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Critical properties of bound states with one-boson-exchange potential®
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Abstract: In this study, we discuss general critical properties of bound states with a one-boson-exchange potential.
For simplicity, we first consider a system of two identical scalar particles as an example. The interaction between
these two scalar particles is described by the exchange of another massive scalar meson under the instantaneous ap-
proximation, which yields the Yukawa potential. A highly accurate numerical method is used to determine the critic-
al mass of the system. The resulting critical mass for the ground state is consistent with values reported in the literat-
ure, agreeing to about 35 significant figures. Highly accurate results for the / = 1 case are also presented, which are
significantly more precise than those previously reported in the literature. Furthermore, we extend the discussion to
physical hadronic molecular states, for which form factors are introduced in the interaction to describe the structure
of hadrons. Our numerical results show that although the binding energies of the hadronic molecular states depend
on the cutoff in the form factors, the number of hadronic molecular states is almost independent of the cutoffs over a
very wide physically relevant range. This indicates a strong and important property: for physically small couplings,
the number of hadronic molecular states is almost solely determined by the coupling constants and the masses of the
exchange particles. This highly accurate numerical method can also be straightforwardly applied to higher / cases or

other systems.
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I. INTRODUCTION

Hadronic molecular states have attracted consider-
able theoretical interest in hadronic physics since the ex-
perimental discovery of exotic/ hadron states, such as
X(3872), Z.(3900), Z,(10610), Z,(10650), and the P, and
P,, states [1—6]. Theoretically, these states are widely in-
terpreted as hadronic molecular states. This picture has
been investigated using various methods, most notably
the Schrédinger equation with a one-boson-exchange
(OBE) potential [7—12], the unitary approach [13—18],
and the Bethe-Salpeter equation [19—26], in which the in-
teractions are based on effective Lagrangians. In particu-
lar, because of its intuitive physical interpretation, the po-
tential model has been progressively refined and is fre-
quently used to describe hadronic molecular states, in-
cluding the deuteron, on the basis of the Yukawa poten-
tial. The Yukawa potential was proposed to explain the
strong interaction between nucleons through the ex-
change of a massive particle [27]. It has also been widely
applied in various branches of physics, such as plasma
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physics, nuclear physics, astrophysics, and solid-state
physics [28—37].

In the context of potentials for hadronic molecular
states, form factors are introduced to describe the interac-
tion between two non-point-like particles, leading to po-
tentials beyond the Yukawa form. These potentials are
commonly used to study the binding energies of such sys-
tems. Comparisons between theoretical results and exper-
imental data are used to determine the parameters in the
form factors. The inclusion of these parameters makes the
description more physical, but it also increases the com-
plexity and obscures certain properties.

On the other hand, studies of the Schrodinger equa-
tion with the Yukawa potential reveal several interesting
and elegant global properties. For a system of two nonre-
lativistic particles, each with mass 2u, whose interaction
is described by the Yukawa potential:

V() = =S (1)
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where a is the coupling constant and m,, represents the
mass of the exchanged particle. The binding energies of
this system can be described by the Schrodinger equation.
When m,, =0, the Yukawa potential reduces to the Cou-
lomb potential, for which an infinite number of bound
states exist, as is well established. When m,, # 0, the situ-
ation is fundamentally different. For any finite, positive
m.., the number of bound states becomes finite.
Moreover, there exists a critical mass beyond which no
bound state can form. This phenomenon has been extens-
ively investigated in previous studies [38—44]. These
studies found that the existence of an S-wave ground-
state bound state depends on the relationship among the
coupling constant a, the reduced mass u, and the ex-
change mass m,,, as given by the critical condition:

u

M,y

= 1.1906122105(5). Q)

Furthermore, Refs. [39, 44, 45] systematically calculated
the critical values of m,, for various angular momentum
states. These studies also provide the critical masses:asso-
ciated with the existence of the ground state, first excited
state, second excited state, and higher excited states.

