
 

Plasma impact on black hole shadow and gravitational weak lensing for
Schwarzschild-like black hole*

Weiqiang Yang (杨伟强)1†     Alloqulov Mirzabek1,2,3‡     Abdujabbarov Ahmadjon1,4§     Ahmedov Bobomurat1,5,6♮   
 Chengxun Yuan (袁承勋)1♯     Chen Zhou (周晨)1¶

1School of Physics, Harbin Institute of Technology, Harbin 150001, People’s Republic of China
2University of Tashkent for Applied Sciences, Str. Gavhar 1, Tashkent 100149, Uzbekistan

3New Uzbekistan University, Movarounnahr str. 1, Tashkent 100000, Uzbekistan
4Tashkent State Technical University, Tashkent 100095, Uzbekistan

5Institute of Theoretical Physics, National University of Uzbekistan, Tashkent 100174, Uzbekistan
6Institute for Advanced Studies, New Uzbekistan University, Movarounnahr str. 1, Tashkent 100000, Uzbekistan

Abstract: This  article  delves into the observational  properties  of  a  Schwarzschild-like black hole (BH).  Initially,
the research provides a succinct examination of the spacetime geometry and the configuration of its horizon. Further-
more, we study the photon dynamics around the Schwarzschild-like BH in the presence of plasma using the Hamilto-
nian formalism.  We found that  the photon sphere radii  increase under  the influence of  plasma frequency and vice
versa for the spacetime parameters. Further exploration is dedicated to understanding how plasma affects the shad-
ow of the BH, and we find that the radius of the BH shadow shrinks with the rise of the ξ parameter and plasma fre-
quency. We then turn to constraining the spacetime parameters and the plasma frequency by using the observational
data released by the Event Horizon Telescope (EHT) collaboration for M87* and Sgr A*. Additionally, the research
scrutinizes  the  phenomenon  of  gravitational  weak  lensing  in  the  vicinity  of  a  Schwarzschild-like  BH,  considering
both  uniform and non-uniform plasma scenarios.  The  outcomes  demonstrate  that  the  angle  of  deflection  increases
under  the  influence  of  a  uniform plasma frequency,  whereas  the  opposite  is  true  for  non-uniform plasma.  In  both
scenarios, a rise in the spacetime parameters results in a decrease in the deflection angle. Finally, we investigate the
magnification of the gravitationally lensed image. The effect of the spacetime parameters and plasma frequencies on
the total magnification is the same as in the deflection angles.
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I.  INTRODUCTION

The past decade has witnessed remarkable progress in
black hole (BH) astrophysics,  transforming these objects
from purely  theoretical  constructs  into  observable   labor-
atories for testing gravity in the strong-field regime. The
groundbreaking  first  imaging  of  the  supermassive  BHs
M87* and Sgr A* by the Event Horizon Telescope (EHT)
collaboration [1−3] provided direct visual evidence of BH
shadows, while the detection of gravitational waves from
binary  BH  mergers  by  LIGO  and  VIRGO  [4]  opened  a
new window  for  probing  the  dynamics  of  compact   ob-
jects.  The  aforementioned  observational  breakthroughs

stimulated  extensive  theoretical  investigations  aimed  at
constraining deviations from the Kerr paradigm and test-
ing alternative theories of gravity [5−8].

Despite  the  empirical  successes  of  classical  general
relativity (GR), fundamental theoretical issues remain un-
resolved.  The  singularity  theorems  established  by  Roger
Penrose  [9]  demonstrate  that,  under  reasonable  physical
assumptions, gravitational collapse inevitably leads to the
formation of  singularities  where  curvature  invariants   di-
verge  and  classical  physics  breaks  down.  This  indicates
that GR is incomplete at extreme energy scales, necessit-
ating the  incorporation  of  quantum gravity  effects  to   re-
solve these pathological features.
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Among  the  various  approaches  to  quantum  gravity,
the  asymptotic  safety  scenario  [10−12]  emerged  as  a
compelling framework. This approach proposes that grav-
ity is  non-perturbatively renormalizable due to the exist-
ence  of  a  non-trivial  ultraviolet  fixed  point  that  governs
the  high-energy  behavior  of  the  theory.  The  functional
renormalization group  provides  a  systematic  tool  to   in-
vestigate  the  running  of  gravitational  couplings  with  the
energy scale,  revealing a characteristic  scale dependence
of  Newton's  constant.  A  powerful  phenomenological
method to  incorporate  quantum gravity  effects  into  clas-
sical  spacetime  geometries  is  the  renormalization  group
improvement  procedure  [13−15].  This  technique  utilizes
the  running  of  couplings  to  construct  effective  metrics
that interpolate between the classical infrared regime and
the  quantum-dominated  ultraviolet  regime.  Recently,  the
authors  of  Ref.  [16] constructed an explicit   renormaliza-
tion  group  improved  Schwarzschild-like  BH  spacetime.
This  new  solution  exhibits  a  scale-dependent  Newton
constant   that interpolates between the classical value

 at large distances and a running coupling in the ultra-
violet,  yielding  a  regular  spacetime  with  a  de  Sitter-like
core  while  preserving  the  asymptotic  Schwarzschild
structure.

An essential  aspect of testing such geometries lies in
understanding  their  observational  signatures,  which  are
the BH shadow and weak gravitational lensing. In realist-
ic astrophysical environments, BHs are typically surroun-
ded  by  various  forms  of  matter,  among  which  plasma
constitutes  a  ubiquitous  component.  The  presence  of
plasma significantly modifies the propagation of electro-
magnetic  waves,  introducing  a  frequency-dependent  ef-
fective  mass  for  photons  and  altering  their  trajectories
compared  to  vacuum propagation  [17−19].  This  plasma-
induced  modification  of  the  geodesic  structure  provides
an additional probe of both the background spacetime and
the  properties  of  the  surrounding  medium  [20−23].  To
this day, there are different types of studies that have in-
vestigated the BH shadow and gravitational weak lensing
around compact objects [24−56]. While the above works
focused on analytical prediction of shadow shapes, more
recent studies  have  combined  general  relativistic   mag-
netohydrodynamic  (GRMHD)  simulations  with  general
relativistic  radiative  transfer  (GRRT)  to  model  realistic
accretion flows  and  emission  processes.  These   simula-
tions show that plasma physics and flow morphology can
influence  the  observed  shadow  size  and  asymmetry
[57−65]. In this work, we aim to study the photon dynam-
ics around the Schwarzschild-like BH [16] surrounded by
plasma  using  the  Hamiltonian  formalism,  together  with
the  BH  shadow  and  the  gravitational  weak  lensing.
Moreover, we take constraints of the spacetime paramet-
ers and the plasma frequency using the observational data
for M87* and Sgr A*, in spite of their estimation as rotat-
ing BHs.  Indeed,  in  real  astrophysical  scenarios,  for   in-

stance, energy extraction mechanisms, jet formation, etc.,
spin  plays  a  key  role.  Also,  the  spin  would  break  the
spherical symmetry of the BH shadow, leading to a pro-
late or oblate distortion. Our use of a Schwarzschild-like
metric  was  intended  as  a  foundational  non-rotating
baseline to  isolate  the  impact  of  the  spacetime  paramet-
ers  without  the  added  geometric  complexities  of  frame-
dragging.

c = h̄ = 1
(−,+,+,+)

The structure of this paper is organized in the follow-
ing  way.  In  Section  II,  we  review  the  spacetime  of  the
Schwarzschild-like  BH,  including  the  event  horizon
structure.  In  addition,  we  investigate  the  motion  of  a
photon  around  the  BH  surrounded  by  plasma  using  the
Hamiltonian formalism. The impact of the plasma on the
radii of  the  photon  sphere  and  the  BH  shadow  is   ex-
plored in this part,  together with the constraint  values of
the spacetime parameters and plasma frequency by using
the  EHT  collaboration  results.  The  weak  gravitational
lensing  and  the  magnification  of  the  gravitationally
lensed images are studied in Sections III and IV, respect-
ively. Finally, we summarize our conclusions and discus-
sions in Section V. Throughout this work, we adopt nat-
ural  units  with    and  the  metric  signature

. 

