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Interplay of magnetic field and non-extensivity on heavy quark potential in
the quark-gluon plasma®
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Abstract: We explore the interplay between the magnetic field and non-extensivity in shaping the complex heavy-
quark potential in the quark-gluon plasma via the dielectric permittivity. Within the real-time formalism with hard-
thermal-loop resummation, we determine the non-extensive corrections to the gluon self-energy and the resummed
gluon propagator in the Keldysh representation, and we apply these results to compute the medium's dielectric per-
mittivity. Our study shows that increases in the magnetic field and in non-extensivity enhance screening and flatten
the real part of the potential, whereas they affect the imaginary part in opposite ways. When the gluon-loop contribu-
tion to the gluon self-energy is excluded, the imaginary part of the potential exhibits pronounced anisotropy in the
presence of a magnetic field, especially at small quark-antiquark separations, while non-extensivity can weaken this
anisotropy. When the gluon-loop contribution is included, the degree of anisotropy of the imaginary part of the po-
tential is largely reduced and becomes nearly insensitive to non-extensive effects. These results pave the way for fur-
ther studies of the properties of heavy quarkonia in a magnetized, non-extensive quark-gluon plasma.
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I. INTRODUCTION

The primary goal of ultra-relativistic heavy-ion colli-
sion experiments performed at the Relativistic Heavy Ion
Collider (RHIC) and the Large Hadron Collider (LHC) is
to characterize the quark-gluon plasma (QGP), which is a
new state of matter and possibly existed in the early stage
of the Big Bang of the universe [1-7]. In the extreme
condition created in heavy-ion collisions, the QGP can be
described as a weakly interacting gas of quark and gluon
quasiparticles, which can be theoretically understood
through perturbation theory within the hard thermal loop
(HTL) resummation [8—10]. The HTL resummation per-
turbation theory allows for systematic computations of
various quantities in QGP, such as parton self-energies
[11, 12], in-medium complex heavy quark potential
[13—16], heavy quark diffusion coefficients [17-20],
dilepton production rate [21-23], and parton energy loss
[24]. Besides QGP, the strong magnetic field is also ex-
pected to be generated in the early stage of the non-cent-
ral heavy-ion collisions. Theoretical estimations have
shown that the maximum magnetic field strength can
reach eB ~ 5m? in Au+Au collisions at the top RHIC en-
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ergy and eB ~ 70 m? in Pb+Pb collisions at the LHC ener-
gies [25, 26]. Here, m;, is the pion mass, and e represents
the charge of the proton. The existence of such an in-
tense magnetic field induces novel quantum transport
phenomena in the QGP, a prominent example is the chir-
al magnetic effect [27-29].

Due to the transient lifetime of the QGP and rapid de-
cay of the generated magnetic field, heavy quarkonium
serves as a unique probe for investigating QGP and mag-
netic field dynamics. As a bound state of a heavy quark
and its antiquark, it is produced in the early stage of
heavy-ion collisions and thus experiences the full evolu-
tion of both the QGP and the magnetic field. Further-
more, the modification of the properties of heavy
quarkonium systems induced by the magnetic field has
also been phenomenologically analyzed [30—34]. The
heavy quark potential, which characterizes the interac-
tions within a quarkonium state, serves as the starting
point for the non-relativistic approach to studying the
properties of heavy quarkonia. In a vacuum, the heavy
quark potential can be well characterized by the Cornell
potential. This potential comprises both the Coulomb
term, which reflects the asymptotic freedom at small
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quark-antiquark separation distances, and the string term,
which is responsible for color confinement at large separ-
ation distances. The vacuum heavy quark potential under
the magnetic field background has been studied through
lattice calculations of Quantum Chromodynamics
(1QCD), with a parametrized Cornell potential [35]. In the
medium, the heavy quark potential becomes complex-val-
ued. The real part of the potential determines the binding
energy of heavy quarkonium states. Whereas, the imagin-
ary part, mainly induced by the Landau damping phe-
nomenon and the quark-antiquark color singlet to color
octet thermal break-up, is used to calculate the in-medi-
um decay width of heavy quarkonium states [36]. In the
magnetic field, the real part of the in-medium heavy
quark potential has also been studied by 1QCD below
pseudocritical temperature [37, 38]. However, there are
no 1QCD studies for the imaginary part of the potential
yet. By employing the HTL resummation combined with
dielectric permittivity and using the imaginary-time form-
alism, the complex heavy quark potential has been com-
puted in the strong magnetic limit within the lowest
Landau level approximation [39], and in higher Landau
level summation [39—42].

Earlier studies of heavy quark potential mainly fo-
cused on the ideal thermal medium within standard ex-
tensive statistics. However, the fireball created in heavy-
ion collisions is dynamically evolving and exhibits non-
equilibrium effects, such as momentum anisotropy caused
by the rapid longitudinal expansion.and the bulk viscous
effects. These non-equilibrium effects sequentially influ-
ence collective gluon modes [43, 44], modify the heavy
quark potential, and ultimately are imprinted on the prop-
erties of heavy quarkonia. In addition to non-equilibrium
effects modifying the heavy quark potential, the non-ex-
tensive effects of the medium also need to be considered.
This necessity arises from the fact that the QCD systems
created in heavy-ion collisions are considered not extens-
ive because medium constituents experience long-range
color correlations and intrinsic fluctuations. To address
this issue, the non-extensive statistics have been de-
veloped. The successful application of non-extensive stat-
istics in high-energy particle collision experiments is re-
flected in the fitting of (transverse) momentum spectra of
the particles [45—55]. Furthermore, the effects of non-ex-
tensivity on hydrodynamics [56—58], thermodynamics
[59, 60], transport coefficients [61—63], and chiral phase
transition [64—68], electromagnetic responses of the QGP
[69] have also been studied in high-energy physics. To
pave the way for studying in-medium heavy quarkonium
properties in the magnetized and non-extensive QGP me-
dium, we focus on how the magnetic field and the non-
extensive effect simultaneously affect the heavy quark
potential. For that purpose, we comprehensively revisit
the leading-order non-extensive correction to the re-
tarded, advanced, and symmetric (time-ordered) gluon

self-energies and corresponding resummed propagators in
the presence of the magnetic field, using the HTL resum-
mation technique and non-extensive statistics. We utilize
the non-extensive modified resummed gluon propagators
to derive the dielectric permittivity and then obtain the in-
medium heavy quark potential. We will discuss in detail
the effects of both the magnetic field and non-extensivity
on the real and imaginary parts of the heavy quark poten-
tial.

The paper is organized as follows. In section II, we
present the distribution functions and the real-time bare
propagators of quarks and gluons within the framework
of non-extensive statistics. We also derive general formu-
lae of leading-order non-extensive modified HTL re-
summed gluon propagators in Keldysh presentation. In
section III, we derive the retarded, advanced, and sym-
metric HTL gluon self-energies as well as the corres-
ponding resummed gluon propagators, in the presence of
both a-magnetic field and non-extensivity. In section 1V,
based on the non-extensive modified resummed gluon
propagators in the magnetic field, we derive the dielec-
tric permittivity of QGP, which is then used to compute
the in-medium complex heavy quark potential. We exam-
ine the effects of both the magnetic field and non-extens-
ivity on the real and imaginary parts of the potential. In
the Appendix, we present the derivations of the one-loop
contribution from quarks to HTL gluon self-energy in the
presence of the magnetic field within non-extensive stat-
istics, using real-time formalism.