Physically, the number of bound states is a global
property of the system and is not determined by any
single binding energy. For physical hadronic molecular
states, once the structure of the hadrons is taken into ac-
count, a natural question is what happens to the critical
behavior in these systems. In this study, we focus on the
critical properties of hadronic molecular states rather than
solely on their binding energies. These critical properties
reflect the global nature of the system and can help us un-
derstand its internal properties. To simplify the discus-
sion, we consider a single channel as an example.

The remainder of the article is organized as follows.
In Sec. II, we present the theoretical framework, includ-
ing the derivation of the Schrédinger equation and the po-
tentials from the Bethe-Salpeter equation, and describe
the numerical method employed. In Sec. III, we present
our numerical results, including the critical mass m,, re-
quired for the existence of bound states, the critical rela-
tionship between m,, and a with and without form
factors, and the dependence of relevant quantities on the
cutoff A. In addition, we give the computed binding ener-
gies as functions of a and A. Finally, Sec. IV summar-
izes our results.

II. BASIC FORMALISM

A. From Bethe-Salpeter equation to Schrodinger
equation
For simplicity, we first consider a system of two

identical scalar particles, each of mass m, whose interac-
tion is mediated by the exchange of a third scalar particle
of mass m,,. In quantum field theory (QFT), the two-
body bound state of this system is described by the
Bethe-Salpeter (BS) equation:

d*k
Xes(P,p) = / WKBS(P —k)G(P,k)yss(P.k), 3)

where yps is the BS vertex function, Kpg is the BS irredu-
cible interaction kernel, and G(P,k) is the product of the
propagators of the two scalar particles, expressed as

i

G(P,k)=
&5 K2 —m?+ie k3 —m? +ie

-1

= , 4
(k2 —m? + ie)(k3 —m? + i€) @)
where
k= 2Ptk k= —P—k (5)
1=3 v k=3 ,

where k; and k, are the momenta of the corresponding
particles.

In general, the BS equation has no analytic solution,
even for m,, = 0. When the binding energy is small com-
pared with m, the instantaneous approximation is appro-
priate, meaning that:

Kps(p—k) ~ Ks(p—k). (6)

In the center-of-mass frame, where P = (M,0), the in-
stantaneous approximation and the form of G(P,k) imply
that yps(P, p) is independent of py, yielding the following
equation:

d*k
Ys(M.p) = / Gy Kslp= RGPS
dk _
- / S Ksp = DGIL KL, ()
where

Xs(M, p) = xes(P, p)

9
instantaneous approximation

- 2im 1
M = M [
Gth= [ Gt =2 e )
where w; = Vm? + k?. By defining
¢S(M9k) = G_(ka)XS(M9k)’ (9)
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Eq. (7) can be equivalently written as
- &k
¢S(M’p) :G(Msp) mKS(p_k)(ﬁS(M’k)’ (10)

This is the usual form of the Salpeter equation. Since
E, =M -2m and |p| are much smaller than m, we can ex-
pand G(M, k) to leading order in these two small quantit-
ies, yielding the Schrédinger equation in momentum
space:

2

(E,—Z +iop(P.p)
m

in Pk
= By wKs(P— k)¢(P, k)
_ &k [iKs(p—k)
-] @np 4m?

| ko). (11)

The corresponding Schrodinger equation in coordinate
space is therefore given by:

a2

(Eyp— g— T iEW(r) = V(W (r), (12)
u

1
where 1 = Em and

Y(r) = / d*qe' " $(Pq),

— d3q iqr:
V= [ S Lenika) (13)
with
_ 1
Ks(q) = WKS(q)‘ (14)

In the present work, the Schrodinger equation is de-
rived from the BS equation by adopting the instantan-
eous approximation, which effectively reduces the re-
lativistic two-body dynamics to a nonrelativistic frame-
work. This approximation neglects certain relativistic ef-
fects and assumes that the interaction kernel is independ-
ent of the relative time. It may become inadequate when
relativistic corrections and energy-dependent effects are
sizable and are not fully accounted for in the present
treatment. Nevertheless, the Schrodinger equation
provides a well-established and widely used framework
for investigating bound-state systems. In practical applic-
ations, some relativistic effects can be effectively ab-
sorbed into model parameters, such as an effective coup-
ling constant or the effective mass of the exchanged
particle. Therefore, the present approach is expected to
provide a reasonable description at the qualitative and

semi-quantitative levels.
For point-like scalar particles, taking the interaction

vertex for the three scalar fields as I' = —2igm gives the

interaction kernel:

ig?