II.  PLASMA IMPACT ON BLACK HOLE
SHADOW

 

A.    Photon dynamics around black hole surrounded by
plasma

We consider the spacetime of the Schwarzschild-like
BH in the following form 

ds2 = − f (r)dt2+
dr2

f (r)
+ r2(dθ2+ sin2 θdϕ2) , (1)

where 

f (r) = 1− 4Mr2

ξ2(γM+ r)+
√
ξ4(γM+ r)2+4r6

. (2)

f (r) = 0

The  metric  function  includes  the  ξ  and  γ  parameters,
which refer to the cutoff scale and interpolation paramet-
ers,  respectively.  It  is  worth  noting  that  we  can  recover
the  standard  Schwarzschild  spacetime  when  the  ξ  para-
meter tends to zero (see Ref. [13]). In Fig. 1, we plot the
radial dependence of the metric function for different val-
ues of the spacetime parameters. By solving  , we
can find the event horizon radii, and we plot the radius of
the event horizon as a function of the spacetime paramet-
ers in Fig. 2. It can be seen from this figure that the event
horizon  radii  decrease  under  the  influence  of  both  the  ξ
and γ parameters.
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Currently,  we  investigate  the  null  geodesics  around
the Schwarzschild-like black hole (BH) in the presence of
plasma  by  using  the  Hamilton-Jacobi  equation.  The
Hamiltonian for the null  geodesics around the BH in the
presence  of  plasma  can  be  expressed  in  the  following
form [25]: 

H(xα, pα) =
1
2
[
gαβpαpβ− (n2−1)(pβuβ)2

]
, (3)

xα uβ pαWhere  ,  ,  and  , respectively,  refer  to  the   space-
time  coordinate,  four-velocity,  and  photon's  momentum.
Additionally, n represents the refractive index, and it can
be defined as [66]. 

n2 = 1−
ω2

p

ω2
, (4)

ωpwhere   and ω are the frequencies of the plasma and the
photon, respectively. One can define them as 

ω2
p(xα) = 4πe2N(xα)/me , ω(r) =

ω0√
f (r)
, ω0 = const , (5)

me

f (r)→ 1 r→∞
ω(∞) = ω0 = −pt

ω0 H = 0

with  ,  e,  and  N,  respectively,  representing  electron
mass, electron  charge,  and  the  number  density  of   elec-
trons.  The  metric  function  satisfies    as  ,
while   defines the energy of  a  photon at
spatial infinity.   can be restricted by using   as
 

ω2
0

f (r)
> ω2

p(r) . (6)

ω(r)

ωp = 0

This  condition  physically  implies  that  the  photon's  local
frequency,  ,  must  exceed  the  plasma  frequency  at
that  location.  Because  this  rule  governs  light  in  plasma,
the resulting BH shadow can exhibit different forms than
it  does  in  the  vacuum case  ( ).  Using  Eq.  (4),  one
can rewrite Eq. (3) as follows [27, 28].
 

H = 1
2

î
gαβpαpβ+ω2

p] . (7)

ẋα = ∂H/∂pα
θ = π/2

Afterward,  the  light  ray  equations  for  the  photon  can  be
obtained  by  using    in  the  equatorial  plane
( ) as [67].
 

 

γ = 0.5 ξ = 0.5
Fig. 1.    (color online) The plot shows the radial dependence of the metric function for different values of the ξ parameter (left panel)
and the γ parameter (right panel). Here, we set   and   for the left and right panels, respectively.

 

Fig. 2.    (color online) The plot illustrates the dependence of the event horizon radii of the Schwarzschild-like black hole (BH) on the
spacetime parameters.
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ṫ ≡ dt
dλ
= − pt

f (r)
, (8)

 

ṙ ≡ dr
dλ
= pr f (r) , (9)

 

ϕ̇ ≡ dϕ
dλ
=

pϕ
r2
, (10)

We then  derive  the  orbit  equation  by  taking  the  ratio  of
Eqs. (9) and (10) as 

dr
dϕ
=

grr pr

gϕϕpϕ
. (11)

H = 0
The  equation  above  can  be  rewritten  for  the  photon
geodesics   in the following form [68]. 

dr
dϕ
=

 
grr

gϕϕ

 
h2(r)

ω2
0

p2
ϕ

−1 , (12)

with 

h2(r) ≡ − gtt

gϕϕ
−
ω2

p

gϕϕω2
0
. (13)

rps

γ2(r)

When a light ray travels from infinity, reaches its closest
approach at  a  radius  , and returns  to  infinity,  this   tra-
jectory  corresponds  to  a  turning  point  in  the    func-
tion.  Consequently,  the  photon  sphere  radius  is  obtained
by solving the equation below. 

d(h2(r))
dr

∣∣∣∣
r=rps

= 0 . (14)

We numerically investigate the photon sphere radii due to

the  complex  spacetime  of  the  Schwarzschild-like  BH.
Fig.  3  shows  the  photon  sphere  radii  as  a  function  of
plasma frequency for different values of the ξ and γ para-
meters. As seen in this figure, the values of the radius of
the photon sphere increase with the rise of the plasma fre-
quency  and  vice  versa  for  the  ξ  parameter.  There  is  a
slight decrease in the photon sphere radii under the influ-
ence of the γ parameter. 

B.    Black hole shadow in the presence of plasma
This subsection is devoted to the investigation of the

BH shadow in  plasma.  One can write  the  angular  radius
of the shadow

ω2(r) = const

In this section, we consider the homogeneous plasma
distribution where the plasma frequency is  constant,  i.e.,

. In Fig. 4, we demonstrate the shadow radii
as a function of the plasma frequency for different values
of  the  ξ  and  γ  parameters.  It  can  be  observed  from  this
figure that the radius of the BH shadow decreases with an
increase  in  both  plasma  frequency  and  the  ξ  parameter.
There is also a slight decrease under the influence of the γ
parameter.  To provide more information,  we explore the
appearance  of  the  BH shadow from the  perspective  of  a
distant  observer.  Therefore,  we  can  write  the  following
expressions using the celestial coordinates [69]. 

