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Abstract: We constructed a four-Higgs-doublet model (4HDM) invariant under Ds symmetry and investigated its

complete neutral vacuum structure in detail. Assuming explicit CP conservation in the scalar potential, we examined
whether CP symmetry can be spontaneously broken. We provided a complete list of all possible real and complex
vacua, along with the constraints on the potential parameters required for each vacuum solution to exist. We also dis-
cussed the positive-definiteness conditions that the Hessian must satisfy for each vacuum to be a local minimum of

the potential. The results show that, after spontaneous symmetry breaking, some complex vacua lead to spontaneous

CP violation in the potential, whereas the remaining complex vacua still preserve CP conservation. Among these CP-

violating complex vacua, one can be regarded as the most general form. Furthermore, we discussed the relationship

between real and complex vacua.
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I. INTRODUCTION

With the 2012 announcement by the Large Hadron
Collider (LHC) [1, 2] of a Higgs boson with a mass of ap-
proximately 125 GeV, the Standard Model (SM) of
particle physics received decisive experimental confirma-
tion. Owing to these numerous experimental confirma-
tions, the SM has become the most successful theory for
describing the behavior and interactions of elementary
particles. However, many puzzles remain beyond the ex-
planatory power of the SM. These include, for example,
that the strength of CP violation in the SM is insufficient
to generate the matter-antimatter asymmetry of the uni-
verse [3, 4], and that neutrino oscillation experiments
have established that neutrinos have tiny masses [5],
whereas in the SM neutrinos are strictly massless.

In the SM, there is only one Higgs doublet. For a long
time, there has been no strong experimental evidence in-
dicating that only one type of Higgs boson exists in
nature. As a result, extensions of the SM Higgs
sector—namely, multi-Higgs-doublet models (MHDMs)—
have emerged as an important research direction in study-
ing new physics beyond the SM [6—17]. One important
motivation for studying MHDM s is that explicit or spon-
taneous CP violation in their scalar potentials can provide
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additional sources of CP violation [18—32], thereby help-
ing to address the matter-antimatter asymmetry of the
universe. The study of MHDMSs traces back to the two-
Higgs-doublet model (2HDM) proposed by T. D. Lee in
1973 [33], in which spontaneous CP violation (SCPV)
originating from the relative phase of the vacuum expect-
ation values (vevs) provides an additional source of CP
violation. Subsequently, in 1976, S. Weinberg introduced
the three-Higgs-doublet model (3HDM), providing a nat-
ural theoretical explanation for the milliweak origin of
CP violation [34]. To date, the 2HDM and 3HDM have
been extensively studied, with numerous related results
continuing to emerge [35—52]. However, studies of the
four-Higgs-doublet model (4HDM) remain relatively
scarce [53].

In existing 4HDM studies, such models are typically
employed to explain the hierarchical structure of the
masses and the CKM mixing matrix for the three genera-
tions of fermions, as well as CP violation [54—56]. They
have also been used to account for dark matter within su-
persymmetric extensions of the SM [57],and to con-
struct new neutrino models in grand unified theories [58].
A primary reason for the limited exploration of the
4HDM is that MHDMs typically involve numerous free
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parameters. Compared with the 3HDM, the additional
Higgs doublet in the 4HDM further increases the number
of free parameters, which in turn renders the analysis of
the vacuum structure, phenomenology, and other aspects
of the model more complex and challenging.

By introducing appropriate discrete symmetries, the
number of free parameters in a model can be effectively
reduced. In this work, we impose the Ds symmetry group
on the 4HDM. Compared with other symmetries, the ad-
vantage of Ds lies in its ability to significantly reduce the
number of free parameters in the 4HDM, leaving only 16
real parameters. This number is comparable to that of cer-
tain 3HDMs (e.g., the Z, 3HDM [44], which also has 16
real parameters), thereby substantially reducing the com-
plexity of studying the model.

Previous studies employing Ds symmetry have often
aimed to explain fermion masses and mixing [59—64],
with one of the earliest applications being a four-quark
model [59], in which three Higgs doublets were intro-
duced. Later, C. Hagedorn et al. [61] attempted to imple-
ment Ds symmetry in the 3HDM, but found that its scal-
ar potential exhibits an accidental U(1) symmetry. that
would lead to phenomenologically unacceptable mass-
less Goldstone bosons. Building on this, they success-
fully introduced Ds symmetry into the 4HDM and proved
that the scalar potential of this model has no accidental
symmetries. However, their work only demonstrated that
spontaneous CP violation is not allowed for completely
arbitrary vev parameters; they neither investigated the
specific vev configurations that might lead to SCPV nor
analyzed the full vacuum structure of the model. In gen-
eral, a thorough study of the full vacuum structure is cru-
cial for any successful MHDM. In this paper, we invest-
igate the full neutral vacuum structure of the 4HDM with
Ds symmetry. We systematically analyze all possible real
and complex vacua, focusing on the possibility of spon-
taneous CP breaking. Finally, we provide a complete list
of the complex vacua that lead to spontaneous CP viola-
tion.

The remainder of this paper is organized as follows.
Section 2 introduces the non-Abelian discrete group Ds
and incorporates it into the 4HDM, thereby constructing
the scalar potential of the model. Section 3 systematic-
ally summarizes the procedure for solving the neutral va-
cuum structure. Section 4 analyzes the possible real vacua
in the Ds 4HDM and presents the conditions for the pos-
itive definiteness of the Hessian. Section 5 analyzes the
possible complex vacua in the Ds 4HDM, investigates
whether they can lead to spontaneous CP violation, and
discusses the corresponding positive-definiteness condi-
tions. Section 6 discusses the residual Z, symmetry. Sec-
tion 7 discusses the relationship between real and com-
plex vacua. Finally, Section 8 summarizes our conclu-
sions.

II. THE D;s SYMMETRY AND THE SCALAR PO-
TENTIAL

A. Representation and tensor product

The dihedral group Ds is the symmetry group of a
regular pentagon. It is isomorphic to Zs=Z, and has ten
elements, denoted by a”b* with m=0,1,2,3,4 and
k=0,1, where the generators @ and b satisfy a’=e,
b*=e, and bab = a™'. Ds has four irreducible representa-
tions: two singlets, 1 and 1’, and two doublets, 2 and 2’.
The generators for the singlets of Ds are given in [65].

(1

We next consider the complex representation of Ds. We
choose a complex basis in which the generators of the
doublet representation of Ds are given by [65]

e 0 0 1
2: a= e |» b=
0 % 1 0
e 0 0 1
4in , b= .
0 ¥ 1 0

When the two doublets, x = (x;,x,)™ and y = (y;,y,)7, are
in the doublet representation of Ds, we denote them by:

(2)
2: a=

B () o
X2 Y2
then
¥ ¥
B (e o
X1 N1

In Ds, in the basis of Egs. (1) and (2), the Clebsch-
Gordan coefficients for all tensor products are as follows.
The tensor product of the singlet w with the singlet z
yields

W1 ® (@) = W)y .
(%)

W1 ®@1 = W ® @Dy = (W21,

The singlet w, together with the doublet x=(x;,x,)T,

gives
(W) ® X1 _ WX,
1 - s
X2 3 2%) 3
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X1 WX

o) (), o
X2 3 —WXp 3

where 2=2,2". The two doublets x=(x;,x,)T and

y= (yl,yz)T yleld

()l

Y1

= (Y2 +x2y1)1 ® (X1)2 — X2y 1)y
»2 2

) = (X1y2 + X2y1); O (X1y2 — X2y 1)y
2/

o )
) o

2 2
B. Scalar potential

In the 4HDM, there are four scalar fields ¢, ¢,, ¢,
and ¢4, all of which are S U(2) doublets. We introduce a
Ds symmetry into the model and construct the four-com-
ponent vector ® = (¢1, ¢, ¢3,6,)7 in the internal space,
comprising the Higgs-field components. We assume that
(¢1,¢,) transforms as a doublet under Ds and (¢s,¢,)
forms another doublet. The transformations of the scalar
fields ¢; under the Ds symmetry are then given by:

&3

()= ()=

The most general scalar potential of the Ds-symmetric
4HDM, consistent with the complex representation given
in Eq. (2), consists of quadratic and quartic terms:

XiY1

X2Y2

X2Y2

X1

X2 Y1

X1y2

X2y2

X1yt

®)

VD5 = V2 + V4. (9)
Using the tensor products given in Egs. (5)—(7) for the
complex representation, we compute @' ®® and extract
the combinations of ¢/¢; that transform as the invariant
singlet representation 1. Thus, the quadratic part of the
Ds-invariant potential is given by

Vo =~ ($ida + b 1) — 3 (Piba + dleps). (10)

By evaluating the tensor product (O @ ®)®(d' D), we
obtain the quartic part of the Ds-invariant potential:

Vi = Li($3a + Bl + (B3 — 6161’
+ 13(Phps + B103) + 1u(B}0s — 163)
+15(52 + G191 (B1b4 + P13)
+16(B362 = $161)(Bids — Pi3)
+ 1 (B 62)(Bib1) + Is($5ba) (D1 63)
+1o [(@]63)(@101) + ($5¢4)(Piho)]
+110 [(B]9a)(@161) + (B363)(B362)]
+ {10 (B[ B30a) + 12(B163)(P]b)
+1i3 [(B361)(B263) + (B 62)( 1 64)]

+ha [(810:)(i3) + (Dhda)(B5ps)] +he.}. (11

We now introduce an alternative notation for the scalar
potential. [Expanding the first six terms in Eq. (11) and
combining like terms yields new contributions whose

coefficients are combinations of the original parameters.
We define these combinations as new parameters:

/llzll'f'lz, 12=l3+l4,
AB=20L-0), A=203-1),
As=Is+ls, Ag=1Is—1s,

Ao =l (@=7.8,....14). (12)

In terms of the new parameters, the invariant quartic part
of the potential can be written as:

Vi= 2 [(8161) +(162)°] + 1o [(85¢3) + (8¢a)’]

+ A3(B1¢1)(B362) + Au($53)(Bhpa)

+ 25 [(B]61)(D}3) + ($5¢2)(b13)]

+ 6 [(B162)(0}3) + (11 (013)]

+ 2B 62)($3b1) + As(B564) (B} b3)

+ 9 [(B]63)(P}h1) + ($5¢4)(162)]

+ Ao [($]6a)(B101) + (B3h3)($5¢2)]
+{A1(B]63)(D}bs) + A12(B163)(¢]bs)

+ 413 [(B361)(@363) + (B162)( 1 64)]

+A14 [(@]93)(@53) + (Pida)(@ih0)] +hec}.  (13)

It is straightforward to verify that Eq. (13) is equivalent to
Eq. (11). In this work, we adopt the notation in Eq. (13).