Ks > Ko(p—k)= ——————
5= Kolp—h) (p—k)?+m2 —ie

: (15)

and the corresponding potential in coordinate space is ex-
pressed as

Vo V(r) = = Lo, (16)
r

2

8 .
where r =|rl,a = 4, This corresponds to a pure Yukawa

potential.. When the particles are not point-like, form
factors are typically introduced to characterize their struc-
ture, and the corresponding correction in momentum
space modifies the kernel as:

2

Ks — K\(p—k) = Ko(p— k) [m] i’

(17

where i=2 and i=4 correspond to introducing mono-
pole-type and dipole-type form factors at each vertex, re-
spectively. Because the kernel contains two vertices, the
choices i =2 and i=4 correspond to monopole and di-
pole form-factor schemes, respectively. The correspond-
ing coordinate-space potentials with monopole and di-
pole form factors are given, respectively, by

Vi) = aA?
= 2r(m2, — A?)?
2 2
—Mexl" —Ar —Ar (mex -A )r
X [26 -2 +e B — },
aA
V()= - ——
0=~ e~ A2y
x [48 e~ 48N 4 N P(m, Ar)] (18)
where

1
P(m,.,A,r) = e [mﬁxr[S +rA(B+rA)]

=3ml rA*[5+rA(S +rA)]
+3m2 rA* 15+ rA(7 +rA)]
—A[rA(33+rA9 + rA))]] . (19)

The preceding discussion can be extended to systems
involving particles with other quantum numbers, for
which the situation remains similar. After separating the
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angular part, as in the hydrogen case, the radial part of the
equation in coordinate space is given, as in standard text-
books, by:

[+1)
2ur?

[_Liz

27 VO x(n) = Enx(r),

(20)

where / denotes the angular momentum quantum number,
x(r) = rR(r), and Y(r) = R(r)Y,,(Q,).

B. Numerical method

Since the Schrodinger equation with the general po-
tential described above cannot be solved exactly [42], we
employ a numerical shooting method to solve the system
with high precision. In the numerical calculation, we ad-
opt the approximation that the wave function y(r) satis-
fies the following boundary conditions:

X(6)=0, x'(6) =1, x(A) =0, 21

where 0 and A are parameters corresponding to the phys-
ical limits approaching 0 and oo, respectively.

In the shooting method, we first fix E, and m,, and
use the conditions y(6) =0 and x’(6) = 1 to solve Eq. (20)
in the region re[5,A]. This yields the wvalue of
X(Ep,me,A). To determine the binding energy for a
known m,,, we solve the equation y(E,,m,;,A) =0 for the
root E,. To determine the critical value of m,,, we solve
the equation x(0,m,,,A) =0 for the root m,,. We use a
Mathematica script to implement this procedure, using
the NDSolve function to solve the differential equation
and FindRoot to locate the desired root. High accuracy is
ensured by setting WorkingPrecision=200 and Precision-

Table 1.

Goal=40.

In the numerical calculation of the binding energy for
fixed m,, and a with u = 1, we use the following paramet-
er range:

6=105~10"", A=10° ~ 10*. (22)

where units are omitted.

In the practical calculation of the critical value of m,,
with u=1 and a=1, we set the parameters within the
following range:

5=103~ 107", A=10°~10%. (23)

It is important to note that a significantly larger A is
required to determine the critical points of the state, be-
cause the binding energy is zero. Consequently, the final
results are considered acceptable only when they are
stable with respect to the selected ranges of 6 and A. For
example, Table 1 lists the critical ground-state m,, as a
function of the integration parameters é and A (cf. the ex-
ponents in columns two and three), demonstrating the sta-
bility of the results.

