitions  between
confined and deconfined phases,  and topological  proper-
ties. Moreover, the dual symmetry is not restricted to the
range  of  validity  of  effective  models;  it  should  hold  at
any energy scale  and for  both real  and imaginary values
of the  chemical  potentials,  potentially  offering  new  in-
sights into  the  analytic  continuation  of  QCD  thermody-
namics.

D

m0ψψ

m0 ≃ 5.5

Finally,  we note  that  the  dual  symmetry  has  been
rigorously established here for massless quarks. In realist-
ic situations, where quarks are massive, remnants of this
symmetry should persist  to some extent.  A physical  cur-
rent  mass  breaks  the  symmetry  (under  the  Pauli–Gursey
rotation (23), the mass term  is transformed into the
charged-pion  channel  Eqs.  (25)–(26));  however,  this
breaking  is  mild,  being  set  by  the  small  mass 
MeV compared with the much larger scales of dense mat-

T = 0
D

D

ter.  Indeed,  the  mean-field  analysis  of  the  NJL model  at
the  physical  point  (with  nonzero  current  masses)  [13]
demonstrates  that  the  CSB–PC duality  becomes  approx-
imate but  remains  clearly  visible  and  provides  an  excel-
lent approximation at chemical potentials larger than half
the pion mass.  (Indeed,  once the  chemical  potentials  ex-
ceed a  reasonable  value,  the  CSB  and  charged  PC  re-
gions appear practically as in the chiral limit.) Thus, there
is no indication that this approximation should not be val-
id more generally, beyond the mean-field level. For sim-
plicity, the present study has been restricted to zero tem-
perature  ( ),  but  we  see  no  compelling  reason  why
the duality  in the phase structure of dense quark mat-
ter  should  disappear  at  finite  temperature.  We  therefore
expect the -duality to remain a robust and general fea-
ture of QCD matter under a wide range of conditions. 

APPENDIX A: SYMMETRY PROPERTIES OF EF-
FECTIVE ACTION AND TDP

• We first consider the symmetry properties of the ef-
fective action 

ΓM(σcl,πacl ) ≡ ΓM(σcl,π3cl ;π1cl ,π2cl )

=WM(J)−
∫

d4x

{
σcl(x)J0(x)+

3∑
a=1

πacl (x)Ja(x)

}
, (A1)

where 

σcl(x) ≡ δWM(J)
δJ0(x)

=
1

ZM(J)

∫
DψDψDσ

3∏
a=1

Dπaσ(x)

× exp
ß

i
∫

d4y
[
L̃NJL+Nc(σJ0+πaJa)

]™
= ⟨σ(x)⟩J ,

πkcl (x) ≡ δWM(J)
δJk(x)

=
1

ZM(J)

∫
DψDψDσ

3∏
a=1

Dπaπk(x)

× exp
ß

i
∫

d4y
[
L̃NJL+Nc(σJ0+πaJa)

]™
= ⟨πk(x)⟩J ,

(A2)

L̃NJL

which follow  from  the  invariance  of  the  auxiliary  Lag-
rangian  (8)  under the transformations (3),  (11),  and
(12).

WM(J)
UI3 (1)

ψ(x)→ ψ′(x) = exp(iατ3/2)ψ(x)(
π1

π2

)
→
(

π′1

π′2

)
= O(α)

(
π1

π2

)
O(α)

We now examine how the invariance of the auxiliary
Lagrangian (8) under these transformations is realized in
terms  of  the  functional  (10).  For  simplicity,  we
consider  in  detail  only  the  subgroup .  To this  end,
we change the integration variables in this functional in-
tegral  as  follows: ,

,  where  is  a
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2×2 O(α) =

(
cosα,sinα

−sinα,cosα

)
σ(x),π3(x)

UI3 (1)

π1 π2

 matrix  of  the  form  and

scalar fields  remain unchanged. This change of
variables  is  simply  a  transformation  of  the  fermionic
fields  under  the  action  of  (3),  and  of  the  scalar
fields according to  the  rule  (11).  One must  take  into  ac-
count that, under this transformation, neither the integra-
tion measure nor the Lagrangian changes. The part of the
source terms that involves only the scalar fields  and 
is transformed  as  follows  (summation  over  repeated  in-
dices from 1 to 2 is implied):
 

πaJa→ π′aJa = O(α)aiπiJa = πiOT (α)iaJa ≡ πiJ′i , (A3)

J′i = OT (α)iaJa J′1 = cosαJ1− sinαJ2

J′2 = sinαJ1+ cosαJ2

where ;  that  is,  and
. Thus, it follows that

 

WM(J) ≡WM(J0, J3|J1, J2) =WM(J0, J3|J′1, J′2). (A4)

WM(J0, J3|J1, J2)
SO(2) J1

J2

J1, J2→ J′1, J
′
2

WM(J0, J3|J′1, J′2)

This means that the functional  is invari-
ant  under  the  group  acting  on  the  two  sources 
and ; that is, it remains unchanged under the transform-
ation . We now perform the Legendre trans-
form of the functional :
 

ΓM(σcl,π3cl ;π
′
1cl
,π′2cl

) =WM(J0, J3|J′1, J′2)

−
∫

d4x

{
σcl(x)J0(x)+π3cl (x)J3(x)+

2∑
a=1

π′acl
(x)J′a(x)

}
,

(A5)

where
 

π′acl
(x) =

δWM(J0, J3|J′1, J′2)
δJ′a(x)

=

∫
d4z
δWM(J0, J3|J1, J2)

δJi(z)
δJi(z)
δJ′a(x)

= πicl (x)O(α)ia. (A6)

Ji(z) = O(α)iaJ′a(z) δJi(z)/δJ′a(x) =
O(α)iaδ(x− z)

WM(J0, J3|J′1, J′2) πicl (x)

π′acl
(x)J′a(x) = πacl (x)Ja(x)

