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Abstract: The symmetry properties of the phase diagram of dense quark matter composed of u and d quarks with

three colors have been investigated within the framework of massless (3+1)-dimensional Nambu—Jona-Lasinio

(NJL) and QCD models. It turns out that, in the presence of baryon pj, isospin y;, chiral us, and chiral isospin ;s
chemical potentials, the Lagrangians of these models are invariant under the so-called dual transformation D. In this
paper, it has been shown that the path-integration measure of the corresponding partition functions is also invariant
under . Consequently, the thermodynamic potentials of the NJL model (or QCD) are dually symmetric. In particu-
lar, this means that in the full (ug,u;,us,u;5) phase portraits of these models, the chiral symmetry breaking (CSB) and

charged pion condensation (PC) phases are arranged dually conjugately (or symmetrically) with respect to each oth-

er. Dual symmetry between the CSB and charged PC phases of quark matter is a fundamental property of massless

dense QCD; it should be observed within the framework of any approximation to the QCD phase diagram, and it has

important implications for studies of the phase structure.
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I. INTRODUCTION

Dense quark matter described by Nambu—Jona-Lasin-
i0 (NJL) models with isospin and chiral imbalances ex-
hibits a discrete duality D between chiral symmetry
breaking (CSB) and charged pion condensation (PC) phe-
nomena. Under a Pauli—-Gursey—type rotation of the quark
fields and the permutation of chemical potentials
Ur < s, the two phases are mapped onto one another.
This duality has been established in a series of works on
(1+1)- and (2+1)-dimensional four-fermion models
[1-10], on the realistic (3 + 1)-dimensional NJL model
with two flavors and three colors [9, 11-13], and has
been extended to the two-color case with diquark interac-
tions [14, 15]; further dual structures of a three-color NJL
model with color superconductivity were investigated in
[16, 17]. Most recently, the duality was shown to hold at
the level of the two- and three-color QCD Lagrangian it-
self [18, 19].

Although the invariance of the Lagrangian was estab-
lished in those works, the invariance of the thermody-
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namic potential (TDP) was only implied. In the present
paper, we close this gap. Within the effective-action
formalism, we prove that the TDP of massless QCD and
QCD-like models is invariant under 9, and we further
show that the path-integral measure in the generating
functional is also invariant under 9, so anomalies do not
destroy the duality. Taken together, these results imply
that the duality between CSB and charged PC is an in-
trinsic property of QCD and its effective models, holding
beyond the mean-field or leading-N, approximations.

The paper is organised as follows. Section II sets up
the NJL model with the chemical potentials pg, us, 15, s
and recalls the mean-field duality. Section III formalises
the dual transformation in the effective-action framework.
Section IV extends the analysis to the NJL model with
diquark channels, and Sec. V addresses two-flavor QCD
itself. Appendices A—D collect technical material on the
symmetries of the effective action and on the dual invari-
ance of the path-integral measure.
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II. DUALITY BETWEEN CSB AND CHARGED PC
IN THE MEAN-FIELD APPROXIMATION

We consider the three-color (N.=3), two-flavor,
massless NJL Lagrangian extended by baryon, isospin,
chiral-isospin, and chiral chemical potentials (cf. Refs.
[12, 18, 19)):

— — G- — 55
L = 107" 9,0+ 0y Mi+ - { @) + G20 ). (D)
with the chemical-potential matrix

M= % + %73 + %ysﬁ +usy’, )

where  is a flavor doublet and a color triplet (a color-
doublet variant is treated separately in Sec. V), and 7,
(k =1,2,3) are the Pauli matrices acting in flavor space.

The Lagrangian (1) is invariant under the continuous
group Ug(1)x Uy (1) x Uysy(1), whose generators are giv-
en by "

Up(l) : ¢ — exp(a/3)y; Un(l):  — exp(iats/2);
Uai,(1) 1 ¢ — expliay’t3/2)y. (€)

The associated conserved densities are nz = (Yy°%)/3,
nr = W@y°t3y)/2, and nys = (Uy*y 34y /2. By contrast, the
chiral chemical potential us does not correspond to a con-
served charge; it parametrizes matter with a fixed chiral
density ns =ng—n; on timescales over which chirality-
changing processes have been exhausted [20—25]. The
Lagrangian is also invariant under the electromagnetic
Uy(1) symmetry with Q = diag(2/3,-1/3).

The motivation for retaining all four chemical poten-
tials is astrophysical. Cold, dense, isospin-asymmetric
quark matter is expected in neutron-star cores, and most
existing analyses retain only wup and u; [26—54].
However, the strong magnetic fields characteristic of
neutron stars induce nonzero ns and n;s via the chiral
magnetic [55] and chiral separation [56] effects (see also
[13, 57]). Including all four potentials therefore provides
a more realistic framework for magnetized dense quark
matter.

A. Thermodynamic potential

Before studying the thermodynamics, we consider the
partition function Z of the model (1) in the form of the
following path integral:

Zm=N" / DY Dy exp {i / d4xLNJL} , 4)

where AN is an infinite normalization constant and
DYDY = DY, DY, Dy, D Note that if y(x) — U(x)
and Y(x) = Y(x)U', where U is a 2 x 2 flavor matrix, then
the measures Dy and Dy of the functional integral (4)
transform according to the rule ((see, e.g., Chapter 19 of
Ref. [58] or Chapter 22 of Ref. [59]))

Dy — D(UY) = (detU)' Dy,
DY — DYU") = (detU") ' Dy (5)

Hence, if U e UL(1), i.e., U=cosa+irssina (see foot-
note 1), then UU' =1, and the measure DyYyDy in the
path integral (4) remains unchanged. However, if
U € Uy,(l), i.e., U=cosa+iy’tssina (see footnote 1),
then ¢, - e, yy— ey, and v, —>$uei75",
W, —y,e ™ In this case, the path integral measure
DYDY = DY, D, Dr, Dy, transforms as follows:

DY, DY D Dy —
D" DM, )DE” ", ) D™ "W,
= [det(e®”’*)det(e™>""")] " DY, DY, DY, D
= DY, DY, D, Db, (6)

i.e., it is invariant under transformations of the U, (1)
group. Taking into account the trivial fact that this meas-
ure is invariant under Up(1) transformations, we can con-
clude that not only the Lagrangian Ly (1), but also the
integration measure of the functional integral (4) does not
change under transformations (3). This means that the dy-
namics of dense quark matter, based on the Lagrangian
(1), is indeed invariant under the Ug(1) x Uy, (1) X Uar(1)
group.

Further, similarly to the Hubbard-Stratonovich trans-
formation used in Refs [60—62], it is also possible in our
case to introduce the auxiliary scalar fields o(x) and
m23(x) and then rewrite the partition function (4) in the
following form

Zm=N"" / DYDY Do Drt; D, Drts exp {i / d4xZNJL} ,
(7

where
L = w[yﬂiap —o- i'ysﬁ‘-‘?] v+ Uy My — % [(72 +ﬁ2}

=Ly — % [0'+2%($l/’)] ’

3

N. G — 2
e 2 [ﬂa+2Nc gy Tal//)] .

(®)

1) For the following, we recall that exp(iat3) = cosa +it3 sina, exp(iay’t3) = cosa +iy’r3sina.
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After integrating Eq. (7) over the fields ¢ and 7, we ob-
tain (4). It follows from Eq. (8) that Ly, differs from the
original Lagrangian Ly;. by two terms; however, these
terms have no effect on the dynamics of the model (1). It
is clear from the fact that the Euler-Lagrange equations
for auxiliary scalar fields are

— 9 G _ G s
o(x) = 2NC(¢/¢), Ta(X) = ZNC(lJ/lY ). (9)

These relations do not contain time derivatives and there-
fore are not genuine equations of motion, but rather al-
gebraic constraint equations. Consequently, when con-
structing the Hamiltonian of the system from the Lag-
rangian Lyy , one must take these constraints (9) into ac-
count. As follows from Eq. (8), once the constraints are
imposed, Ly reduces exactly to the original Lagrangian
Lyy. This means that the dynamics defined by the two
Lagrangians are identical, although their corresponding
Feynman rules differ.