Using the numerical method outlined above, we com-
pare our results with the analytical solutions for the bind-
ing energies in the Coulomb potential case, with paramet-
ers m, =0, a=1, and pu=1. The binding energies ob-
tained using the numerical shooting method are consist-
ent with the analytical solutions for the Coulomb poten-
tial. Specifically, the comparison shows agreement to 35
significant digits. This high level of precision confirms
the validity of our approximation and numerical method.
For the case where m,, #0, we expect this method to

Critical ground-state value of m,, as a function of log;,¢ and log;yA for each model potential, where 6 = 10% and A = 10,

with the integers ks,ka given in the table (natural units, as elsewhere in this section).

potential logo 0 log oA critical ground-state m,

Vo(r) -25 25 1.1906124210606177053427765163846311
-35 35 1.1906124210606177053427771063610463
-45 45 1.1906124210606177053427771063610463
-55 55 1.1906124210606177053427771063610463

Vi(r) 25 25 0.67694250611421318125252911459994898
-35 35 0.67694250611421318125252931447993144
-45 45 0.67694250611421318125252931447993146
-55 55 0.67694250611421318125252931447993146

Va(r) 25 25 0.58558680838334368160717244234344288
-35 35 0.58558680838334368160717264884765732
-45 45 0.58558680838334368160717264884765735
-55 55 0.58558680838334368160717264884765735
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achieve similar precision.
III. NUMERICAL RESULTS

A. Results for the Yukawa potential V(r)

For the Yukawa potential Vy(r), the critical value of
m,, has been studied in Refs. [39, 42—47]. As an initial
test and comparison, we present our numerical results for
the critical value of m,, for the ground state in Table 2,
with the coupling constant fixed at @ = 1 and the reduced
mass fixed at u = 1. The comparison shows that our res-
ults agree with those reported in Refs. [45—47] to approx-
imately 30 significant digits, indicating that the shooting
method is effective for obtaining high-precision results.

The critical values of m,, for states with other
quantum numbers »n and / are presented in Tables 3,4,5,6.
Most of our results are consistent with those reported in
Refs. [39, 44, 45]. However, significant discrepancies are
observed in some cases. Given that the approach em-
ployed in this work demonstrates sufficient accuracy for
subsequent calculations, we conclude that the results ob-
tained using the shooting method are reliable. These res-
ults also reveal a global property: for fixed #, the critical
values of m,, for [=1 are always smaller than those for
1=0.

In Tables 3—6, we present our numerical results to 35
significant digits. In practical calculations, parameters
such as WorkingPrecision and PrecisionGoal can be in-
creased to achieve higher accuracy. Furthermore, results

for other states, such as those with [ =2, can also be read-
ily obtained but are not listed here. The complete results
demonstrate that the shooting method can yield highly ac-
curate critical values of m,, for states with high angular
momentum (/). These high-precision values have not pre-
viously been reported in the literature.

In Fig. 1, we show how the number of bound states
depends on the parameters m,, and a. The panels, ordered
from left to right, correspond to /=0, /=1, and / = 2. The
red (I), blue (II), and green (III) regions indicate the pres-
ence of one, two, and three bound states, respectively, for
the given /. The dotted region denotes an area outside the
scope of our discussion. Our calculations specifically
consider the region where m,, >0.1. The dashed lines
show the critical-boundary curves obtained from our dis-
crete numerical points and extrapolated toward smaller
m,, in the (@,m,,) plane, as justified below. We extrapol-
ate the critical boundaries toward the origin for two reas-
ons. First, when m,, — 0, bound states exist for any suffi-
ciently small positive a, whereas none exist for a=0.
Therefore, both a and m,, must approach zero along the
critical line. Second, within the computed parameter
range, we observe an approximately linear relation
between the critical coupling o and m,,. Following this
trend, the boundary curves are extended to smaller m,,
and visually appear to converge to the origin as a — 0.
For the specific case of /=0 and a = 1, the critical value
of m,, is approximately 1.19, consistent with the data
presented in Table 2. We observe that the slope of the
boundary curve increases with the orbital angular mo-