X = lim
r0→∞

Ç
− r0 sinθ0

dφ
dr

∣∣∣∣
r0 ,θ0

å
, (15)

 

Y = lim
r0→∞

Ç
r0

dθ
dr

∣∣∣∣
r0 ,θ0

å
, (16)

(r0, θ0)Where   represents the position of the observer, the
Eqs. (15)  and  (16)  obey  the  following  relation  if  we  as-
sume that the observer is located on the equatorial hyper-
plane. 

 

γ = 0.5 ξ = 0.5
Fig. 3.    (color online) The plot demonstrates the photon sphere radii as a function of the plasma frequency for different values of the ξ
(left panel) and γ (right panel) parameters. Here, we set   for the left panel and   for the right panel, respectively.
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X2+Y2 = Rsh2 . (17)

Using the above equation, we plot the BH shadow in
Fig. 8. It can be seen from this figure that the BH shadow
shrinks  with  the  increase  in  the  ξ  parameter  and  the
plasma  frequency.  Moreover,  we  obtain  the  theoretical
constraints  for  the  parameters  of  the  spacetime  and  the
plasma  frequency  by  using  the  observational  data  from
the EHT and GRAVITY collaborations, with the assump-
tion that M87* and Sgr A* are static and spherically sym-
metric,  despite  the  observations  not  supporting  this.  To
do so, we can use the following equation to calculate the
shadow diameter [73]. 

Dsh =
Dθ
M
. (18)

Using the observational data in Table 1, one can write the
diameter of the shadow as follows: 

DM87∗
sh = (11±1.5)M,

DSgr A∗

sh = (9.5±1.4)M. (19)

Dsh = 2Rsh

104−105 cm−3 106−108 cm−3
(ωp/ω)2 ≈ 10−7

Using the simple equation  , one can constrain
the  values  of  the  spacetime  parameters  and  the  plasma
frequency.  These  results  were  demonstrated  in  the  top
panel  (for  M87*)  and  the  bottom  panel  (for  Sgr  A*)  of
Fig.  6.  Indeed,  the  typical  electron  densities  near  the
event  horizons  of  M87*  and  Sgr  A*  are  estimated  at

   and    , respectively. While a
simple calculation yields a ratio of   at 230
GHz  for  these  average  densities,  we  emphasize  that
plasma  effects  remain  non-trivial  due  to  the  fact  that
global averages may overlook localized regions of signi-

 

γ = 0.5 ξ = 0.5

Fig. 4.    (color online) The plot shows the dependence of the BH shadow radii on the plasma frequency for different values of the ξ
(left panel) and γ (right panel) parameters. Here, we set   and   for the left and right panels, respectively.

 

Fig. 5.    (color online) The plot illustrates the profile of the shadow cast by the Schwarzschild-like black hole (BH) for different values
of the ξ parameter and the plasma frequency.
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1010−1012 cm−3

(ωp/ω)2

ficantly higher density (   ) within the tur-
bulent  accretion  flow  or  at  the  base  of  the  jet,  where

 is large enough to affect the shadow of the black
hole.
 

1.    Inhomogeneous plasma

Here, we investigate the BH shadow by assuming that
the  BH  is  surrounded  by  inhomogeneous  plasma.  The
plasma  frequency  can  be  expressed  in  a  simple  power-
law form as follows [74, 75]Here, we investigate the BH
shadow by  assuming  that  the  BH  is  surrounded  by   in-

homogeneous plasma. The plasma frequency can be writ-
ten in a simple power-law form as follows [74, 75] 

ω2
p(r) =

z0

rq
, (20)

z0 q > 0where   and   are considered free parameters. To in-
vestigate the fundamental characteristics of the aforemen-
tioned  model,  we  consider  the  following  two  particular
scenarios:
 

q = 1 z0●  When    and    remains constant,  this   corres-
ponds precisely to the negative-mass diverging lens mod-
el.
 

q = 3 z0● The  case  of   with  fixed    refers  to  a  profile
associated  with  the  stellar  surface  based  on  the
Goldreich-Julian density [76].
 

Now, in Fig. 7, we plot the radius of the BH shadow
as  a  function  of  the  spacetime  parameters  for  different

 

Table 1.    Observational data for M87* and Sgr A* are refer-
enced in several studies [70–72].

Parameter M87* Sgr A*

Angular Diameter (θ) 43.3±2.3µas 51.8±2.3µas

Distance (D) 16.5Mpc 8.275kpc

Mass (M) (6.5±0.7)×109 M⊙ (4.297±0.013)×106 M⊙

 

γ = 0.5 ξ = 0.5

Fig. 6.    (color online) The plot illustrates the radius of the black hole (BH) shadow for M87* (top panels) and Sgr A* (bottom panels)
as a function of the spacetime parameters and the plasma frequency. The values of the shadow radius are derived from Eq. (19). In this
context, we set   for the left panels and   for the right panels.
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z0/ω
2
0

q = 1 q = 3

z0/ω
2
0

values  of  ,  using  the  values  of  q  as  specified  earlier.
This figure shows that the shadow radii decrease as 
increases,  and  there  is  a  slight  difference  between  the

  and    cases.  To  provide  more  information,  we
plot the  BH  shadow  in  the  presence  of  the   inhomogen-
eous  plasma  in  Fig.  8.  In  addition  to  the  effect  of  the
spacetime  parameters,  we  can  observe  a  slight  decrease
with the increase in  . Moreover, we compare the im-
pact of the homogeneous and inhomogeneous plasma on
the  radius  of  the  BH  shadow  in  Fig.  9.  As  can  be  seen
from this figure, the homogeneous plasma has a stronger
effect on  decreasing  the  shadow  radii  than  the   inhomo-
geneous case. 

III.  WEAK GRAVITATIONAL LENSING FOR
BLACK HOLE

This section focuses on the framework of gravitation-
al weak lensing around Schwarzschild-like black holes in
the  presence  of  both  uniform  and  non-uniform  plasma
cases.  To  proceed,  we  need  to  define  the  weak-field ap-
proximation as outlined in [20, 68]. 

gαβ = ηαβ+hαβ . (21)

ηαβ hαβHere,   and   represent the Minkowski spacetime and
the gravitational perturbation, respectively. Therefore, the
following conditions are suitable for them: 

ηαβ = diag(−1,1,1,1) ,

hαβ≪ 1, hαβ→ 0 under xα→∞ ,

gαβ = ηαβ−hαβ, hαβ = hαβ . (22)

One can use the following equation to investigate the de-
flection angle around the BH [20]. 