The advantage of the bosonized Lagrangian Ly lies
in the presence of auxiliary scalar fields that describe col-
lective quark states in different interaction channels. Ow-
ing to this feature, Ly, rather than the original Lyy, is
more convenient for analyzing the properties of the
ground state, i.e. the phase structure of dense quark mat-
ter. To this end, one proceeds from the partition function
(7) to the generating functional Z,(J) of the Green’s
functions of the scalar fields

3
Zm(J) = exp™InD = N7 /Z)JZ)(//Z)O’HZ)ﬂi

i=1

X exp {i/d4x[ZNJL +N(oJoy+7 JS] } , (10)

where #-J=m,J, +myJ, +m3J5 and Jo(x) and Jy,3(x) are
scalar sources.

Assume that the spinor fields transform according to
one of the Abelian groups in (3). We determine how the
scalar fields o(x) and x,(x) should transform so that the
auxiliary Lagrangian (8) remains invariant. First, it is
evident that if the spinor doublet y is transformed by the
Up(1) group, then it is sufficient for the auxiliary scalar
fields to remain unchanged. Second, if the spinor doublet
is transformed by U, (1) or Uy, (1), then, taking into ac-
count the footnote 1 and the explicit form of ZNJL (8), one
can show that this Lagrangian remains unchanged if the
auxiliary scalar fields are transformed, respectively, ac-
cording to the following rules

U,(l): 00— o m3 = w35 mp — cos(a)m + sin(a)m;

7, — cos(a)m, — sin(a)my, (11)

Us,(1): my = w5 my = mp; 0 — cos(a)o + sin(a)ms;

13 — cos(a)m; — sin(a)o.

(12)

Note that the path integral (10) measure Do [[.., Dr; is
invariant under these scalar-field transformations. Wheth-
er the symmetry breakings in (11)-(12) occur can be de-
termined from the thermodynamic potential (TDP). To
obtain the TDP, we first derive the effective action
(0o, 7,,) by performing the Legendre transform of the
functional ‘W (/) (10):

(o, 7ta,) = Wm(J)

3
- /d4x {a'd(x)lo(x) + Z ﬂa{,l(x)‘]a(x)} )
a=1 (13)

where  0(x) = 6Wp(J))/6Jo(x) and 7, (x) = SWp(J)/
6J.(x) denote the ground-state expectation values of the
auxiliary scalar fields in the presence of external sources,
i.e., 0q(x) = (o(x)), and m,,(x) = (m,(x)), (see Eq. (A2) in
Appendix A). The classical fields o(x) and x, (x) satis-
fy the following equations

Mo e Ta,)

O (0 cr, a,y)
=—Jo(x), ———2% =
00 (x) o)

S, () =-Ji(x). (14)

From this, it is clear that the expectation values (o (x))
and (m;,3(x)) of the auxiliary scalar fields in the true
ground state of the system must satisfy Egs. (14) in the
absence of external sources. In addition, we assume that
our physical system is invariant under spacetime transla-
tions. This implies that (o(x)) and {(m,3(x)) are inde-
pendent of the coordinates. Thus, these quantities are the
components of the global minimum of the TDP
Qu(o e, m,,), which is defined by the relation

Tyt o) - Q) / & (15)

T el Tla, =const

The phase structure of the NJL. model (1) is determined
by the behaviour of (o(x)) and {m;,3(x)) as functions of
the chemical potentials. The problem is significantly sim-
plified because, as shown in Appendix A, the TDP
Qp(oa,m,,) depends only on two field combinations,

L= Joi+n, and 1= \/m] +73 ,ie.,

QT e, 7a,) = Q(Z,IT). (16)
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B. Dual symmetry in the mean-field approximation

For simplicity, both the phase structure of the NJL
model (1) and its TDP (15) are usually studied in the so-
called mean-field approximation or, equivalently, at lead-
ing order in the large-N, expansion. In this case, using a
general formula

N / DyDyexp {i / agDy} = e DI, (17)

One can then integrate over the spinor fields in Eq. (10)

3
Zm(J) = exp™mD = N7 /DO'HZ)ﬂk

k=1

X exp {iNC <Seﬂ-(0', )+ /d4x [O'JO +7T- ﬂ > } ,
(13)

where

o2(x) + m(x)
4G
HMB o  HMiI HMis

ERaN 57370 + 7737075 +usy’y’

—o(x) - iy’ 1,07,

S0 (). 7,(2)) = - / ate| | it np,

D =7v"i0, +

(19)

Here, the Tr-operation denotes the trace over spinor (s),
flavor (f), and four-dimensional coordinate (x) spaces. As
shown in Appendix B, starting from Eq. (18), one can
readily obtain the effective action TI',f(o(x),7,,(x)) of
the model at leading order in the large-N, expansion (or
in the mean-field approximation)

L (0 (%), 0, (X)) = Se (T (%), a, (X)). (20)

It follows from Eq. (15) that the mean-field approxima-
tion to the TDP of the model is given by the relation

rmf(a-(rl(x)7ﬂud(x)) ® ® . = _me(o-c'l»ﬂtzL»,)/d4x-
T cl(X),7a,, (x)=cons
' 1)

The mean-field TDP (21) was investigated in a recent pa-
per [12]. In particular, it was shown that Q,, (0, 7,,) 1S
indeed a function only of the two variables X and II
(defined in the text preceding Eq. (16)), i.e., Q. (o,
Tay) = Q,,r(Z,I1), and that the mean-field TDP is invari-
ant under the transformation

z): Ye— 11, w—— pys. (22)

Because of this property, it was shown in Ref. [12] that
there is a duality between the CSB and charged PC phe-
nomena; accordingly, we refer to D (22) as a dual trans-
formation. This means that, at fixed pp and us, the
(us,5)-phase portrait (obtained within the mean-field ap-
proximation) of the NJL model (1) is symmetric under
the simultaneous transformations CSB < charged PC and
Hi <> His -

More specifically, suppose that, for certain fixed val-
ues of the chemical potentials ug, us, yu; = A, and u;s = B,
the global minimum of the thermodynamic potential
Q,,¢(Z,I0) lies at the point (X =X, # 0,I1 = 0). In this case,
for the chosen set of chemical potentials, the chiral
Ui (1) symmetry (12) is spontaneously broken, and the
model is realized in the chiral symmetry breaking (CSB)
phase.

Then, owing to the invariance of the thermodynamic
potential under the dual transformation D (22), it imme-
diately follows that, at the interchanged values of the
chemical potentials, y; = B and u;5 = A, with up and us
unchanged, the global minimum of Q,,/(Z,II) is located at
the point (X = 0,11 = X;). As follows from Eq. (11), in this
region of the phase diagram the isospin U, (1) symmetry
is spontaneously broken, and the system resides in the
charged pion condensation (PC) phase.

Consequently, knowledge of the phase realized in the
model (1) for a particular set of external parameters ug,
i, Mys, and ps is sufficient to determine the correspond-
ing dually conjugate phase realized after the interchange
Uy < s, with up and us kept fixed.

Moreover, various physical quantities, such as con-
densates, densities, and other observables, that character-
ize the two dually related phases are connected by the
same dual transformation 9. For example, the chiral con-
densate in the CSB phase at given ug, y;, s, and us
equals the charged pion condensate in the corresponding
dually conjugate PC phase, where the interchange
& s is performed. Similarly, knowledge of the quark
number density n,(u;,15) in the initial CSB phase allows
one to obtain the density in the conjugate PC phase
simply by swapping the arguments, n,(u;,us)—
ny(tss, 1), and the same applies to all other thermody-
namic quantities.

Thus, the symmetry of the thermodynamic potential
of the massless NJL model (1) under the dual transforma-
tion (22) greatly simplifies the analysis of dense (up # 0)
quark matter with simultaneous isospin (y; # 0) and chir-
al isospin (u;s # 0) asymmetries. However, it should be
emphasized once again that the duality between the CSB
and charged PC phenomena, established in Ref. [12], was
demonstrated only at the level of the thermodynamic po-
tential calculated within the mean-field (leading-order
1/N,) approximation. Whether this duality persists bey-
ond mean-field, i.e., in higher orders of the 1/N, expan-
sion, or holds for the full NJL model itself remains an
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open and nontrivial question.

III. DUAL SYMMETRY OF THE SIMPLEST NJL
LAGRANGIAN

In the present paper, we demonstrate the following:
(i) there exists a discrete Pauli-Gursey-type transforma-
tion of the quark fields" that converts the term in Lag-
rangian (1) responsible for the chiral symmetry breaking
(CSB) interaction channel into the corresponding term
describing the interaction channel in which charged pion
condensation occurs, and vice versa.