The dihedral group Ds satisfies Ds ~ Zs=Z,, and its gen-
erators are:
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0 ¥ 0 0
a= 4in 5
0 0 e35
0 0 0 %
01 00
1 000
b= (14)
00 0 1
0010

It should be emphasized that if two field configura-
tions (¢1,¢2,3,¢4) and (¢1,¢5,¢5,4,) are related by a Zs
or Z, transformation within D5 (i.e., one can be obtained
from the other by applying such a symmetry operation),
then, owing to the invariance of the scalar potential un-
der Ds transformations acting on the Higgs fields, the two
configurations are physically equivalent. Hence, it suf-
fices to consider only one representative from each equi-
valence class in the vacuum analysis.

We require all 16 unknown parameters in the poten-
tial to be real, implying that there is no explicit CP viola-
tion in the potential. This allows us to study the scalar
sector under CP conservation and to investigate spontan-
eous CP violation induced by complex vevs.

In Ref. [61], an alternative notation was adopted to
construct the general Ds-symmetric 4HDM scalar - poten-
tial, and it was shown that this potential contains no acci-
dental symmetries. We now demonstrate that the scalar
potential in the notation used for the Ds 4HDM in this
work likewise contains no accidental symmetries. We as-
sume that the fields ¢; (i = 1,2,3,4) transform as follows:

¢4 — pae.

(15)

¢y > 267, Py > pie'”,

¢l - ¢leiu'1 >

Then the parameter terms H%,z and A; (k=1,2,...,10) all
preserve the full U(1)* symmetry. When the condition
o =03+04—0, is satisfied, each of the A;; and A,
terms individually breaks the U(1)* symmetry down to
the same U(1)’ symmetry. Meanwhile, 1,3 and A4 are
constrained, respectively, by the conditions 20, =0+
03,20 =02 +0y and 203 = 0y + 04,204 = 05 + 03, which
can further break U(1)? to U(1)?. In other words, none of
the potential parameter terms is invariant only under the
U(1)y gauge symmetry; each must also respect at least
one additional U(1) symmetry. Furthermore, only when
A3#0 and A4#0, and wunder the condition
0 =0, =03 =0y, can the U(1)* symmetry be broken to
the U(1)y gauge symmetry. In other words, even if the
potential contains both the A;; and A;, terms together
with only the 4;; term (or only the ;4 term), it still re-
mains invariant under U(1)>. Therefore, when 1,5 =0 or

A14 =0, an accidental U(1) symmetry inevitably appears
in the scalar potential in addition to the gauge symmetry
U(1)y. This leads to serious consequences: first, in the va-
cuum structure, the corresponding vevs are no longer
minima of the scalar potential of the Ds 4HDM; second,
phenomenologically unacceptable massless Goldstone
bosons emerge in the scalar mass spectrum. Con-
sequently, in a 4HDM with an exact Ds symmetry, it is
necessary to satisfy:

/113 * 0, and /114 #0. (16)

This is the most fundamental prerequisite for the model's
validity.

C. Bounded from below limits

To guarantee a stable minimum in the Ds 4HDM, the
scalar potential must be bounded from below (BFB); that
is, there must be no direction in field space along which
the potential tends to negative infinity. Since this paper
focuses on the neutral vacuum structure, we consider only
the bounded-from-below conditions along neutral direc-
tions (BFB-n). To ensure the stability of the Ds 4HDM
potential, we examine all possible directions in which the
fields ¢, ¢, ¢3, and ¢4 tend to infinity. The quadratic
parameters u3 and 3 in the potential must be positive. To
derive the necessary conditions for the quartic paramet-
ers A;, a straightforward approach is to study the behavi-
or of the potential along specific field
directions—namely, for any direction in field space along
which ¢; — oo, one requires that V, > 0[42]. Following
the methods of Refs. [66—69] for deriving the BFB condi-
tions in the 2HDM and 3HDM, we derive a set of neces-
sary and sufficient BFB-n conditions for the Ds 4HDM:

Al > 0, /12 > 09 /lw = _2/117 /lx > _212’
A2 2VhA, A,z -2VA4, (17)
where
A, = A3+ min(0,47), A, = A4+ min(0, Ag),
Ay = A5 +min(0,49), A, = Adg+min(0, 4,), (18)
and the necessary conditions:
[A1 + Ao + 2|3 + Al < A, (19)
where
A A ;A
A=A +/12+33+?4+/15+/16+37+?8+/19+/110. (20)
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These conditions ensure the stability of the scalar poten-
tial along the neutral directions.

III. GENERAL PROPERTIES OF VACUA

After spontaneous symmetry breaking (SSB), we ex-
press the complex scalar field as an S U(2) doublet as fol-
lows:

ht
i = ' , 1=1,2,34, 21
¢ % (M,‘ +h,‘ + i(l,‘) ( )

where u; = v;e, with real moduli v; and arbitrary phases
6, and /Vi+vi+vi+vi=v, =246 GeV. When all
phases 6; vanish, the vacuum is real. Since a global U(1)
rotation can absorb one overall phase, we fix 6,=0
without loss of generality. If, after this rotation, any of the
remaining phases 6; is nonzero, the vacuum is complex.

The purpose of this paper is to identify all possible
complex vacuum states in the Ds 4HDM that can give
rise to SCPV. A vacuum state corresponds to a specific
configuration of vacuum expectation values (vevs) for
four complex Higgs doublets ¢; (i =1,2,3,4), which can
be written as (vie?,v,e®,v3e® v,)/ V2. We. determine
these states by minimizing the scalar potential with re-
spect to v; and 6;. For notational simplicity, we omit the
V2 factor in the text but include it in all calculations.

We further classify all possible vacuum solutions ob-
tained from the minimization of the potential according to
the following definitions:

1. Normal vacua: The vacuum expectation values
(vevs) of all four doublets are nonzero (v; #0), so each

ov 1

ou; 2 2

Higgs doublet participates in electroweak symmetry
breaking.

2. Inert vacua: At least one doublet has a vanishing
vacuum expectation value (VEV), v; = 0. The correspond-
ing doublet does not participate in electroweak symmetry
breaking, thereby defining an inert model.

Notice that, unlike transforming to the Higgs basis,
inert vacua are identified in the original Ds-symmetric
basis, in which the symmetry remains manifest. In the
Higgs basis, by contrast, the four doublets are recom-
bined so that all nonzero vevs are rotated into a single
doublet, artificially yielding a representation in which the
other three vevs vanish. This basis change merely alters
the field coordinates, rendering the original symmetry
non-manifest; it does not correspond to a different phys-
ical vacuum. For a detailed definition and discussion, see
Ref. [42].

A. Stationarity conditions

Our first step is to determine all stationary points of
the scalar potential associated with the neutral vacuum,
i.e., the vevs that satisfy the first-derivative conditions of
the potential. We consider the potential V(u;, ;) and solve
for the vevs by imposing the stationarity conditions:

ov 0 1%
o,  Ou

1

=0, i=1,2,34 (22)

These two conditions are complex conjugates of one an-
other and therefore equivalent; hence, it suffices to use
only one of them. Choosing the latter yields the follow-
ing four stationarity conditions:

1 1
= — —pjuy + S Ay fuy P+ yig (A3 + Wl + (As + Ao)|us|* + (6 + A1o)|usl’]

1 * * * *
+ 1 [(/111 + A)usuzig + A3 Quiusus + u3u§) + /114u4u§] =0, (23)

1% 1 1 1
Foriai Sy + = Ayl + —us [(A3 + AP + (As + Ao)lugl® + (Ag + Aio)lus ||

w2 2 4

1 x * *
+ Z [(/l]] +/l|2)u’fu3u4 +/113(2u§u1u3 + u4uf) +/114u3uﬂ = 0, (24)

1'% 1 1 1
Foriai —pous + = uslusl* + —us [(Ag + Ag)lual® + (As + Ao)ur | + (A6 + A1o)luaf |

w2 2 4

1
+ 1 [(/111 + Ap)uguyuy +/113uTu§ + A Quiiu ug + uéui)] =0, (25)
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av 1 1 1
o 5#%“4 + 5/12Lt4|144|2 + s [(/14 + )|zl + (As + Ao)uaf* + (A + A1o)luay |2]
4
1 * * * *
+ Z [(/lll + /112)1/!31411/{2 + /1131/!21/{% + /114(21/!41,{21/!3 + Mllxt%)] =0. (26)
Since the five parameter pairs (A3,47), (d4,4s), (As,49), (U s 113 13) = (V1 V2, V3, V3). 31)

(6, 210), and (A;;,412) enter the stationarity conditions
only through their sums, there are effectively 11 inde-
pendent parameters out of the original 16. To make the
equations more concise, we introduce the following ab-
breviations:

/_13 = /1'; + /17,
Ao = A6+ Aig,

/_l4=/14+/lg, /_15:/15+/l95

Ay = A1 + A 27)

Although the stationarity conditions above are presented
in complex form, they can equivalently be expressed in
terms of the real parameters v; and 6;:

v _
(9v,»_ ’

v

—=0
a0,

i=1,2,3,4. (28)

After fixing 6, =0, the seven stationarity conditions are
given in Appendix B.

B. Positive definiteness of the Hessian

Subsequently, to ensure that the vevs obtained by
solving the stationarity conditions correspond to local
minima of the scalar potential, we construct the Hessian
with respect to the VEV parameters:

’v ’v
ovidv;  0v;00,;

He=| gy ey’ ) 9)
80,'6\/]' 60,60]

and we require it to be positive definite. For real vacua,
the Hessian is given by:

1#:(

Finally, after obtaining all possible vevs that satisfy
the model conditions, we determine whether each com-
plex vacuum state leads to spontaneous CP violation.