α̂b =
1
2

∫ ∞

−∞

b
r

Ç
dh33

dr
+

1
1−ω2

p/ω
2

dh00

dr
− − Ke

ω2−ω2
p

dN
dr

å
dz ,

(23)

ωpwith ω and   respectively referring to the frequencies of
the  photon  and  plasma.  Here,  b  represents  the  impact
parameter, signifying the closest approach of the photons

 

z0/ω
2
0

z0/ω
2
0

q = 1 q = 3 γ = 0.5 ξ = 0.5

Fig. 7.    (color online) The top panel illustrates the BH shadow radius as a function of the ξ parameter for various values of  . In
the bottom panel, the plot reveals the dependence of the shadow radius on the γ parameter for different values of  . Here, we set

 and   for the left and right panels, respectively, while   and   are used for the top and bottom panels.
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Ke Ke = 4πe2/mto  the  BH,  and    is  a  constant  defined  by 
[20].  To  explore  weak  gravitational  lensing,  we  need  to
expand the line element of the Schwarzschild-like BH in-
to a Taylor series in the following form:
 

ds2 ≈ ds2
0+

4Mr2

ξ2(γM+ r)+
√
ξ4(γM+ r)2+4r6

dt2

+
4Mr2

ξ2(γM+ r)+
√
ξ4(γM+ r)2+4r6

dr2 . (24)

ds2
0 = −dt2+dr2+ r2(dθ2+ sin2 θdϕ2)

hαβ

where  .  We  further
write the components of   as
 

h00 =
4Mr2

ξ2(γM+ r)+
√
ξ4(γM+ r)2+4r6

,

 

hik =
4Mr2

ξ2(γM+ r)+
√
ξ4(γM+ r)2+4r6

nink ,

h33 =
4Mr2

ξ2(γM+ r)+
√
ξ4(γM+ r)2+4r6

cos2χ, (25)

r2 = b2+ z2

cos2χ = z2/r2

where we define z as the coordinate along the photon tra-
jectory. For a light ray with impact parameter b, the radi-
al  distance r  is  related to z via  ,  and χ  repres-
ents the angle between the radial vector and the direction
of  propagation,  such  that  .  After  that,  it  is
possible to write the deflection angle as a combination of
three angles as follows [77]. 

α̂b = α̂1+ α̂2+ α̂3 , (26)

with 

 

z0/ω
2
0

Fig. 8.    (color online) The plot illustrates the profile of the shadow cast by the Schwarzschild-like black hole for different values of the
ξ parameter and the   ratio.

 

Fig. 9.    (color online) The plot compares the effects of homogeneous and inhomogeneous plasma on the radius of the BH shadow for
the given values of the spacetime and plasma parameters.
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α̂1 =
1
2

∫ ∞

−∞

b
r

dh33

dr
dz ,

α̂2 =
1
2

∫ ∞

−∞

b
r

1
1−ω2

p/ω
2

dh00

dr
dz ,

α̂3 =
1
2

∫ ∞

−∞

b
r

Ç
− Ke

ω2−ω2
p

dN
dr

å
dz . (27)

In  the  subsequent  sections,  we  investigate  the  deflection
angle  in  the  presence  of  both  uniform  and  non-uniform
plasma density distributions. 

A.    Uniform plasma
The  equation  (28)  can  be  written  for  the  uniform

plasma  case  as  [77,  78])  can  be  written  for  the  uniform
plasma case as [77, 78] 

α̂uni = α̂uni1+ α̂uni2+ α̂uni3 . (28)

ξ = γ = 0.5
α̂uni

We  can  analyze  the  deflection  angle  numerically  by
combining Eqs. (25), (26), and (27). The left panel of Fig.
10 demonstrates the deflection angle as a function of the
impact parameter  for  different  values  of  the  plasma   fre-
quency. As shown in this figure, the values of the deflec-
tion angle decrease with the rise of the impact parameter,
and  vice  versa,  for  the  uniform plasma frequency.  Here,
we  set  the  spacetime  parameters  as  .  We  plot
the  dependence  of    on  the  ξ  parameter  for  different
values  of  the  γ  parameter  in  the  right  panel  of  Fig.  10.
One can observe from this panel that the deflection angle
decreases with increasing values of both ξ and γ. 

B.    Non uniform plasma
In this subsection, we examine the singular isotherm-

al sphere (SIS), which is the most widely favored model

for  probing  photon  geodesics  near  black  holes  (BHs).
Typically described as a spherical gas cloud, it features a
central  singularity  where  density  becomes  theoretically
infinite.  The  SIS  density  distribution  can  be  written  as
follows [?????] 

IV.  MAGNIFICATION OF GRAVITATIONALLY
LENSED IMAGE

µpl
+ µpl

−

This  section  is  devoted  to  the  magnification  of  the
gravitationally  lensed  image  around  the  Schwarzschild-
like BH surrounded by uniform and non-uniform plasma.
One can define the magnification factors in the presence
of  the  plasma,  which  are    and  ,  referring  to  the
primary  and  secondary  images,  respectively,  as  [32,  34,
79, 80]. 

µpl
+ =

1
4

Å
x√

x2+4
+

√
x2+4
x

+2
ã
, (29)

 

µpl
− =

1
4

Å
x√

x2+4
+

√
x2+4
x

−2
ã
, (30)

where [68] 

x = β/θE , (31)

θEWith    referring  to  Einstein's  ring,  which  defines  the
shape  of  the  image,  and β  referring to  the  angular   posi-
tion of the source with respect to the line passing through
the observer and the lens, one can then calculate the total
magnification  as  a  combination  of  the  magnification
factors as [78]. 

 

ξ = 0.5 γ = 0.5

b = 5 ω2
e/ω

2
0 = 0.5

Fig. 10.    (color online) The left panel shows the deflection angle as a function of the impact parameter for different values of the uni-
form plasma frequency. Here, we set the spacetime parameters as   and  . The right panel illustrates the dependence of the
deflection angle on the ξ parameter for different values of the γ parameter. The impact parameter and the plasma frequency were fixed
for this panel, i.e.,   and  .
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µ
pl
tot = µ

pl
+ +µ

pl
− =

x2+2

x
√

x2+4
. (32)

In the next subsections, we analyze the effect of both uni-
form and non-uniform plasma on the total magnification. 

A.    Uniform Plasma
In this section, we consider a uniform plasma. There-

fore, Eq. (32) can be rewritten as follows:  Ä
µpl

tot

ä
uni
=
Ä
µpl
+

ä
uni
+
Ä
µpl
−

ä
uni
=

x2
uni+2

xuni

√
x2

uni+4
, (33)

where 

(µpl
± )uni =

1
4

Ç
xuni√
x2

uni+4
+

√
x2

uni+4
xuni

±2

å
,

xuni =
β

(θpl
E )uni

. (34)

b = 5, γ = 0.5

b = 5 ω2
e/ω

2
0 = 0.5

We plot  the total  magnification as  a  function of  the uni-
form plasma frequency for different values of the ξ para-
meter  while  the  other  parameters  are  fixed  as

  in  the  left  panel  of Fig.  13.  One  can  see
from this panel that the total magnification increases with
the rise in the uniform plasma frequency. Also, there is a
slight decrease influenced by the ξ parameter. In the right
panel of this figure, the dependence of the total magnific-
ation on the ξ parameter for different values of the γ para-
meter  is  plotted.  It  is  clear  from this  panel  that  the  total
magnification  decreases  due  to  the  rise  of  the  spacetime
parameters.  Here,  the  other  parameters  are  considered
constant, as   and  .
 

B.    Non-uniform plasma
As conducted in the previous section, we examine the

effect of the non-uniform plasma on the total  magnifica-
tion.  Hence,  we  recall  Eq.  (32)  for  the  non-uniform
plasma (SIS medium) as in [20].
 