Table 2. Comparison of the critical value of m,, for the ground state, with the parameters set to u=1,a = 1.

work method value of m,,
Ref. [39] matrix propagation 1.190612421060618
Ref. [42] fifth-order perturbative calculation 1.1906122105(5)
Ref. [43, 44] hidden supersymmetry and systematic expansion 1.1906124207(2)
Ref. [45] the Lagrange Mesh Method (LMM) 1.190612
Ref. [45] perturbative calculation and Padé approximations (PT) 1.19061242106061770
Ref. [46] the generalized pseudospectral (GPS) method 1.190612421060617705342777106362
Ref. [47] coupled first-order differential equations 1.19061242106061770534277710636105
this work shooting method 1.1906124210606177053427771063610463
Table 3. Comparison of the critical values of m,, for states with principal quantum number » =2 and angular momentum quantum
numbers /= 0,1 in the Vy(r) case, with u=1and a=1.
n=2 =0 =1
Ref. [39] 0.310209282713937 0.22021680661
Ref. [44] 0.3102092834 (2) 0.220118 (1)
LMM in Ref. [45] 0.310209 0.220216806605
PT in Ref. [45] 0.31020928271393593 0.220216275

this work

0.31020928271393693911011221295317871

0.22021680660657304040504146328957711
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Table 4. Comparison of the critical values of m,, for states with principal quantum number »n =3 and angular momentum quantum
numbers /= 0,1 in the Vy(r) case, with parameters p=1,a = 1.
n=3 =0 =1
Ref. [39] 0.13945029406418 0.11271049836
Ref, [44] 0.139450295 (1) 0.11265 (1)

0.139450
0.13945029406417801

LMM in Ref. [45]
PT in Ref. [45]

this work

0.13945029406417801388235795488972252

0.112710498359
0.1127086527
0.11271049835952494497397295215522491

Table 5.

numbers /= 0,1 in the Vy(r) case, with parameters =1 and « = 1. The notation

responding reference.

Comparison of the critical values of m,, for states with principal quantum number » =4 and angular momentum quantum

indicates that no calculation was reported in the cor-

n=4 1=0 =1
Ref. [39] 0.078828110273172 0.06788537610
Ref. [44] 0.0788281106 (1) 0.067827 (1)
LMM in Ref. [45] 0.078428 0.067885376100
PT in Ref. [45] 0.0788281102731706 -

this work

0.078828110273171565170282204980085099

0.067885376100579552788417968577926856

Table 6.

numbers /=0 and /=1 in the Vy(r) case, with parameters x = 1,a = 1. The notation

corresponding reference.

Comparison of the critical values of m,, for states with principal quantum number » =5 and angular momentum quantum

n_n

indicates that no calculation was reported in the

n=5 1=0 =1
Ref. [39] 0.050583170560 0.045186248
Ref. [44] 0.0505831707 (2) 0.045155 (1)
LMM in Ref. [45] 0.050583 0.045186248071
PT in Ref. [45] 0.0505831703745 -

this work

0.050583170374558799782284408667887461

0.045186248071624990093706122691149700

B 1 I I 1 L

mez
Fig. 1.

m8$

0.0 0.2 0.4 0.6 0.8 1.0 0.00.20.4 0.6 0.81.0 0.00.20.40.60.81.01.2

mez

(color online) Critical boundaries for the number of bound states as functions of « and m,, for specified angular momentum /

in the Vy(r) case, with u fixed at 1. The panels, ordered from left to right, show the cases /=0, /=1, and /= 2. The red (I), blue (II), and
green (III) regions indicate the existence of one, two, and three bound states, respectively.

mentum quantum number /. This indicates that a larger
coupling constant is required to form a bound state as /
increases. Furthermore, the linear behavior of the region
boundaries directly indicates that the critical values satis-
fy relations similar to Eq. (2). Such relations can, in fact,
be determined through dimensional analysis.