’v
(?v,-ﬁvj

(30)

IV. REAL VACUA

A. Real vevs

When all 6; =0, the vacuum is real, and the vevs can
be denoted as:

e Normal vacua

We now discuss the Normal vacua in the real case, in
which all v; are nonzero. Substituting Eq. (31) into the
stationarity conditions (23)—(26), we obtain the follow-
ing four expressions for x? and y3 in terms of the quartic
couplings:

1 _ - - - VoV3V
/.1%25|:2/11V%+/l3V§+/15V§+/16V3+/111 25
Vi
2 2
129% VIV
+/l]3 <2V2V4 + ‘2}713) +/114 ‘3}714:| . (32)
1 _ _ - - Vi3V
y% = — {2/11\% +/l3vf+/l5vi+/16v§+/l“ BElE
2 %)
viv, V3v3
+/113 2V1V3+ TZ +/114T2 N (33)
1 - - - - Vimv
/l% = 5 |:2/12V§ +/l4vi +/15V% +/l(,v§ + Ay 1727
V3
2 2
Vv 1%2%
+/113% +/114 (2V1V4 + %) } N (34)
3 3
1 _ - - - Vimv
/.1% == |:2/12Vi+/l4V%+/l5V§ +/l6V%+/l]1 17275
2 . V4
2 2
viv Vv
+/l|3‘1}72 +/l|4 (2V2V3+%)}. (35)
4 4

Note that equations (32) and (33) do not hold when v, =0
and v, =0, respectively. Similarly, equations (34) and
(35) do not hold when v3 =0 and v, =0, respectively.
Since the two expressions for g2 in (32) and (33) must be
mutually consistent, and likewise for w3 in (34) and (35),
we obtain the following two consistency conditions:

_ VY] _ _
(ul Cdh- 1 ﬁ) 2D+ (L= 15) (2 —12)
12

2 2 2_ .2
n(vs=2vy)  va(2vs—vy) V3oV
+ 2 10y 2 U )+ Ay | ——— | =
3 3
Vi V2 Vi V2
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— - ViV - -
(242 -1 —A.li) 3=+ (s — A)(v] —v3)
V3Vy
2_2 2 2 2 _ .2
+A13viva (E—£>+/ll4<vz<v4 v3)+VI( i v3)) =0.
V3 V4 V3 V4

(36b)

First, consider the most general real vacuum (vy,vy,v3,v4).
We find that, provided the BFB conditions (17) and (19)
hold, it is possible to satisfy the two consistency condi-
tions (36a) and (36b) by appropriately choosing the re-
maining potential parameters A;, A, A3, A4, s, Ag, and
A1 so that 1,30 and A4 #0. Therefore, the vacuum
(v1,v2,v3,v4) constitutes a solution of the model, subject to
the constraints on the potential parameters imposed by
Egs. (32), (34), (36a), and (36b).

Next, we consider special cases in which some of the
moduli |v;| of the vacuum (vy,v,,v3,v4) are equal, to de-
termine whether these equalities can simplify the con-
straints on the potential parameters or reduce their num-
ber. The following cases are considered:

(1) When |v,| = |v| and |vs| = |v4|, the vevs can take
four forms: (V],V1,V3,V3), (V|,—V1,—V3,V3), (V],—V1,V3,V3),
and (vi,vi,—-v3,v3). However, the last two imply 4;3=0
and 4,4 = 0, which do not satisfy the model requirements:
Thus, only the first two forms are acceptable. For simpli-
city, we denote them uniformly as the vacuum
(v1,%v1,£v3,V3), since both sides of the constraint Egs.
(36a) and (36b) vanish identically; consequently, the
number of effective constraints on the parameters is re-
duced from four to two.

(2) When |vi| = |vs| and |v5| = |v4|, the vevs can be ex-
pressed in four forms: (V],Vz,V],Vz), (Vl,—Vz,—Vl,Vz),
vi,=va,vi,v2), and (vi,vo,—vi,v»). None of these forms
imply A4;3=0 or A;4,=0, and, while they significantly
simplify the constraints, their number remains four. We
choose the first two forms for discussion, which we de-
note collectively as the vacuum (v1, v,, v, ;).

(3) When |v{| = |v4| and |v,| = |v5], this case is similar
to the one above. We select two forms for discussion, de-
noted collectively as the vacuum (v, £v,,v,, £vy).

(4) When any three moduli |v;| are equal, there are
four cases up to permutation. Taking |v;| = |v,| = |vs| = v as
an example, the vevs can be expressed in four forms:
w,v,vove), (v,=v,=v,vy), (v,—v,v,vy), and (v,v,—v,v4).
None of these forms imply A;3 =0 or A4 = 0. Since there
are numerous permutations of such special vacua, and
since the constraints on the potential parameters are
neither significantly simplified nor reduced in number,
and the same holds for the complex vacua discussed later,
we do not further elaborate on these special vacua in this

paper.

(5) When |vi| =|v,| = |vs| =Ival =v and 413 #0, 414 0,
the vevs reduce to two forms, (v,v,v,v) and (v,—-v,—v,v),
which we denote uniformly as (v,+v,+v,v). In this case,
the two constraints on the potential parameters can be ob-
tained directly from those for the vacuum (vq, vy, £v3,v3)
by setting v, = v;3 = v, but their number is not further re-
duced. The same holds for the complex vacua discussed
later, so we do not further elaborate on this special vacu-
um in this paper.

The constraints’ on the potential parameters for the
first three special-vacua discussed above are summarized
in Table 1.

e Inert vacua

We now discuss the inert vacua among the real vacua.
First; we consider the case in which only one of the v; is
zero. Taking v, =0 as an example, the vevs are given by
(0,v,,v3,v4). In this case, Eq. (32) no longer applies; in-
stead, we use the original stationarity condition 37‘/[ =0to
obtain:

_ (A11va + A1av3)vy

/113 = 2
V2

(37

Furthermore, the expression for w3 (33) is automatically
consistent, while the two expressions for w3 (34) and (35)
still need to satisfy the consistency condition (36b). We
find that this vacuum does not lead to A;3=0 or 4,4, =0
under these constraints and is a solution of the model. For
other real vacua in which only one of the v; is zero, the
situation is similar by permutation of the indices, and all
such vacua satisfy the requirements of the model.
Moreover, we have examined special cases where some
of the |v;| are equal. We find that although the constraints
can be simplified, their number is not reduced, and the
same holds for the complex vacua discussed later; hence,
we do not elaborate further on these special vacua in this
paper.

Secondly, we consider the case where two of the v;
are zero. Taking v; =v, =0 as an example, the vevs can
be denoted as (0,0,v3,v,). In this case, Egs. (32) and (33)

no longer hold; instead, the original stationarity condi-
v 11

tions 7— =0 and —— =0 are used to obtain:
6v1 6\12

114\/4\/5 = 0, and /1141/31/3 =0.

(38)
Further solving yields 1,4 =0, so this vacuum fails to sat-
isfy the model requirements. By explicit calculation, we
find that for all real vacua in which two of the v; are zero,

o 0 inevitably imply that at

the stationarity conditions
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Table 1. Real vacua. In the notation R-X-Yz, R indicates that the vacuum is real; X is either N (normal) or I (inert); and Y is the
number of constraints on the potential parameters obtained by solving the stationarity conditions. The letter z distinguishes different

vevs with the same X and Y values. Vacua labeled with + come in two forms: the “+” case corresponds to one, and the “-” case to the
other.

Vacuum Real vevs Constraints

2 _ 1 T2 4 (e 4 0 4 0o 02 e
I :5 (A1 + A3)v] +(As + Ag + A11)v3 £3413v1v3 +/114; ,
R-N-2 Vi, V1, £v3,V3

2_ 1 T2 4 (Fe b Tex 30112 "
My = E A+ /14)\/3 + (A5 + Ag + /111)\/1 +A13 ; +3214v1Vv3
R-N-4a V1,2,V3, V4 Egs. (32), (34), (36a), (36b)
1 -
W= 5[(2/11 +A5)(0F +v3) + Agvival,
1 -
Y= E[(Z/lz +A5)( +v3) + Aavival,

R-N-4b VI, £V2,+V1,V2 1
A= E(/'13 =5+ A6+ 11 £3413),

1 /- - - - v%+v%
A= | Ad—As+Adg+ A1 A3+ 14
2 ViV

1 -
13 = 5 1@+ 1007 VD) + diavival,

1 -
2= 2[4 +36)(V +v3) + 2
R-N-4c V1)V, Vo V) My 2[( 2+ A6)(vi +v3) + Aizvival,

A =

- vi+vs
/13+/l5f/l6+/111i/114+/113 N
ViVa
1 - - - =
/12=§(/14+/15—/16+/111i3/114)
R-I-1a 1,0,0,0 y% = A2

N =

R-I-1b 0,0,0,v 13 = Apy?

1 - -
/J% = /llvg + 5(13\% +/15V§)+/113V1V3,

2 o L= 5 o 5 "1"%
/12:/121)3+§ /15v1+/15v2+/113 v .
R-I-4a vi,v2,v3,0
M "3(2"%_"%) T2 2y (T Y02
A3 ———— = QA4 - B —vy) + (15 — A6 )3,
Vi _
_Anvs + Lizvivy

2
V3

Adig =
2_/1 2 1/_1 2 /_l 2 P
My = 1V|+§( 3vy +A6vy) + A13vavs,

1{- _ V3,
/1% = /lzvi + 5 </15V% +/l(,V% +/7.137‘1)4 ) 5
R-1-4b v1,v2,0,v4 V4(2V% -3 ) o
13 T] = QA -2} —v) + (A5 — A2,
_(uva+Ai3nm)vi

2
Vi

Alg =

2
1/(- - ViVy
2 _ 2 2 2 3
My —/11V1+§ /15\13 +/16V4+/114 " N

1 - -
/J% = /12\/% + *(/14\142‘ +/15V%) + A14v1 Vs,
R-I-4¢ v1,0,v3,v4 2
,0,v3, _(/lm/. + A14v4)v3

5 ,
V1

A1z =

v1(2v2—v2) _ -
m# = QA = 1) =v3) + (As — A5V

I N ST v3v;
,u]—/llv2+§ /15V4+/16V3+/1147 R
2 2 1.2 1 Q2
My = /lzv4 + 7(/14\/3 +/15V2)+/114VZV3,
R-I1-4d 0,v2,v3,v4 2 -
_(iva+Aigv3)va

2 B
V2

Az =

\12(2\}2 — vz) - - -
Aia # = 2= A3 —v) + (s — 53
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least one of 1,3 =0 or A;4 = 0. Therefore, in this case, no
vacuum satisfies the model requirements.

Finally, we consider the case in which three of the v;
are zero. Taking v, =v; =v, =0 as an example, the vevs
are (v,0,0,0). In this case, Eq. (32) yields the following
unique constraint:

u= i (39)

It does not imply A;3 =0 or Ay, =0, so this vacuum is
a valid solution of the model. For other real vacua in
which three of the v; vanish, the situation is similar, and
all such vacua satisfy the requirements of the model.