To obtain the final expression in Eq. (A6), we use the re-
lations  and 

. In addition, the equality (A4) for the func-
tional  and  the  definition  (A2)  of 
are  taken  into  account.  It  follows  from  Eqs.  (A6)  and
(A3)  that . Combining  these  res-
ults, we find that
 

ΓM(σcl,π3cl ;π
′
1cl
,π′2cl

)

=WM(J)−
∫

d4x

{
σcl(x)J0(x)+

3∑
a=1

πacl (x)Ja(x)

}
≡ ΓM(σcl,π3cl ;π1cl ,π2cl ), (A7)

π1cl (x) π2cl (x) SO(2)

Γ(σcl,π3cl ;π1cl ,π2cl ) σcl(x) π3cl (x)
SO(2)

That is,  the effective action (A1) or  (13)  remains invari-
ant  when  and  transform  as  an 
doublet. Similarly, one can show that the effective action

 is also invariant when  and 
transform as an  doublet. Hence, 

ΓM(σ′cl,π
′
3cl

;π′1cl
,π′2cl

) = ΓM(σcl,π3cl ;π1cl ,π2cl ), (A8)

(
π′1cl

π′2cl

)
=

(
cosα,−sinα

sinα,cosα

)(
π1cl

π2cl

)
(

σ′cl

π′3cl

)
=

(
cosβ,−sinβ

sinβ,cosβ

)(
σcl

π3cl

)
σcl πacl

ΩM(σcl,πacl )
Σ =
»
σ2

cl+π
2
3cl

Π =
»
π2

1cl
+π2

2cl

where  and

. Then, if the scal-

ar fields  and  do not depend on spacetime coordin-
ates,  it  follows  that  the  thermodynamic  potential

 depends  only  on  two  variables,
 and .

 

ΓCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

)

SUc(3)
∆a(x) ∆∗b(x)

L̃CSC SUc(3)

• Next, we similarly discuss the transformation prop-
erties  of  the  effective  action  of  the
NJL  model  (33)−(34) (defined  in  Section  IV)  with  re-
spect to the color  group. 1) To begin, let us recall
that the auxiliary scalar diquark fields  and  in

 transform under the color  group as follows 

∆a→ ∆′a = U∗ab∆b, ∆∗a→ ∆′∗a = Uab∆
∗
b, (A9)

U ∈ SUc(3) ×

SUc(3) ψ(x)→ Uψ(x)
∆a(x)

∆∗b(x) a,b = 1,2,3
SUc(3)

DψDψ∏3
i=1D∆iD∆∗i

ZCSC(J,η,η) SUc(3)

where  is a 3 3 matrix. This fact can be read-
ily established using the equations of motion (35) for the
auxiliary diquark fields,  for which one must perform the

 transformation of the spinor fields, .
It  follows  from  Eq.  (A9)  that  the  diquark  fields 
form an antitriplet, whereas the set of  ( )
forms a  triplet  of  the  color  group.  Moreover,  the
integration  measure  in the  generat-
ing functional  (36) is invariant under 
transformations.

ηa ηb

SUc(3) L̃CSC

SUc(3)

Now, let us determine how the scalar diquark sources
 and , which appear in the generating functional (36),

should be transformed so that this functional remains in-
variant under  transformations. Because both 
and the integration measure of this functional are 
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∆a→ ∆′a ∆∗a→ ∆′∗a
SUc(3)

invariant, we can change variables in the functional integ-
ral,  and , as in Eq. (A9), and then define
the  transformed sources  by  the  following  rela-
tions (summation over repeated indices is implied) 

ηa∆
′
a = ηaU∗ab∆b = η

′
b∆b =⇒ η′b = U†baηa,

ηa∆
′∗
a = ηaUab∆

∗
b = η

′
b∆
∗
b =⇒ η′b = UT

baηa. (A10)

ZCSC(J,η,η) =ZCSC(J,η′,η′)
WCSC(J,η,η) =WCSC(J,η′,η′)

∆acl (x)
∆∗bcl

(x) SUc(3)

It  follows  that  and
 (this  functional  is  defined

after Eq. (36)), where the primed sources are given in Eq.
(A10). Using the second of these invariance relations, one
can determine how the classical diquark fields  and

 transform under . Indeed, 

∆′acl
=
δWCSC(J,η′,η′)
δη′a(x)

=

∫
dz
δWCSC(J,η,η)
δηb(z)

δηb(z)
δη′a(x)

= ∆bcl Uba = (U∗)−1
ab∆bcl ,

∆′∗acl
=
δWCSC(J,η′,η′)
δη′a(x)

=

∫
dz
δWCSC(J,η,η)
δηb(z)

δηb(z)
δη′a(x)

= ∆∗bcl
U∗ba = U†ab∆

∗
bcl
, (A11)

δηb(z)
δη′a(x)

= Ubaδ(z− x)
δηb(z)
δη′a(x)

=

U∗baδ(z− x)

where  we  have  also  used  the  relations  (A10)  and  their

consequences,  and 
.

SUc(3)
(ηa∆acl +ηb∆

∗
bcl

)
ΓCSC(σcl,πacl ,∆kcl ,∆

∗
lcl

)

WCSC(J,η,η)
SUc(3)

ΓCSC(σcl,πacl ,∆kcl ,∆
∗
lcl

)

Now, using the source transformations (A10) togeth-
er with the transformations (A11) of the classical diquark
fields  under ,  one  can  straightforwardly  establish
that  the  quantity ,  which  appears  in  the
definition of the full effective action 
of the NJL model (33)–(34) (see Sec. IV), is invariant un-
der  the  simultaneous  transformations  (A10)–(A11). Fi-
nally,  recalling  that  the  functional  is  also

 invariant, we  conclude  that  the  full  effective  ac-
tion  of  the  NJL  model  (33)  (intro-
duced  in  Sec.  IV)  is  invariant  with  respect  to  the  color
transformations  (A11)  of  the  classical  scalar  diquark
fields, i.e. 