 

Fig. 11.    (color online) The same as Fig. 10, but for the non-uniform plasma scenario.

 

Fig. 12.    (color online) Illustrated in the plot is a comparison of the deflection angle between uniform and non-uniform plasma distri-
butions. The dependence on the impact parameter is shown in the left panel, and the dependence on the plasma frequency is shown in
the right panel.
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Ä
µpl

tot

ä
S IS
=
Ä
µpl
+

ä
S IS
+
Ä
µpl
−

ä
S IS
=

x2
S IS +2

xS IS

√
x2

S IS +4
, (35)

with
 

(µpl
± )S IS =

1
4

Ç
xS IS√
x2

S IS +4
+

√
x2

S IS +4
xS IS

±2

å
,

xS IS =
β

(θpl
E )S IS

. (36)

Using the above equations, we plot the dependence of the
total magnification on the non-uniform plasma frequency
for different values of the ξ parameter in the left panel of
Fig. 14. We can see from this panel that the total magni-
fication decreases under the influence of both the plasma
frequency  and  the  ξ  parameter.  Furthermore,  the  total
magnification as  a  function of  the ξ parameter was plot-
ted for different values of the γ parameter in the right pan-

x0

el of Fig. 14. It can be seen from this panel that there is a
slight decrease  with  the  increase  in  the  spacetime   para-
meters. Additionally,  we  plot  the  ratio  of  the  magnifica-
tion factors to that of the vacuum case as a function of 
for  both  the  uniform  and  non-uniform  plasma  cases,
alongside  a  comparison  between  these  cases  in  Fig.  15.
Notably,  this  ratio  increases  with  an  increase  in  the
plasma frequency  in  the  uniform  plasma  case  and   de-
creases  in  the  non-uniform plasma  case.  Also,  the   uni-
form  plasma  distribution  exhibits  greater  sensitivity  to
this ratio compared to the non-uniform one. 

V.  CONCLUSIONS

In  this  work,  we  analyze  the  impact  of  uniform  and
non-uniform plasma on the shadow and weak gravitation-
al  lensing  around  the  Schwarzschild-like  BH.  Our  key
results from the research can be summarized as follows:

First, we  perform  an  analysis  of  the  spacetime   geo-
metry  by  plotting  the  radial  dependence  of  the  metric

 

b = 5 γ = 0.5
b = 5 ω2

e/ω
2
0 = 0.5

Fig. 13.    (color online) Left panel: The total magnification as a function of the uniform plasma frequency for different values of the ξ
parameter, with other parameters fixed at   and  . The right panel shows the dependence of the total magnification on the ξ
parameter for different values of the γ parameter. Here, we set   and  .

 

Fig. 14.    (color online) The same as Fig. 13, but for the non-uniform plasma scenario.
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function  for  different  values  of  the  ξ  and  γ  parameters.
We  then  investigate  the  event  horizon  structure  of  the
Schwarzschild-like BH. It was found that the event hori-
zon radii decrease as both spacetime parameters increase.
In  addition,  using  the  Hamiltonian  formalism,  we  study
the  photon  dynamics  around  the  BH  in  the  presence  of
homogeneous plasma together with the BH shadow. The
outcomes  indicate  that  the  photon  sphere  radii  increase
under  the  influence  of  the  plasma  frequency,  while  the
BH shadow radii  decrease.  Also,  both  decrease  with  the
rise of the ξ and γ parameters. After that, we constrain the
spacetime parameters  and  the  homogeneous  plasma   fre-
quency  using  the  observational  data  for  M87*  and  Sgr
A*.

Moreover, we  investigate  another  observational   sig-
nature of the Schwarzschild-like BH, which is weak grav-
itational lensing in the presence of uniform and non-uni-
form  plasma.  We  explore  the  deflection  angle  for  both
cases numerically  due  to  the  complexity  of  the   con-
sidered  spacetime,  and  we  find  that  the  deflection  angle
increases with  the  increase  of  the  uniform  plasma   fre-
quency, while it decreases for the non-uniform case. The
rise  in  the  spacetime  parameters  leads  to  a  reduction  in

the deflection angle values for both cases.
Finally, we study the magnification of the gravitation-

ally  lensed  image.  Using  Einstein's  ring,  we  define  the
magnification factors  for  the  primary  and  secondary   im-
ages and find the total magnification by linearly combin-
ing  them.  Subsequently,  we  plot  the  total  magnification
for  the  uniform  and  non-uniform  cases  as  a  function  of
the plasma frequency and the ξ parameter. The results in-
dicate a decrease with the increase of the ξ and γ paramet-
ers, and the total magnification decreases under the influ-
ence of the non-uniform plasma frequency, while for the
uniform  case,  it  is  vice  versa.  To  elaborate  further,  we
plot the ratio of the magnification factors in the presence
of plasma to those in the vacuum case. Notably, the val-
ues of  this  ratio increase/decrease under the influence of
the uniform/non-uniform plasma frequency.

Investigating the optical  phenomena around BHs,  in-
cluding the Schwarzschild-like BH, is crucial from an as-
trophysical perspective. Our theoretical findings may not
advance  fundamental  understanding  but  could  open  a
window for future observational and experimental efforts
to  distinguish  Schwarzschild-like  BHs  from  ordinary
Schwarzschild BHs. 

 

x0

Fig. 15.    (color online) The top left and right panels illustrate the ratio of the magnification factors in the presence of plasma to those
in the vacuum case as a function of   for different values of the plasma frequencies, while their comparisons are presented in the bot-
tom panels.

Weiqiang Yang, Alloqulov Mirzabek, Abdujabbarov Ahmadjon et al. Chin. Phys. C 50, (2026)

-12

CPC
 A

cce
pte

d



ACKNOWLEDGEMENT

We  warmly  thank  the  anonymous  referees  for  their

valuable comments  and  discussions  that  helped  to  im-
prove  the  accuracy  and  quality  of  the  manuscript's
presentation.

 

 

References 

 Event Horizon Telescope Collaboration, K. Akiyama et al.,
The  Astrophysical  Journal  Letters  875,  L1  (2019),  arXiv:
1906.11238[astro-ph.GA]

[1]

 Event Horizon Telescope Collaboration, K. Akiyama et al.,
The  Astrophysical  Journal  Letters  875,  L4  (2019),  arXiv:
1906.11241[astro-ph.GA]

[2]

 Event Horizon Telescope Collaboration, K. Akiyama et al.,
The  Astrophysical  Journal  Letters 930, L12  (2022),  arXiv:
2311.08680[astro-ph.HE]

[3]

 B. P. Abbott and others LIGO Scientific Collaboration and
Virgo  Collaboration, Physical  Review Letters 116,  061102
(2016), arXiv: 1602.03837[gr-qc]

[4]

 A.  Duran-Cabacxes,  D.  Rubiera-Garcia,  and  D.
SxaezChillxon  Gxomez,  Physical  Review  D  112,  044016
(2025), arXiv: 2506.10814[gr-qc]

[5]

 M. Guerrero, G. J. Olmo, D. Rubiera-Garcia, and D. Sxaez-
Chillxon Gxomez, Journal of Cosmology and Astroparticle
Physics (08), 036 (2021), arXiv: 2105.15073[grqc]

[6]

 G.  J.  Olmo,  J.  L.  Rosa,  D.  Rubiera-Garcia,  and  D.
SxaezChillxon Gxomez, Classical and Quantum Gravity 40,
174002 (2023), arXiv: 2302.12064[gr-qc]

[7]

 S. E. Gralla, D. E. Holz, and R. M. Wald, Physical Review
D 100, 024018 (2019), arXiv: 1906.00873[astroph.HE]

[8]

 R. Penrose, Physical Review Letters 14, 57 (1965)[9]
 M.  Reuter,  Physical  Review  D  57,  971  (1998),  arXiv:
hepth/9605030

[10]

 M.  Niedermaier  and  M.  Reuter,  Living  Reviews  in
Relativity 9, 5 (2006)

[11]

 M.  Reuter  and  F.  Saueressig,  Quantum  Gravity  and  the
Functional  Renormalization  Group:  The  Road  towards
Asymptotic Safety (Cambridge University Press, 2019).

