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Abstract: We aim to evaluate the complexity of self-gravitating matter distributions with anisotropic pressure and
an electric field. The modified field equations associated with f(R,G) gravity, including the effects of electric
charge, and the expressions for the mass function are derived, where R is the Ricci scalar and G denotes the Gauss--
Bonnet invariant. The concept of complexity, suggested by Herrera and collaborators in 2018, is further elaborated
in the context of a charged cylindrically symmetric system by considering the framework of f(R,G) theory and car-
rying out a comprehensive evaluation of the orthogonal splitting of the Riemann curvature tensor. Among the de-
rived scalars, Y7, is referred to as the complexity factor; it includes the impacts of specific intrinsic features of the
fluid, such as variations in energy density, anisotropic pressure, and electric charge. Furthermore, the results ob-
tained in the presence of additional curvature terms corresponding to f(R,G) gravity are studied by establishing a re-
lationship between the Tolman mass, the Weyl scalar, and the complexity factor. This analysis is relevant from an
astrophysical perspective, since compact stellar interiors are expected to involve dense matter, pressure anisotropy,
electromagnetic effects, and strong-field relativistic corrections. In this context, the complexity factor Y, provides a
geometric diagnostic for measuring how density inhomogeneity, local anisotropy, charge distribution, and modified
Gauss--Bonnet corrections influence the internal organization and stability of neutron-star-like compact configura-
tions. The consideration of a polytropic equation of state further connects the proposed scenario with the effective
modeling of dense compact-star matter.
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I. INTRODUCTION

The structural composition of distinct celestial ob-
jects is highly relevant for assessing the dynamics of the
cosmos. The diverse compositional features of a self-
gravitating system may affect its structure, which is char-
acterized by the system's complexity. Distinct physical at-
tributes determine the complexity of dense matter, each
reflecting a unique characteristic related to the stability
and internal composition of the fluid. The fluid distribu-
tion from the center to the external boundary is crucial for
analyzing complexity. A uniform density distribution im-
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plies the absence of tidal forces, fewer internal fluctu-
ations, and, consequently, minimal complexity within the
system. In contrast, a gradual outward decrease in dens-
ity indicates deformations in the inner curvature, which
increase complexity. Furthermore, additional degrees of
freedom resulting from disruptions of internal matter
symmetries consequently increase the complexity of the
system.

Gravitational entropy, which measures a system's in-
trinsic variations, directly affects the complexity of mat-
ter. In addition, gravitational entropy plays a crucial role
in determining the curvature and inhomogeneous nature
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of matter caused by gravity. The beginning of the uni-
verse is characterized by minimal degrees of freedom and
lower curvature and is accurately described by consider-
ing the basic characteristics of matter. The minimal grav-
itational entropy arising from the homogeneous composi-
tion of matter corresponds to the early phase of the uni-
verse. As the universe evolved, gravity induced instabilit-
ies in its structural configuration, and the formation of ir-
regular compact objects increased cosmic gravitational
entropy. This describes the evolution of gravity from its
most fundamental state to complex celestial formations.
Therefore, it can be asserted that a larger value of gravita-
tional entropy corresponds to an increase in the complex-
ity of any system.

The concept of complexity has significant implica-
tions in many scientific domains. Recently, multiple at-
tempts have been made to develop an appropriate cri-
terion for evaluating the degree of complexity in various
research disciplines [1—4]. Despite these efforts, there is
still no consensus on a specific interpretation of complex-
ity. Any system consists of organized and interrelated
components. Complexity within such systems may arise
from slight or severe disruptions among their compon-
ents. Entropy and information were once considered im-
portant components in determining the intricacy of any
system. However, the analysis of a perfect crystal and an
ideal gas is particularly relevant for evaluating complex-
ity within the context of mathematical physics. A perfect
crystal has a symmetrical arrangement of atoms
throughout its entire structure. In this case, limited in-
formation is required because only a small section ex-
plains the structure of the complete system. In an ideal
gas, however, each particle is randomly dispersed,
providing maximal information even within a small por-
tion. Consequently, one can state that complexity is not
manifested solely through the composition of a system,
which emphasizes the need to include additional ele-
ments in describing the complexity of a system. Further-
more, the pressure associated with fluid distribution is a
critical component in establishing the basic attributes and
evolution of astronomical systems.