ΓCSC(σcl,πacl ,∆
′
kcl
,∆′∗lcl

) = ΓCSC(σcl,πacl ,∆kcl ,∆
∗
lcl

).

ΩCSC(σcl,πacl ,∆
′
kcl
,∆′∗lcl

)
SUc(3)

∆ ≡
√
∆acl∆

∗
acl

SUc(3)

Consequently, the total TDP  (39) of
the  model  is  also  invariant  under .  Therefore,  it
must  depend  only  on  the  combination ,
which  is  invariant  under , as  can  be  readily  veri-
fied using Eqs. (A11). 

Nc

APPENDIX B: EFFECTIVE ACTION OF THE NJL
MODEL (1) IN THE LEADING LARGE-  ORDER

Starting from the partition function (18), it is conveni-

σ0 ≡ σ0(x; J) π⃗0 ≡ π⃗0(x; J)

ent  to  use  the  steepest-descent  method  (see, e.g.,  Ref.
[72]) to calculate the effective action (13) or (A1) of the
simplest NJL model (1). First, suppose that the quantities

 and  constitute a solution to the
following system of four equations: 

δS eff(σ, π⃗)
δσ(x)

+ J0(x) = 0,

δS eff(σ, π⃗)
δπk(x)

+ Jk(x) = 0, k = 1,2,3, (B1)

S eff(σ, π⃗) (σ0, π⃗0)

S eff(σ, π⃗) σ0 π0k

Nc N0
c Nc

S eff(σ, π⃗)
(σ0, π⃗0)

where  is defined in Eq. (19). The set  is
also  referred  to  as  the  saddle  point  of  the  functional

.  Note  that  the  quantities  and  do not  de-
pend  on ;  that  is,  they  are  of  order  for  large .
Then,  expanding  the  functional  in  a  Taylor
series around its saddle point  

S eff(σ, π⃗) = S eff(σ0, π⃗0)+
∫

d4x
δS eff

δσ(x)

∣∣∣
(σ0 ,π⃗0)

σ̃(x)

+

∫
d4x
δS eff

δπk(x)

∣∣∣
(σ0 ,π⃗0)

π̃k(x)

+∆S eff(σ̃(x), π̃k(x)). (B2)

σ̃(x) = σ(x)−σ0(x; J) π̃k(x) = πk(x)−πk0 (x; J)
∆S eff(σ̃(x), π̃k(x))

σ̃(x) π̃k(x)

(The Taylor series expansion of the effective action in the
simplest field-theory model involving a single scalar field
is presented, for example, in Ref. [58], Eq. (11.58).) Here,

 and ,  and  we
denote  by  the  sum  of  all  higher-order
contributions  in  the  quantities  and .  Using  the
saddle-point equations (B1), we obtain from Eq. (B2) 

S eff(σ, π⃗)+
∫

d4x
[
σ(x)J0(x)+ π⃗(x) · J⃗(x)

]
= S eff(σ0, π⃗0)+

∫
d4x

[
σ0(x)J0(x)+ π⃗0(x) · J⃗(x)

]
+∆S eff(σ̃(x), π̃k(x)). (B3)

σ→ σ̃(x)
πk → π̃k(x)

Substituting  this  expression  into  the  partition  function
(18) and changing the path-integral variables as 
and , we obtain 

exp(iNcWM(J)) = N′ exp
(
iNc

{
S eff(σ0, π⃗0)

+

∫
d4x

[
σ0(x)J0(x)+ π⃗0(x) · J⃗(x)

]})
×
∫
Dσ̃

3∏
a=1

Dπ̃a exp
Ä

iNc

¶
∆S eff(σ̃(x), π̃k(x))

©ä
. (B4)

σ̃→ σ̃/
√

Nc π̃k → π̃k(x)/
√

Nc

We now perform another change of variables, this time in
the path integral  (B4):  and .
It then takes the form 
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∫
Dσ̃

3∏
a=1

Dπ̃a exp
Ä

iNc

¶
∆S eff(σ̃(x), π̃k(x))

©ä
=

1
N2

c

∫
Dσ̃

3∏
a=1

Dπ̃a exp
Å

i
¶

A(σ̃(x), π̃k(x))+O
Å

1√
Nc

ã©ã
,

(B5)

A(σ̃(x), π̃k(x))
∆S e f f (σ̃(x), π̃k(x)) σ̃(x) π̃k(x)
where  denotes  the  part  of  the  functional

 that is quadratic in  and , i.e. 

A(σ̃(x), π̃k(x)) =
∫

d4xd4y
ß

1
2
δ2S eff

δσ(x)δσ(y)

∣∣∣
(σ0 ,π⃗0)

σ̃(x)σ̃(y)

+

3∑
k=1

δ2S eff

δσ(x)δπk(y)

∣∣∣
(σ0 ,π⃗0)

σ̃(x)π̃k(y)

+
1
2

3∑
k,l=1

δ2S eff

δπk(x)δπl(y)

∣∣∣
(σ0 ,π⃗0)

π̃l(x)π̃k(y)
™
.

(B6)

Nc→∞
exp(A+O(1/

√
Nc)) = exp(A)

{
1+O(1/

√
Nc)

}
W(J)

Nc

Using,  at ,  the  general  relation
, one can take

the logarithm of both sides of Eq. (B4) and obtain (up to
irrelevant constants) the functional  at leading order
in the large-  expansion: 

WM(J) = S eff(σ0, π⃗0)+
∫

d4x
[
σ0(x)J0(x)

+ π⃗0(x) · J⃗(x)
]
+O(1/Nc). (B7)

(σ0, π⃗0)
J0(x) Jk(x)
Γ(σcl, π⃗cl)

σcl(x) ≡ δWM(J)/δJ0(x) πkcl (x) ≡ δWM(J)/δJk(x)

Recall  that  the  saddle  point  depends  on  the
external  sources  and .  We  now determine  the
effective action  in  (A1) (or  (13))  starting from
Eq.  (B7).  To  this  end,  we  first  find  the  classical  fields

 and .
From Eq. (B7), it follows that 

σcl(x) = σ0(x; J)+
∫

d4y
Å
δS eff

δσ0(y; J)
+ J0(y)

ã
δσ0(y; J)
δJ0(x)

+

∫
d4y
Å
δS eff

δπk0 (y; J)
+ Jk(y)

ã
δπk0 (y; J)
δJ0(x)

+O(1/Nc).