Io. FORMALISM

A. Distribution functions of (anti)quarks and gluons in
the presence of the magnetic field within non-extens-
ive statistics

Following Ref. [70], the nonextensive forms of the
single-particle distribution functions for (anti)quarks and
gluons in the massless limit are given, respectively, as
follows:

1
+ Ef — 1
Jaro(Era) equ(ﬂ(E;{Z,niﬂf))‘F I W
- 1 2
Jase(k) = W’ @

where the superscript “+” denotes quarks and antiquarks,
respectively. u; denotes the chemical potential of the
quark of flavor f. In this work, we take u, =y, = pu, = u.
B=1/T is the inverse temperature of the system. In the
presence of a magnetic field oriented along the z-axis, we
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assume the scale hierarchy T2 ~ eB. The dispersion rela-
tion of light (anti)quarks is Landau-quantized and, in the
massless limit, is given by E{z,n \/k2+2nle;B|, where n
is the Landau-level quantum number and e, is the elec-
tric charge of the quark of flavor /. In Egs. (1-2), exp,(x)
denotes the non-extensive exponential. For x<0 and
g > 1, exp,(x) is defined as follows:

q/(g—1)

exp,(x) = [1+(g— x| 3)

In phenomenological studies of high-energy colli-
sions, the non-extensive parameter g is generally greater
than 1 and is not a free parameter; it is related to the beam
energy and centrality [71, 72]. In the limit ¢g—1,
exp,(x) = exp(x), and Egs. (1-2) reduce to the standard
Fermi-Dirac and Bose-Einstein distributions, which are
given by

1

Y(EL )= . 4
TeoBin) exp(B(EL, Fp)+1° @
)= — s)
BE exp(Bk)— 1"

Given that the typical value of ¢ lies in the range 1.0
to 1.2, as determined by fits to the charged-particle trans-
verse-momentum spectra measured in high-energy colli-
sions [73—76], it is reasonable to expand Eq. (1) to lead-
ing order in (¢ — 1), yielding the following result:

Here, frp) 1s a correction term that quantifies the
degree of nonextensivity in the system; its explicit form is
given by

[(EL,#1 - 2EL, #wTl(g-1)
2T?

X fen(EL (1= fEs(EL ).

+ foN —
Jorp(Ei.n) =

(7

The linear expansion, valid to leading order in (g - 1),
applies when k/T is not parametrically large. The HTL
approximation, which distinguishes soft momenta
(k~ gT) from hard momenta (k ~T) in the weak-coup-
ling limit (g < 1), satisfies this criterion. Accordingly, the
leading-order nonextensive correction to the gluon distri-
bution function takes the following form:

(K* = 2kT)(g -

1
fushan® = DD 01+ ). ®)

B. Real-time bare propagators in the presence of the
magnetic field within non-extensive statistics

We extend the hard-thermal-loop (HTL) resumma-
tion technique to nonextensive settings by replacing the
standard equilibrium distribution in the real-time bare
propagators with its nonextensive counterpart. This ex-
tension does not explicitly introduce new dynamics or
nonlocal interactions into bare propagators or vertices;
therefore, HTL resummation remains valid in the pres-
ence of nonextensivity. In the Landau-level representa-
tion, the real-time bare propagator for massless quarks of
flavor f'in a finite magnetic field, within the framework of

+ f N _ p0x/f + f . .. .
Jorp(Er ) = fﬁD(Ekz,n)+f;],FD,(l)(Ekz,n)' (6) nonextensive statistics, takes the following form [34, 77,

78]:
i

g & K2 —2nle, B+ ie 0

iS™(K)= ¢ 7 3 (=1 DL(K) e ~i

=0 K} —2nle;B|-ie
N(ko) N(ko) — O(=ko)

—2n6(K; —2nle;B|) (

where K =k;—k2 and k7 =k} +k;. The transverse func-
tion in the equation above is given by

, o 2K 2k7
D/(K)=2K {P’Lﬁ( - )—P-ELQ_ ( = )}
Il + |€fB| 1 |efB|
2k3
L ( = ) 10
+H L, le,B] (10)

N(ko) — O(ko)

)

)}

N(ko)

Here, L =1 +iy“y’sgn(e,B)]/2 are the spin projectors.
N(ko) = Oko) £} (ko) +O(~ko) f;pp(~ko), where O(x) is
the Heaviside step function and f;pp(=ko) = f;7p(ko)-
L¥(x) are the generalized Laguerre polynomials, and
L?, =0 by definition. In non-extensive statistics, the 2 x2
matrix of the real-time bare gluon propagator can be ex-
pressed as follows:
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i

iG(K) = Kz(;uie s
K?—ie
+ 2”6(1(2) fq,BE(kO) fq,BE(kO) + ®(_k0)
Ja.8e(ko) +O(ko) (D)

(11)

The four components of the real-time bare propagator are
not independent; they satisfy Dy —D;— Dy + Dy =0,
where D;; denotes S ?jf or G;;. It is convenient to express
the bare propagators in terms of three independent com-
ponents—the retarded (R), advanced (4), and symmetric
(F) components—in the Keldysh representation [79, 80].
In the presence of a finite magnetic field, the three inde-
pendent components of the bare quark propagator can be
written as follows:

SEh(K) = ST (K) =S5, (K)

2
_ e MR (=)' DI(K)

= 12
K} —2nlesB| + isgn(ko)e’ (12)

¥ (K) = ST (K) + 55 (K)

g _
= —2nie ©7 Z(—l)“Dﬁ(K)[l —2N(ko)]
n=0

X 6(K}} —2nlesB)),

(13)

where “+” denote the retarded and advanced propagators,
respectively. Accordingly, the three independent compon-
ents of the bare gluon propagator in the Keldysh repres-
entation take the following forms:

Gria(K) = G11(K) = G221(K)

1
= K xisgnloe (19
Gr(K) =G1(K) +Gn(K)
= = 2mi[1 +2f, pe(ko)I6(K?). (15)

C. Resummed gluon propagators in the presence of
non-extensivity

Once the bare propagators and gluon self-energies
have been obtained, we can compute the resummed gluon
propagator, which describes the propagation of collective
plasma modes. In this study, we work in the Coulomb
gauge. In this gauge, we consider only the temporal com-

ponents of the self-energies and the bare or resummed
propagators, such as ¥ and G%.In the following, un-
less otherwise specified, we omit the superscript “00” for
temporal components to simplify notation. As in thermal
field theory formulated within extensive quantum statist-
ics, the resummed retarded/advanced gluon propagator in
nonextensive statistics in the Coulomb gauge can be de-
termined from the following Dyson-Schwinger equation
[81-83]:

Gria(K) = Gria(K) + Gria(K)gja(K)G 4 (K), (16)

1
where Gria(K) = 7 is the temporal component of the
bare retarded/advanced propagator. We use the super-

script ““+” to denote a resummed propagator. The re-
summed symmetric gluon propagator satisfies the follow-
ing Dyson-Schwinger equation [81]:
Gr(K) = Gp(K) + Gr(K)IR(K)G(K)
+Gr(KIA(K)GL(K)

+Gr(KIF(K)GH(K). (17

Using the identity for the bare symmetric gluon propagat-

or n non-extensive statistics,
Gr(K) = (1 +2f, r(ko))sgn(ko)(Gr(K) = Ga(K)), the  solu-
tion to Eq. (17) takes the following form:
Gr(K) = (1 +2f, e(ko))sgn(ko)(Gr(K) — G4 (K))
+Gr(K)M(K) — (1+2f; 5e(ko) ) sgn(ko)
X (Mg(K) =1, (K)) 1G4 (K). (18)

In the regime of small non-extensivity, we retain only
the leading-order contributions in (¢—1). Consequently,
the temporal components of the resummed gluon propag-
ator—retarded, advanced, and symmetric—as well as the
gluon self-energies, can be expanded to first order in
(g—1) as follows:

Griar(K) = Gyp r0)(K) + Grja ey (KD, (19)

HR/A/F(K) ~ 1_IR/A/F,(O)(I() + HR/A/F,(I)(K)~ (20)

The temporal component of the resummed retarded/ad-
vanced/symmetric propagator at order (¢—1)°, denoted
Griarr0)(K), satisfies the relation Gy, ) (K) = Gria(K)+