B. Results for potential V,(r)

The potential V,(r) is widely used to study molecular
states within OBE models. Its critical parameters reflect
the global properties of the system and are crucial for un-
derstanding the internal properties of the bound states. In
this subsection, we discuss the properties associated with
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this potential. For simplicity, we continue to use the scal-
ar system as an example.

Table 7 provides the critical values of m,, for u=1,
a=1, and A =1, classified according to the quantum
numbers n and /. Because no comparable results for the
critical mass in the V, case are available in the literature,
Table 7 reports only our values. Fig. 2 illustrates how the
number of bound states evolves with the parameters m,,
and a, with A and u fixed, using the same notation as in
Fig. 1. Similarly, Fig. 3 shows how the number of bound
states evolves with the parameters a and A, with m,, and
u fixed.

The results in Table 7 show an interesting feature that
differs markedly from the V, case: for some quantum
numbers 7, the critical value of m,, in the [ =1 case is lar-
ger than that in the /=0 case. The results in Fig. 2 also
exhibit behavior distinct from that in the V, case: the
boundaries of the regions are no longer straight. This in-
dicates that, for finite A, the critical values of m,, and «
do not satisfy a linear relation analogous to Eq. (2). In ad-

dition, when m,, is fixed, the corresponding critical value
of a decreases as the cutoff A increases. This suggests
that a smaller cutoff A has a more pronounced effect on
the existence of bound states.

The results in Fig. 3, with m,, =0.1 and y =1, show
that the critical values of a for the ground state depend
only weakly on A. This suggests that varying A does not
substantially alter the number of bound states in the large-
A regime, particularly for the ground state. To illustrate
this explicitly, we provide a short numerical table, Table
8, from which the trend can be read directly.

C. _Results for potential V,(r)

As in the previous subsection, we use the dipole form
factor with the same cutoff, A = 1. Table 9 shows that the
critical values of m,, are smaller than those in Table 7.
This is expected because, for a given nominal cutoff, the
strength and range of the effective interaction depend on
whether a monopole or dipole form factor is adopted.

Fig. 4 shows that the dependence of a on m,, is simil-

Table 7. The critical values of m,, for u=1, a =1, and A = 1, categorized by the quantum numbers # and / for the V,(r) case.

i

0

1

1 0.67694250611421318125252931447993146
0.20562081503354359818299315422443232
0.10387929422723629079373251602398867
0.062812729606088808273694095206222191

0.20695075065871335259276932355973134
0.10384898223045325459958290388192965
0.063137840555479296025152192163701117
0.042454393767796674198021311139945282

wv R W

0.042070819608385184596535181069213768

5
4
3
S 2
1
0 1 1
4
3
S 2
1
0 1 1
4
3
S 2
1
O | I ST N | | IR ST T T N | IR (R N |

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.00.2 0.4 0.6 0.8 1.0 1.2

Mey Mey Mey
Fig. 2. (color online) Critical boundaries of regions with different numbers of bound states as functions of « and m,, for fixed angu-
lar momentum / and cutoff A for the V;(r) potential, with u fixed at 1. The panels, ordered from left to right, show the cases /=0, =1,
and [/ =2. The red (I), blue (II), and green (III) regions indicate the existence of one, two, and three bound states, respectively.
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Fig. 3. (color online) Critical boundaries for the number of bound states as functions of o and A for specified angular momenta / in
the Vi(r) case, with u fixed at 1 and m,, fixed at 0.1. The panels, from left to right, show the cases /=0, /=1, and /=2. The red (I),
blue (1), and green (III) regions indicate the existence of one, two, and three bound states, respectively.

Table 8. The critical values of a as functions of A in the
case of Vi (r) for /=0, with  fixed at 1 and m,, fixed at 0.1.

A a(l=0,n=1) a(l=0n=2) a(l=0n=3) al=0,n=4)

0.5 0.096 0.482 1.173 2.171
1.0 0.088 0.395 0.954 1.760
1.5 0.086 0.365 0.874 1.610
2.0 0.085 0.351 0.832 1.530
2.5 0.085 0.343 0.806 1.479
3.0 0.085 0.338 0.788 1.443
3.5 0.084 0.335 0.775 1.417
4.0 0.084 0.332 0.766 1.397

ar to that in Fig. 2, while Fig. 5 closely parallels Fig. 3 for
the dependence of a on A. In addition, for the dipole form
factor with the same A, a smaller m,, and a larger coup-
ling o are required for bound states to appear. By read-
justing A, similar critical values can be reproduced with-
in our framework.