(B8)

Nc σcl(x) = σ0(x; J)
π⃗cl(x) = π⃗0(x; J)

Γ(σcl, π⃗cl)

However, the expressions in parentheses in Eq. (B8) van-
ish by the saddle-point equations (B1). Thus, in the large-

 limit, .  Similarly,  one  can  show  that,
within  the  same  approximation, . Apply-
ing this result to Eq. (B7) and to the definition of the ef-
fective action  in Eq. (13), we find that 

Γ(σcl, π⃗cl) = S eff(σcl, π⃗cl)+O(1/Nc). (B9)

A comparison of our result  (B9) with the expression ob-

Γm f (σcl, π⃗cl)

1/Nc

tained  for  the  effective  action  (potential)  in  the  mean-
field  approximation  (see,  for  example,  Refs.  [66−71])
shows that  the  two are  identical.  Therefore,  in  what  fol-
lows, we use the notation  for the effective ac-
tion calculated both in the mean-field approximation and
at leading order in the  approximation (see Eq. (20)). 

APPENDIX C: DUAL INVARIANCE OF PATH
INTEGRATION MEASURE

DψDψ

ψ ≡ ψ(x)

ψ =

(
ψu

ψd

)
ψu,d ψ(x)

ψT (x) = (ψu1, ...,ψu4,ψd1, ...,ψd4)
ψ(x)

DψDψ

We show that the path-integral measure  in the
partition function (4) is invariant under the Pauli–Gursey
(or duality) transformation (23)–(24). Recall that 

is a flavor doublet; that is, . Moreover, since

 are  four-component  spinors,  is  an  eight-com-
ponent spinor: . For simpli-
city,  we  ignore  the  fact  that  is  also  a  color  triplet.
Thus, the path integration measure  can be written
explicitly in the following form 

DψDψ ≡
8∏
α=1

Dψα
8∏
β=1

Dψβ

=

4∏
α=1

Dψuα

4∏
β=1

Dψuβ

4∏
α=1

Dψdα

4∏
β=1

Dψdβ. (C1)

LNJL

ψ(x)→ ψ′(x) = U(θ⃗)ψ(x) ×
U(θ⃗)

First,  we note that  for  vanishing chemical  potentials,  the
Lagrangian  (1) is  invariant  under  the  transforma-
tions ,  where  the  2 2  unitary
matrix  in two-flavor space is given by
 

U(θ⃗) ≡ U(θ1, θ2, θ3) = exp(i⃗τ · θ⃗) = cos |θ|+ i⃗τ · θ⃗
|θ| sin |θ|

=

Ö
cos |θ|+ iθ3

|θ| sin |θ|, iθ1+ θ2
|θ| sin |θ|

iθ1− θ2
|θ| sin |θ| , cos |θ| − iθ3

|θ| sin |θ|

è
,

(C2)

τ⃗ · θ⃗ = τ1θ1+τ2θ2+τ3θ3 |θ|2 = θ2
1 + θ

2
2 + θ

2
3

U(θ⃗) SUV (2)
and , .  Altogether,
the matrices  form the  group.

LNJL

ψ(x)→ ψ′(x) = UA(ω⃗)ψ(x)
× UA(ω⃗)

It is also well known that  is invariant under axi-
al  transformations ,  where  the
2 2 unitary matrix  in the two-flavor space has the
form 

UA(ω⃗) = exp(iγ5τ⃗ · ω⃗) = cos |ω|+ iγ5τ⃗ · ω⃗
|ω| sin |ω|. (C3)

SUA(2)
U(θ⃗)

These transformations constitute  the axial  group.
We have presented expressions for the matrices  and
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UA(ω⃗) ψ =

(
ψu

ψd

)

ψT (x) = (ψu1, ...,ψu4,ψd1, ...,ψd4)
8×8

ψ(x)→ ψ′(x) = U(θ⃗)ψ(x)
U(θ⃗) ∈ SUV (2)

 in the two-dimensional flavor space .

In reality, they act in the space of eight-component Grass-
mann spinors, ,  where they
are  represented  by  unitary matrices  with  unit  de-
terminant.  Suppose  that ,  where

. Then we have 

Dψ′Dψ′ ≡
8∏
α=1

Dψ′α
8∏
β=1

Dψ′β

=

8∏
α=1

Dψα(detU†(θ⃗))−1
8∏
β=1

Dψβ(detU(θ⃗))−1

=DψDψ, (C4)

DψDψ
SUV (2)

detU(θ⃗)U†(θ⃗) = 1 ψ(x)

DψDψ
ψ(x)→ ψ′(x) = Uψ(x)

U ∈ SUc(3)

i.e., the path-integral measure  (see, e.g., Eq. (17))
is  invariant  under  transformations  of  the  group.
Here,  we  have  used  the  above-mentioned  identity

.  (If  we  take  into  account  that  is
also a color triplet, then, using the same method, one can
easily  prove that  the  path-integral  measure  is in-
variant  under  the  transformations ,
where .)