Gria(K)ga0)(K)Ggy s 0)(K). For the linear term of order
(g—1) in Eq. (19), the expression is given by:
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G;/A,(l)(K) = GR/A (K)HR/A,(l)(K)G;/A,(o)(K)

+Ggra (K)HR/A,(O)(K)G;/A,(D(K)- (21)
Finally, we can get
Gin oK) = : (22)
RO Grja(K) =Tgia 0(K)’
. I1
Gllg/A’(])(K) _ R/A,(1) (23)

(Gria(K) = Tgya 0)(K)) ™

In the absence of both non-extensivity and a magnetic
field, the term in the square brackets of Eq. (18) vanishes
as a consequence of the Kubo-Martin-Schwinger bound-
ary condition [84—86]:

G0 (K) = (1+2 3 (ko))sgn(ko)

X [G0)(K) = G}y 0 (K)], (24)

which is free of potential pinch singularities and is con-
sistent with the fluctuation-dissipation theorem. In the
presence of a magnetic field, Eq. (18), to order (g—1)°,
can be written as

Gr oK) = (1+2 g (ko))sgn(ko) X [G ,(K) = G} (K]
+Gg o) (K) [HF,«»(K )= (1+2f5p(ko))
x sgn(ko) (Tl o) (K) = Tl (K)) | X G (K.
(25)

The leading-order nonextensive correction term (in g—1)
to the temporal component of the resummed symmetric
gluon propagator in Eq. (18) is given by

G;,U)(K) = (1 + 2f§g(ko))5gn(ko) [G;,(l)(K) = GZ,(l)(K)] + 2fq,BE,(1)(k0)5gn(k0) [G;,(o)(K) - G;,(o)(K)]

+Gr)(K) {HF,(I)(K) — (1+ 2 tko))sgn(ko) [TTg 1)(K) = TTa 1y (K)| = 2, 5.1y (ko )sgn(ko)

X [HR,(O)(K) - HA,(O)(K)] } G 0)(K).

III. NON-EXTENSIVE CORRECTION TO GLUON

SELF-ENERGIES AND RESUMMED GLUON

PROPAGATORS IN THE PRESENCE OF THE
MAGNETIC FIELD

In the presence of a magnetic field, Landau quantiza-
tion of light quarks significantly modifies the quark-loop
contribution to the gluon self-energy, leading to results
that differ markedly from the zero-field case. Moreover,
in contrast to the HTL approximation in (3+1) dimen-
sions, the quark-loop contribution to the vacuum part of

dk,

2(Ek n)2 +pzkz

(26)

[
the temporal component of the retarded gluon self-en-
ergy in a finite magnetic field, denoted by Iz, persists
even at high temperature and/or density, as presented in
Eq. (A9). To gain a deeper understanding of the gluon
self-energy, we separate the calculations of its real and
imaginary parts. In the HTL approximation within the
hierarchy of scales T2 ~ eB > g2T? [19, 34], we calculate
the one-loop quark contribution to the medium part of the
temporal component of the retarded gluon self-energy in
a finite magnetic field, denoted by H?eu:ed The detailed
derivation is presented in Appendix A. Subsequently, its
real part in the static limit (w — 0) is written as

(EL )+ (E[ ) +p:k

hmR@Hz’urir:d(Q) ZZ Z g |efB|0‘0n / {

2
f n=1 b= a

where Q = (w,p) denotes the external four-momentum in
the one-loop diagram and corresponds to a soft scale;
E The

Lyn = /P +2nle;B|,

=(2-6y,) is the Landau-level-dependent spin degen-

with  p.=k. +p.. factor

Ton

E[ J(EL > (E}..)]

frp(EL )+

< b E'
E} a[(E}.n)? - (Ef;,n)z]f arol ””’)}’
@7)

eracy. Note that the summation over Landau levels in the
above equation starts at n =1 rather than n =0 because
the one-loop contribution from the lowest Landau level
quarks to the medium part of the retarded self-energy
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vanishes; see AppendixA for details.

In the HTL approximation, since p./k, is a small
quantity, we can expand the term in curly brackets in Eq.
(27) as a power series in p, /k;:

Hf(Ef ) +f;n) (l)(Eli,n)(l -

{ } ~ b kz,n ,FD, 7

1
- 7= IEL, —bwH](EL,)

212 (EL )

1 2
+ (= DH]EL)+0C). (28)

Here, HJ(EL,)=f%(EL,)1-f%(EL,). By summing
the real parts given in Eq. (A9) and Eq. (27), we obtain
the total real part of the one-loop quark contribution to
the temporal component of the retarded gluon self-en-
ergy in a finite magnetic field, denoted by ReII&**. In the
static limit (w — 0), to order (g—1)°, it can be expressed
as

limRe T35 (Q) 3 g;a/o,,lefBl
imRe = - E g E '
w=0 kO 4rT

f n=0 b=+
dk. . .
X / 277;H£(E.I{z,n)‘

We emphasize that the Landau-level summationin Eq.
(29) starts at n =0 to include the real part of H?guf;c (Eq.
(A9)), which, in the static limit, can be rewritten as:

ST
ST

(29)

B
11mRe Hqua.rk 8 |ef |

R, vac

g IefBl dk-

4nT

Hf (kD).  (30)

Eq. (29) simply gives the standard Debye mass from the
quark contribution in a finite magnetic field, i.e.,
(m5)? = —hmR I3 (Q). Since thermal gluons are not
directly affected by the magnetic field, the computation
of the one-loop gluon contribution to the gluon self-en-
ergy in the presence of a magnetic field is identical to that
in its absence. Therefore, within standard quantum statist-
ics, the total magnetic-field-dependent Debye mass from
the retarded/advanced gluon self-energy is given as

mDB — (mquark)z + (mgluon)z (31)
This is also consistent with the result obtained using
semiclassical transport theory in a magnetic field [87].

By inserting Eq. (28) into Eq. (27), we obtain the
leading-order non-extensive correction (in (¢—1)) to

ReI1*, denoted by Re 1 Fyril
it is expressed as

In the static limit (w — 0),

. "
limR Hquark g |ef
limRe [Tz ) (Q) = Z;; Ler?
1 :
/ dk. M M{EL,). (32)
where the function'M} (EL,) is defined as:
o , S
MJ(EL ) = H/( E[)M
{(Ein_bﬂ_ZT) E{,—bu
% § tanh <
T 2T
2T
R } . )
(Ekmn - bﬂ)

Correspondingly, we derive the nonextensive correction
to the retarded Debye mass from quark contributions in a
finite magnetic field given by:

(myn ) = ~limReITEEN(Q). (34)

In the HTL approximation, the one-loop gluonic con-
tributions to the temporal component of the retarded
gluon self-energy, denoted by Iz, computed within non-
extensive statistics take the form [82, 88, 89]:

2

luon 8 ko
HIge Q= 2ny /kdkT (2chq,BE(k))
{ 1-x?
X e —
[x+ (w+ie)/p)?
1-
—_ . 35
* [—x+(a)+i6)/p]2} (33)
The  differential solid angle is given by
dQy = sinfdfd¢ = dxdgp, where x=k-p/(kp) and p=o|.
At order (g—1)°, Eq. (35) simplifies to:
shion ) _ (tlvony (@ 1y @FPFIE )
Iz ) (@) = (mp ) <2p In w_ptic 1. (36)

gluon

In Eq. (36), m represents the gluon-loop contribution
to the Debye mass 1n standard quantum statistics and is
gluon)z g T N

given by (m

In the presence of nonextensivity, the leading-order
nonextensive correction to I12'(Q), denoted by
Iz 1y(Q), is given by:
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/ kdk (2N, f, 5z, (k)

x<31n7w+p+’,e—1)
20 w-p+ie

. glion 12 w+p+ie 1>
(mp1) (Zp w-p+ie )

54 (0) =

(37)

gluon

1 1
Here, (mD,R,(l))2 7( guon)2 gluon

denotes the non-ex-

tensive correction to the retarded Debye mass from the
gluon-loop contribution, where the dimensionless quant-
ity a2"" is defined as:

goon 2 [ kdkf, pe (k) _36 .
WG Jrdkfl et OY

Finally, the total non-extensive, modified retarded
Debye mass in the presence of a magnetic field is given
by:

uarl 1 uari
iy, g _m%)RB = (mj k)2 (1"'%“?33]()

-1
+ (mgluon) (1 + q 5 a%uon) , (39)

with the corresponding dimensionless quantity being
agy" = 20mYrya) /(g = DmpE ).