D. Results for DD system

In this subsection, we extend the preceding discus-
sion to the DD system. The kernels K5 and the poten-
tial Vp5 introduced below follow Ref. [48] for the J =0
DD channel; they should not be confused with the dipole
form-factor potential denoted by V,(r) in Sec. 3.3. The
energy spectrum of this system was studied in Ref. [48],
where the corresponding potential in the Schrddinger
equation for the J = 0 state is given as follows:

3 1.
Kpp(q) =ig’ {ZK(q, m,) + ZK(q,mw)}

+ig, K(gq,my), (24)

3_ 1.
Vpp(r) = —4na {Z V(r,m,)+ ZV(r, mw)}

—4na, V(r,m,), (25)
e 2
where @ = an %= 4 and
_ 1 (A2 —m? )2
K(q,m.,) = =, 26
(g, me) e \ Al g (26)

_ 1 > a0
V(r,m,,) = S [Ze_m”’ —2e N +e—Ar(WlexA7)r]

@27

We note that the form factor used here is not the dipole
form but rather the specific form adopted in Ref. [48].

In Ref. [48], the coupling constants are taken to be
g, =-0.76 and g=5.247 (or =2.19 and «, =0.046).
Since a, is much smaller than a, we fix its value in the
following discussion to study the effects of a and A. The
masses of the exchanged bosons are taken to be
m,=0.776 GeV, m, =0.783 GeV, and m, =0.6 GeV.
The masses of D and D are taken to be mp, = mp = 1.867

Table 9. The critical values of m,, for u=1, =1, and A = 1, categorized by the quantum numbers » and / in the V,(r) case.
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0

1

0.58558680838334368160717264884765735

0.18270070240342597051691912003895539
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0.058534282044609208097652179586460915

[V R N VS N S
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0.040805728711342126763446926499838344
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Fig. 4. (color online) Critical boundaries for the number of bound states as functions of o and m,, for a given angular momentum /
and cutoff A in the V,(r) case, with u fixed at 1. The panels, from left to right, show the cases /=0, I=1, and /=2. The red (I), blue
(II), and green (I1I) regions indicate the existence of one, two, and three bound states, respectively.
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Fig. 5. (color online) Critical boundaries for the number of bound states as functions of @ and A for specific angular momentum / in
the V»(r) case, with u fixed at 1 and m,, fixed at 0.1. The panels, ordered from left to right, correspond to /=0, /=1, and /=2. The red
(D), blue (II), and green (I1I) regions indicate the existence of one, two, and three bound states, respectively.
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Fig. 6. (color online) Critical boundaries indicating the number of bound states as functions of a and A for specified angular mo-
mentum / in the DD system. The panels, from left to right, show the cases for /=0, /=1, and /=2. The red (I), blue (II), and green (III)
regions indicate the existence of one, two, and three bound states, respectively.

GeV. GeV and A =1.76 GeV.

In Fig. 6, we show the critical boundaries for the The results in Fig. 6 suggest that the critical value of
number of bound states as functions of a and A, using the a for the ground state depends only weakly on A when
same notation as in Fig. 1. For comparison, the paramet- A >2 GeV. To illustrate this behavior in detail, Table 10

ers used in Ref. [48] are also indicated by the two black lists the corresponding values. These results show that the
triangles, which correspond to @ =2.191 with A =1.46 variation of o with A is much milder for A €[2,4] GeV
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Table 10. Critical values of a as functions of A for the /=0
state in the DD system.