[12]

 A. Bonanno and M. Reuter, Physical Review D 62, 043008
(2000), arXiv: hep-th/0002196

[13]

 A. Bonanno and M. Reuter, Physical Review D 73, 083005
(2006), arXiv: hep-th/0602159

[14]

 K. Falls, C. R. King, D. F. Litim, K. Nikolakopoulos, and C.
Rahmede,  Physical  Review  D  97,  086006  (2018),  arXiv:
1801.00162[hep-th]

[15]

 G.  Alencar,  T.  M.  Crispim,  C.  R.  Muniz,  and  M.  Nilton,
arXiv preprint (2026), arXiv: 2603.05130v1[gr-qc].

[16]

 J. L. Synge, Relativity: The General Theory (NorthHolland,
Amsterdam, 1960).

[17]

 V. Perlick, Living Reviews in Relativity 7, 9 (2004)[18]
 O.  Y.  Tsupko  and  G.  S.  Bisnovatyi-Kogan,  Monthly
Notices  of  the  Royal  Astronomical  Society  427,  2017
(2012)

[19]

 G.  S.  Bisnovatyi-Kogan  and  O.  Y.  Tsupko,  Monthly
Notices  of  the  Royal  Astronomical  Society  404,  1790
(2010), arXiv: 1006.2321[astro-ph.CO]

[20]

 F.  Feleppa,  V.  Bozza,  and O.  Y.  Tsupko,  Physical  Review
D 110, 10.1103/physrevd.110.064031 (2024).

[21]

 F.  Feleppa,  V.  Bozza,  and O.  Y.  Tsupko,  Physical  Review
D 111, 10.1103/physrevd.111.044018 (2025).

[22]

 F.  Feleppa,  F.  Aratore,  and  V.  Bozza,  Physical  Review  D
112, 10.1103/1gls-k3df (2025).

[23]

 V.  Perlick,  O.  Y.  Tsupko,  and  G.  S.  Bisnovatyi-Kogan,
Phys. Rev. D 92, 104031 (2015)

[24]

 J.  L.  Synge,  Monthly  Notices  of  the  Royal  Astronomical
Society  131,  463  (1966),
https://academic.oup.com/mnras/articlepdf/131/3/463/80767
63/mnras131-0463.pdf.

[25]

 V. Bozza, Physical Review D 66, 103001 (2002), arXiv: gr-
qc/0208075

[26]

 A.  Rogers,  Monthly  Notices  of  the  Royal  Astronomical
Society  451,  17  (2015),
https://academic.oup.com/mnras/articlepdf/451/1/17/417018
8/stv903.pdf.

[27]

 V.  S.  Morozova,  B.  J.  Ahmedov,  and  A.  A.  Tursunov,
Astrophysics and Space Science 346, 513 (2013)

[28]

 A.  Abdujabbarov,  B.  Toshmatov,  Z.  Stuchlxık,  and  B.
Ahmedov,  International  Journal  of  Modern  Physics  D  25,
1650023 (2015)

[29]

 M.  Alloqulov,  S.  Shaymatov,  A.  Jawad,  and  O.  Zaripov,
Communications  in  Theoretical  Physics 77,  10.1088/1572-
9494/ad7831 (2025).

[30]

 A.  Al-Badawi,  M.  Alloqulov,  S.  Shaymatov,  and  B.
Ahmedov,  Chinese  Physics  C  48,  10.1088/1674-
1137/ad5a70 (2024).

[31]

 M.  Alloqulov,  F.  Atamurotov,  A.  Abdujabbarov,  and  B.
Ahmedov, Chinese Physics C 47, 075103 (2023)

[32]

 H. Jiang, M. Alloqulov, Q. Wu, S. Shaymatov, and T. Zhu,
Physics  of  the  Dark  Universe  46,
10.1016/j.dark.2024.101627 (2024).

[33]

 M.  Alloqulov,  F.  Atamurotov,  A.  Abdujabbarov,  B.
Ahmedov,  and  N.  Juraeva,  Chinese  Physics  C  48,
10.1088/1674-1137/ad6e5e (2024).

[34]

 A. Al-Badawi, S. Shaymatov, M. Alloqulov, and A. Wang,
Communications  in  Theoretical  Physics 76,  10.1088/1572-
9494/ad4c55 (2024).

[35]

 M.  Alloqulov,  F.  Atamurotov,  A.  Abdujabbarov,  B.
Ahmedov,  and  V.  Khamidov,  Chinese  Physics  C  48,
10.1088/1674-1137/ad1677 (2024).

[36]

 F.  Atamurotov,  M.  Alloqulov,  A.  Abdujabbarov,  and  B.
Ahmedov,  European  Physical  Journal  Plus  137,
10.1140/epjp/s13360-022-02846-w (2022).

[37]

 J.  Sharipov,  M.  Alloqulov,  P.  Sheoran,  and  S.  Shaymatov,
Chinese Journal of Physics 99, 461 (2026)

[38]

 M. Alloqulov,  Y.  Isaqjonov,  S.  Shaymatov,  and  A.  Jawad,
Chinese Physics C 49, 10.1088/1674-1137/ad9f44 (2025).

[39]

 J. Khasanov, M. Alloqulov, P. Sheoran, S. Shaymatov, and
H. Nandan, Journal of Cosmology and Astroparticle Physics
2025 (12), 023.