Furthermore, (ii) under the same transformation, the
terms in Lagrangian (1) corresponding to the isospin and
chiral isospin charge densities are interchanged, whereas
all other terms of the NJL Lagrangian remain unaffected.

Consequently, (iii) if the interchange yu; < yys is per-
formed simultaneously with this Pauli-Gursey-type trans-
formation, the entire Lagrangian (1) remains invariant. As
a result, the dual symmetry (22) is a property of the full
thermodynamic potential Q(Z,IT) of the model, and not
merely of its mean-field approximation Q,/(X,II). To in-
vestigate this issue, we define the following transforma-
tion of the flavor doublet y(x) (as will be clear from the
following discussion, it is indeed a Pauli-Gursey trans-
formation)

PG: yr — yr, Y —ityy,
or Yr— g, YL — YL(-)1i, (23)

where ¥ =y + iy and

1-

1 ’ys
([I = H_lﬁ 5
2

5
= 27¢sru/, =
ie. Tx =0, Uy =yll,.

Alternatively, it can be expressed in the following form:

PG: lﬂ—>lﬁR+ile1‘, i.e.,

PGy = PG Y \ _ [ Yur +%WdL . (24)

Ya Yar + W
Using Egs. (23)—(24), it is straightforward to determine
how the simplest quark—antiquark structures in the Lag-

rangian (1) transform under this Pauli-Gursey-type trans-
formation

T = Ui, + Uide —> Uri i, — Priie = gy’ 11

(25)

— s Jp— — PG

Wy Ty = (—yYrT1Y L +YrT1Yr) —
— WRT IT L — AT TR = Y. (26)

Similarly, it can be shown that

Byt 2 iy 27
Y1 — Wy Ty, 27)
Ty 1 2 iy 28
YT — Wy Ty (28)

This means that the four-fermion structures in Lagrangi-
an (1) responsible for CSB and charged PC are trans-
formed into one another by the PG transformation
(23)(24), i.e.

W) + (W0 T30 e iy T)? + [yt (29)

(Note that the original Pauli-Gursey transformation of
Refs. [63, 64] connects the four-fermion structures of
low-dimensional Lagrangians responsible for the CSB
and superconducting channels (see, e.g., Refs. [6—8, 65]).
Therefore, to highlight this particular feature of the
Pauli—-Gursey transformation, in the present paper we
refer to any transformation of spinor fields that connects
the quark structures of different interaction channels as a
Pauli—Gursey-type transformation.) Since the free term
iy y*d,4 of the Lagrangian (1) remains unchanged under
the action of the PG transformation, the original NJL
Lagrangian (1) is invariant under the Pauli-Gursey-type
transformation (23)—(24) at zero chemical potentials.
However, at nonzero chemical potentials, it is no longer a
symmetry transformation of the NJL model. Indeed, un-
der the action of the PG transformation (23)—(24), the
quantities ¥y and ¥y y’y remain unchanged, whereas

VY Yt = Wry Tsur— Uy T3yn)
& WY’ T3¢k + Wity T3iTiYL)

= WrY T3 + U1y T3y) = Uy T30 (30)

It follows that the densities of the isospin and chiral
isospin charges, i.e., the quantities Y%ty and ¥y’y 3y
from Eq. (30), transform into each other. Consequently,
when both u; # 0 and ;s # 0, the NJL Lagrangian (1) is

1) The most general form of the Pauli-Gursey transformation is given below Eq. (29).

013110-5



T. G. Khunjua, K. G. Klimenko, R. N. Zhokhov

Chin. Phys. C 51, 013110 (2027)

no longer invariant under the Pauli—-Gursey (PG) trans-
formation. Thus, at nonvanishing u; and y;s, the discrete
PG transformation ceases to be a true symmetry of the
model.

Here, u; and yys act as external classical backgrounds
coupled to the isospin and chiral isospin currents yy’r3y
and Y’y 13y, respectively. Since the PG rotation inter-
changes these two currents [Eq. (30)], interchanging their
sources, p; < (s, restores the symmetry and maps the
two source terms onto each other. This can also be seen
by rewriting the source terms

Hi — His —
> v+ X v Y Ty
_ M+ s M1 — HMis
2 2

YRy TR+ Yy’ Ty

The PG rotation (23) acts only on the left-handed doublet,
Y —ityr, and reverses the sign of its bilinear,
Yyt — =y 13y, (since 1,737, = —73), while leav-
ing the right-handed doublet unchanged. Thus, it intro-
duces a minus sign in the (u; —u;s) term and leaves the
(u; +ys) term unchanged; the interchange u; < wys pre-
cisely compensates for this sign change.

Consequently, if the permutation of the chemical po-
tentials u; «— ;s is performed simultaneously with the
field transformations (23)—(24), the NJL Lagrangian re-
mains invariant. Transformations under which not only
the field variables of the Lagrangian but also some of the
external parameters of the system (such as chemical po-
tentials, coupling constants, etc.) are simultaneously
transformed are hereafter referred to as dual transforma-
tions. Thus, the NJL Lagrangian (1) is invariant (or sym-
metric) under the discrete dual transformation D defined
as

D: = yp+iti, > ps. (€29)

Under this transformation, the quark bilinears corres-
ponding to the CSB and charged PC interaction channels
transform into one another (see, e.g., Eq. (29)). Therefore,
these channels are D-dual to each other, or, equivalently,
the CSB and charged PC phenomena are dually D-con-
Jjugated within the framework of the NJL model (1).

The full thermodynamic potential (TDP) (15)—(16) of
the NJL model is derived from the auxiliary bosonized
Lagrangian Ly (8). It is therefore natural to ask how the
scalar fields o(x) and 7#(x) should transform under the
dual transformation D (31) of the quark fields so that the
auxiliary Lagrangian Ly remains invariant. Given that
the quark bilinears in Lxy transform according to Egs.
(25)—(28), it is straightforward to verify that the auxiliary
scalar fields must transform as

PG, D: o(x) —» —m(x), m(x) = o(x),

o (x) = m3(x), m3(x) = —ma(x), (32)

These transformations are required to leave Ly invari-
ant. The same transformation rules (32) can also be de-
rived directly from the Euler—Lagrange equations (9) for
the auxiliary fields by applying the dual transformation
(31) to the quark fields in those equations.

Importantly, Appendix C provides a direct proof of
the invariance of the functional measure Dy Dy in the
partition function (4) under the PG (and hence dual)
transformation (31). Consequently, the full effective ac-
tion Typ(ow,7y) and the full thermodynamic potential
Qm(oa,7y) (16) are invariant under the dual transforma-
tions (C11)—(C12) of the classical fields o,(x) and
7a(x), accompanied by the interchange of chemical po-
tentials u; < s (see, for example, Eq. (C14) in Ap-
pendix C). This property —the D-symmetry of the full
TDP—is precisely the invariance of the mean-field TDP
under the discrete dual transformation D (22), which cor-
responds to the substitutions X « IT and y; < ;5. Physic-
ally, this symmetry manifests itself as the duality between
the CSB and charged PC phenomena.

Therefore, we conclude that the dual symmetry
between the CSB and charged PC phases of dense quark
matter with isospin and chiral isospin asymmetries (as de-
scribed below Eq. (22))—originally observed in Ref. [12]
within the mean-field approximation —is an intrinsic
property of the massless NJL model (1) itself. Hence, the
duality between the CSB and charged PC phases is real-
ized throughout the full (ug,uy,uss.us) phase diagram of
the model, rather than only within the mean-field (lead-
ing 1/N,) framework. This follows directly from the dual
symmetry D (31) of both the microscopic NJL Lagrangi-
an (1) and the functional integration measure Dy Dy in
the path integral.