In Fig. 1, we show the temperature dependence of the
nonextensively modified Debye mass, mp g, at a magnet-
ic field of eB=10m?. We observe that npp increases
monotonically with both the temperature 7' and the
nonextensive parameter g, implying that nonextensivity
enhances color screening. The inset further shows that in-
creasing the magnetic field strengthens the screening.

Next, we examine the quark contributions to the tem-
poral component of the imaginary part of the retarded
gluon self-energy, ImI%*™*, in a finite magnetic field. In
the static limit, the medium contribution to ImIT&™™* for a
nonextensive QGP is given by (see Appendix A for de-
tailed derivations):

lim Im Hq”“ed(Q) 2nleBJ*

wi—>0 " zf:z—l: — %
X{ ‘ZT(quD( p/zn)>2
(E)..—bu)(g-1)+T

xexp, (%”")} | (40)

p3/2,n lo:|

In the presence of small nonextensivity, the square-brack-
eted term in Eq. (40) is expanded to leading order in

(¢-1), yielding

eB=10m?
1.0 — = 1.0
llllll = = 5 2
ool q=1.0,eB =15>m:
>® 0.8
9,
Q0.7
Q
S
0.5
020 021 022 023 0.24
0.15 ~020 025 030 035 040 045
T [GeV]
Fig. 1. _(coloronline) The temperature dependence of the

Debye mass for different values of the nonextensive paramet-
er g-at eB=10m2 is shown. The dotted line represents the

Debye mass at'g=1 and eB = 15 m2.

1
[~ HE )+ qTMf(Ef/“) (41)

By substituting Eq. (41) into Eq. (40) and adding the va-
cuum part of ImII3*™* given in Eq. (A9), the static-limit
(w — 0) expression of ImIT&™™* to order (g—1)° is given
by

Im T8 © 2nle;BI*H](E!
lim R,(0) (Q) _ Z gf | f | b( 0212, n)
w—0 w

4 TEpZ/Z,nlpzl

- Blo(p,
47T|€f 16(02)
(42)
To order (g—1)!, we get
i Iml'l?euérf(Q) ZZZ g 2nle;BP
w0 n=1 b=t 4n TE[{/2n|pZ|
x "TM&Ef ) (43)

By summing Egs. (29), (32), (36), (37), (42), and (43),
the temporal component of the total retarded gluon self-
energy in the presence of a magnetic field, with the non-
extensive correction included, is expressed as:

I1z(Q) = Re T3 (Q) +iImIT} 5 (Q)
+RelIp(Q) +iIm I3 (Q)
+II50(Q) + TS (0. (44)

The one-loop quark contribution to the symmetric
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gluon self-energy in a finite magnetic field is medium-de-
pendent and purely imaginary. Using Eqs. (A21-A23)
from Appendix A, we have computed its temporal com-
ponent in the static limit within nonextensive statistics,
yielding:

11 Hquark(Q) _lzzzg

[ n=1 b=x

quFD( p/Zn)(l quD( p/2n)>'

8n|efB|
Efj /2n|Pz|
(45)

If we consider only the leading-order non-extensive cor-
rection, the expression in square brackets above can be
expanded as:

[-]=~

HJ(E! ,,)
2100(EL )]

+ qFD<1>( p:/2.0) {

+0(g—-1). (46)

Finally, to zeroth order in (¢g—1), Eq. (45) is obtained as
follows:

o0 fipf
. uarl . g 8n|efB|2H (E /2n)
HmIIEG(Q) = —i L ;
e zf: 2 J4n Elpled

n=1 b=

(47)

Correspondingly, the non-extensive correction term in
Eq. (45), to order (g—1)!, is expressed as

limITH0) = - IZZZL*Z?'”B'

fn]b+ p2n|pL

wf<Ef ) (48)

2

where the function Wb (E _2.0) is defined as:

(E;i /2n " bﬂ)(E)i /20" bu—2T)
T2
E;Z/Z,n - b/'l )
2T

XHJ(E) ).

Wf(Ef 212, n) =

X tanh (

(49)

Because gluons are electrically neutral, the one-loop
gluon contribution to the symmetric gluon self-energy
shows no explicit dependence on the magnetic field. In
the HTL approximation, the one-loop contribution from
gluons to the temporal component of the symmetric gluon
self-energy, denoted by IT£"", has been computed in non-
extensive statistics [89] and is expressed as:

2

won . dkk
H%«"l Q) =- 182 / ?Zchq,BE(k)(l + fa.8e(k))
X g@(pz—wz). (50)
0
To order (¢—1)°, Eq. (50) simplifies to:
[E6H(Q) = 2m(m"5‘“°")2 O’ - w?), (51)

gluon __  gluon

where mpyr =mp s the conventional Debye mass
arising from the gluon-loop contribution in standard
quantum statistics. The leading-order non-extensive cor-
rection in (g = 1) to TI2"" is computed as follows:

dkk?
e (@) = - ig* / ——2N. f 5.0 ()1 +2f5:(k))

2n
2
x Z0(p* - w?)
P
.. gluon 2T 2 2
= = 2mi(mp (1) E@(p —w). (52)
gluon 2‘1 1 gluon
Here, m); roy = (mp"™ ") > denotes the leading-or-

der non-extensive correction term arising from the gluon-
loop contribution to the symmetric Debye mass, where
the dimensionless quantity a5 is defined as:

) /dk szq,BE,a)(k)(l +2 13 (k)
q-1 / dik K £2,(k)(1 + £3,(k)

72
= 3{(3)-6.

gluon __
T =

(53)

By inserting Eq. (29) and Eq. (36) into Eq. (22), we
obtain the temporal component of the resummed retarded
gluon propagator to order (¢—1)°, denoted by Gy . In
the static limit (w — 0), it is expressed as:

| limIm IT35(Q)
1~ G* — w—
imGy o (Q) P A, (PR +md )
. wn_(mgluon)z (54)
2p(pz + mD,B)2 ’

By inserting Egs. (29), (32), (36), and (37) into Eq. (23),
the leading-order non-extensive corrections to the tem-
poral component of the resummed retarded gluon propag-
ator, associated with the quark-loop and gluon contribu-
tions to the self-energy and denoted by GRq(f;r and GRg(hf)O "
are determined. In the static limit (w — 0), they are re-

spectively expressed as



Interplay of magnetic field and non-extensivity on heavy quark potential...

Chin. Phys. C 50, (2026)

(0 (Q)
g (G (0) - 0)(Q))*

gluon 2
(mD,R,(l))

- (0> +mpp)?
'wn(m%l’l;zt(ll))z (mEvony2
p(p* + mZD,B)3
2y limIm TS
(0* +mp p)°

; (U”(m%h}gr(ll))z

T

*gluon
Gray (@)=

(35)

and

Hquark(Q)
*qua.rk R

Q) =

R(]) a)A»O( ﬁl(Q)_HR’(O)(Q))Z

quark 2
_ (mp g )

(0> +mpp)?
W”(mDuR B (1))2
p(p? +mp p)?