Within the domain of GR, Herrera [5] developed a
new concept of complexity, according to which the com-
plexity of self-gravitating cosmic structures can be de-
scribed by using a specific combination of the physical
features of the system. The trace-free component (Yrr)
was derived through the orthogonal decomposition of the
Riemann curvature tensor together with the aforemen-
tioned parameters. This scalar variable, referred to as the
CF, governs the degree of complexity of cosmological
formations. The unique idea that the complexity factor
vanishes in relation to static self-gravitating configura-
tions was extensively studied by Herrera [6]. In this case,
the complexity factor includes dispersive factors; there-
fore, the approach of fundamental expansion suggested

by the associated constraint must be considered for a
complete analysis of complexity. In recent years, re-
search has motivated the evaluation of self-gravitating
fluid distributions in the static context of complexity. A
thorough consideration of the limitations related to this
attempt, as discussed in [7-9], provides the main reason
for challenging the understanding of complexity. Numer-
ous studies on the intricacy of the composition of the uni-
verse are available in the literature [10—25]. Bayin [26]
derived mathematical solutions for studying the impact of
anisotropy on spinning and radiating spherical compact
objects. Nasir et al. [27] determined the CF by consider-
ing anisotropic fluid dispersion as well as the presence of
an electric field. They determined the structural scalars as
a consequence of the orthogonal decomposition of the
Riemann curvature tensor and identified one of them as a
complexity factor.

Herrera et al. [28] investigated hyperbolically sym-
metric structural compositions and assessed the relev-
ance of structure scalars obtained from the orthogonal de-
composition of the Riemann tensor. They established the
relations between the Tolman mass and the Misner-Sharp
mass by considering the peculiar configuration and con-
cluded that the Tolman mass represents the negative as-
pect of the system. Sharif and Butt [29] implemented the
same technique as that considered in GR to compute the
CF corresponding to the spherically symmetric composi-
tion. Herrera and Santos [30] analyzed the effect of the
anisotropic nature of matter on the development of celes-
tial objects. Herrera et al. [31] considered the orthogonal
representation of the Riemann curvature tensor together
with the expression for the curvature invariant to charac-
terize the attributes of the spherically symmetric compos-
ition of celestial objects. Elizalde et al. [32] studied the
dynamics of dark energy cosmology within the context of
Gauss-Bonnet gravity framework in the presence or ab-
sence of distinct scalar fields and explained the CDM
cosmological phase without the consideration of cosmo-
logical constant. Bhatti et al. [33] considered the concept
of intricacy to evaluate non-static structures in the form-
alism of modified gravity, derived formulas related to the
mass function in the presence of anisotropic configura-
tions, and suggested that the presence of dark source
terms increases the complexity of the system.

Albert Einstein proposed a novel theory of gravity,
termed general relativity (GR), in 1915, establishing the
relationship between matter and geometry in space-time
through the well-known field equations. He determined
that our universe is fundamentally static, implying that it
neither expands nor contracts over time. Later, after
studying galaxy clusters, Edwin Hubble detected red-shif-
ted light emitted by them and concluded that galaxies are
moving away from one another. As a result, he asserted
that the cosmos was expanding at an accelerated rate. The
A-CDM model, which was established in GR, is con-
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sidered an exceptionally plausible formalism for explain-
ing the development of compact objects at the galactic
level. Subsequently, numerous conceptual and observa-
tional problems were identified within the framework of
GR, which prompted the idea of its generalization. Fur-
thermore, recently discovered evidence suggests the ex-
istence of an extremely large amount of dark matter (DM)
and dark energy (DE), emphasizing the importance of a
comprehensive understanding of the fundamental com-
position of our universe. The presence of DM on both
galactic and cosmic scales, the emergence of singularit-
ies at the centers of black holes, and the ambiguity associ-
ated with the role of DE are some unresolved issues in
GR. Despite the importance of GR in astrophysical stud-
ies, it is considered inadequate for explaining the acceler-
ated expansion of the universe. Consequently, modifica-
tions of GR could provide an appropriate description of
the presence of DM and DE, along with accelerated cos-
mic expansion.

Several modified theories of gravity have been pro-
posed to explain the fundamental features of the expand-
ing cosmos. The f(R) theory of gravity is considered a
highly generalized case of GR, in which the Ricci scalar
R replaces the general action function. In contrast to GR,
Nojiri and Odintsov [34] asserted the validity of f(R)
gravity within several frameworks that are consistent with
certain solar-system findings for analyzing the intriguing
characteristics of the cosmos. Many researchers have
considered the framework of f(R) theory [35] to analyze
the relevance of numerous factors that lead to anomalies
in self-gravitating formations and to obtain precise solu-
tions for the appropriate equations of motion. Bamba et
al. [36] studied the A— CDM model of the cosmos with-
in the framework of f(R) theory, as well as the specific
features of DE. The physical properties of relativistic
compact objects have been widely studied using modi-
fied gravity theories. In particular, researchers have ex-
plored the formation and stability of electrically charged
compact cosmic structures by applying alternative ap-
proaches within theories that include coupling between
matter and geometry [37—48]. M Yousaf et al. [49] stud-
ied the structural characteristics of wormhole geometries
in the framework of modified gravity after the considera-
tion of Visser cut-and-paste approach to construct thin-
shell wormholes. These theories often involve modifica-
tions to the gravitational action, such as adding a quadrat-
ic term in the Ricci scalar. Moreover, the influence of
complexity on anisotropic charged fluid distributions has
been analyzed in static, spherically symmetric space-
times, revealing the importance of modified gravity in es-
tablishing the internal configuration of such systems.
These studies have derived the hydrostatic equilibrium
and field equations, resulting in the Misner-Sharp mass
function and a related complexity factor [50]. In addition,
a growing number of studies have examined how differ-

ent models of modified gravity affect the formation, evol-
ution, and structure of astrophysical systems [51—67]. To-
gether, these studies enhance our understanding of how
gravitational modifications influence various cosmic phe-
nomena [68—82].