IV. DUAL SYMMETRY OF NJL LAGRANGIAN
WITH COLOR SUPERCONDUCTIVITY

Let us consider a more general type of NJL model.
Recall that in the recent paper [17], the phase structure of
the four-fermion model whose Lagrangian Lcsc,

Lese = In +H Z [y ey llYry’ roe06), (33)

k=123

which differs from Eq. (1) by an additional diquark-inter-
action term, was discussed in the mean-field approxima-
tion. In Eq. (33), ¥¢ =Cy’, ¥¢ =y’ C are charge-conjug-
ated spinors, where C =iy?y° is the charge-conjugation
matrix (the symbol T denotes transposition), and e
(k=1,2,3) are 3x3 matrices acting in the three-dimen-
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sional fundamental representation of the color SU.(3)
group, with matrix elements (g,);; = € (the latter quant-
ity is the totally antisymmetric tensor in the indices
i, jok =1,2,3). The remaining notation is the same as that
for the Lagrangian Ly (see the text below Eq. (1)). As
for the simpler NJL model discussed in Section II, when
analyzing the phase structure of the model (33), it is also
convenient to work with its auxiliary Lagrangian Lesc,

~ ~ 1 Ay A — X
Lcsc = Ly — EAZAk - Tk[lﬁc'}’s"'szl/’] - jk[l/IVSTsz'ﬁc],
(34)

where Ly is the auxiliary semibosonized Lagrangian in
Eq. (8). In addition to the spinor fields y(x) and auxiliary
bosonic fields o(x),7(x) (see Eq. (9)), Lesc contains aux-
iliary scalar diquark fields Ai(x) and A;(x), with
k,k =1,2,3, which transform in the color SU.(3) anti-
triplet and triplet representations, respectively. The
Euler-Lagrange equations of motion for these fields are
given by

A(x) = 22H[Y Y 160, Ay(x) = 22H[YY 1601, (35)

Their ground-state expectation values are the order para-
meters of the color superconducting phase."

Using the microscopic auxiliary Lagrangian (34), it is
much easier to construct the formal effective action
chc(o-cl,nad,Akd,A,t;/). First, one can write down the gen-
erating functional Zcsc(J,7,17) of the model (33)

3
Zescim) =N"" /D@DW@O’HZ)H,Z)A,-Z)A?

i=1

X exp {1/d4x [ZCSC + N (0 Jy +7- J—)

FaAcmAD] | (36)

The effective action can be constructed using the generat-
ing functional Wese(J,77,1) : Zesc(J,7,17) = expNeWescnm

Cesc(O e oy Axy» AZ&) = Wese(J,77,1)
- / d* x{ e () Jo () + 74, (1) (%)

77,0000, () + 7, (0A;, (0},

where N, =3, and summation over the repeated indices

a=1,2,3 and k=1,2,3 in Eq. (36) is implied. The argu-
ments of the effective action, namely the classical scalar
fields Octs Tag» D> A > are defined by the following equa-
tions: (

“ Sho(x)” T 5Ja(x)

OWesce 0Wesc
0= A ()= : 37
. ST T S7e(x) 37

from which it follows (see also Appendix A) that the
classical scalar fields are the ground-state expectation
values of the auxiliary scalar fields in the presence of ex-
ternal sources, i.e., 0 (x) = (T(x)) s, Ag,(X) = (Ap(X))y5 - - ..
It is straightforward to show that the fields o.(x),
70, (%), Ar,(x), and A,’;l(x) satisfy the following equations:

6rCSC 6FCSC

00 (x) = o), 671-0(»1()5) =—Ju(x),
0lcsc 0lcsc
6A(x) (). oN Me(X). (38)

Similarly to the discussion in Section II above, the ex-
pectation values <(o(x)), {(m23(x)), <{(A23(x)) and
(A7,3(x)) of the auxiliary scalar fields in the true ground
state of the system must satisfy equations (38) with van-
ishing external sources, Jy = J, =7, = 1, = 0. Furthermore,
the physical system is assumed to be invariant under
spacetime translations; therefore, (o(x)), {(m123(x)),
(Ar(x)y and (Aj(x)) should not depend on coordinates.
Thus, the TDP chc(a-d,nac,,Ak”,A,*(,‘l) is defined by the re-
lation ‘

*
Cesc(oa, Tays Ak,,, Ak/ )'
cl ""Akrl’AZ’ =const
el

= —chc(o'cz,ﬂa(,,Ak[.,,A}f:_l)/d4x, (39)

which is indeed a function of the constant scalar fields
o'd,ﬂ,,(,,Akd,A,’;;l, one should note that these quantities are
the components of the global minimum of the TDP.

It is straightforward to see that, due to the invariance
of the Lagrangian (34) and the path-integral measure with
respect to the Abelian U (1) and U, (1) symmetries (3),
the total TDP Qcgc as a function of o, and n,, depends
only on two combinations of these quantities, ¥ and TII,
which are defined around Eq. (16) ?. To discuss the sym-
metry properties of the TDP Qcgc with respect to the col-
or SU.(3) group and its dependence on the scalar color

1) The details of the construction of the auxiliary semi-bosonic Lagrangian eLCSC are described both in Ref. [17] and in earlier reviews devoted to color supercon-

ductivity [66—71].

2) A similar procedure was carried out in Sec. II.A within the framework of the simpler NJL model (1), and it can be readily repeated in the more general model (33).
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diquarks A, A} , it is necessary to take into account the
following fact. Although the quantized fields from the
auxiliary Lagrangian (34) transform according to
- Uy, A—> U'A and A* - UA* (where U e SU.(3)),
the classical diquark fields A, and A, which are in-
cluded in the set of arguments of the thermodynamic po-
tential Qcsc, transform as follows: A, — A/, = (U*)'A, =
UTAg, Af— A =U'A; (for details, see Appendix A).
In terms of the color components of the scalar diquark
fields, this means that

’ 1%
A, = A Upes AL

[ = (U71 )ab Azcl' (40)
Because both the Lcse (33)—(34) and the path integration
measures DYDY, [[., DADA:, and Do []., Dr; in the
partition functional are invariant under the SU.(3) group,
it can be shown that the effective action T'csc(o, 7,
A, AY) is invariant with respect to SU.(3). Consequently,
the TDP Qcsc of the model is also invariant under the
SU.(3) group, i.e.

QCSC(O—cl’ﬂa[,, ol L[)—QCSC(O-cl,ﬂ-ud’Acl»A([)

Thus, instead of six color arguments, the TDP Qcgc must
depend only on the s1ngle color field combination,
A= (AL A} + Ay A5+ 05,0 ) . As is clear from Eq.
(40), the quantity A is invarlant under S U.(3) transforma-
tions. (Some details of this conclusion can be clarified on
the basis of the material presented in Appendix A.)
Hence, the total TDP Qcsc of the NJL model
(33)—(34) depends only on three field combinations, i.e.

QCSC(o-claﬂ'ad’Ak AZ&) = Qcsc(X, 1L A). 41)

cl?

Thus, if at the global minimum point of the TDP
Qcsc(E,11,A) the quantity A is nonzero, then at least one
of the quantities A, is also nonzero, and the color SU.(3)
symmetry is spontaneously broken. In this case, diquark
pairing occurs, and the so-called color superconducting
phase is realized in the NJL model (33) and related mod-
els.

Recall that in Section III, we proved that the Lag-
rangian (1) of the simplest massless NJL model is invari-
ant under the dual transformation D (31), thereby lead-
ing to the duality between the CSB and charged PC
phases. We now prove that the same property holds for
the NJL model (33) with an additional diquark interac-
tion channel.

To verify that the Lagrangian Lcsc is invariant under
the dual transformation D, it is sufficient to check the in-
variance of only the second term on the right-hand side of
Eq. (33). This can be shown by the following simple

transformations (see also Egs. (23)—(24))

A(X) ~ Y Y’ 126 =" Cy Tr6) = YR CTaeyr — Y CTo&
D i )
— YRCrrer — Y it CTo6iT Y,
= YrCrr6r — ¥ CTr6L =YY Tr63).
(42)

In addition, the validity of a similar relation can be read-
ily established

ALY ~ BY 26— Ty T (43)

Hence, Lesc as a whole is invariant under the duality
transformation © (31). The auxiliary Lagrangian Lcsc
(34) of the model is also invariant under this duality
transformation, provided that the corresponding trans-
formations of the spinor fields (31) are supplemented by
the transformations (32) of the auxiliary meson fields
o(x) and 7#,(x), and that the auxiliary diquark fields are
taken to remain unchanged (see Eqgs. (42)—(43)).