20m ) imIm IGHQ)

—1
(p*+ mD,B)

JimImITE(Q) «
ti———

TR, ) (56)

( gluon )2

In Egs. (54-56), we retain the first-order (in ) imagin-
ary part of the resummed retarded gluon propagator to de-
rive the symmetric resummed gluon propagator. Simil-
arly, by inserting Egs. (29), (36), (42), (47), (51) and (54)
into Eq. (25), we obtain the temporal component of the
resummed symmetric gluon propagator at order (g—1)°
in the magnetic field, denoted by G, . In the static limit
(w — 0), it is given by

ZTJT(mglmm)2
P(Pz + m%),B)z
lmITEG ()

(0* + m%),B)z .

llmGF(O)(Q) =
(57)

By substituting Egs. (36), (37), (42), (43), (47), (48),
(51), (52), (54), and (58) into Eq. (26), one finally ob-
tains the non-extensive correction to the temporal com-
ponent of the resummed symmetric gluon propagator,
arising from gluon-loop and quark-loop contributions to
the self-energy at order (¢g—1)! in a finite magnetic field,
denoted by G;?(L;a)rk and G;g(l?;) " In the static limit (w — 0),
they are expressed, respectively, as

luon
ATr(myR )
(pz 2 )3
ST, 2 | hmlmnq“;g;‘(Q)
B (,02+mf3’3)3 W
_2Tam et
P )7

limG " (Q) =1 (5™’

(58)

and

4Tn(m‘;)“;"gl) Y (m5")?
p(p* + mD,B)3
. quark
8T(mun§1eﬂ;a )’ hi%lm Mz (Q)
(p2 +mi,p) w
gglon%?aﬁk@

(0* + m%),B)z .

*qudrk _
F(l) (Q) =

(59

IV. HEAVY QUARK POTENTIAL IN A
MAGNETIZED AND NON-EXTENSIVE
QGP MEDIUM

Using the non-extensive, modified, resummed gluon
propagator in the static limit, we further investigate the
heavy-quark potential in a magnetized, non-extensive
QGP medium. In vacuum, the heavy-quark potential is
well described by the Cornell potential [90, 91]:

Veomen(r) = =Cra/r+or, (60)

where r = |r| denotes the quark-antiquark separation, «; is
the strong coupling constant, Cr = (N> —1)/2N,, and o is
the string tension, chosen to reproduce vacuum quarkoni-
um properties [92]. The first term is the Coulombic part,
while the second term represents the string-like (linear)
part. In a medium, the heavy-quark potential can be ob-
tained by modifying the vacuum potential using the medi-
um’s dielectric permittivity [93, 94].

A. Dielectric permittivity

As described in Refs. [93, 94], it is obtained by using
the temporal component of the 11-component HTL-re-
summed gluon propagator. It is expressed as

£7(@) = limp’G;,(Q)
= limp* (Gx(Q) +G1(Q) + G}1(Q)) /2
=p llmReGR(Q)+p llmG »(Q)/2. (61)
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B. Real part of in-medium heavy quark potential

Following the approach proposed in [93], the heavy-
quark potential in the non-extensive QGP can be determ-
ined through the convolution of the Cornell potential with
the non-extensively modified dielectric permittivity.

V(,O) = VCornell(p)g_l(p)’ (62)

where the Fourier transform of the Cornell potential in
momentum space, Veomen(0), 1S given by [93]

Crag 4o
Vome =—+v/Q/r - .
comen(0) = —+/(2/7) 2 Vo'

(63)

By performing a Fourier transform, Eq. (62) is cast
into real coordinate space and takes the form

d3p ip-r -
V(r)=/W(ep — DVeomen(0)e™ (0). (64)

Without loss of generality, we choose p and r-as
p = p(sinfcos¢p,sinfsing,cosd) and r=r(sin®,0,cosD),
respectively. Here, @ denotes the angle between the
heavy quark-antiquark dipole axis and the direction of the
magnetic field. The dot product p-r is given by
pr(sin®cos@sinf+cos@cosf). Consequently, Eq. (64)
can be rewritten as

0 sin6dfdp
(2m)/2
: : iprcosfcos @
X [Jo(prsmesm(b)e - 1] , (65)

V(r’ (Da q’ T7 eB) = / VComell(p)g_l(p)

where J,(x) denotes the Bessel function of the first kind
of order m.

In this study, the string tension is set to o = 0.18 GeV>
[95]. The running strong coupling constant g is taken
from Ref. [96].

2 s A2
(A, eB) = % 1IN 2Na>( )

i {‘ff&smz)]n(

JT

1+

2 b
A%+ eB)
(66)

where the one-loop QCD strong coupling constant «; at
127

eB=0 is given by a,(A*)= (11N, —2N)In (A2/AZ,)
with Ayzs =176 MeV and Ny = N, =3 [97]. The scale A'is
taken to be 2m./T?+u*/n* for quarks and 2aT for
gluons.

By inserting the real part of Eq. (61) into Eq. (65), we
compute the real part of the heavy-quark potential, de-
noted by ReV, in the presence of a magnetic field. To or-

der (g—1)°, it can be written as

—m r
e "B

RGV(O)(V,T,EB): —CFa/SmD,B( +l>
mppr
( + 1).

The first and second terms on the right-hand side of Eq.
(67) correspond to the HTL and string-like parts of the
potential, respectively. To order (¢—1)', the non-extens-
ive correction to Re V' is given by

200

Mp.p

e_mD'B r__ 1
+ S —

(67)

mD’Br

Re V(l)(}", q, T, eB)

2
MpRrB() [ -
:CFa's ,»»()(e mD_Br_l)
ZmD,B
2 _
OMp ey [ 2—(2+mppgr)e">5"

(

In all numerical calculations, the maximum Landau
level is set to n,,,, = 100. This choice is justified because,
as this cutoff is increased further, the numerical results
converge and remain quantitatively unchanged. In the left
panel of Fig. 2, we display the real part of the heavy-
quark potential, ReV, as a function of the quark-anti-
quark separation r for eB=10m? and eB=30m2 at
T =0.3 GeV, and compare it with ReV for eB =10 m? at
T =0.2 GeV. As shown in the figure, Re V increases rap-
idly at first and then gradually flattens as » grows. The
magnetic field influences ReV by modifying the quark
contributions to the Debye mass and the QCD coupling
constant. As the magnetic field and temperature increase,
the screening effect strengthens, causing ReV to become
flatter. The right panel of Fig. 2 shows ReV as a function
of r for different values of the non-extensive parameter ¢
at T=0.3 GeV and eB=10m2, compared with the res-
ults at vanishing magnetic field (eB =0) [89]. The non-
extensive correction alters ReV by modifying the Debye
masses, transforming mpp into mprp, which leads to a
shorter Debye screening length (or equivalently, a larger
Debye screening mass). As a result, Re V flattens with in-
creasing ¢ in a finite magnetic field. We also observe that
the magnetic field does not change the qualitative g-de-
pendence of ReV but further flattens its r-dependence
compared with the eB =0 case. In addition, recent stud-
ies have investigated the bulk-viscous correction to the
heavy-quark potential in both zero [98, 99] and finite [34]
magnetic fields. Notably, Ref. [34] shows that the posit-
ive bulk-viscous effect on Re V' is opposite to the non-ex-
tensive effect, supporting the statement in Ref. [60] that
non-extensivity effectively acts as a negative bulk viscos-

1ty.

—1). (68)

3
mp p mp gr
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Fig. 2. (color online) (Left panel) The real part of the heavy-quark potential, ReV, as a function of the quark-antiquark separation r

for eB=10m2 and eB=30m2 at T =0.3 GeV with ¢=1.0. A comparison with the result for eB=10m2 at T =0.2 GeV is also shown.
(Right panel) The r dependence of ReV for various values of the non-extensive parameter ¢ at 7 = 0.3 GeV. In addition, the results at
eB =10 m2 are compared with those at eB =0 from Ref. [89]. All the above numerical results are obtained at zero chemical potential.