[40]

 W. Javed, I. Hussain, and A. Övgün, Eur. Phys. J. Plus 137,
148 (2022), arXiv: 2201.09879[gr-qc]

[41]

 F.  Atamurotov,  I.  Hussain,  G.  Mustafa,  and  A.  Ovgün,  ¨
Chinese Physics C 47, 025102 (2023)

[42]

 B. Turimov, O. Rahimov, A. Davlataliev, P. Tadjimuratov,
M.  Norkobilov,  and  S.  Rahimova,  Phys.  Dark  Univ.  48,
101855 (2025), arXiv: 2502.11210[gr-qc]

[43]

 A. Davlataliev, B. Narzilloev, I. Hussain, A. Abdujabbarov,
and B. Ahmedov, Phys. Dark Univ. 42, 101340 (2023)

[44]

Plasma impact on black hole shadow and gravitational weak lensing for... Chin. Phys. C 50, (2026)

-13

CPC
 A

cce
pte

d

https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://arxiv.org/abs/1906.11238[astro-ph.GA]
https://arxiv.org/abs/1906.11238[astro-ph.GA]
https://arxiv.org/abs/1906.11238[astro-ph.GA]
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://doi.org/10.3847/2041-8213/ab0e85
https://arxiv.org/abs/1906.11241[astro-ph.GA]
https://arxiv.org/abs/1906.11241[astro-ph.GA]
https://arxiv.org/abs/1906.11241[astro-ph.GA]
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://arxiv.org/abs/2311.08680[astro-ph.HE]
https://arxiv.org/abs/2311.08680[astro-ph.HE]
https://arxiv.org/abs/2311.08680[astro-ph.HE]
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/1602.03837
https://arxiv.org/abs/1602.03837
https://arxiv.org/abs/1602.03837
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://doi.org/10.1103/3v89-z8rf
https://arxiv.org/abs/2506.10814
https://arxiv.org/abs/2506.10814
https://arxiv.org/abs/2506.10814
https://arxiv.org/abs/2105.15073
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://doi.org/10.1088/1361-6382/aceacd
https://arxiv.org/abs/2302.12064
https://arxiv.org/abs/2302.12064
https://arxiv.org/abs/2302.12064
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://doi.org/10.1103/PhysRevD.100.024018
https://arxiv.org/abs/1906.00873
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1103/PhysRevD.57.971
https://arxiv.org/abs/9605030
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.12942/lrr-2006-5
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://doi.org/10.1103/PhysRevD.62.043008
https://arxiv.org/abs/0002196
https://arxiv.org/abs/0002196
https://arxiv.org/abs/0002196
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://doi.org/10.1103/PhysRevD.73.083005
https://arxiv.org/abs/0602159
https://arxiv.org/abs/0602159
https://arxiv.org/abs/0602159
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://doi.org/10.1103/PhysRevD.97.086006
https://arxiv.org/abs/1801.00162
https://arxiv.org/abs/1801.00162
https://arxiv.org/abs/1801.00162
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://arxiv.org/abs/1006.2321[astro-ph.CO]
https://arxiv.org/abs/1006.2321[astro-ph.CO]
https://arxiv.org/abs/1006.2321[astro-ph.CO]
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://arxiv.org/abs/0208075
https://arxiv.org/abs/0208075
https://arxiv.org/abs/0208075
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1016/j.cjph.2025.12.024
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://arxiv.org/abs/2201.09879
https://arxiv.org/abs/2201.09879
https://arxiv.org/abs/2201.09879
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://doi.org/10.1016/j.dark.2025.101855
https://arxiv.org/abs/2502.11210
https://arxiv.org/abs/2502.11210
https://arxiv.org/abs/2502.11210
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340
https://doi.org/10.1016/j.dark.2023.101340


 A.  Chowdhuri  and  A.  Bhattacharyya,  Physical  Review  D
104, 10.1103/physrevd.104.064039 (2021).

[45]

 E.  Battista,  S.  Capozziello,  and  C.-Y.  Chen,  Shadow
signatures and energy accumulation in lorentzian-euclidean
black holes (2026), arXiv: 2601.10806[gr-qc].

[46]

 K. S.  Virbhadra, Phys.  Rev.  D 109, 124004 (2024),  arXiv:
2402.17190[gr-qc]

[47]

 K.  S.  Virbhadra,  Can.  J.  Phys.  102,  512  (2024),  arXiv:
2204.01792[gr-qc]

[48]

 S.  L.  Adler  and  K.  S.  Virbhadra,  Gen.  Rel.  Grav.  54,  93
(2022), arXiv: 2205.04628[gr-qc]

[49]

 K. S.  Virbhadra, Phys.  Rev.  D 106, 064038 (2022),  arXiv:
2204.01879[gr-qc]

[50]

 K. S. Virbhadra and C. R. Keeton, Phys. Rev. D 77, 124014
(2008), arXiv: 0710.2333[gr-qc]

[51]

 K.  S.  Virbhadra,  Phys.  Rev.  D  79,  083004  (2009),  arXiv:
0810.2109[gr-qc]

[52]

 K.  S.  Virbhadra,  D.  Narasimha,  and  S.  M.  Chitre, Astron.
Astrophys. 337, 1 (1998), arXiv: astro-ph/9801174

[53]

 C.-M. Claudel, K. S. Virbhadra, and G. F. R. Ellis, J. Math.
Phys. 42, 818 (2001), arXiv: gr-qc/0005050

[54]

 K. S. Virbhadra and G. F. R. Ellis, Phys. Rev. D 65, 103004
(2002)

[55]

 K. S. Virbhadra and G. F. R. Ellis, Phys. Rev. D 62, 084003
(2000), arXiv: astro-ph/9904193

[56]

 Y.  Mizuno,  Z.  Younsi,  C.  M.  Fromm,  O.  Porth,  M.  De
Laurentis,  H.  Olivares,  H.  Falcke,  M.  Kramer,  and  L.
Rezzolla,  Nature  Astron.  2,  585  (2018),  arXiv:
1804.05812[astro-ph.GA]

[57]

 M.  Zhang,  Y.  Mizuno,  C.  M.  Fromm,  Z.  Younsi,  and  A.
Cruz-Osorio,  Astron.  Astrophys.  687,  A88  (2024),  arXiv:
2404.04033[astro-ph.HE]

[58]

 Y.  Song,  Y.  Hou,  L.  Huang,  and  B.  Chen,  Phys.  Rev.  D
113, 043054 (2026), arXiv: 2507.23281[astro-ph.HE]

[59]

 K.  Moriyama,  A.  Cruz-Osorio,  Y.  Mizuno,  I.  K.  Dihingia,
and A. Uniyal, Astron. Astrophys. 694, A135 (2025), arXiv:
2501.08720[astro-ph.HE]

[60]

 A.  Chael, Mon.  Not.  Roy.  Astron.  Soc. 532,  3198  (2024),
arXiv: 2404.01471[astro-ph.HE]

[61]

 P.  Kocherlakota  and  L.  Rezzolla, Mon.  Not.  Roy.  Astron.[62]

Soc. 513, 1229 (2022), arXiv: 2201.05641[gr-qc]
 C. M. Fromm et al., Astron. Astrophys. 660, A107 (2022),
arXiv: 2111.02518[astro-ph.HE]

[63]

 D.  Bardiev,  Y.  Wang,  M.  Kološ,  and  B.  Ahmedov,
Astrophysical  Journal  972,  10.3847/1538-4357/ad5bdd
(2024).

[64]

 D.  Bardiev,  J.  Schee,  and  Z.  Stuchlxık,  Astrophysical
Journal 993, 10.3847/1538-4357/ae1001 (2025).

[65]

 O. Y. Tsupko and G. S. Bisnovatyi-Kogan, Gravit. Cosmol.
15, 184 (2009)

[66]

 S.  Chandrasekhar,  The  Mathematical  Theory  of  Black
Holes (Oxford University Press, 1983).

[67]