UA(ω⃗) ∈ S UA(2) UA(ω⃗)
ψ′(x) =

UA(ω⃗)ψ(x) γ0 exp(iγ5ω⃗ · τ⃗) =
exp(−iγ5ω⃗ · τ⃗)γ0 ψ

′(x) = ψ(x)UA(ω⃗)

Similarly, this  measure  is  also  invariant  under  an  ar-
bitrary  transformation ,  where  is
given  in  Eq.  (C3).  Indeed,  suppose  that 

.  Then,  using  the  identity 
,  we  have  and  hence

the path-integral measure transforms as follows: 

Dψ′Dψ′ =
8∏
α=1

Dψα
8∏
β=1

Dψβ(detUA(ω⃗))−2

=

8∏
α=1

Dψα
8∏
β=1

Dψβ e−iNctr{τa}
∫

d4 xωa(x)A2

=DψDψ, (C5)

A = −2tr[γ5]δ(x− x)
UA(1)

tr(τa) = 0 DψDψ
SUA(2)

where  is the same expression as that
for the chiral anomaly of , and it is finite when reg-
ularization  is  used.  We  have  also  used  the  additional
factor . Hence, the path-integral measure 
is  also  invariant  under  transformations  from  the 
group.

DψDψ
ψ(x)→ ψ′(x) = U(θ⃗)UA(ω⃗)ψ(x) θ⃗ = −ω⃗ =

(π/4,0,0)

ψ(x)→ ψ′(x) = ψR(x)+ iτ1ψL(x)

Dσ∏3
i=1Dπi

We can therefore conclude that the integration meas-
ure  is invariant  with  respect  to  arbitrary  trans-
formations .  For 

,  it  follows that  the path-integral measure is  in-
variant  with  respect  to  the  discrete  Pauli–Gursey trans-
formation  (24),  namely .
Moreover,  the  integration  measure  over  the  auxiliary
meson  fields  in  the  generating  functional
(10) is also invariant under the PG transformation (32) of

these fields.
 

L̃NJL

•  Based on this  result,  we are ready to consider how
the dual symmetry (31)−(32) of the auxiliary Lagrangian

 (8) is  reflected in the properties of the effective ac-
tion  (A1)  of  the  NJL  model  (1)  and  its  thermodynamic
potential.

L̃NJL

Γ(σcl,πacl )
Ω(σcl,πacl )

The  dual  symmetry  (31)−(32) of  the  auxiliary  Lag-
rangian  (8) implies  that  both  the  total  effective  ac-
tion  (13) and  the  total  thermodynamic  poten-
tial  (15) of  the  model  are  symmetric  with  re-
spect to the transformation 

σcl(x)→−π1cl (x), π1cl (x)→ σcl(x),

π2cl (x)→ π3cl (x), π3cl (x)→−π2cl (x). (C6)

Σ↔ Π
µI ↔ µI5

In terms of the variables Σ and Π (see the text preceding
Eq.  (16)),  it  has  the  form  (with  the  simultaneous
interchange ).

WM(Ja)

µI ↔ µI5 M

WM̃(Ja) M̃ = µB

3
+
µI5

2
τ3+
µI

2
γ5τ3+µ5γ

5

WM̃(Ja)
M→M̃

WM̃(Ja)

We first consider the transformation of the functional
 (which appears in the expression for the generat-

ing  functional  (10))  under  the  dual  transformations
(31)−(32).  As  a  first  step,  we  interchange  the  chemical
potentials, ,  in  the  chemical-potential  term 
defined by Eq. (2). We denote the resulting functional by

,  where .  Next,  in
the functional  integral  (which is  simply expres-
sion  (10)  with ),  we  transform  the  integration
variables, both  the  spinor  and  auxiliary  scalar  fields,  ac-
cording  to  the  dual  transformations  (31)−(32).  Since  the
functional  integral  measure  does  not  change  under  this
procedure, the original functional  transforms ac-
cording to the following rule: 

WM(Ja) =WM̃(J′a), (C7)

J′0 = J1 J′1 = −J0 J′2 = −J3 J′3 = J2where , , , .  Based  on  the
left- and  right-hand  sides  of  Eq.  (C7),  one  can  use  the
definition in Eq. (13) to introduce two formally different
effective actions 

ΓM(σcl,πacl )

=WM(Ja)−
∫

d4x

{
σcl(x)J0(x)+

3∑
a=1

πacl (x)Ja(x)

}
, (C8)

 

ΓM̃(σ′cl,π
′
acl

)

=WM̃(J′a)−
∫

d4x

{
σ′cl(x)J′0(x)+

3∑
a=1

π′acl
(x)J′a(x)

}
, (C9)

T. G. Khunjua, K. G. Klimenko, R. N. Zhokhov Chin. Phys. C 51, 013110 (2027)

013110-14



where, by definition (13), we have 

σcl(x) =
δWM(Ja)
δJ0(x)

, πbcl (x) =
δWM(Ja)
δJb(x)

,

σ′cl(x) =
δWM̃(J′a)

δJ′0(x)
, π′bcl

(x) =
δWM̃(J′a)

δJ′b(x)
. (C10)

However, from the preceding relations and by taking into
account (C7), one can, for example, obtain 

σ′cl(x) =
δWM̃(J′a)

δJ′0(x)
=
δWM(Ja)
δJ′0(x)

=

∫
d4z
δWM(Ja)
δJb(z)

δJb(z)
δJ′0(x)

= π1cl (x), (C11)

δJb(z)
δJ′0(x)

= δb1δ(z− x)

J′b
Ja

where  one  must  also  use  the  relation 
(the  connection  between  the  primed  sources  and  the
unprimed  sources  is  given  after  Eq.  (C7)).  Similarly,
one finds that 

π′1cl
(x) = −σcl(x), π′2cl

(x) = −π3cl (x), π′3cl
(x) = π2cl (x),

(C12)

and, using these relations, one can readily see that 

σcl(x)J0(x)+
3∑

a=1

πacl (x)Ja(x) = σ′cl(x)J′0(x)+
3∑

a=1

π′acl
(x)J′a(x).