C. Imaginary part of in-medium heavy quark potential

Next, we study the imaginary part of the in-medium
heavy-quark potential, denoted by ImV, which is related
to inelastic scattering between medium constituents and
heavy quarkonium via the exchange of space-like gluons
(the Landau damping phenomenon) within HTL-re-
summed perturbation theory [100]. The gluonic and
quark contributions to the gluon self-energy, particularly
in a finite magnetic field, differ strikingly in form. There-
fore, we analyze their contributions to ImV separately to
elucidate the qualitative features of the potential. First,
we examine the imaginary part of the potential associ-

T(mgluon
Im V&) (r,q,T,eB) = - —-2
D,B
1 2 1 2
N 2T(m%}}§?l)) (m$™™)

4
mp p

4T
- 7(m%13§,?1))2 / o*sinfdédp

X [Z ,lesB)S(pcost) + Y
! f

The functions ¢,(x) and yx,(x) are defined by ¢,(x)=

o z B sin(xz)} S dz
2J; dlz(z2+1)" {1 , and (9=2, A2+ 1)y
sin(xz) .
1- e P respectively. Although the last term of Eq.

(70) exhibits angular dependence, its magnitude is negli-
gible compared with the other terms, allowing Im V&"" to
be reasonably approximated as isotropic.

In the left panel of Fig. 3, we plot the dependence of

ated with the gluonic contribution to the gluon self-en-
ergy, Im Ve By inserting the first term of Eq. (57) into
Eq. (65), we compute ImV& " to order (g—1)° as

(mgluon)z

Df $a2(mp pr)
mpp
20T (m%"")>

4
mpp

Im V5™ (r,T,eB) = - Cra,T

(69)

XZ(mD,Br)~

By substituting Eq. (58) into Eq. (65), the Im V& to or-
der (¢—1)! is given by

: 2
— ) {CF%%(WD,BT) + 720— XZ(mD,Br)}
m m

D.B

2
|:CFQ'S¢3 (mppr) + To—)ﬁ (mD,Br):|
m

D.B
Jo(prsin@sin @)eiereosdeos® _ | 20
2, 2 33 Cras+—
(0* +mi, ) p
iz as2n|efB|2H-,f(E/{Z/2’n) (70)
f
n=1 b=t TIp:lE, 2

[
ImVe"" on the quark-antiquark separation distance r for
eB=10m2 and eB=30m? at T =0.3 GeV, and compare
it with the result for eB=10m? at T =0.2 GeV. We see
that Im Ve decreases with increasing r. In contrast to
the real part of the potential, the magnetic field and tem-
perature can increase ImV#"" . In the right panel of Fig. 3,
we show ImVetn for different values of the non-extens-
ive parameter ¢ at eB=10m2 and T = 0.3 GeV. It is clear
that the magnitude of ImVe"" exhibits an increasing
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Fig. 3. (color online) (Left panel) The imaginary part of the heavy-quark potential arising from the one-loop gluon contribution to the
gluon self-energy, Im V&Uor | as a function of the quark-antiquark separation distance 7 for eB=10m2 and eB=30m2 at T = 0.3 GeV with
g = 1.0. This panel also includes a comparison with the result for eB = 10 m2 at 7=0.2 GeV. (Right panel) The r-dependence of Im yelon
for various values of the non-extensive parameter ¢ at 7 =0.3 GeV and eB=10m2.

trend with q. ergy, Im V@ By inserting the second term of Eq. (57)
Next, we study the imaginary part of the potential as- into Eq. (65), ImV® to order (g—1)° is obtained as fol-
sociated with the quark contribution to the gluon self-en- lows:

Im V™ (1, ®, T, eB) = / p° sinfddp [Jo(prsin@sin @)e >0 ® 1]

[Z Z Z as4n|eff|2H;{(E;{z/2,n)] (CFQ’S 20 > 1)

f 2
n=1 b=+ (p2+mD,B)2|pZ|Ep:/2,n i P

Here, EZ j,,, can be rewritten as E. ,, = 1/(pcos68/2)2 +2nle;B|. By substituting Eq. (59) into Eq. (65), we derive the
non-extensive correction term for ImV%* up to order (g—1)!, which is given by

2 mquark 2 mgluon 2 20
Im V3™ (r,®,q,T,eB) = ( D’R’B(“z (™) {TCFa/Y¢3(mDBr)+Tm

mpp D.B

X3(mDBV)}

AT | gk o / - [Jo(orsin@sin @)ereosteos® — ] < 20’)
-—— 0dod Cra,+ —
o) [ £ sin0dodp 0+ ) T

aSZnIe,BI H ( n)
| peoni 335 2
n=1 b=+ T|pZ|E -/2.n

J 0 ) iprcosfcos® __ 1 2
o / 0*sin6dfdp 0("”5‘“ sin®je (CF%J,E)
2n (2 + 3, )2 p?

lZZZ%S"'efB' =Ly o).

n=1 b=+ p/2n |

(72)

[
In Fig. 4, we plot the imaginary part of the heavy netic field at eB=10m? and T =0.3 GeV. We observe
quark potential associated with the quark contribution to that Im V®*** exhibits a significant anisotropy in the pres-

the gluon self-energy, ImVea* as a function of separa- ence of a magnetic field. Specifically, the magnitude of
tion distance for different values of angle between the Im V%% exhibits a maximum at ® =x/2, at which the
quark-antiquark dipole axis and the direction of a mag- quark-antiquark dipole axis is perpendicular to the direc-
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Fig. 4.
potential arising from the one-loop quark contributions to the

(color online) The imaginary part of the heavy-quark

gluon self-energy, Imva“@*  is shown as a function of the
quark-antiquark separation » for ¢ = 1.0. The plot presents res-
ults for different values of the angle @ between the quark-anti-
quark dipole axis and the magnetic-field direction (i.e., ® =0,
n/4,and 7/2).} at eB=10m2 and T = 0.3 GeV.

tion of the magnetic field. Conversely, a minimum of the
magnitude of ImV®¥* is observed at ® =0, where the
quark-antiquark dipole axis is parallel to the magnetic
field direction. As the separation distance increases fur-
ther, the anisotropy of ImV®a* gradually diminishes.
This is actually expected, since the correlation of a heavy
quark and its antiquark must be independent, in the large
distance limit, from the direction of their relative separa-
tion. Moreover, the decreasing trend of Im Va#* with in-
creasing » remains consistent, regardless of the variation
in ©.

In the left panel of Fig. 5, we present the r-depend-
ence of ImV®* for eB=10m’ and for eB=30m2 at
T =0.3 GeV, which is compared to the result for
eB=10m2 at T=0.2 GeV. We observe that as ¢ in-

T=03GeV,d=0, ¢g=1.0

0.00
%
D, —0.05
2
Z
=
S
~ 010
-0.15 - - - -
0.0 0.5 1.0 15 2.0
7 [fm]
Fig. 5.
(®=0).

creases ImVa@* oradually decreases. Whereas, the in-
crease of magnetic field and temperature leads to an en-
hancement of ImV®**  In the right panel of Fig. 5, we
show the behavior of ImVa@* with respect to different
values of non-extensive parameter g at eB=10m2 and
T =0.3 GeV in the case of ® = 0. Similar to Im V&"" the
magnitude of Im Va¥* also increases as g increases. The
decreasing feature of both ImVe"" and ImVa* with g
and 7, is naturally reflected in the total imaginary part of
the potential ImV&"" = ImVelon + ImV®ak a5 shown in
Fig. 6. We also display the r-dependence of ImV for dif-
ferent ¢ at zero and finite magnetic ficlds. We observe
that the presence of a-magnetic field marginally affects
the g-dependence of ImV but significantly reduces the
magnitude of ImV compared to the eB = 0 case. The bulk
viscous correction to the imaginary part of the potential
has also been studied in [99], within the same potential
description as ours. In contrast to our finding that non-ex-
tensive effects (¢ > 1) suppress ImV, Ref. [99] reported
that the positive bulk viscosity (or negative bulk pressure)
leads to an enhancement of Im V.