In Table 1, we summarize the complete list of all pos-
sible real vacua and the constraints on the parameter
space that admit each solution. For convenience in com-
paring real and complex vacua, we classify each real va-
cuum in the table using the notation R-X-Yz. Here, R de-
notes a real vacuum, X is either N (normal vacuum) or |
(inert vacuum), Y gives the number of constraints on the
potential parameters, and z distinguishes cases with
identical values of X and Y.

We now discuss each of the real vacua listed in Table 1.

e Vacuum R-N-2 contains two forms: (vi,vi,vs,vs)
and (vi,—vi,—vs,vs), with v+ =" After SSB, the
former preserves a residual Z, symmetry of the potential,
whereas the latter completely breaks the Ds symmetry.

e Vacuum R-N-4a is the most general real vacuum
and completely breaks the Ds symmetry.

® The Vacua R-N-4b and R-N-4c are relatzed by a per-
mutation of the Higgs fields, satisfy vi +v3 = %, and com-
pletely break the Ds symmetry.

e The Vacua R-I-1a and R-I-1b are also related by a
permutation of the Higgs fields, satisfy v =v,,, and com-
pletely break the Ds symmetry. In these two vacua, be-
cause only one Higgs doublet acquires a non-zero vev,
there are no flavor-changing neutral currents (FCNCs).

e The Vacua R-I-4a, R-I-4b, R-I-4c, and R-I-4d satis-
fy, respectively, vHvi+vi=v,, vievi+vi=v,,

VVi+vi+vi=v,, and \/vi+vi+v; =v,. All four vacua

completely break the Ds symmetry.

Relationships among real vacua To provide a more
intuitive analysis of the real vacua listed in Table 1, we
further classify them into the following three types:

(1) The first type comprises the Normal vacua R-N-2,
R-N-4a, R-N-4b, and R-N-4c. Vacuum R-N-4a is the
most general among them, as the other three can be ob-

tained by assigning specific values to the parameters v; in
R-N-4a.

(2) The second type comprises the Inert vacua R-1-1a
and R-I-1b, with three of the v; set to zero.

(3) The third type comprises the Inert vacua R-I-4a,
R-I-4b, R-I-4c, and R-I-4d, with only one of the v; set to
Zero.

B. Positive definiteness of the Hessian

We now discuss the conditions for the positive defin-
iteness of the Hessians (30) associated with these real
vacua.

For the vacuum R-N-2 to be a local minimum of the
potential, its Hessian must be positive definite, which re-
quires that all four leading principal minors be positive.
Accordingly, the potential parameters must satisfy the
following four conditions:

e Dy=a; >0,

e Dy=aj —aj, >0,

e Di=uax (a%l —a%z) —ai (a%S +af4) +2apa3as >0,

e Dy= (a%l _‘1%2) (a§3 —a§4)
—2(anas; +anas) (aj; +ai,)

2 22
+4(ayas +apaz)apa + (a3 —ay)” >0,

(40)
where
2 2 1 2 3 3 2
ay = —py+34vi + 3 [/lgv, + (/15 +/16) V3 i2/113V1V3} >
1 _ _ -
asz = —/,l% +3/12V§ + E [/14\/% + (AS +/16) V% +2/114V]V3} >
I ) /-111 2
ap = i/l3V1 + 7\73 +2/113V1V3,
- A A
ap==\|(4As+ J) Vivs+ ﬁ"% + A143,
2 2
-2 pl
Ay = (/16 + %) ViV3 i/llgv% + %ng
-, A,
a3y = i/l4\/3 + 7\/1 +2/114V1V'; (41)

For Vacuum R-I-la, positive definiteness requires
that:

43

v

- - 2,u% -
A > 0, /13 > 2/11, /15 > > /l(, > (42)
1%

The positive-definiteness conditions for the Hessians
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that ensure the remaining vacua in Table 1 are local min-
ima of the scalar potential are presented in Appendix C.

V. COMPLEX VACUA

A. Spontaneous CP violation

Before studying complex vacua, we first discuss how
to determine whether a given vacuum leads to CP viola-
tion. By definition, in spontaneous CP violation induced
by the vacuum, the Lagrangian before spontaneous sym-
metry breaking (SSB) is explicitly CP-conserving, which
requires all parameters in the scalar potential to be real. In
that case, if the vacuum after SSB is not CP-invariant,
this indicates spontaneous CP violation. More precisely,
if the Lagrangian is invariant under a CP transformation,
yet there exists no transformation that can be physically
identified with CP and that leaves both the vacuum and
the Lagrangian invariant, then CP is spontaneously viol-
ated. In the SM, there is only one Higgs doublet, and its
CP transformation is conventionally defined as
(1, %) = ¢*(t,—%), which requires all parameters to be real
for the potential to be CP-invariant. Hence, no spontan-
eous CP violation arises from the scalar sector. In an ex-
tension of the SM, T. D. Lee [33] constructed the two-
Higgs-doublet model (2HDM) and proposed an early
mechanism for spontaneous CP violation. We consider an
MHDM consisting of n SU(2), x U(1)y Higgs doublets.
One must consider the most general CP transformation
that leaves the kinetic terms of the Lagrangian invariant,
in order to accommodate all possible symmetries of the
Lagrangian under which the Higgs doublets transform
nontrivially. Hence, the CP transformation for » Higgs
doublets can be written as

¢ 2) CP(Z%‘(CP)T = Z Uij¢;,

Jj=1

(43)

where U;; denotes an arbitrary nxn unitary matrix acting
on the Higgs doublets. Assuming that the vacuum is in-
variant under this CP transformation, i.e.,

CP|0) = |0). (44)

By combining Eqgs. (43) and (44), the following relation
can be obtained [70]:

> Ui(0i;10)" = (0lg:10).

j=1

(45)

This means that if, in such a vacuum, none of the CP
symmetries allowed by the Lagrangian satisfy Eq. (495),
then the vacuum is not CP invariant; i.e., there is spontan-
eous CP violation.

B. Complex vevs

We now study the complex vacua, i.e.

(U, U, uz, ug) = (Vi vy, v3e 1)), (46)
e Normal vacua
We now discuss the Normal vacua in the complex
case, in which all v; are non-zero. Substituting Eq. (46)
into the stationarity conditions (23)—(26) yields the fol-
lowing four expressions for u? and y3:

» 1 2,35 .2,3.2.3.2,75 YV2V3iV4 ig-6,-61) i(6,-26,) V3vs i(26,—61-63) Vivy i(263-61)
== 24V + Vs + Asvy + Aevy + A ———€" T 445 | 2upvge” T 4 ==t TR ) Ly ——e T
2 h Vi Vi Vi
(47)
» 1 2,35 .2,3.2.3.2,75 V1V3V4 ig-6,-61) i(0,+63-265) Vivy i(20,-62) v3v; —i(0+63)
== 24V + vy + Asvi + Aevs + A ————€" T TV 4 Agg | 2vpv3eTTE T 4 —— TR ) 4 gy ——eT T
2 V2 V2 V2
(48)
21 2,352,353 .2.3.2,73 ViV2V4 4 +6,-63) Vi V% (26,6, —63) i(61-263) V2V421 —i(62+63)
M == [2v5+ vy + Asvi + Agvy + A ——— T 4 43— T Aig | 2 v T+ == ; s
2 ; V3 V3 V3
(49)
21 2,35.2,35.2,.3.2,73 ViV2V3 4 +6,-63) Vivy i(26,—6) i(6r+63) , V1 v i(263-61)
M; = E 2/12V4+/14V3 +/15V2+/15V1 +A;,——e - +/1137€ + A 2V2V3€ 4+ —e . (50)
. V4 V4 V4
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Each of the four equations above contains both a real
and an imaginary part; therefore, we have eight con-
straint equations. Analogous to the real vacua in Section
4.1, the four equations (47), (48), (49), and (50) are not
applicable when v; =0, v, =0, v3 =0, and v, = 0, respect-

ively. Since the two expressions for u? in (47) and (48)
must be consistent with each other, and likewise for 43 in
(49) and (50), we obtain the following two consistency

conditions:

|:2/l] - /_lg - Z]] % COS(0| +6,— 93):| (V% - V%) + (/_15 - /_16)(11% - Vi) + /113 |:§(V§ - ZV%)COS(H] + 93 - 202)
1

1V2

+ E(2\/% - V%)COS(Z& - 02):| + A14V3Vs |:E cos(f; —26;) — E cos(6, + 93):| =0,
V2 Vi V2

- - AR Y - -
|:2).2 —/14 — ﬂll ﬁ COS(9| +92 —93):| (V% — Vi) + (/15 —/16)(\/% - V%) + 1131)1\)2
3V4

+ A4 {9@3 —212)cos(6: +65) + ~L(2v2 —v2) cos(d; — 293)} = 0.
V3 V4

By simultaneously solving the equations obtained from
the imaginary parts of Eqs. (47)—(50), we obtain the fol-
lowing three independent constraints:

/113V1V2[V2V3 sin(Hl + 93 - 292) +Vivy sin(291 - 92)] = 0,
(52a)

/114\/3\/4 [V2V4 sin(92 + 93) —V1V3 Sin(Hl — 293)] = 0,
(52b)

V1V4[211V2V3 sin(91 +6,— 02) + A3V sin(201 - 02)

+ A14v3sin(6), —265)] = 0.
(52¢)

First, consider the most general complex vacuum
(vie? ,vye® 136 v,), whose vevs comprise four arbit-
rary moduli vi,v,v3,v, and three arbitrary phases
61,0,,65. Solving Eqs. (52a) and (52b), we find that this
vacuum necessarily implies A;3 =0 and A4 =0. There-
fore, a vacuum in which both the parameters v; and 6; can
simultaneously take arbitrary values does not satisfy the
conditions of the model. Further calculations show that
only if the three phases 6,, 6,, and 6; are
constrained —i.e., they must satisfy a specific
relation—can one avoid 4,3 =0 and 2,4, =0.

Imposing A;3 # 0 and 4,4 # 0, we keep the four mod-
uli vi,vy,v3,v, arbitrary but lift the arbitrariness of the
three phases 6;,6,,6;. From Egs. (52a) and (52b) we ob-
tain:

(51a)
¥ cos(Oy+ 65 —26,) — n cos(26, —6,)
V3 V4
(51b)
sin(Hl + 93 - 292) = Sin(201 - 02) = Sil’l(92 + 03)
= sin(6; —265) = 0. (53)

Further solving yields the corresponding values of the
three phases 6;, 6,, and 6;. Substituting these values into
Egs. (47)—(51b) and (52c) gives four constraints on the
potential parameters. This vacuum is denoted as C-N-4a
in Table 2.