It is important to note that Appendices C and D prove
the invariance of the measure DyDy of the generating
functional (36) under the duality transformation (31). The
invariance of the measure Do [[o, Dr; [[i., DADA; un-
der the PG transformations (32) and the unchanged scal-
ar diquark fields A, and Aj is rather evident, as discussed
in Appendix C. Appendix D considers in detail whether
the regularization procedure, which is inevitable in effect-
ive models, can break the duality of the model. Con-
sequently (see Appendix C), not only the auxiliary Lag-
rangian Lcse but also the full effective action
Fese(o cl’ﬁcl’AkC,vA]t:_l) and the full TDP Qcsc(Z,I1,A) (41)
of the model are invariant under the PG transformations
(C11)—(C12) of the classical fields o (x) and n,,(x), with
unchanged classical diquark fields A, and A,’; , Whereas
W o wys. We refer to this entire procedure as the dual
transformation D of the TDP. This last property, i.e., the
D symmetry of the full TDP, is precisely its invariance
under the dual transformation O (22) (when X 11,
;& ups, and A is unchanged) of the TDP found in the
mean-field approximation [17]. Therefore, the D sym-
metry of the TDP should manifest itself in the full phase
portrait of the model as a duality between the CSB and
charged PC phenomena.

As a result, we see that the dual symmetry between
the CSB and charged PC phenomena in a dense quark
medium with isospin and chiral isospin asymmetries (see
the description below Eq. (22)), predicted earlier in dif-
ferent NJL models [12, 17] within the framework of the
mean-field approximation to the phase structure, is in fact
a genuine property of dense quark matter described by the
massless NJL models (1) and (33). Thus, the duality
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between the CSB and charged PC phenomena is realized
in the full (ug,u,uss,pus)-phase diagrams of these models,
and not only within the scope of the mean-field approx-
imation, since it is a consequence of the dual symmetry
D (31) of both the microscopic NJL Lagrangians (1) and
(33) and the measures DYy Dy and
Do [T, O [Tie DADA; of path integration.

V. DUAL SYMMETRY OF DENSE QCD

In Sections III and IV, we established an important
result: two formally distinct massless NJL models, (1)
and (33), which effectively describe the low-energy and
moderate-density regimes of massless QCD, both pos-
sess the dual symmetry D (31) between the CSB and
charged PC phenomena. This result naturally suggests
that the Lagrangian of massless dense QCD itself should
also be invariant under the same dual transformation D.
In this section, we demonstrate that this is indeed the case
and discuss several related properties of QCD that con-
firm the existence of a dual symmetry between the CSB
and charged PC phases in fundamental QCD.

As a starting point, we consider the Lagrangian for
the quark sector of massless QCD, extended by baryon,
isospin, chiral, and chiral isospin chemical potentials:

Locp = 0y Vo + %Wwws WYy

+ % VY T+ % Wy Ty, (44)

where y(x) is the two-flavor quark doublet. The covari-
ant derivative V, =4, -igld,A%x) acts in color space,
where A, (a=1,...,8) are the 3x3 Gell-Mann matrices
and A%x) are the SU.(3) gauge fields. The Lagrangian
(44) therefore describes dense quark matter in the pres-
ence of both isospin and chiral asymmetries.

We now show that the dual symmetry D, defined in
Eq. (31)—which, in the NJL framework, relates the CSB
and charged PC channels—is also realized in the funda-
mental QCD Lagrangian (44). It follows from the discus-
sion in the previous sections that the sum of the chemical-
potential terms in Eq. (44) is invariant under D. The kin-
etic term is invariant as well, since

— — — D —
Wy'Vyp = Wy Vg + Wy Vo — Wy Vg
+iy, (—iT)y' Vit

=Ry Vg +1,y" Vi = iy V0, (45)

Thus, the full QCD Lagrangian (44) is symmetric under
the dual transformation D (31).

It is well known in quantum field theory that the in-
variance of a classical Lagrangian under a given group of

transformations does not necessarily imply the invari-
ance of the corresponding quantum theory under the same
transformations (see, for example, Section 9.6 of Ref.
[58]). Such discrepancies, known as anomalies, arise
when a symmetry of the classical action is not preserved
after quantization. This situation typically occurs for axi-
al transformations of spinor fields. To verify that a sym-
metry group G is non-anomalous, one must explicitly
demonstrate the invariance of the functional integration
measure Dy Dy in the partition function of the model un-
der transformations of G.

For illustration, we refer the reader to Appendix A,
where the invariance of the U,(l) symmetry (11) is
demonstrated for both the auxiliary NJL Lagrangian Ly
of Eq. (1) and its effective action I'(o-,7,.). There, it is
shown that the key step in establishing this invariance is
to prove that the integration measure is invariant under
the U, (1) transformation.

As shown above, the QCD Lagrangian (44) is sym-
metric under the dual transformation O (31). Because
this transformation involves the spinor matrix >, one
might suspect that D could be anomalous. If this were the
case, neither the full effective action nor the thermody-
namic potential would remain dually symmetric, and the
dual correspondence between the CSB and charged PC
phases of dense quark matter would be lost. However, as
proven in Appendix C, this suspicion is unfounded: the
functional integration measure in the QCD generating
functional is invariant under the dual transformation D.

Specifically, Appendix C shows that the measure
DYDYy is invariant under both vector transformations
U(f) € SUy(2) and axial transformations U,() € SU4(2)
(see Egs. (C2) and (C3), respectively). Consequently, it is
invariant under their product U(@)U,(@). By choosing the
specific parameters G=—i= (n/4,0,0), this combined
transformation coincides exactly with the dual (Pauli—
Gursey) transformation D (31) of the spinor doublet
Y(x). Therefore, the path-integral measure DyDy in
massless QCD is invariant under 9, and this transforma-
tion is non-anomalous.

It follows that both the effective action and the ther-
modynamic potential of QCD are symmetric under D.
Hence, in the full (up,u;,ps,4s) phase diagram, the CSB
phase is dually conjugate to the charged PC phase. This
dual symmetry should be regarded as a fundamental
property of massless QCD and is expected to manifest it-
self in any consistent approximation to the QCD phase
structure.

VI. SUMMARY AND CONCLUSIONS

In this work, we have demonstrated that the Lagrangi-
ans of the massless NJL models (1) and (33), formulated
for three-color u and d quarks and including the baryon,
isospin, chiral, and chiral isospin chemical potentials ug,
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ur, s, and us, possess a discrete dual symmetry D (31)
that relates the chiral symmetry breaking (CSB) and
charged pion condensation (PC) interaction channels (see
Sections II-TV). Since the path-integral measure Dy Dy
in the generating functionals of these models is also in-
variant under the 9 transformation (as shown in Ap-
pendix C), it follows that the corresponding total thermo-
dynamic potentials, viewed as functions of the chemical
potentials and the order parameters X and IT associated
with the CSB and charged PC phases, are invariant under
the dual transformation (22).

Consequently, in the complete phase diagram of each
model, the CSB and charged PC phases appear as dual,
mirror-symmetric counterparts. In particular, at fixed up
and ps, the (u;,pys) phase portrait exhibits mirror sym-
metry with respect to the line u; = ;5. Thus, we have
shown that the dual symmetry between the CSB and
charged PC phenomena is an intrinsic property of the full
massless NJL models (1) and (33), rather than merely a
feature of their mean-field (leading 1/N,) approximation,
as previously established in Refs. [11, 12, 17].

Furthermore, in Section V, we proved that the same
dual symmetry D (31) is also realized in the fundamental
massless QCD Lagrangian (44) for three-color u and d
quarks. This result implies that the dual correspondence
between CSB and charged PC phenomena is not an arti-
fact of effective theories but a fundamental property of
dense massless QCD. Hence, it should manifest itself
within any consistent approximation to the QCD phase
diagram. Moreover, in the case of two-color QCD, addi-
tional dual correspondences arise, enriching the sym-
metry structure of the phase diagram [18, 19].

Establishing this dual correspondence directly from
first principles, i.e., within QCD itself, opens the possibil-
ity of a broad class of applications of dual symmetries in
studies of the QCD phase structure. The concept of dual-
ity is no longer confined to the chiral dynamics of quarks:
in principle, it can encompass other QCD phenomena, in-
cluding gluonic degrees of freedom, transitions between
confined and deconfined phases, and topological proper-
ties. Moreover, the dual symmetry is not restricted to the
range of validity of effective models; it should hold at
any energy scale and for both real and imaginary values
of the chemical potentials, potentially offering new in-
sights into the analytic continuation of QCD thermody-
namics.