(C13)

ΓM(σcl,πacl ) = ΓM̃(σ′cl,π
′
acl

)
Consequently, Eq. (C7) implies that the effective actions
(C8)  and  (C9)  are  identical, .
The same property also holds for their TDPs 

ΩM(σcl,πacl ) = ΩM̃(σ′cl,π
′
acl

). (C14)

UI3 (1) UAI3 (1)
ΩM(σcl,πacl )

Σ =
»
σ2

cl+π
2
3cl

Π =
»
π2

1cl
+π2

2cl

ΩM̃(σ′cl,π
′
acl

) Σ′ =
»
σ′2cl +π

′2
3cl

Π′ =
»
π′21cl
+π′22cl

Σ′ = Π Π′ = Σ

As shown in Appendix A, owing to the  and 
invariance  of  the  NJL  model  (1),  the  TDP 
depends  on  the  invariants  and

,  respectively.  However,  the  second  TDP
 depends  effectively  on  and

.  Using  relations  (C12)  and  (C13),  we
find  that ,  whereas .  Therefore,  Eq.  (C14)
shows that the full TDP of the NJL model (1) satisfies the
dual symmetry relation 

ΩM(Σ,Π) = ΩM̃(Π,Σ). (C15)

That is, it is identical to that in the mean-field approxima-

tion (22).

L̃CSC

D

D
∆a(x) ∆∗b(x)

ΓCSC(σcl,πacl ,∆kcl ,∆
∗
k′cl

)

∆kcl ∆∗k′cl

µI µI5

Concerning the  NJL  model  (33)  with  a  color  super-
conducting channel of quark interaction, we first note that
its  auxiliary  Lagrangian  (34)  is  invariant  under  the
dual transformations  of both the spinor fields (31) and
the  auxiliary  meson  fields  (32).  However,  as  shown  in
Section IV, the dual transformation  leaves the diquark
scalar  fields  and  unchanged  (see  Eqs.  (42)
and (43)). Hence, in this case, using the same methods as
those used to  analyze the dual  properties  of  the simplest
NJL model (1) (see above in the present Appendix), it is
straightforward  to  show  that  the  effective  action

 of this  NJL  model  is  invariant  un-
der  transformations  (C11)  and  (C12),  supplemented  by
the condition that the classical diquark fields  and 
remain unchanged. In addition, the values of the chemic-
al potentials  and  must be interchanged. 

APPENDIX D: REGULARIZATION AND DUAL
INVARIANCE

Regularization  is  unavoidable  in  effective  models
such as the NJL model,  and the regularization parameter
cannot be removed. Therefore, the regularization scheme
is part of the model definition. Let us show that the regu-
larization procedure does not break the invariance of the
measure in the path integral and, consequently, preserves
the duality property of the effective model.

In  principle,  one  can  choose  a  regularization  that
breaks the  invariance  of  the  Lagrangian,  thereby  break-
ing the duality property of the model. However, this only
indicates that  such a  regularization  procedure  is,  at  min-
imum, not suitable for studying duality properties. Let us
consider,  for  example,  the  three-dimensional  momentum
cutoff regularization scheme.

It is instructive to work in momentum space 

ψ(x) =
∫

dp0

2π

∫
d3 p

(2π)3
eip·x ψ̃(p0,p).

The  measure  in  the  path  integral  with  three-momentum
cutoff regularization can be written as 

Dψ̄Dψ =
∏
|p|<Λ

∏
p0

∏
α

d ¯̃ψα(p0,p) dψ̃α(p0,p).

Let us  consider  the  dual  transformation  (23).  In  mo-
mentum space, it takes the following form: 

PG : ψ̃R(p0,p)→ ψ̃R(p0,p), ψ̃L(p0,p)→ iτ1ψ̃L(p0,p),

ψ̃R(p0,p) ≡ Π+ψ̃(p0,p), ψ̃L(p0,p) ≡ Π−ψ̃(p0,p).
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Although  3-momentum  cutoff  regularization  breaks
Lorentz invariance, it does not alter the decomposition of
fermions into left-handed and right-handed components.

ψ(x)→ ψ′(x) = U(θ⃗)UA(ω⃗)ψ(x)
θ⃗ = −ω⃗ = (ω,0,0)
ω = −π/4

For  generality,  we  now  consider  the  more  general
transformation  discussed
in  Appendix  C,  evaluated  at  (the  dual
transformation is obtained at ). For small values
of the parameter ω, it takes the following form 

ψR(x)→ ψ′R(x) = ψR(x),

ψL(x)→ ψ′L(x) = ψL(x)−2iτ1ωψL(x). (D1)

In general, the dual transformation in momentum space is
given by 

ψ̃′R(p)= ψ̃R(p), ψ̃′L(p)= ψ̃L(p)−2i
∫

d4q
(2π)4

ω̃(p−q)τ1 ψ̃L(q),

ω̃(p) =
∫

d4xe−ipxω

ω̃(p−q) = ω (2π)4 δ(4)(p−q)
where . However, if ω is constant, as in
our case, then .

Thus, one obtains the transformation 

ψ̃′L(p) = ψ̃L(p)−2iωτ1 ψ̃L(p).

One can see that the transformation does not mix the vari-
ous  momentum modes  of  the  fermion  field ψ.  If  we  cut
off the modes at a scale Λ, the measure remains invariant
under this  transformation,  and the  regularization proced-
ure of the effective model does not stand in the way.

 

 

References 

[1]  M. Thies, Phys. Rev. D 68, 047703 (2003)
[2]  M. Thies, Phys. Rev. D 90(10), 105017 (2014)
[3]  M. Thies, Phys. Rev. D 101(1), 014010 (2020)
[4]  M. Thies, Phys. Rev. D 102(9), 096006 (2020)
[5]  M.  Thies, Phys.  Rev.  D 107(7), 076024 (2023),  arXiv:

2302.07660
[6]  D. Ebert, T. G. Khunjua, K. G. Klimenko et al., Phys. Rev.