Next, we consider cases in which some of the moduli
|v;| are equal among the complex vevs. Under the condi-
tions that A;3#0 and A4 #0, solving Egs. (51a) and
(51b) yields the following solutions:

il =1val, and [vs|= vy, (54)
and
cos(8; + 05 —26,) = cos(26, — 6,),
and cos(6, +6;) = cos(6; —263). (55)

Substituting Eq. (54) into Egs. (52a) and (52b) yields the
following:

Sin(6’1 + 03 - 292) = - Sin(291 - 92),

and sin(6, + 65) = sin(6; — 265). (56)

By combining Egs. (55) and (56) and solving them, we
obtain the values of the three phases 6;, 6,, and 6;. Sub-
stituting these phase values, together with Eq. (54), into
Egs. (47)—(50) and (52c) then yields constraints on the
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Table 2
ates that the vacuum is complex. The other rules are consist-

Complex vacua. In the notation C-X-Yz, C indic-

ent with those for real vacua.

Vacuum Complex vevs SCPV
inm 2inm 3in;
C-N-2 vie'S xvie s tvze s v no
C-N-3a vlem,ivle'(9+ 5) +V363?,V3 yes
C-N-3b vie, +vie? +v3,v3 yes
C-N-3¢ NS LC SS DL S yes
C-N-3d vy, £ivy, V3, V3 yes
C-N-4a e v K vse vy no
C-N-4b vlez%,ivzefi%,i\qei’%,vz no
C-N-4¢ vlez%,ivze_m%,vzem%,ivl no
C-N-4d vieE tve ’2” e T no
C-I-4a vleZT ve's v3,0 no
C-1-4b vieE e 0.vs no
C-I-4¢ vlezi O V3€"¥r V4 no
C-1-4d no

0,vze?,vge_?,V4

potential parameters. These vacua are denoted as C-N-2,
C-N-3a, C-N-3b, C-N-3¢, and C-N-3d in Table 2

e Inert vacua

We now discuss the Inert vacua among the complex
vacua. First, we consider the case in which only one of
the v; is zero. For example, taking vi =0, the vevs are
written as (0,v,e®,v3e®,v,). In this case, Eq. (47) no
longer applies; instead, we use the original stationarity
condition (23). Furthermore, the expression for u7 in (48)
remains automatically consistent, whereas the two ex-
pressions for 3, (49) and (50), must still satisfy the con-
sistency condition (51b). Assuming A;3 # 0 and A4 #0,
solving these equations readily yields the values of 6, and
65 as:

0, = ”Si and 6= (—% +m)m, m,n integer. (57)

Since e™* =+1 and v,,v3,v4 are arbitrary non-zero real
values, we can absorb the factor ¢™" into the sign of vs.
Therefore, this vacuum can be written as
(0, vze%,v3e’i7?",v4), which is a solution of the model. For
other complex vacua in which exactly one of the v; is
zero, analogous configurations arise by permuting in-
dices, and all satisfy the model requirements.

Second, we consider the case in which two of the v;
are zero. This outcome is consistent with the results for
the real vacua. For all complex vacua with two vanishing
v;, substituting them into the four stationarity conditions
(23)~(26) inevitably leads to at least one of 2;3=0 or
A4 = 0. Thus, in this case, there is no vacuum that satis-
fies the model requirements.

Finally, we consider the case in which three of the v;
are zero. Since a global rotation of the vacuum can al-
ways eliminate one phase, the vacuum is actually real in
this case. This case has already been discussed in Section
4.1 on real vacua.

In Table 2, we summarize the complete list of com-
plex vacua and explicitly indicate whether each vacuum
exhibits spontaneous CP violation, marked as “yes” or

no”. We also use the notation C-X-Yz to classify each
complex vacuum. For vacua with a single unknown phase
0 (originally 6;), we drop the subscript for brevity. Addi-
tionally, the constraints on the parameter space admitting
each complex /vacuum solution are summarized in
Table 3.

We now discuss each complex vacuum listed in
Table 2 and explain why it does or does not lead to spon-
taneous CP violation.

v1/
® The vacuum C-N-2 satisfies Vi +v3 = 5’ When the

integer n is divisible by 5 (i.e., 5|n), the phases become
trivial and this vacuum becomes the real vacuum R-N-2.
When 7 is not divisible by 5 (i.e., 51 n), both forms of
this vacuum completely break the Ds symmetry and ex-
hibit three calculable, nontrivial phases. These phases are
entirely determined by the Ds symmetry of the potential,
are independent of its coupling constants, and cannot be
rotated away. Because there exist two matrices U; and
U, that satisfy the constraints of Eq. (45), namely,

7m7{

Ul =dlag(77,772, 331 577 s

1)
0 1
1 0 (58)
00
00

- o O O
oS = O O

Since either one alone suffices to preclude spontaneous
CP violation, there is no spontaneous CP violation in this
vacuum. Moreover, U, is also a symmetry of the poten-
tial. This indicates that a complex vacuum does not ne-
cessarily lead to spontaneous CP violation.

2
VW .
e Vacuum C-N-3a satisfies vi +v3 = 5 When the in-

teger n is divisible by 5 (i.e., 5| n), it reduces to Vacuum
C-N-3b, leaving a residual Z, symmetry. When # is not
divisible by 5 (i.e., 51 n), both forms of this vacuum
completely break the Ds symmetry. This vacuum allows
for three non-trivial phases. Two of them can be determ-
ined as functions of A, 4,3, and A,4, while the third one
is independent of the coupling constants, as shown in
Table 3. We have found that when 8 satisfies
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Table 3. Constraints on complex vacua.

Vacuum Constraints

1 - I, v
/l% = E {(2/11 +/l3)v%+(/15 +/16+/111)v§ +3113v1v3 +(—1)n/114*3 s
Vi

C-N-2 3
1 - [ V7
/J% = 5 {(2/12 +/l4)v§ + (/15 +Ag +/111)v% i/113f1 +(—1)n3/114V1V3:|
V3
5 1 N2 [+ s = nm 5 nm V% 6nm
My =5 [(2/11 +/l3) vi+ (/15 +Ag +A11c0s2 <6— ?)) vz £3213v1v3c08 (6)— ?) +/l|4;cos 0— <)
C-N-3a 1 B - V3 6
#% =3 [(2/]2+/l4) v% + </15 + A +A11cos2 (8— %)) v% i/hgicos (9— ns—ﬂ) +3A14v1v3 cOS (9— ?) s
[/113\)% i(—l)"/lmvg i2/_111V1V3 Ccos (9— nsi)} sin (9— ?) =0
2 _ 1 T2 (e a1 2 v
Hi=3 (241 + A3)v7 + (A5 + Ag + A1 cos 20)v5 + /114‘7 +3A13v1v3 | cosd |,
1
3
1 - - - = %
C-N-3b /l% = E 21, +/14)V§ +(As+Ag + 11 COSZO)V% + ( 3A14v1v3 i/hj;*l) cosf|,
V3
/l|4v§+2/_111v1V3 cosf
Ap=F————""
QL
1 - oL 1 4 oo V3
C-N-3¢, C-N-3d =3 (@A + )03 + (s + 36— 1i)] v3/43 = 5 (@ +2E + (s + 36— 1iD)] v, A3 = 1(—1)”/1141)—;
1
C-N-4a Eqs. (64a), (64b), (64c), (64d)
1 - 1 -
M= E[(Z/ll +#d5)( +v3) + digvival, 13 = 5[(2/12 +45)( +v3) + Aigvival,
C-N-4b . /. v%+v§
A= 5(/13—/15 + 6+ A1 £ (=1)"3413), 2 = 5 Ag=As+ A+ A1 £ (=1)" 13+ 14 v
1 - 1 -
= 5[(2/11 +26)02 V) + Azvival, 1 = 5[(2/12 +A6)(V} +v3) + A3vival,
C-N-4c 1 (. - /- _ V242 1,- - - =
Al = 5 (/13 +/15 —/l6+/111 iﬂ|4+(—l)nﬂl3ﬁ> , Ay = 5 (/l4+/l5 —/16+/111 13/114)
1 - - - - v
IJ% = E {(2/11 +/13)V%+(/l5 +/16+/111)V% t(—l)"3/113v1\/3 +/114*3:| 5
: "
C-N-4d 3
1 - - - - &
/1% = 5 {(2/12 +/14)V§ + (A5 + g +/l1|)V% i(—])n/l]3vfl +3/1|4V1V3:|
3
1 - - —1)"A1v3 + 4 1/~ - viv3
12 = 03+ 2 (R 4 A2+ Apgvia, gy = - LA AN g2 ] (m% +A6v3 +113¥) ,
2 v 2 V3
C-I-4a 22 1) 3
v3(avy —V — _ _
Ay ———% = Q4 = B)0] - )+ (A5 = A3,
1
1 5 5 (=D"(A11v4 + A13v2)vy
N%:ﬂlv%+5(/13V§+/16Vi)+/113\/2v4»/114=— 2 s
4
Lo 5.5 5 V%"Z
C-1-4b M% = ,lzvi + 3 Asvy +Agvi + 13 )
4
v4(2v2 —v?) - -
m# = QA =) -V + (s - A6)V7,
1/(- _ vy
,u% = /llv%+ - (/1511% +/l(,v§ +/114374) s
2 E Vi
l - = —1)Y"(A11vy + 4
C-l-4c pi =i+ E(M\ﬁ +A5V3) + A14v1ve, A1z = DAt “Vlz 14v4)v3,
Vv
1
v1(2v2—v2) _ - -
m# = Q2 = ) ) + (A6 — A5
1{(- - 1/3\)2
2_ 1.2 2 2 4
My —/11V2+ 5 (/15v4+/16v3 +/1147) .
C-I1-4d 1 - - (=1D)™A11va + A14v3)vs
#%:/12V§+5(/14V§+/15V§)+/114V2V3,/113 == 7 ,
2
v2(2v2—v2) _ - -
Ay = = Q- )03 ) + (A6 — 153

v3
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niw
0%

5 n integer. (59)

This vacuum exhibits spontaneous CP violation. If
nm
0= 5 Vacuum C-N-3a reduces to Vacuum C-N-2, and

spontaneous CP violation no longer occurs. Condition
(59) is necessary and sufficient for C-N-3a to exhibit
spontaneous CP violation.

e Vacuum C-N-3b can be viewed as a special case of
C-N-3a when n=0. It contains (v,e?,v,e? vs,v3) and
(vie",—vie",—v3,v3). The former preserves a residual Z,
symmetry, whereas the latter completely breaks the Ds
symmetry. This vacuum admits two identical non-trivial
phases, which can be determined as functions of Ay, 4,3,
and A4, as shown in Table 3. We have found that when 6
satisfies

0+ kr, k integer. (60)

This vacuum violates CP spontaneously.