Finally, we note that the dual symmetry D has been
rigorously established here for massless quarks. In realist-
ic situations, where quarks are massive, remnants of this
symmetry should persist to some extent. A physical cur-
rent mass breaks the symmetry (under the Pauli-Gursey
rotation (23), the mass term mgyy is transformed into the
charged-pion channel Egs. (25)—(26)); however, this
breaking is mild, being set by the small mass mg ~5.5
MeV compared with the much larger scales of dense mat-

ter. Indeed, the mean-field analysis of the NJL model at
the physical point (with nonzero current masses) [13]
demonstrates that the CSB—PC duality becomes approx-
imate but remains clearly visible and provides an excel-
lent approximation at chemical potentials larger than half
the pion mass. (Indeed, once the chemical potentials ex-
ceed a reasonable value, the CSB and charged PC re-
gions appear practically as in the chiral limit.) Thus, there
is no indication that this approximation should not be val-
id more generally, beyond the mean-field level. For sim-
plicity, the present study has been restricted to zero tem-
perature (7 =0), but we see no compelling reason why
the duality D in the phase structure of dense quark mat-
ter should disappear at finite temperature. We therefore
expect the D-duality to remain a robust and general fea-
ture of QCD matter under a wide range of conditions.

APPENDIX A: SYMMETRY PROPERTIES OF EF-
FECTIVE ACTION AND TDP

» We first consider the symmetry properties of the ef-
fective action

Cm(oa,ma,) EUp(0 e, s 51,5 m2,,)

3
= W)~ / d*x {m.,<x>fo<x> +> m,é.,<x>Ja(x>} . (A1)
a=1

where
_WuD 1 / _ :
T = = - Zad) Dwﬂwﬂag@naa(x)
X exp {i / d*y[Lo + N0 do +7,,)] } = (o (X)),
W) 1 _ >
e, (X) = 51 ZwD) / @WDWDGgDnaﬂk(x)

X exp {i / d*y[Lo + N0 do + 7)) }

= (me(x))y,
(A2)

which follow from the invariance of the auxiliary Lag-
rangian Lay (8) under the transformations (3), (11), and
(12).

We now examine how the invariance of the auxiliary
Lagrangian (8) under these transformations is realized in
terms of the functional “Wy(J) (10). For simplicity, we
consider in detail only the subgroup U, (1). To this end,
we change the integration variables in this functional in-
tegral as  follows:  y(x) - ¥/ (x) = exp(iats/2)¥(x),

()= ()= ()
T Ty T

, where O(a) is a
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) cosa, sina
2x?2 matrix of the form O(a@) = . and
—Simna,Cosa

scalar fields o(x),m3(x) remain unchanged. This change of
variables is simply a transformation of the fermionic
fields under the action of U, (1) (3), and of the scalar
fields according to the rule (11). One must take into ac-
count that, under this transformation, neither the integra-
tion measure nor the Lagrangian changes. The part of the
source terms that involves only the scalar fields 7; and 7,
is transformed as follows (summation over repeated in-
dices from 1 to 2 is implied):

ﬂaJa - ﬂ;-’a = O(Q)aiﬂi]a = ﬂiOT(a)iaJa = ni‘]i,, (A3)

where J/ = O"(a);,J,; that is, J;=cosaJ,-sinaJ, and
J; =sinaJ; +cosaJ,. Thus, it follows that

Wm(I) = WnJo, J3lJ1, o) = WnJo, 517,05, (Ad)

This means that the functional W y(Jo, J5|/1,J») 1s invari-
ant under the SO(2) group acting on the two sources J,
and J,; that is, it remains unchanged under the transform-
ation Jy,J, — Ji,J5. We now perform the Legendre trans-
form of the functional W (Jy, J31J7,J5):

Caloe,ms s 1y ) = WaJo, J31J7,J5)

e’

2
— /d4x {a’cl(x)JO(x) + 13, (x)J3(x) + Zﬂ;d (x)];(x)} ,

a=1

(A5)
where
ﬂ'/ (x) — 6(WM(J0’J3|JI5J£)
el 0J2(x)
_ /d4Z5(WM(JO’J3|JI7J2) 0Ji(2)
0J:(2) 6J2(x)
=, (D) O0(@)iq- (A6)

To obtain the final expression in Eq. (A6), we use the re-
lations Ji(z) = O(@);,J.(2) and 0Ji(2)/8J(x) =
O(@);,6(x —z). In addition, the equality (A4) for the func-
tional “Wr((Jo, J5|J1,J3) and the definition (A2) of x;,(x)
are taken into account. It follows from Egs. (A6) and
(A3) that 7, (x)J;(x) = m,,(x)Jo(x). Combining these res-
ults, we find that

Cp(0 s 3,570 575 )
3
= Wp(J))- / d'x {m.mxwo(x) + T, <x>1a<x>}
a=1
=Dyl 3,571, 70,)s (A7)

That is, the effective action (Al) or (13) remains invari-
ant when =, (x) and m, (x) transform as an SO(2)
doublet. Similarly, one can show that the effective action
(o, m3,5m1,,m,) 1s also invariant when o,(x) and m3,,(x)
transform as an SO(2) doublet. Hence,

’

Um0y s 575 ) = Dao e, a3 71,7, (A8)

M, cosa,—Ssina i,
where , = ; and
m, sina, cos o
fo cosf,—sinf o
[ ] cl .
,L = . . Then, if the scal-
3, sing,cosf 3,

ar fields o, and n,, do not depend on spacetime coordin-
ates, it follows that the thermodynamic potential
Qy(oa,m,,) depends only on two  variables,

_ /2 2 _ /2 2
X= oo+, and Il = w7,

* Next, we similarly discuss the transformation prop-
erties of the effective action FCSC(O'Cl,ﬂ'ar,,Akd,AZ;[) of the
NJL model (33)—(34) (defined in Section IV) with re-
spect to the color SU.(3) group. " To begin, let us recall
that the auxiliary scalar diquark fields A,(x) and Aj(x) in
Lesce transform under the color S U.(3) group as follows

A= N =Uphy, A= A7 =Unh,,  (A9)

where U € SU.(3) is a 3x3 matrix. This fact can be read-
ily established using the equations of motion (35) for the
auxiliary diquark fields, for which one must perform the
SU.(3) transformation of the spinor fields, ¥/(x) — U y(x).
It follows from Eq. (A9) that the diquark fields A,(x)
form an antitriplet, whereas the set of Aj(x) (a,b=1,2,3)
forms a triplet of the color SU.(3) group. Moreover, the
integration measure DYDY [[., DADA; in the generat-
ing functional Zcsc(J,7,77) (36) is invariant under SU.(3)
transformations.

Now, let us determine how the scalar diquark sources
71, and 7, which appear in the generating functional (36),
should be transformed so that this functional remains in-
variant under SU,(3) transformations. Because both Lesc
and the integration measure of this functional are SU.(3)

1) Its properties with respect to the transformations (3), (11) and (12) are the same as those of the effective action (A1) of the NJL model (1).
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invariant, we can change variables in the functional integ-
ral, A, » A/ and A} — A’*, as in Eq. (A9), and then define
the SU.(3) transformed sources by the following rela-
tions (summation over repeated indices is implied)

A, =1,U5A = 7,0, = 7, = Ul 7,

N0y = naUapy = 1,8, = 1, = Up . (A10)

It follows that Zcse(L77,m) = Zese(L7.n')  and
Wese(4,7,1) = Wese(L7,17) (this functional is defined
after Eq. (36)), where the primed sources are given in Eq.
(A10). Using the second of these invariance relations, one

can determine how the classical diquark fields A, (x) and
A;, (x) transform under SU,(3). Indeed,

0Wesc(J.77,1) 07,(2)
o1,(2) 17,(x)

;o Wesc(L77,1) :/
dcl (Tnla(x)

= Ay, Upa = (U")p Mg,

A = OWese(4L77,17) =/
“ o, (x)
= AZ(-[ UZa = U;bAl*)d’

0Wesc(41,1m) 6n(2)
onp(2) ony,(x)
(A1)

where we have also used the relations (A10) and their
ony(z) _ B ony(z)
5 () Up6(z—x)  and )

consequences,
U, 6(z—x).

Now, using the source transformations (A10) togeth-
er with the transformations (A11) of the classical diquark
fields under SU.(3), one can straightforwardly establish
that the quantity (7,A.,+m4;,), which appears in the
definition of the full effective action csc(07cr, a» Ak A7)
of the NJL model (33)—(34) (see Sec. IV), is invariant un-
der the simultaneous transformations (A10)—(All). Fi-
nally, recalling that the functional Wesc(J,7,n) is also
SU.(3) invariant, we conclude that the full effective ac-
tion Tese(0ers 7, Mry» Aj,) of the NJL model (33) (intro-
duced in Sec. 1V) is invariant with respect to the color
transformations (All) of the classical scalar diquark
fields, i.e.