To clarify the anisotropic response of the imaginary
part of the potential in finite magnetic field to non-extens-
ivity, in Fig. 7, we plot two anisotropy ratios as a func-
tion of non-extensive parameter ¢ at eB=10m2 and
T =0.3 GeV. The first is the anisotropy ratio of Im Vauark,

= 1 unurk O=0 . .
defined as R = m"i,qki(é:,,/;) The second is the anisotropy

ratio of ImV, defined as R = %ﬁ%. The left panel of

Fig. 7 shows the results for »=0.5 fm, while the right
panel shows the results for » =1 fm. We observe that at
the small separation distance (0.5 fm), the degree of an-
isotropy in the imaginary part of the potential is higher
than that at the large separation distance (r =1 fm). We
also note that varying the values of ¢ significantly
changes the anisotropy ratio of ImV®k quantitatively.
Specifically, with increasing ¢, the anisotropy degree of
Im V% is gradually weakened. After accounting for the

T=03G, eB=10m2, ®=0

0.00 [~
S
. R
N
>o -0.05¢ \
(@) \
— \
-~ N\
= -0.10} N
S, N
S =107~ _
= 015} S o
- g=1.1 S~o
020} — = ¢=12
0.0 0.5 1.0 1.5 2.0
7 [fm]

(color online) Same as Fig. 3, but for Imva'ak  with the quark-antiquark dipole axis parallel to the magnetic field direction
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Fig. 6.

(color online) The r-dependence of the total imaginary part of the heavy-quark potential, ImV = Im V&4°" 4 [m vauak | ig shown

for different values of ¢ at eB = 10 m2. The quark-antiquark dipole axis is parallel to the magnetic-field direction (i.e., ® = 0). For com-
parison, the corresponding results at ¢eB =0 from Ref. [89] are also shown. All numerical calculations are performed at T = 0.3 GeV and

zero chemical potential.
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Fig. 7. (color online) The anisotropy ratios R =

Im VK (o=r/2)

and R = mV@=0)

q for eB=15m2 at r=0.5 fm (left panel) and r = 1 fm (right panel).

contribution from ImV&""  the anisotropic feature of
ImV in finite magnetic field becomes minimal, and the
anisotropy ratio of ImV becomes almost insensitive to the
variation of non-extensivity.

V. SUMMARY

In this paper, we investigated how a magnetic field
and non-extensivity affect the heavy-quark potential in
the QGP medium. We first revisited the retarded, ad-
vanced, and symmetric (time-ordered) gluon self-ener-
gies using HTL resummation in the presence of a magnet-
ic field and computed their leading-order non-extensive
deformation in (¢—1). In a magnetic field, owing to the
Landau quantization of light quarks, the Debye masses
arising from the one-loop quark and gluon contributions
to the retarded gluon self-energy acquire markedly differ-

T=03,r=1fm, eB=10 m?,l

1.00
0.98 e e e e e e
E - Iquuark(q) — 0)
0.961 T ImVank(d = 7 /2)
_ ImV(®=0)
0.94¢ T ImV (@ =7/2)
0.92f
0'90 1 1 1 1 1 1
1.0 1.1 1.2 1.3 1.4 1.5

q

V=3 are shown as functions of the nonextensive parameter

ent functional forms. Moreover, we found that both the
magnetic field and non-extensive effects increase the
Debye mass, indicating stronger color screening in the
QGP medium.

We derived the non-extensively modified resummed
gluon propagators based on the obtained gluon self-ener-
gies. Using these propagators, we calculated the dielec-
tric permittivity modified by both the magnetic field and
non-extensive effects. Subsequently, we determined the
in-medium complex heavy-quark potential through the
modified dielectric permittivity. Our results reveal that
the real part of the potential flattens as the magnetic field
and the non-extensive parameter increase, owing to en-
hanced medium screening. By contrast, increasing tem-
perature and magnetic field enhance the imaginary part of
the potential, whereas non-extensivity reduces it. Not-
ably, in the presence of a magnetic field, the imaginary
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part of the potential associated with the quark-loop con-
tribution to the gluon self-energy exhibits significant an-
isotropy at small separation. However, increasing the
non-extensive parameter and the separation distance
weakens this anisotropy. When the gluon-loop contribu-
tion to the gluon self-energy is included, the degree of an-
isotropy in the total imaginary part of the potential is
largely mitigated. Consequently, the influence of non-ex-
tensive effects on the potential’s anisotropy ratio be-
comes negligible.

These findings pave the way for an in-depth explora-
tion of heavy quarkonia properties, including binding en-
ergy, decay width, and melting temperature, within a
magnetized and non-extensive QGP. Furthermore, the
non-extensive retarded gluon self-energy obtained in this
study can be employed to investigate the impact of non-
extensivity on the heavy-quark diffusion coefficient in a
magnetized QGP. These issues are of particular interest
and should be investigated in future work.

APPENDIX A: ONE-LOOP CONTRIBUTION
FROM QUARKS TO GLUON SELF-ENERGY IN
THE PRESENCE OF MAGNETIC FIELD AND
NON-EXTENSIVITY

We employ the real-time formalism to derive the one-
loop quark contribution to the gluon self-energy within
hard-thermal-loop (HTL) perturbation theory and non-ex-
tensive statistics. Within the real-time formalism, the self-
energy is represented as a 2x2 matrix and satisfies the
relation IT;(K)+11,,(K)+ 11, (K)+11,(K) =0. The three
components of the gluon self-energy in the Keldysh rep-
resentation are defined as follows [86]:

[R(K) = 1}, (K) + [11,(K), (A1)

[T (K) = T} (K) + 115, (K), (A2)

2 )

I (Q) = ZZ /

. [(1 20000 1(0) = 20(=po) e (~ o))

lesB|
Here, L™(ko) = aou(kopo +k.p. +2nle;B |)% . In contrast
to the case of a vanishing magnetic field, the vacuum part

of T denoted by iy, is physically significant and

(1 —20(ko) f, rp(ko) = 20(=ko) f; rp(—ko))

IMp(K) =11} (K) + 1 (K). (A3)

Using the Feynman rules, the one-loop quark contri-
bution to the retarded gluon self-energy tensor, T4 4",
in the presence of a finite magnetic field can be written as

follows:

Hyv quark(Q) —; Z Z /

x [A’;’(K)Aﬁe’ (P)+ A} (K)AY (),

&K I
(27T)2

(A4)

2 ,

where P=K+(Q and exp ( 0 BI) S o(=1)"DI(K)

AZ"/’;/F(K) =S Z"/Z/F(K) The explicit form of the tensor I/
— Pl

is given by:
del _k2 2
(_ 1 )n+l ex < 1 )
(2ny? P\ e B

x Tr[y* D! (K)y' D} (P)].

=

(AS5)

In the HTL approximation with the hierarchy of scales
p* < eB~T?, the tensor I can be further simplified as:

I B|
=(- 1)ﬂ+l SI 7 (4l Binoi! ¢ + (5} + 61 YK P} + K Pl

8 (K||'P||))—(5? "+ 6L )(K) - Pgl’] [34]. Here, the met-
ric is defined as g = g’H'V +g, where g’H’V = diag(1,0,0,-1)
and g = diag(0,—1,-1,0). In the soft momentum-trans-
fer limit, perturbative QCD interactions cannot induce
Landau-level transitions for light (anti-)quarks. This is
because they do not possess sufficient energy to over-
come the energy gap separating the Landau levels, which
is proportional to VeB. Consequently, by setting n =1,
the tensor [# simpliﬁes to: L = ag[2nlesBlg)"+
(K| P+ K[ P)) - g/ (K- Pu)]f, where g, = (2-0),) is
the Landau-level- dependent spin degeneracy. Focusing

solely on the temporal component of IT¥**** | we obtain
the following result:

L®(ko)S(K} —2nle;Bl)
P} —2nle;B| +isgn(po)e

L(ko)S(P? = 2nle, Bl) } }
K} —2nle;B| - isgn(ko)el)