2

e Vacuum C-N-3c satisfies v +vj = ‘sz When n=0,
it reduces to Vacuum C-N-3d, which leaves a residual Z,
symmetry. When # is a non-zero integer, both forms of
this vacuum completely break the Ds symmetry and ex-
hibit three calculable nontrivial phases. As in the case of
C-N-2, these phases are entirely determined by the Ds
symmetry of the potential, are independent of its coup-
ling constants, and cannot be rotated away. However, this
vacuum violates CP spontaneously. Moreover, Vacuum
C-N-3c can be seen as a special case of C-N-3a when

1 n
O=(=+—
(2+5)7r.

e Vacuum C-N-3d can be seen as a special case of C-
N-3¢ when n=0. It contains (iv,iv;,vs3,v3) and
(iv1,—iv1,—v3,v3). The former leaves a residual Z, sym-
metry, while the latter completely breaks the Ds sym-
metry. This vacuum exhibits two identical, calculable,
nontrivial phases, which are entirely determined by the
Ds symmetry of the potential, are independent of its
coupling constants, and cannot be rotated away. This va-
cuum violates CP spontaneously.

e Vacuum C-N-4a completely breaks the Ds sym-
metry. When 5| n, its phases become trivial and this va-
cuum becomes the real vacuum R-N-4a. When 5 1 n, this
vacuum exhibits three calculable nontrivial phases, which
are entirely determined by the Ds symmetry of the poten-
tial, are independent of its coupling constants, and cannot
be rotated away. Due to the existence of a matrix U that
satisfies the constraint of Eq. (45), namely

2inm

U =diag(n’,n*\n,1), n=e>. (61)

There is no spontaneous CP violation in this vacuum.

® The vacua C-N-4b and C-N-4c are related by2 a per-
v,

%, and
completely break Ds. They can be seen as special cases
of C-N-4a where some of the moduli |v;| become equal.
Since there exists a matrix U (given in Eq. (61)) that sat-
isfies Eq. (45), CP is not spontaneously violated in these
vacua either.

mutation of the Higgs fields, satisfy vi+v;=

e Vacuum C-N-4d can also be seen as a special case
of C-N-4a where some of the moduli |v; become equal,
but it actually has only two constraints on the potential
parameters. It is related to C-N-2 by a permutation of the
Higgs fields, and the two vacua impose almost the same
constraints. To emphasize that it can be obtained from C-
N-4a and to distinguish it from C-N-2, the notation of this
vacuum does not reflect the number of constraints. C-N-
4d can be analyzed by reasoning analogous to that for C-
N-2. Due to the existence of two matrices U (given in Eq.
(61)) and U’ that satisfy Eq. (45), namely

(62)

(= = =)
(=R e
- o o O
S = O O

Since either one alone suffices to preclude spontaneous
CP violation, there is no spontaneous CP violation in this
vacuum. Moreover, U’ is also a symmetry of the poten-
tial.

e Vacua C-I-4a, C-I-4b, C-I-4c, and C-I-4d com-
pletely break the Ds symmetry. When 5 | n, their phases
become trivial, and these vacua reduce to the real vacua
R-I-4a, R-1-4b, R-I-4c, and R-I-4d, respectively. When
5t n, each such vacuum exhibits two calculable nontrivi-
al phases, which are entirely determined by the Ds sym-
metry of the potential, independent of its coupling con-
stants, and cannot be rotated away. However, these four
vacua do not lead to spontaneous CP violation due to the
existence of the matrices U, =diag(n’.n,1,7°),
U, = diag (n,n%,7°,1), Us = diag (7*,n*.n,1), and
U, = diag (7’,n,7*, 1), respectively, where n = e’¥, each
of which satisfies the constraint of Eq. (45).

Relationships among complex vacua As summar-
ized in Table 2, all complex vacua can be further classi-
fied into three types:

(1) The first type consists of the Normal vacua with
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SCPV: C-N-3a, C-N-3b, C-N-3¢c, and C-N-3d. Vacuum
C-N-3a can be regarded as a more general case of the oth-
er three vacua, since each can be obtained by assigning
specific values to its parameters v;, 6, and n.

(2) The second type consists of the Normal vacua
without SCPV: C-N-2, C-N-4a, C-N-4b, C-N-4c, and C-
N-4d. Vacuum C-N-4a can be regarded as a more gener-
al case encompassing C-N-4b, C-N-4c, and C-N-4d, since
each can be obtained by assigning specific values to its
parameters v;.

(3) The third type consists of the Inert vacua without
SCPV: C-I-4a, C-1-4b, C-1-4¢c, and C-I1-4d.

To be local minima of the scalar potential, these com-
plex vacua must satisfy the positive-definiteness condi-
tions for their Hessians (29). A detailed discussion is
provided in Appendix C.

VI. RESIDUAL Z, SYMMETRY

Among the vacua summarized in this work, three
vevs preserve a residual Z, symmetry of the scalar poten-
tial after SSB:

(LvLvs ), e vie? vs,vs),  (ivi,iviavs,vs). o (63)
It was shown in Ref. [71] that in"an N-Higgs-doublet
model, if the vev leaves a nontrivial residual symmetry
(apart from the baryon number symmetry U(l)g), this
leads to unphysical quark masses and an unphysical
CKM matrix. The consequences include: (i) a block-diag-
onal CKM matrix; (ii) degenerate quark masses; (iii)
massless quarks. Therefore, to avoid such unphysical
quark masses and mixings, the vev must completely
break the flavour symmetry of the potential.

One way to proceed is to add new interaction terms to
the scalar potential that explicitly break Ds symmetry. In
this case, the model is no longer an exactly Ds-symmet-
ric 4HDM, but rather a modified model. Consequently,
the stationarity conditions and the corresponding vacuum
solutions will also change, thereby affecting the complex
vacua that might lead to spontaneous CP violation. We
plan to investigate this type of model in future work.

VII. COMPLEX VACUA VS REAL VACUA

In our Ds 4HDM, complex vacua are characterized by
four moduli and three phases; their vevs are obtained by
solving seven stationarity conditions. In contrast, real
vacua are characterized by four moduli and satisfy three
stationarity conditions. In the discussion of complex
vacua in Section 5.2, when 5 | n, some complex vacua be-
come real. We are interested in the relationship between

these two types of vacua. In addition, a key question
arises: which vacuum is deeper—the complex or the real?

Following Ref. [27], let C(C-X-Yz) denote the set of
constraints (see Table 3) satisfied by a specific complex
vacuum, and let C(R-X'-Y’z’) denote the set of con-
straints (see Table 1) satisfied by a specific real vacuum.
Then, if there exists a real limit of the vacuum (possibly
up to a sign) in which C-X-Yz coincides in specification
with R-X’-Y’z’, and the constraints are compatible, i.e.,
C(C-X-Yz) c C(R-X'-Y'Z"), we may regard the real vacu-
um R-X’-Y’z’ as the “origin” of the specific complex va-
cuum C-X-Yz. We list the real vacua that satisfy these re-
quirements in Table 4.

Except for Vacua C-N-3c¢ and C-N-3d, which cannot
be transformed into real vacua, all other complex vacua
can be regarded as complex generalizations of corres-
ponding real vacua. There are two main differences
between real and complex vacua. First, the number of
constraints for complex vacua is generally no less than
that for real vacua, implying tighter restrictions on cer-
tain potential parameters in the complex case. Second, the
Hessian’s positive-definiteness conditions differ: a real
vacuum requires its four leading principal minors to be
positive, whereas a complex vacuum requires seven. Giv-
en their more intricate structure, we provide explicit ex-
pressions only for the first four minors; the remaining
ones must be verified numerically or by other means. In
summary, complex vacua involve more phase degrees of
freedom and are therefore subject to significantly more
restrictive constraints than real vacua.

To compare the potential depths of two vacua, one
must first determine whether they can coexist as local
minima. This requires identifying a region in parameter
space where both the potential constraints and the posit-
ive-definiteness conditions are satisfied simultaneously.
In the Ds 4HDM, establishing such coexistence is a for-
midable challenge, given the complexity of the vacuum
structure, the large number of parameters, and the intric-

Table 4. Transitions from complex to real vacua.

Vacuum Real “origin”
C-N-2,3a,3b R-N-2
C-N-3¢,3d none
C-N-4a R-N-4a
C-N-4b R-N-4b
C-N-4c R-N-4c
C-N-4d R-N-2
C-I-4a R-I-4a
C-1-4b R-1-4b
C-I-4c R-I-4¢c
C-I-4d R-I-4d
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acy of the positive-definiteness conditions. If such a para-
meter region exists, the two vacua can both be local min-
ima, and one may compare their depths by evaluating
AV = Vx = V¢, which generally depends on the chosen
parameters. Comparing real and complex vacua is a pre-
requisite for determining the global vacuum minimum,
which is crucial for subsequent phenomenological ana-
lyses.

VIII. CONCLUSION

In this paper, we construct a four-Higgs-doublet mod-
el (4HDM) based on D5 symmetry, which exhibits ex-
tremely rich phenomenology. Its scalar potential is de-
scribed by 16 parameters, and the physical spectrum con-
sists of 3 pairs of charged Higgs bosons and 7 neutral
Higgs bosons, corresponding to 13 physical scalars after
the 3 Goldstone modes are absorbed by the W* and Z bo-
sons. In addition, the model offers possibilities for CP vi-
olation and baryogenesis.