’
Cesc(0ers Tays Ay,

cl’

7% %
A) =Tesc(Ters Moy Ary» AL

Consequently, the total TDP Qcsc (07, a5 A, A7) (39) of
the model is also invariant under SU.(3). Therefore, it
must depend only on the combination A= /A, A; ,
which is invariant under SU.(3), as can be readily veri-
fied using Eqgs. (A11).

APPENDIX B: EFFECTIVE ACTION OF THE NJL
MODEL (1) IN THE LEADING LARGE-N. ORDER

Starting from the partition function (18), it is conveni-

ent to use the steepest-descent method (see, e.g., Ref.
[72]) to calculate the effective action (13) or (A1) of the
simplest NJL model (1). First, suppose that the quantities
oo = oo(x;J) and 7y = 7y(x;J) constitute a solution to the
following system of four equations:

6Sule®)
50 (x) +Jo(x) =0,

e @) | (1)=0. k=123, (B1)
o (x)

where S.z(0,7) is defined in Eq. (19). The set (0, 7) is
also referred to as the saddle point of the functional
S (o, 7). Note that the quantities oy and my; do not de-
pend on N,; that is, they are of order N for large N..
Then, expanding the functional S.¢(o,7) in a Taylor
series around its saddle point (o7, 7;)

oS eff
00 (x)

7k (x)

TT,
(070,7%0)

a(x)
(070,70)

Seﬁ(O',ﬁ)=Seﬁ(0'o,7_T)o)+/d4x

68 eff
d4
+/ om0

+ AS o5 (5 (x), Ak (x)). (B2)

(The Taylor series expansion of the effective action in the
simplest field-theory model involving a single scalar field
is presented, for example, in Ref. [58], Eq. (11.58).) Here,
d(x) = o(x) —oo(x;J) and 7 (x) = mp(x) — my (x; J), and we
denote by AS (5 (x),7;(x)) the sum of all higher-order
contributions in the quantities 6(x) and 7;(x). Using the
saddle-point equations (B1), we obtain from Eq. (B2)

S0, ) + / d*x [or(0)Jo(x) +7(x) - J(x)]

= Sen(00. 7o) + / d*x [0 (0)Jo(x) + (%) - J(x)]

+AS o (F(x), 7 (). (B3)

Substituting this expression into the partition function
(18) and changing the path-integral variables as o — 6(x)
and m, — 7(x), we obtain

exp(iNW () = N’ exp (iN.{S e (070, 7o)

+/&xwwumm+%@yﬁmn)

X
X / D5 [ [ Draexp (iNC{ASeﬁ-(G'(x),ﬁk(x))}). (B4)
a=1

We now perform another change of variables, this time in
the path integral (B4): & — &/ /N. and 7, — 7(x)/ VN,.
It then takes the form
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/ D& f[ma exp (iN. {AS (@), (1)) } )
a=1
3
- # / D&gﬂﬁa exp <i{A(5—(x),7”rk(x)) +0 <\/1ﬁ> }) ,
(B3)

where A(6(x),7(x)) denotes the part of the functional
AS . ;7(6(x), 7 (x)) that is quadratic in 6(x) and 7,(x), i.e.

1 %Sy
A7 (0)) = [ dxd'y] = —— | ()0
(0(x), 7t (x)) / xd’y 2 50 ()50 () (Un’ﬁo)O'(X)O'(Y)
3
6256&' ~ ~
* Z oo (x)om(y) (mﬁo)a(x)ﬂk(y)
3
1 828 o . }
"2 ];m(x)an,(y) oy D) g
(B6)
Using, at N, — oo, the general relation

exp(A+0(1/ VN,)) = exp(A){1+0(1/ YN,)}, one can take
the logarithm of both sides of Eq. (B4) and obtain (up to
irrelevant constants) the functional W(J) at leading order
in the large- N, expansion:

Wunl) = Seﬂ?(U'ofT)o)+/d4x[0'o(x)fo(x)

+79(x) - J(x)] + O(1/N,). (B7)

Recall that the saddle point (oy,7,) depends on the
external sources Jy(x) and Ji(x). We now determine the
effective action I'(o,7,) in (Al) (or (13)) starting from
Eq. (B7). To this end, we first find the classical fields

a’cl(x) = 6(WM(J)/5J0()C) and ﬂkd(x) = 5(WM(J)/6Jk()C)
From Eq. (B7), it follows that
_ ] " S eff ooo(y;J)
0'(,,(x)_0'0(x,.l)+/dy( 5000y T) +Jo(y )) SJo()

+O(1/N,).

(B8)
However, the expressions in parentheses in Eq. (B8) van-
ish by the saddle-point equations (B1). Thus, in the large-
N, limit, o (x) = oo(x;J). Similarly, one can show that,
within the same approximation, 7.(x) = 7Zy(x;J). Apply-
ing this result to Eq. (B7) and to the definition of the ef-
fective action I'(o, ;) in Eq. (13), we find that

4 6Seff 57Tk0(y;.])
o[ (&rko(y;f) ) 510()

F(O—cl’ ﬁc[) = Seﬁ(a—c[a 7?01) + O(I/Nc) (B9)

A comparison of our result (B9) with the expression ob-

tained for the effective action (potential) in the mean-
field approximation (see, for example, Refs. [66—71])
shows that the two are identical. Therefore, in what fol-
lows, we use the notation I',,s(0, @) for the effective ac-
tion calculated both in the mean-field approximation and
at leading order in the 1/N, approximation (see Eq. (20)).

APPENDIX C: DUAL INVARIANCE OF PATH
INTEGRATION MEASURE

We show that the path-integral measure Dy Dy in the
partition function (4) is invariant under the Pauli-Gursey
(or duality) transformation (23)—(24). Recall that y = y(x)

ll/Ll
d
Y,.a are four-component spinors, y(x) is an eight-com-
ponent spinor: ¥7(x) = Wuts ooy Wuds Wt ... Was) . For simpli-
city, we ignore the fact that y(x) is also a color triplet.
Thus, the path integration measure Dy Dy can be written
explicitly in the following form

is a flavor doublet; that is, ¥ = . Moreover, since

8 8

DyDy = [[Dv, [ Dvs

a=1 B=1
4 4 4 4

- H@%kuﬁnﬂ%ﬂﬂwdﬁ. (C1)
a=1 B=1 a=1 p=1

First, we note that for vanishing chemical potentials, the
Lagrangian Lyy (1) is invariant under the transforma-
tions Y(x) > ¢/'(x)=U (§)W(x), where the 2x2 unitary
matrix U(6) in two-flavor space is given by

e S iz
U®@) = U(B1,6,,65) = exp(it-§) = cos|d] + 77' siné)
6, + 6.
cos|f]| + ﬁ sin|6), ]|9| 2 sin 6]
= 101 — 0 103 . ’
sin|6) , cos|f| — — sin|6|
|6 16|

(€2)

and 70 =1,0, + 120, + 7305, |02 = 6% +62 +62. Altogether,
the matrices U(f) form the SU,(2) group.

It is also well known that Ly is invariant under axi-
al transformations y(x) — ¢'(x) = Us(d)¥(x), where the
2x2 unitary matrix U,(c) in the two-flavor space has the
form

Cginlw.  (C3)

s
U(@) = exp(iy’7- @) = cos|w| + e

(]

These transformations constitute the axial SU,(2) group.
We have presented expressions for the matrices U(d) and
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l//u
In reality, they act in the space of eight-component G[riass—
mann spinors, ¥ (x) = Wiy .oy Wus»Wai,s -, Was), Where they
are represented by 8x8 unitary matrices with unit de-
terminant. Suppose that y(x) - y/'(x)=U (@ (x), where
U (5) € SUy(2). Then we have

Ua(®@) in the two-dimensional flavor space ¥ =

8 8
oy oy = [[0v, [ 0w
a=1 B=1

8 8
= [[Dv.@etU" @)™ || Dys(detU@))™!

a=1 B=1

=Dy Dy, (C4)

i.e., the path-integral measure Dy Dy (see, e.g., Eq. (17))
is invariant under transformations of the SUy(2) group.
Here, we have used the above-mentioned identity
detU(@)U(@) = 1. (If we take into account that y(x) is
also a color triplet, then, using the same method, one can
easily prove that the path-integral measure DyDy is in-
variant under the transformations ¥ (x) — ¥/'(x) = Uy(x),
where U € SU.(3).)