D 90(4), 045021 (2014)
[7]  G. Cao, L. He, and P. Zhuang, Phys. Rev. D 90(5), 056005

(2014)
[8]  D. Ebert, T. G. Khunjua, K. G. Klimenko et al., Phys. Rev.

D 93(10), 105022 (2016)
[9]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Phys.

Rev. D 100(3), 034009 (2019)
[10]  T. G. Khunjua, K. G. Klimenko, R. N. Zhokhov et al., Phys.

Rev. D 95, 105010 (2017)
[11]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Phys.

Rev. D 97(5), 054036 (2018)
[12]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Phys.

Rev. D 98(5), 054030 (2018)
[13]  T.  G.  Khunjua,  K.  G.  Klimenko,  and  R.  N.  Zhokhov, Eur.

Phys. J. C 79(2), 151 (2019)
[14]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, JHEP

06, 148 (2020)
[15]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Phys.

Part. Nucl. 53(2), 461 (2022)
[16]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Phys.

Rev. D 106(4), 045008 (2022)
[17]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Phys.

Rev. D 108(12), 125011 (2023)
[18]  K.  G.  Klimenko  and  R.  N.  Zhokhov, Eur.  Phys.  J.  C 84,

1140 (2024)
[19]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Phys.

Rev. D 111(1), 014021 (2025)
[20]  R. Gatto and M. Ruggieri, Phys. Rev. D 85, 054013 (2012)
[21]  L.  Yu,  H.  Liu,  and  M.  Huang, Phys.  Rev.  D 90, 074009

(2014)
[22]  L.  Yu,  H.  Liu,  and  M.  Huang, Phys.  Rev.  D 94, 014026

(2016)
[23]  M.  Ruggieri  and  G.  X.  Peng, J.  Phys.  G 43(12), 125101

(2016)

[24]  A. A. Andrianov, V. A. Andrianov, and D. Espriu, Particles
3(1), 15 (2020)

[25]  D.  Espriu,  A.  G.  Nicola,  and  A.  Vioque-Rodríguez, JHEP
06, 062 (2020)

[26]  D. T. Son and M. A. Stephanov, Phys. Atom. Nucl. 64, 834
(2001)

[27]  D. C. Duarte, R. L. S. Farias, and R. O. Ramos, Phys. Rev.
D 84, 083525 (2011)

[28]  D. Ebert, K. G. Klimenko, A. V. Tyukov et al., Eur. Phys. J.
C 58, 57 (2008)

[29]  L.  He,  M.  Jin,  and  P.  Zhuang, Phys.  Rev.  D 71, 116001
(2005)

[30]  D. Ebert and K. G. Klimenko, J. Phys. G 32, 599 (2006)
[31]  D.  Ebert  and  K.  G.  Klimenko, Eur.  Phys.  J.  C 46, 771

(2006)
[32]  C. f. Mu, L. y. He, and Y. x. Liu, Phys. Rev. D 82, 056006

(2010)
[33]  X. Q. Liu, Eur. Phys. J. C 85(6), 707 (2025)
[34]  Z. Wu, J.  Ping, and H.-S. Zong, Chin. Phys. C 41, 124106

(2017)
[35]  J.  O.  Andersen  and  T.  Brauner, Phys.  Rev.  D 78, 014030

(2008)
[36]  J.  O.  Andersen  and  L.  Kyllingstad, J.  Phys.  G 37, 015003

(2009)
[37]  P. Adhikari, J. O. Andersen, and P. Kneschke, Phys. Rev. D

98, 074016 (2018)
[38]  P. Adhikari, J. O. Andersen, and P. Kneschke, Eur. Phys. J.

C 79, 874 (2019)
[39]  J.  O.  Andersen,  P.  Adhikari,  and  P.  Kneschke, PoS

Confinement2018, 197 (2019), arXiv: 1810.00419
[40]  D. Ebert, T. G. Khunjua, K. G. Klimenko et al., Int. J. Mod.

Phys. A 27, 1250162 (2012)
[41]  N. V. Gubina, K. G. Klimenko, S. G. Kurbanov et al., Phys.

Rev. D 86, 085011 (2012)
[42]  J.  O.  Andersen  and  P.  Kneschke,  arXiv: 1807.08951  [hep-

ph]
[43]  A. Ayala,  B.  S.  Lopes,  R.  L.  S.  Farias et  al., Phys.  Lett.  B

864, 139396 (2025)
[44]  B.  S.  Lopes,  D.  C.  Duarte,  R.  L.  S.  Farias et  al.,  arXiv:

2507.14343 [hep-ph]
[45]  F. Xavier de Azeredo, A. E. B. Pasqualotto, B. S. Lopes et

al., Symmetry 18(2), 220 (2026)

T. G. Khunjua, K. G. Klimenko, R. N. Zhokhov Chin. Phys. C 51, 013110 (2027)

013110-16

https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.68.047703
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.90.105017
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://doi.org/10.1103/PhysRevD.107.076024
https://arxiv.org/abs/2302.07660
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.045021
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.90.056005
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.100.034009
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.95.105010
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.97.054036
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1140/epjc/s10052-019-6654-2
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.106.045008
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1103/PhysRevD.108.125011
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1140/epjc/s10052-024-13479-x
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.111.014021
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.85.054013
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.90.074009
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1103/PhysRevD.94.014026
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.1088/0954-3899/43/12/125101
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.3390/particles3010002
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.4236/jhepgc.2020.61008
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1134/1.1378872
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1103/PhysRevD.84.083525
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1140/epjc/s10052-008-0667-6
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1103/PhysRevD.71.116001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1088/0954-3899/32/5/001
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1140/epjc/s2006-02527-5
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1103/PhysRevD.82.056006
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1140/epjc/s10052-025-14357-w
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1088/1674-1137/41/12/124106
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1103/PhysRevD.78.014030
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1088/0954-3899/37/1/015003
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1103/PhysRevD.98.074016
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.1140/epjc/s10052-019-7381-4
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://doi.org/10.22323/1.336.0197
https://arxiv.org/abs/1810.00419
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1142/S0217751X1250162X
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://doi.org/10.1103/PhysRevD.86.085011
https://arxiv.org/abs/1807.08951 
https://arxiv.org/abs/1807.08951 
https://arxiv.org/abs/1807.08951 
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://doi.org/10.1016/j.physletb.2025.139396
https://arxiv.org/abs/2507.14343 
https://arxiv.org/abs/2507.14343 
https://arxiv.org/abs/2507.14343 
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220
https://doi.org/10.3390/sym18020220