 G. Z. Babar, F. Atamurotov, and A. Z. Babar, Physics of the
Dark Universe 32, 100798 (2021)

[68]

 S. Vxazquez and E. Esteban, Il Nuovo Cimento B 119, 489
(2004)

[69]

 K.  Akiyama  et  al.  (Event  Horizon  Telescope),  Astron.
Astrophys. 681, A79 (2024)

[70]

 M.  De  Laurentis  and  P.  Salucci,  Astrophys.  J.  929,  17
(2022), arXiv: 2206.01997[astro-ph.CO]

[71]

 R.  Abuter  et  al.  (GRAVITY), Astron.  Astrophys. 636,  L5
(2020), arXiv: 2004.07187[astro-ph.GA]

[72]

 C.  Bambi,  K.  Freese,  S.  Vagnozzi,  and  L.  Visinelli,  Phys.
Rev. D 100, 044057 (2019)

[73]

 A.  Rogers,  Mon.  Not.  Roy.  Astron.  Soc.  451,  17  (2015),
arXiv: 1505.06790[gr-qc]

[74]

 X. Er and A. Rogers, Mon. Not. Roy. Astron. Soc. 475, 867
(2017), arXiv: 1712.06900[astro-ph.GA]

[75]

 P.  Goldreich  and  W.  H.  Julian,  Astrophys.  J.  157,  869
(1969)

[76]

 F.  Atamurotov,  A.  Abdujabbarov,  and  J.  Rayimbaev,  The
European Physical Journal C 81, 118 (2021)

[77]

 O. Y. Tsupko and G. S. Bisnovatyi-Kogan, Plasma Physics
Reports 41, 562 (2015)

[78]

 P.  Schneider,  J.  Ehlers,  and  E.  E.  Falco,  Gravitational
Lenses,  Astronomy  and  Astrophysics  Library  (Springer
Berlin, Heidelberg, 1992).

[79]

 F.  Atamurotov,  K.  Jusufi,  M. Jamil,  A.  Abdujabbarov,  and
M. Azreg-Aïnou, Phys. Rev. D 104, 064053 (2021), arXiv:
2109.08150[gr-qc]

[80]

Weiqiang Yang, Alloqulov Mirzabek, Abdujabbarov Ahmadjon et al. Chin. Phys. C 50, (2026)

-14

CPC
 A

cce
pte

d

https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://doi.org/10.1103/PhysRevD.109.124004
https://arxiv.org/abs/2402.17190
https://arxiv.org/abs/2402.17190
https://arxiv.org/abs/2402.17190
https://arxiv.org/abs/2204.01792
https://arxiv.org/abs/2204.01792
https://arxiv.org/abs/2204.01792
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1007/s10714-022-02976-7
https://arxiv.org/abs/2205.04628
https://arxiv.org/abs/2205.04628
https://arxiv.org/abs/2205.04628
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1103/PhysRevD.106.064038
https://arxiv.org/abs/2204.01879
https://arxiv.org/abs/2204.01879
https://arxiv.org/abs/2204.01879
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://arxiv.org/abs/0710.2333
https://arxiv.org/abs/0710.2333
https://arxiv.org/abs/0710.2333
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.1103/PhysRevD.79.083004
https://arxiv.org/abs/0810.2109
https://arxiv.org/abs/0810.2109
https://arxiv.org/abs/0810.2109
https://arxiv.org/abs/9801174
https://arxiv.org/abs/9801174
https://arxiv.org/abs/9801174
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://arxiv.org/abs/0005050
https://arxiv.org/abs/0005050
https://arxiv.org/abs/0005050
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://arxiv.org/abs/9904193
https://arxiv.org/abs/9904193
https://arxiv.org/abs/9904193
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://doi.org/10.1038/s41550-018-0449-5
https://arxiv.org/abs/1804.05812[astro-ph.GA]
https://arxiv.org/abs/1804.05812[astro-ph.GA]
https://arxiv.org/abs/1804.05812[astro-ph.GA]
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://doi.org/10.1051/0004-6361/202449497
https://arxiv.org/abs/2404.04033[astro-ph.HE]
https://arxiv.org/abs/2404.04033[astro-ph.HE]
https://arxiv.org/abs/2404.04033[astro-ph.HE]
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://doi.org/10.1103/kv5f-kwzm
https://arxiv.org/abs/2507.23281[astro-ph.HE]
https://arxiv.org/abs/2507.23281[astro-ph.HE]
https://arxiv.org/abs/2507.23281[astro-ph.HE]
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://doi.org/10.1051/0004-6361/202452679
https://arxiv.org/abs/2501.08720[astro-ph.HE]
https://arxiv.org/abs/2501.08720[astro-ph.HE]
https://arxiv.org/abs/2501.08720[astro-ph.HE]
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://doi.org/10.1093/mnras/stae1692
https://arxiv.org/abs/2404.01471[astro-ph.HE]
https://arxiv.org/abs/2404.01471[astro-ph.HE]
https://arxiv.org/abs/2404.01471[astro-ph.HE]
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://doi.org/10.1093/mnras/stac891
https://arxiv.org/abs/2201.05641
https://arxiv.org/abs/2201.05641
https://arxiv.org/abs/2201.05641
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://doi.org/10.1051/0004-6361/202142295
https://arxiv.org/abs/2111.02518[astro-ph.HE]
https://arxiv.org/abs/2111.02518[astro-ph.HE]
https://arxiv.org/abs/2111.02518[astro-ph.HE]
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.1051/0004-6361/202347932
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://doi.org/10.3847/1538-4357/ac54b9
https://arxiv.org/abs/2206.01997[astro-ph.CO]
https://arxiv.org/abs/2206.01997[astro-ph.CO]
https://arxiv.org/abs/2206.01997[astro-ph.CO]
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://doi.org/10.1051/0004-6361/202037813
https://arxiv.org/abs/2004.07187[astro-ph.GA]
https://arxiv.org/abs/2004.07187[astro-ph.GA]
https://arxiv.org/abs/2004.07187[astro-ph.GA]
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1103/PhysRevD.100.044057
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://arxiv.org/abs/1505.06790
https://arxiv.org/abs/1505.06790
https://arxiv.org/abs/1505.06790
https://arxiv.org/abs/1712.06900[astro-ph.GA]
https://arxiv.org/abs/1712.06900[astro-ph.GA]
https://arxiv.org/abs/1712.06900[astro-ph.GA]
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1134/S1063780X15070016
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://arxiv.org/abs/2109.08150
https://arxiv.org/abs/2109.08150
https://arxiv.org/abs/2109.08150

	I INTRODUCTION
	II PLASMA IMPACT ON BLACK HOLE SHADOW
	A Photon dynamics around black hole surrounded by plasma
	B Black hole shadow in the presence of plasma
	1 Inhomogeneous plasma

	III WEAK GRAVITATIONAL LENSING FOR BLACK HOLE
	A Uniform plasma
	B Non uniform plasma

	IV MAGNIFICATION OF GRAVITATIONALLY LENSED IMAGE
	A Uniform Plasma
	B Non-uniform plasma

	V CONCLUSIONS
	ACKNOWLEDGEMENT
	REFERENCES