The Ds 4HDM also possesses a rich vacuum struc-
ture. Assuming explicit CP conservation in the scalar po-
tential, we comprehensively analyze its full neutral vacu-
um structure, systematically identify all possible real and
complex vacuum solutions, and study the conditions for
them to be local minima of the potential, namely the sta-
tionarity conditions and the positive-definiteness of the
Hessian. In contrast to previous studies that mostly fo-

cused on real vacua, this work emphasizes complex
vacua, aiming to assess whether the CP symmetry of the
scalar potential can be spontaneously broken. We demon-
strate that among the identified complex vacuum solu-
tions (as shown in Table 2), several specific complex
vacua can spontaneously break CP symmetry. Among
them, Vacuum C-N-3a, i.e., (v;e?, +v,e/®%) +vie™$ v3),
is the most general complex vacuum that can lead to
spontaneous CP violation. Moreover, comparing the real
and complex vacua reveals that the latter can be regarded
as complex generalizations of certain real vacua and im-
pose more restrictive constraints on the potential paramet-
ers.

In summary, the Ds 4HDM provides a natural and vi-
able possibility for CP violation in the study of physics
beyond the Standard Model, and our detailed analysis of
its neutral vacuum structure lays a solid foundation for
subsequent research. This work primarily focuses on the
scalar sector, and future efforts will be dedicated to ap-
plying these vacua to the Yukawa sector to investigate
fermion masses and mixing, thereby achieving a com-
plete construction of the model.

APPENDIX A: CONSTRAINTS OF VACUUM
C-N-4a

For Vacuum C-N-4a, the following four constraints
apply:

1 r _ _ _ _ 2 2 7
HE= 5 20007+ v} + A+ Agvi + Ay RV C1ynag, (2v2v4+ @> A (Ala)
L 1 Vi v J
, 1T 2 = 2 = 2 = o = ViV . Viv3 Vg \ ]
Hy = = | 24,05 + Agvy + Asvy + AV, + Ay +(=D)"Az—=+ A4 | 2viva+ — | |, (Alb)
2L V3 V3 V3 J
7 W . vV =201 vy (213 —v3) Vi Wy
2/l|—/13—/l|17 (V1_V2)+(/15_/16) (V3—V4)+(—1) /113 + +/l|4V3V4 —_— - =0,
ViVva 1 V2 Vi V2
(Alc)
- - _ _ 2_2 2 2 2 __ 42
<2/12 —/14—/l|1m) (V_%_szx)"'(/ls _/16)("%_"%)"‘(_1)”/113"]"2 <E - ﬂ) + A4 (vz(v4 %) + "2 v3)> =0.
V3Vy4 V3 Vg4 V3 Va4
(A1d)

APPENDIX B: STATIONARITY CONDITIONS IN TERMS OF MODULI AND PHASES

The stationarity conditions for the moduli in Eq. (28) can be written as:
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v
6\/1

ov
aVQ

ov
c')v3

ov
c')v4

1 - - - -
= —/,l%Vl + /lLV? + E [vl(/l3v§ + /lsV% + /16\)2) + /111V2V3V4 COS(Q] + 92 - 93)

+A13 (2V1V2V4 cos(260, —6,) + V3V§ cos(6; + 65 — 292)) + 114V4V§ COS(@] - 29@)} =0,

1. - i - -
= — vy +Avs + 3 [Va(A3v} + Asvi + A6v3) + A1 viv3va cos(6y + 60, —65)

+/1|3 (2V| Vo V3 COS(Q] + 93 - 292) + V%V4 COS(29] - 92)) + /114\/3\/‘21 COS(92 + 93)] = 0,

1 - - - -
= —,Ll%\/g, + /lzvg + E [V3(/14Vi + /15\/% + /lﬁV%) + A vivavscos(6; + 6, —63)

+/113V1V% cos(0; +0; —260,)+ A4 (2V1V3V4 cos(8, —265) + Vzvi cos(6, + 93))] =0,

1 - - - -
= —,u§v4 + ﬂzVi + E [V4(/14V§ + /15\/5 + /16‘/%) + A1 vy COS(@] +6,— 9})

+AI3V%V2 COS(ZG] - 92) + Ay (2V2V3V4 COS(QZ + 93) + v V% COS(QI - 293))] = O,

The stationarity conditions for the phases can be written as

v
00,

ov
00,

ov

005

1 -
=73 [A11v1v2v3v4 SN0 + 05 — 03) + A14v1v3v4 sin() —265)

+A413 (21)%1/21/4 Sin(291 - 92) + V1V§V3 Sin(91 +6; — 292))] =0,

1 -
= - 5 [/11 1V1V2V3V4 sin(@l +6, — 93) + /114V2V3Vi Sin(02 + 93)

—Ai3 (Vivavesin(20; —6,) + 2v,v3vssin(6; + 65 —26,)) | =0,

1

APPENDIX C: POSITIVE DEFINITENESS OF THE HESSIAN

C.1. Real vacua

For R-N-4a, positive definiteness requires:

e Dy=a; >0,
2
e D)=ajan—aj,>0,

_ 2 2 2
e Ds=a (022033 —6123) —apass + 2a1a13023 —apzdayn > 0,

(BD)

(B2)

(B3)

(B4)

(B3)

(B6)

=3 [A11v1v2v3v48in(0; + 05 — 03) — A13v1v3v3 sin(B; + 605 — 26,) + Ay (2v1V3v4sin(0) — 265) — v,v3v;sin(6, +65)) | = 0.

(B7)

_ 2 2 2 2
Dy =ay (a22a33a44 — 03y — Ay3las + 203024034 — 61246133) —a2(a12a33044 — A12G3, — 13023044 + Q13024034

2
+ 1423034 — A14G24033) + Q13 (11126123044 —a12024034 — Q22013044 T 422014034 T 13054 — 1114024023)

2
—as (a12a23a34 — a1204033 — A A13A34 + A2 A140A33 + A13023024 — 0141123) >0,

(CDH
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where

1 ,- _ -

ay = - +32v + 3 (A3v3 + Asv3 + A6V +2A13v2v4)
1 ,- _ -

ay = —12 + 31V + 3 (Aav} + Asvi + Aevs +2A13v1v3)
1 ,- _ -

asz = —/l% + 3/12v§ + E ( 4\% + ASV% + /16‘)% + 2/114V1V4) s
1,2 - -

Aqq = —/,l% + 3/12\13 + E ( 4\% + 15\/% + /l(,v% + 2/114V2V3) s

- A1
ap =Aviva+  Vavat Az (Vivs +v2v3),

p—

= = 2
a3 = Asvivs + Aigvsvg + 3 (Aivava +A13v3)

_ 1 )
ayg = Agviva+ Aizviva + 3 (Aivavs + 413)

_ 1 )
Ay = Agv2vs + Aizviva + 3 (Aiviva+414v3)

_ 1 )
az4 = AsVavy + A1avave + 3 (Anvivs +43v7)

- Ai

sy = AgVv3vs + 7V1V2+/114 (V1V3 +V2V4). (C2)

For R-N-4b, the conditions for positive definiteness
can be derived directly from those for R-N-4a by repla-
cing the parameters (vi,vy,v3,v4) With (v, £vy, £v1,)).
The case of R-N-4c¢ can be treated similarly.

For R-I-1b, the conditions for positive definiteness
are:

- - Zp% -
>0, A3>20, As5> 5o Adg> —. (C3)
1% 1%

For R-I-4a, the conditions for positive definiteness are
identical to those for R-N-4a given in (72), except that the
elements «;; therein are replaced by:

1 - -
ap = —/J% + 3/11\)% + 5 (/13\/% + /15\%) s
1 - -
axy = —/J% + 3/11\1% + 5 (/13\/% + /l(,V%) + A13v1v3,
1 - -
asz = —/J% + 3/12\/% + 5 (/l(,v% + /15\/%) ,
L, - -
Ay = —/J% + E (/14\% + 15\15 + /l(,V% + 2/114\/2\13) s

A3

_ 3 _ 3 2
ap = Bviva+A13vavs,  an —/15V1V3+72 Vo,

1 -
2
ap = E(/llleV3 +A14V3) + A13v1v2,
_ 1 _ )
ap = Agvavz + Ai3viva,  doy = E(/lllVlVS +/113V1),

A
azy = %V1V2+/114V1V3. (C4)

For R-I-4b, the conditions for positive definiteness
are identical to those for R-N-4a given in (72), except that
the elements a;; are replaced by:

ay = —5 + 34,0} + %(/_13\/% + AV +2413v,04),
Ay = —5 +34,v5 + %(/_13\/% +A5v3),
asz = —u% + %(/_14\}421 + /_lsv% + /_l(,vg + 2414V V),
Ayq = —u% + 3/12"4% + %(/_lw% + /_l(,v%),
ap = A3viva+ A3viva,
l - 2
a3 = 5(111V2V4+/113V2),
dyy = Agviva + Ai3viva,
ar = %(/_1111’11’4 +A14v3) + A3viva,

3 /113 2
ayy = /l5V2V4 + 72 Vi,

A
aszy = 711\/1\/2 + A14VoVs. (CS)

For R-I-4c, the positive-definiteness conditions are
identical to those for R-N-4a given in (72), except that the
elements a;; therein are replaced by:

1 - -
2 2 2 2
ap = —| +3/11V1 + E(/lSV3 +16V4),
1 - - -
2 2 2 2
anp =—li + 5(/131/1 + Asvy + Agvs +2213v1v3),
1 - -
asz = —#% + 3/12\)3 + 5(/14vﬁ + /15\/% + 2/114\/1\/4),
2 2, bS5 5,
Agq = —Hy + 3/12\/4 + 5(/14\)3 + /16\/1),
Ay
iz = V3V + A13V1vs,
apz = Asvivs + Aiavsva,
- A
ayy = Agvivs + 71/%,
- .
axy = 5(/111\’1\’4 + A14vy),

1 -
oy = 5(/11 1vivs + /1131’%) + A14v3Vv4,
azy = /_l4V3V4 + /114V1V3. (C6)
For R-I-4d, the positive-definiteness conditions are

identical to those for R-N-4a given in (72), except that the
elements ¢;; therein are replaced by:
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1 - - -
3 (/13\)3 + ﬂsV% + /1(,\)421 + 2/113V2V4) ,

an = —/J% +
1 - -

ay = — +32v3 + 3 (Asv; +6v3)
1 - _

asy = —5 + 305 + 3 (/14"421 +/16v%) ,

1, -
Ay = —[,l% + 3/12\/42‘ + E (/14\/% + /lsV% + 2}.14\/2\/3) .

An
ap = > V3V + A13vov3,

1 -
2
a3 = E(/lllvz\/zt+/113V2)+/114V3V4,

1 - - A
2 14 5
ap = E(/ll V2V +A14V3),  doz = AgVov3 + 7\’4,

a4 = Asvavy + A14V3v4,

a3y = /14V3V4 + /114\/2\/4.