[46]  A. Ayala, B. S. Lopes, R. L. S. Farias et al., Eur. Phys. J. A
60(12), 250 (2024)

[47]  R.  F.  Basta,  B.  B.  Brandt,  F.  Cuteri et  al., PoS
LATTICE2024, 164 (2025)

[48]  B.  B.  Brandt,  G.  Endrodi,  and  G.  Markó, PoS
LATTICE2024, 176 (2025)

[49]  J. O. Andersen, Q. Yu, and H. Zhou, Phys. Rev. D 109(3),
034022 (2024)

[50]  V. V. Braguta, Symmetry 15, 1466 (2023)
[51]  V.  V.  Braguta  and  A.  Y.  Kotov, Phys.  Rev.  D 93(10),

105025 (2016)
[52]  V.  V.  Braguta,  E.  M.  Ilgenfritz,  A.  Y.  Kotov et  al., Phys.

Rev. D 93(3), 034509 (2016)
[53]  B. B.  Brandt,  G.  Endrodi,  E.  S.  Fraga et  al., Phys.  Rev.  D

98, 094510 (2018)
[54]  A.  Ayala,  A.  Bandyopadhyay,  R.  L.  S.  Farias et  al., Phys.

Rev. D 107(7), 074027 (2023)
[55]  K.  Fukushima,  D.  E.  Kharzeev,  and  H.  J.  Warringa, Phys.

Rev. D 78, 074033 (2008)
[56]  M.  A.  Metlitski  and  A.  R.  Zhitnitsky, Phys.  Rev.  D 72,

045011 (2005)
[57]  T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, JHEP

06, 006 (2019)

[58]  M.  E.  Peskin  and  D.  V.  Schroeder, An  Introduction  to
Quantum Field Theory, Addison-Wesley (1995)

[59]  S.  Weinberg, The  Quantum  Theory  of  Fields,  Vol.  II:
Modern Applications, (Cambridge University Press, 1996)

[60]  D. J. Gross and A. Neveu, Phys. Rev. D 10, 3235 (1974)
[61]  T. Eguchi, Phys. Rev. D 14, 2755 (1976)
[62]  S. Coleman, Aspects of Symmetry, (Cambridge Univ. Press,

1985) p. 354
[63]  W. Pauli, Nuovo Cimento 6, 204 (1957)
[64]  F. Gursey, Nuovo Cimento 7, 411 (1958)
[65]  I. Ojima and R. Fukuda, Prog. Theor. Phys. 57, 1720 (1977)
[66]  M. Buballa, Phys. Rep. 407, 205 (2005)
[67]  I. A. Shovkovy, Found. Phys. 35, 1309 (2005)
[68]  M. Huang, Int. J. Mod. Phys. E 14, 675 (2005)
[69]  K. G.  Klimenko and D.  Ebert, Theor.  Math.  Phys. 150,  82

(2007) [Errtum: Teor. Mat. Fiz. 150, 95 (2007)]
[70]  M.  G.  Alford,  A.  Schmitt,  K.  Rajagopal et  al., Rev.  Mod.

Phys. 80, 1455 (2008)
[71]  E. J. Ferrer and V. de la Incera, Lect. Notes Phys. 871, 399

(2013)
[72]  J.  Iliopoulos,  C.  Itzykson,  and A. Martin, Rev.  Mod. Phys.

47, 165 (1975)

Detailed study of the dual symmetry of dense quark matter within the effective action formalism Chin. Phys. C 51, 013110 (2027)

013110-17

https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.1140/epja/s10050-024-01469-2
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0164
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.22323/1.466.0176
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.1103/PhysRevD.109.034022
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.3390/sym15071466
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.105025
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.93.034509
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1007/JHEP06(2019)006
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1103/PhysRevD.14.2755
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1143/PTP.57.1720
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1007/s10701-005-6440-x
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
https://doi.org/10.1142/S0218301305003491
http://doi.org/10.1007/s11232-007-0006-3
http://doi.org/10.1007/s11232-007-0006-3
http://doi.org/10.1007/s11232-007-0006-3
http://doi.org/10.1007/s11232-007-0006-3
http://doi.org/10.1007/s11232-007-0006-3
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1007/978-3-642-37305-3_16
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165
https://doi.org/10.1103/RevModPhys.47.165

	I INTRODUCTION
	II DUALITY BETWEEN CSB AND CHARGED PC IN THE MEAN-FIELD APPROXIMATION
	A Thermodynamic potential
	B Dual symmetry in the mean-field approximation

	III DUAL SYMMETRY OF THE SIMPLEST NJL LAGRANGIAN
	IV DUAL SYMMETRY OF NJL LAGRANGIAN WITH COLOR SUPERCONDUCTIVITY
	V DUAL SYMMETRY OF DENSE QCD
	VI SUMMARY AND CONCLUSIONS
	APPENDIX A: SYMMETRY PROPERTIES OF EFFECTIVE ACTION AND TDP
	APPENDIXB:EFFECTIVEACTIONOFTHENJLMODEL(1)INTHELEADINGLARGE-NcORDER
	APPENDIX C: DUAL INVARIANCE OF PATH INTEGRATION MEASURE
	APPENDIX D: REGULARIZATION AND DUAL INVARIANCE
	REFERENCES