Similarly, this measure is also invariant under an ar-
bitrary transformation U,(@) € SU4(2), where Ux(d) is
given in Eq. (C3). Indeed, suppose that y'(x)=
Ua(@d)(x). Then, using the identity y’exp(iy’d-7) =
exp(-iy’@-7)y°, we have ¥'(x) = (x)Us(d3) and hence
the path-integral measure transforms as follows:

8 8

Dy Oy = [ [ D, | [ Dws(det Ua(@)
a=1 B=1

8 8
A
a=1 B=1
= DYy Dy, (©5)

where A = —2tr[ys]6(x—x) is the same expression as that
for the chiral anomaly of U,(1), and it is finite when reg-
ularization is used. We have also used the additional
factor tr(r%) = 0. Hence, the path-integral measure Dy Dy
is also invariant under transformations from the SU4(2)
group.

We can therefore conclude that the integration meas-
ure DyYDy is invariant with respect to arbitrary trans-
formations ¥(x) —» ¢/'(x)=U (§)U A(@)W(x). For =-a=
(/4,0,0), it follows that the path-integral measure is in-
variant with respect to the discrete Pauli-Gursey trans-
formation (24), namely y(x) — ¥'(x) = ¥r(x) +iT 1 (X).
Moreover, the integration measure over the auxiliary
meson fields Do []., D, in the generating functional
(10) is also invariant under the PG transformation (32) of

these fields.

* Based on this result, we are ready to consider how
the dual symmetry (31)—(32) of the auxiliary Lagrangian
Lay, (8) is reflected in the properties of the effective ac-
tion (A1) of the NJL model (1) and its thermodynamic
potential.

The dual symmetry (31)—(32) of the auxiliary Lag-
rangian Lyy (8) implies that both the total effective ac-
tion I'(o,7,,) (13) and the total thermodynamic poten-
tial Q(o ., 7,,) (15) of the model are symmetric with re-
spect to the transformation

ou(x) = —my (%), m,(x) = oq(x),

7, (X) = m3,(x), 73,(x) = =715, (X). (Co6)

In terms of the variables X and IT (see the text preceding
Eq. (16)), it has the form X < IT (with the simultaneous
interchange u; < ys).

We first consider the transformation of the functional
W m(J,) (which appears in the expression for the generat-
ing functional (10)) under the dual transformations
(31)—(32). As a first step, we interchange the chemical
potentials, u; < uys, in the chemical-potential term M

defined by Eq. (2) We denote the resulting functional by
Wi, where M= *+%T +%7 T3+4sy°. Next, in
the functlonal integral W =(J,) (which is simply expres-
sion (10) with M — M), we transform the integration
variables, both the spinor and auxiliary scalar fields, ac-
cording to the dual transformations (31)—(32). Since the
functional integral measure does not change under this
procedure, the original functional ‘W o) transforms ac-

cording to the following rule:
W) =W (T, (€7)

where Ji=J,, J; =-Jo, J;=-J5, J;=J,. Based on the
left- and right-hand sides of Eq. (C7), one can use the
definition in Eq. (13) to introduce two formally different
effective actions

FM(O-L‘Zaﬂa(,)

a=1

= Wn(Ja) - / d*x {O-Ll(x)JO(x)"'Zﬂ-ad(x)J (X)} (C8)

I (o)

del

=W () - / d*x { Ll(x)JO(x)+Z7rad(x)J'(x)} (C9)

a=1
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where, by definition (13), we have

o (x)_é(-WM(Ja) . (x)_é(WM(Ja)
R Es B O VA E) B
W, SWD

ol (x) = 7{5,() M= (C10)

However, from the preceding relations and by taking into
account (C7), one can, for example, obtain

, W) W]
o-cl(x) = =
6J5(x) 6J5(x)
B s WMD) 6J,(2)
- / T ony e €D
. 0dp(2)
where one must also use the relation T() =0510(z—X)

(the connection between the primed sources J;, and the
unprimed sources J, is given after Eq. (C7)). Similarly,
one finds that

7,,(%),
(C12)

m,(X) = —oa(x), m, (x) =-m3,(x), 75 (x) =

and, using these relations, one can readily see that

3 3
Ta()Io(X) + Y 7 (0 Ja(x) = (T2 + Y 7, (0)().
a=1 a=1 (C l 3)

Consequently, Eq. (C7) implies that the effective actions
(C8) and (C9) are identical, I'y(oe,ma,) =T (07,7, ).
The same property also holds for their TDPs

QM(O-Cl’ﬂa[/) _Q (O-C[v ad) (C14)

As shown in Appendix A, owing to the Uy, (1) and U,y (1)
invariance of the NJL model (1), the TDP Qu(o,7,,)

depends on the
= /a7 +m3,, respectively. However, the second TDP

Qo d) depends effectively on ¥’ = (/oj +7%, and
I'= \/n?, +7%,. Using relations (C12) and (C13), we
find that ¥ =TI, whereas IT' = Z. Therefore, Eq. (C14)
shows that the full TDP of the NJL model (1) satisfies the
dual symmetry relation

invariants X= /o, +7m3, and

Qu(E.ID) = Q (L), (C15)

That is, it is identical to that in the mean-field approxima-

tion (22).

Concerning the NJL model (33) with a color super-
conducting channel of quark interaction, we first note that
its auxiliary Lagrangian Lese (34) is invariant under the
dual transformations D of both the spinor fields (31) and
the auxiliary meson fields (32). However, as shown in
Section IV, the dual transformation D leaves the diquark
scalar fields A,(x) and Aj(x) unchanged (see Eqs. (42)
and (43)). Hence, in this case, using the same methods as
those used to analyze the dual properties of the simplest
NJL model (1) (see above in the present Appendix), it is
straightforward to show that the effective action
rCSC(O'd,iTad,Ak,,A:,) of this NJL model is invariant un-
der transformations (C11) and (C12), supplemented by
the condition that the classical diquark fields A, and A;,
remain unchanged. In addition, the values of the chemic-
al potentials u; and u;s must be interchanged.

APPENDIX D: REGULARIZATION AND DUAL
INVARIANCE

Regularization is unavoidable in effective models
such as the NJL model, and the regularization parameter
cannot be removed. Therefore, the regularization scheme
is part of the model definition. Let us show that the regu-
larization procedure does not break the invariance of the
measure in the path integral and, consequently, preserves
the duality property of the effective model.

In principle, one can choose a regularization that
breaks the invariance of the Lagrangian, thereby break-
ing the duality property of the model. However, this only
indicates that such a regularization procedure is, at min-
imum, not suitable for studying duality properties. Let us
consider, for example, the three-dimensional momentum
cutoff regularization scheme.

It is instructive to work in momentum space

W(x) = / / S eI,

The measure in the path integral with three-momentum
cutoff regularization can be written as

oy oy = [T TTT] 0.0 p) dda (e’ p).

[pl<A p0  «

Letus consider the dual transformation (23). In mo-
mentum space, it takes the following form:

PG: Jr(p°,p) = ¥r(p°,p), ¥r(p°,p) — it1dr(p°,p),

&R(p()? p) = H+lz’(p07 p)7 lZ)L(pov p) = H—‘Z’(p07 p)
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Although 3-momentum cutoff regularization breaks
Lorentz invariance, it does not alter the decomposition of
fermions into left-handed and right-handed components.

For generality, we now consider the more general
transformation (x) - ¢/'(x) = U @u A(@DW(x) discussed
in Appendix C, evaluated at §=—@& = (v,0,0) (the dual
transformation is obtained at w = —x/4). For small values
of the parameter w, it takes the following form

Yr(x) = Yr(x) = Yr(x),

Yr(x) = P (x0) = Yr(x0) - 2T 0 (x). (D1)

In general, the dual transformation in momentum space is
given by

. - - - . d* -
Vr(p)="Yr(p), Y1 (p)= l//L(P)—Zl/ ﬁ o(p—q@)t1¥(q),

where &(p) = [ d*xe 7 w. However, if @ is constant, as in
our case, then &(p—q) = w 2r)* 6P (p—q).
Thus, one obtains the transformation

¥, (p) = d(p) = 2wt Yr(p).

One can see that the transformation does not mix the vari-
ous momentum modes of the fermion field y. If we cut
off the modes at a scale A, the measure remains invariant
under this transformation, and the regularization proced-
ure of the effective model does not stand in the way.
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