(C7)

C.2.

For complex vacua, positive-definiteness of the Hes-
sian (29) requires that all seven leading principal minors
be strictly positive. Because of the complexity of the
structure, we can explicitly provide only the first four
conditions.

For C-N-2, the requirements that its first four leading
principal minors of the Hessian be positive are identical
to the four positive-definiteness conditions for R-N-2 giv-
en in (40), except that the elements a; therein are re-
placed by:

Complex vacua

1= - Q
an = —/J% +3/11V% + 5 I:ﬂj,V% + (/15 +AG) V% 12/113\)13] R

1 - -
asy = —/_1% + 3/12\% + 5 [14\/% + (/15 + AG) V% + (-1)”2/114\/1\/3] s

3 /lll
app = i'/l3V% + 7\% +2413v1v3,

a =+</_l +@)
n=x(A+—

-2 Pl
ay = (/16 + %) Vivs % %V% +(—1)n/l]4V§,

A3
Vivs + 7\)% + (—1)"/1]4\/%,

2

- pl
azy = 05+ %v% +(=1)"2214v1v3.

(C8)

For C-N-3a, the first four conditions for positive def-
initeness are identical to those for R-N-2 given in (40),
but the elements a;; therein are replaced by:

1= - -
a = —/,[%+3/11V%+ 5 {/13\/%4' (/15 +/16) V%
nm
+2143v1v3C08 (9— ?) :| ,

1= - -
B3 [mg (A5 476)V?

sz =
4
+ 2414V V3OS (0"‘ ?) :| s
- pl
ap= ;v + %@0032 (9— ns—ﬂ>
+2A413v, V530S (9— nj_—”),
- pl
api = £ Asv vz £ ivlv3 cos2 (0— @>
2 5
A3 nmw dnr
+ 7\/% cos (0— ?) + 143 cos (9+ = )

= /_111 nrw
aps = AgV1v3 + —V;v3c082 (9— —)
2 5
Ais
+—"vicos

+ A3v] cos (0—E> 5

5

4n7r)
0+— ),
(o+%

azs =

. 1
+ {/L;v% + 7”\/?0032 (9— %)

4
+ 20,4915 COS (9+ ?) } (C9)

For C-N-3b, the first four positive definiteness condi-
tions are identical to those for R-N-2, given in (40), ex-
cept that the elements «;; are replaced by:

1 - - -
ap = —/,l% + 3/’.]\/% + E [/13\1% + (/15 +/16) V% i2/l]3V1V3 COSG:I ,

1 - - =
asz = —/,lg + 3/12\/% + 5 [/14\1% + (/15 + /l(,) V% + 2/114V1V3 COSG:I ,

- i
ap = 1/131/% + 7\% cos20+ 2/’.13\/1\/3 COSQ,
- A Az , >
a3 = £Asvv3 £ 7v1v3c0526’+ 7\/1 cos @+ A14v;5cos0,

= Ai Ay
ays = Agv1vs + 7v1v3 cos 29t/113v% cosf+ 7\% cosd,

- A
azy, = =+ (/141/% + %V% 08260+ 2114V v3COS 0) .

(C10)

For C-N-3c, the first four conditions for positive def-
initeness are identical to those for R-N-2, as given in
(40), except that the elements a;; are replaced by:

1. - -
ay = —p; +3407 + 2 [/13‘}% + (’15 +/l") Vg] ’
1 - -

asy =~ + 33+ o [Aavi+ (A5 + A6) vi]

N - _An
ap =LV F—V;, ai=|=As7F WA

.2 .
ais = (/16_%) Vivs, ag4_i/l4v3¢%v%' (b
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For C-N-3d, the positive definiteness conditions are
identical to those for C-N-3c.

For C-N-4a, the first four positive definiteness condi-
tions are identical to those for R-N-4a given in (72), ex-
cept that the elements a;; are replaced by:

1 .- - -
a = —,Ll? +3/11V% + 5 [/lgV% +/l5\/§ +/16Vi +2/113V2V4} y

1 .- - -
Ay = —18 + 34,3 + 3 [A3v] + Asv; + Agv3 + 22130 v3]

1 .- - -
asz = —,u% + 3/12\/% + 5 [/14\/3 + /15\/% + /16\/% + 2/1]4\/1 V4} y

1 .- - -
+ — /14\% + /13\1% + /16‘/% + 2/1]4\/2\/3} ,

gy = —/,l% + 3/12\/% 2 [

= A
ap = Azvivy+ 7\/3\/4 +(=1)" A3 (vivs +vov3),

- A A3
api = Asvivz+ — 2 VoVs + — 2 V2+/114V';V4,

- ﬂll /114
ay = AgVivs + 7\)2\)3 + (—l)"/113v1v2 + 7\/%,

A1 Aig
a3 = /16V2V3+ > V1V4+( 1) Aizviva +

2

v4,
An Ai3
Ay = /15V2V4 + 7\)1\)3 + — D V +/114V3V4,

- A
sy = Ay3vs + %vlvz + A (Vv3 + Vo).
(C12)

For C-N-4b, the positive-definiteness conditions fol-
low directly from those for C-N-4a by replacing the para-
meters (v, v,,vs,vs) With (vi,+v,,+v;,v,). The case of C-
N-4c can be treated similarly.

For C-N-4d, the first four positive-definiteness condi-
tions are identical to those for R-N-2 given in (40), ex-
cept that the elements «;; therein are replaced by:

1= - -
a = —,Ll% +3/11V% + - [/13\/% +(/ls +/16)V§ 12/113V]V3] ,

2

1= - -
aszz = —,u% + 3/12\/»2; + E [/14\/% + (A5 +/16)V% +2/114V|V3] ,

+( D"2413v1v3,

N‘N

ap = i/l3V%

- A A3
(/ls + %) Vivs + 7\/1 +/l]4\/3,

a3 =

- A A
Ay = (/16 + %) V1V3 i(—l)”/lmv% 2|4 V%,

- A
a3y = i/uvgi%\/%iz/h;ﬂ/]w;. (Cl3)

For C-I-4a, the first four conditions for positive defin-
iteness are identical to those for R-N-4a given in (72), ex-
cept that the elements «;; therein are replaced by:

1,- -
ap = —/J% +3/11V% + 5 (/131/% +/15V§) s

| -
ay = —/J% + 3/11\/% + 5 (/131/% + /16‘% + 2/113\/1\/3) .

1 = -
sz = —y% + 3/12\/% + E (/ISV% + AGV%) >

1 /- - - nm
gy = —/l% + — (/14\/% + /15\/5 + /lc,v% + 2/114\/2\/3 COS ?> N

2

app = A3viva + 13003,

= 13
any = Asvivs + =03,
2
Au 3nr A 2nm
¥
A = (—vzw + A1V V2 | €OS —— + —— V308 ——
2 5 2 57
axp = Agvavz + A13v v,
1 - 3nm
2
Ay = = (/11]V|V3 +/l13V]) CcOS —,
2 5
I 3nr 2 2nn
a3y = ——V{VCO0S —— 14V1V3COS —.
2 5 5

(C14)

For C-1-4b, the first four conditions for positive defin-
iteness are identical to those for R-N-4a given in (72), ex-
cept that the elements «;; therein are replaced by:

1 - -
+ 5 (/13\1% +/16V421 + 2/113\/2\/4) ,

- i}
3 (A} +125v3)

ap = —,U%+3/I|V%
ay = —,U% +3AIV§ +

— Bt (A A 4 A 422 n
033——,[124'5 4V + A5V + AgV; + 14V1V4COS — |,

5
1 - -
2 2 2 2
Ags = =5 + 3V, + 3 (/151/2 +/l6v1) ,
ap = A3viva + A3V vy,

1 - » 3nm
ap;z = E (/111\)2\/4 +/113V2) CoS ?,

ayy = AgVivs + A3V v,

1 - 3 A 2
ar3y = E (111\11\14 + 2/1131)11)2) COS ? + s ZCOS nr

2 50
- A
Ay = As5Vovs + 713\/%,
B A 3nmr 41 2nn
azy = 2 V1V, COS 5 14V2V4 COS 3 .
(C15)

For C-I-4c, the first four conditions for positive defin-
iteness are identical to those for R-N-4a given in (72), ex-
cept that the elements «;; are replaced by:

1,- -
ap = —/,l% +3/11V% + E (/15V§ +/16V121) N
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1/- - - 3

ay = —,Ll% + 5 (/13\/% + /15\1421 +/16V§ + 2/1]3\/1\/3 COoS g) ,
1 - -

as3 = —,ug + 3/121/% + 3 (/L;Vi + /lsvf + 2/114v1v4) ,

1, -
Aqy = —,ng + 3/12Vi + E (/14V§ + /IGV%) ,

An nmn 1 dnm
ajp = ——V3V4C0S — + A3V V4 COS ——
2 5 57
a3 = Asvivz + A14v3vs,
5 Ais
2
Ay = Agvivs + 7\/3,
I - nm
2
a3 = = (A11v1va + A1av;) cos —,
2 5
1 - nw A dnr
ayy = E(/l”vlv3 +2A414V3V4) COS 5 + 7\/? cos =

aszy = A4V3V4 + /114V1V3.

(C16)

For C-I-4d, the first four conditions for positive defin-

iteness are identical to those for R-N-4a given in (72), ex-
cept that the elements «;; are replaced by:

Re

[10]
[11]

[12]
[13]
[14]

[15]
[16]

[17]
(18]
[19]

[20]

L /- - - nm
ap = _/J% + E (/13\/% + /15\% + /l()Vi + 2/113\)2\/4 CoS ?) s
| _
ap = —; +32v5 + 3 (Asvi+6v3)
| _
asz = —,u% + 3/12\/% + 7 (/l4vi + /lévi) s

1,2 -
aqq = —/.l% + 312\)42‘ + E (/141/% + /15\/% + 2/114\/2\/3) ,

i 2nm 1 3nn
djp = —/—V3V4CO0S — + A3V V3COS —,
2 5 5
(/lll 1 2nmw 113 ) 3nn
a3 =\ —/—Vavq4 +A414V3V4 | COS — + —V5;COS ——
2 5 27757
1 - 2nm
2
ayy = < (/111\12\/3 +/114V3) coS —,
2 5
- Ais
2
ary = /16\12\/3 +—Vy,
2
Gag = AsvaVvy + A14v3vy,
A3 =AgV3Vs + A1aVaVy.
(C17)
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