(A6)

has been explicitly computed in previous works [19,

101]. It takes the following form:
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uar) n B g
o =g Y3 P [ o] xton. @

f n=0

2

2le B|
the soft-momentum limit p*> < T L eB. The function I(y,)
in Eq. (A7) is given by [101, 102]:

o =1- 4arctan(/y)/(4 -y )
: Vil 4=y

where y, = Of/(2nle,B|). The function I(y;) exhibits two
limiting behaviors [101, 102]: 71(0) =0 and I(c0) = 1. This
implies that when massless light quarks occupy the LLL

where the form factor exp(— ) has been removed in

(A8)

(2n )

M@= -3 [ o

{( 20(po) f4.rp(P0) = 20(=po) f#p(=P0))

By shifting the variable K - -K—-Q =
ten as:

( 20(ko) fy 7 (ko) — 20(=ko) f (ko))

(n=0), y,— oo, yielding I(y))=1. Conversely, when
they occupy higher Landau levels (n>1), y; =0 under
the condition |Q | < nleyB|, implying I(y)=0. Con-

sequently, g I is obtained as follows:
quark LW g2
gy (Q) = — lE Z E|efB| [5(60 —-p.) +o(w +pz)]

g’lesB
4n2

(A9)

f
2
p:
+7Z
f

Next, by extracting the terms associated with the dis-
tribution function in Eq. (A6), the medium part of IT3"*,
denoted HR,med, is given by

L(k)S(K? —2nle,B))
P} —2nle;B| +isgn(po)e

Iy

Loo(ko)é(Pﬁ —2nlesBl)
Ki} —2nle;B| - isgn(ko)e

(A10)

—P in the second square bracket of Eq. (A10), the expression can be further writ-

LY (k)6 (KT — 2nle B])

d’K,
I3y (0) = ZZ / Y potko)+ frpp (ko))

f n=0

P} —2nle;B| +isgn(po)e

~ ZZ / { e(EL) + frep(EL,) { L™ ,) L™(-E{,) H
S E/, [(w+EL,) — (B} +ie]  [(w—E{ )~ (Ep..)?—i€e]l)’
(A11)
qp.., w* .
Where LOO(iE ) Olno[Z(Ek 11)2 in’J;,n _'_pzkz]wLﬂB4 . |: 8k,0 [(k + — ) ) - I] —4(2n|efB|)(P% +2/€;,0z) - lE:| Qop -
(A13)

going from Eq. (A11) to Eq. (A12), we performed the in-
tegration over k, and used the identities of the Dirac delta
function. By combining the two integrands in the square
brackets of Eq. (A12) over a common denominator, the

resulting denominator evaluates to

A
4 Qﬁ(kz+%)2—1w2(Qﬁ—4(2n|efB|)) —ie.  (Al2)

The sum of the two numerators in Eq. (A12), excluding

the distribution functions, is given by

When all massless quarks occupy the LLL state
(n=0), using Eqgs.(A13-A14), Eq. (A12) vanishes upon
integration over k_, i.e.,

</

This is consistent with previous results in Refs. [19, 34,
102]. The above equation indicates that the medium con-
tribution to Re H?{':{f:d originates from quark-loop contribu-
tions at higher Landau levels (n > 1). Thus, the real part
of H?glﬁr:d can be further computed as

k. (f FD(|k D+

: Jorp (kD)
dk, 2
Ik |

quark
l_[R med,n= 0 &

=0, (Al4)



Interplay of magnetic field and non-extensivity on heavy quark potential... Chin. Phys. C 50, (2026)

(EL )LY(EL,) Foep(EL JLY(=EL )
Hqua qFD kz.n q.FD\"k,.n kzn
ranea(2) = ZZ / A@+EL ,1)2—(E,€z,n>2]+E-ki,,,[(w—E{:,m—(E,f,:,n)z]

q’FD(E[f, n)LOO( w+Ef W (L L (—w—Ef ) ”
Ej al(~w+ E}, ) - (Ekzm E}al(+E}.n Y = (E[ ]

(A15)

where LY(~w=E/_) = awl(E ) FwE! , +(EL ) +kp ]lﬂi| Taking the static limit (w — 0), the above equation sim-

plifies to

uar erB ay, dkz 2(E ,1)2 +pzkz — ‘
limRe I (0) = zzg “leBlag / —'{ = ] fep EL) + frp(EL,)]

2 2 VB[ I(E] )? = (E}.a)?
(EL P +(EL ) +pck. - .
E]A(Ef e &Ly oo Eron  farn &) } e

By extracting the imaginary part of the medium contribution in Eq. (A6), we obtain

ImII33C,(0) = ZZ / &Ky L™ (ko)S(K] —2nle; B)S(P}— 2nlesBl)
f n=1

X {sgn(po) ®(k0)f,,+pa(ko) +O(—ko) f; 1 (=ko)| —sgn(ko) [O(po) [, rp(Po) + O(—po) f; rp(—Po)] }

00
) ZZ / LY(E{,) ];FD(w+E'zi,n)—ﬁ;Fu(E{z,n)} X [6(w+Ek —E )+6w+E[,+E! n)}

Yl 4E{ nEg,‘ .
+ZZ / 4 f f [f;,mwi;n)—ftiD<E£,n—w>}
f Ek nEP n
x [8(w—EL,-E] )+ 8w=EL,+E] ). (A17)

In Eq. (A18), only the delta functions corresponding to decay processes (8w +E[,—E/ ) and 8(w—E[ ,+E/_,)) con-
tribute to the present analysis. In the static limit (w — 0), these delta functions of interest can be evaluated explicitly as

S(EL,,—E! )= (E. ,,/lo)8(k; +p./2). (A18)

Pzl

After performing the integration over k., Eq. (A18) in the static limit (w — 0) can be written as:

2 2
lim ImH?e“;r:d(Q) ZZ g* 2nle,Bl { (fq ro(E,, /2n)> exp (E;{./z,n +ll> N q <f£/TFD(E£;/2,n)) exp (E;]:;/z,n_ﬁ‘)}
w0 A EL ol WEL g1 +T T (Efon—p)q-D+T '\ T
(A19)
The one-loop quark contribution to the symmetric component of the gluon self-energy tensor in a finite magnetic
field, denoted by IT*“*((), is purely imaginary and can be expressed as

H’“‘*”‘“k(@——zzz / (dzf‘z'u” A (KON (P) = (8% (K) - A3 (K) ) (A (P - A (P)) |. (A20)

By inserting the explicit expressions for AZ’/fA(K ) and A?/(K) into the above equation, and following a calculation pro-
cedure similar to that used for IT{****, the temporal component of Eq. (A21) in the HTL approximation is obtained as:
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)
H}uark(Q) = iz Z gz /de”LOO(ko){ [1 - 2®(ko)qum(ko) - 2@(—ko)fq_,m(—ko)]
f n=0

X [1=20(po) f;p(P0) = 20(=po) f; rp(=po)]| — Sgn(Po)Sgn(ko)} X 8(Kj —2nle;B)S(P —2nleB))

*® 2
. g dk,
==i>_ 2.7 / 5 B {LOO(EIQn) {ZJZTFD(EIQ,J +2 @+ EL,)
f n=0 4Ekz,nEﬁz,n

—Af o (EL ) ep(w+ Ef ,,,)} +L™(-EL,) {2 frrp(EL) +2f,pp(-w+EL,)

~4f, o EL ) frrp(~w+EL ,n)} } [6w+EL,~E! )+ow+E[,+E. ).

(A21)

By taking into account the decay processes and using Eq. (A19) again, we finally obtain the static-limit (w — 0) form of
the above equation as

g SnlefBl

4” E;: /2n|P |

Hquark(Q) - _ Z

{{quD( p/2n)<] quD( p/Zn))+ .rp( p/Zn)<1 Jorp(E p/Zn)):|}'

(A22)

When all massless quarks occupy the lowest Landau level, the above equation vanishes. Therefore, the summation over
Landau levels should start at n = 1.
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