A al=0n=1) al=0,n=2) a(l=0,n=3) al=0,n=4)
1.0 8.302 48.526 121.416 226.849
1.5 1.927 11.241 28.044 52.311
2.0 1.257 7.216 17.920 33.361
2.5 1.025 5.758 14.240 26.476
3.0 0.910 5.003 12.336 22918
3.5 0.843 4.538 11.166 20.736
4.0 0.799 4.220 10.371 19.252

than for A €[1,2] GeV.

Figure 7 shows the number of bound states N as a
function of A for @ =2.191, 5, 10, and 20. For coupling
strengths typical of the present phenomenological con-
text, N remains equal to 1 for A > 1.4 GeV. For a=5, N
also remains equal to 1 for A > 1.1 GeV. For larger val-
ues of a, N increases with A.

In Fig. 8, we show the binding energy E, as a func-
tion of the coupling constant a for fixed A in the /=0
case. The parameters used in Ref. [48] are also indicated
by the two black triangles. The notations 1%, 2", and 3%
refer to the first, second, and third bound states with / =0,
respectively. The results show that E, is nearly linear in
a. As a increases, additional bound states appear, demon-

a L a=2.191 a=5 |
—1
T |=ih T 1
Z 2k I%{ef J- i
1k
0 t t t t t t t t t t
a=10 a=20

< 5L |
1 b—o = 4
0 1 1 1 1 1 1 1 1 1 1
10 15,20 25 30 35 10 15 20 25 30 35 40
A (GeV) A (GeV)
Fig. 7. (color online) Number of bound states N as a func-

tion-of A for selected values of a at /=0 in the DD system.

strating that the magnitude of the coupling constant plays
a critical role in determining the number of bound states
ata fixed cutoff A.

In Fig. 9, we show the binding energy E, as a func-
tion of the cutoff A for fixed coupling constant a and an-
gular momentum /. The results indicate that E, is nearly
linear with respect to the cutoff A at large A. When « is
fixed at 2.19 (the value used in Ref. [48]), only one
bound state is obtained.

0.02
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Fig. 8.
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«Q o

(color online) The binding energy E, as a function of a for fixed A in the /=0 case of the DD system. The panels, ordered

from left to right, show the cases for A=1.46 GeV, A=1.76 GeV, and A =5 GeV. The red, blue, and green lines denote the first,
second, and third bound states, respectively. The two black triangles correspond to the results obtained using the parameters given in

Ref. [48].
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Fig. 9. (color online) Binding energy E, as a function of A for fixed angular momentum / and coupling constant « in the DD system.

The panels, ordered from left to right, show the cases for @ =2.19, a =5, and @ =10. The red, blue, and green lines denote the first
bound state with /=0, the second bound state with /=0, and the first bound state with /= 1, respectively. The black triangle indicates
the results obtained using the parameters given in Ref. [48].
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Fig. 10. (color online) The number of bound states N as a

function of A for selected values of o at /=0 in the BB sys-
tem, with the interaction parameters taken from the DD ana-
lysis as a test.

For comparison, we apply the same interaction para-
meters directly to the BB system. The corresponding res-
ults for the number of bound states N are shown .in
Fig. 10 and exhibit trends similar to those in the DD case.

Taken together, these results indicate that the exist-
ence and multiplicity of bound states are strongly correl-
ated with the coupling constant a, particularly when « is

small, but depend only weakly on the cutoff A over a
broad region.

IV. SUMMARY

In this study, we investigate the critical behavior of
bound states in the Yukawa potential and a modified ver-
sion of it, both of which are widely used in the OBE mod-
el for hadronic molecular states. The analysis is based on
a highly accurate numerical method. Our numerical res-
ult for the critical mass m,, of the ground state is consist-
ent with values reported in the literature. Furthermore,
our results for the /=1 case are significantly more pre-
cise than previously reported values. For the DD hadron-
ic molecular system, our results indicate that the number
of hadronic molecular states is only weakly sensitive to
the cutoff A over a broad range (for example, @ <5 and
A > 1.5 GeV), although the binding energies may still de-
pend on A, as discussed above. This behavior suggests an
interesting global regularity in hadronic molecular states.
Finally, this highly accurate numerical method can be
straightforwardly applied to higher-/ cases or other sys-
tems.
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