The Gauss-Bonnet theory of gravity has also been
proposed as another alternative theory that includes a
commonly defined function f(G), in which G is ex-
pressed as the Gauss-Bonnet invariant with the expres-
sion G = R* — 4R, R“" + R;,,, R . In the context of string
theory [83], the Gauss-Bonnet invariant, which is a high-
er-dimensional topological constant, may be effective in
describing several intriguing cosmic phenomena. Taking
this into consideration, Nojiri et al. [84] reviewed vari-
ous specific frameworks of f(G) theory to illustrate the
mysterious nature of DE and its prominent significance in
cosmic expansion. Cognola et al. [85] established that,
within the framework of certain models, the Gauss-Bon-
net theory imposes constraints on solar-system tests.
Bhatti et al. [86, 82] determined a feasible solution re-
lated to a compact object and evaluated its physical com-
position with the help of graphs in modified gravity.
Bhatti et al. [87] studied the factors that are important for
maintaining the durability of a spherically symmetric
composition and calculated the collapse equation as a
consequence of the disruption of the revised equations of
motion.

Another important generalization of GR is the f(R,G)
theory, which effectively provides a description of accel-
erating cosmic expansion without considering dark en-
ergy. This gravitational framework can play a crucial role
in determining solutions to issues associated with the pre-
liminary era of cosmic inflation because both the Gauss-
Bonnet invariant G and the Ricci scalar R specify two dif-
ferent phases of cosmic expansion. Furthermore, differ-
ent transition phases in the life span of celestial objects
are precisely described by assuming f(R,G) theory. In
high-density compact-star interiors, curvature corrections
may act as effective geometric contributions that modify
the balance among gravitational attraction, pressure
gradients, anisotropic stresses, and electromagnetic repul-
sion. Therefore, the study of charged anisotropic com-
pact configurations in f(R,G) gravity can provide useful
insight into how modified gravity effects may alter the
structure and stability of dense astrophysical objects. This
makes the present framework relevant to nuclear astro-
physics, where compact stars are commonly used to
probe the behavior of matter in extreme regimes.

The relationship between the Ricci scalar R and the
Gauss-Bonnet invariant G corresponds to significant dis-
tinctive physical aspects that establish the difference
between f(R,G) theory and GR. This interaction contrib-
utes to the physical features of gravity through the incor-
poration of extra degrees of freedom together with
curvature terms, resulting in a detailed description of cos-
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mic development and various astrophysical events.
However, if the basic formalism of f(R,G) gravity does
not satisfy the required stability criteria, these extra de-
grees of freedom can lead to ghost instabilities. Specific-
ally, an inadequate functional dependence on R and G, or
a mismatch between these curvature invariants, can pro-
duce kinetic terms with a negative sign, indicating the
possibility of ghost models that correspond to the incon-
sistency of the considered theory of gravity. Con-
sequently, it can be asserted that the study of ghost-free
conditions is imperative for determining the mathematic-
al compatibility of f(R,G) theory of gravity. Distinct
mathematical approaches have been proposed in the liter-
ature to avoid ghost instabilities in the formalism of
f(R,G) gravity. The key objective is to guarantee that the
incorporation of extra degrees of freedom determined by
higher-order curvature invariants corresponds to positive
kinetic energy and does not cause Ostrogradsky instabilit-
ies. To develop a dynamically feasible f(R,G) frame-
work, stability constraints must be applied to the derived
form of the action. A basic condition is that the kinetic
matrix related to the additional scalar modes is strictly
positive, ensuring that the propagating degrees of free-
dom possess positive energy. The consideration of specif-
ic constraints on functional derivatives, particularly
f&>0 and frg >0, ensures a positive functional gravity-
based interaction and prevents the scalaron from becom-
ing a ghost or tachyon. Similarly, the derivatives related
to the Gauss-Bonnet invariant should satisfy appropriate
positivity criteria to ensure the physical stability of the
Gauss-Bonnet scalar mode.

The explicit relationship between the Gauss-Bonnet
invariant and the Ricci scalar induces new physical im-
plications that are not specified in GR or f(R) theories of
gravity. This linkage establishes a direct interaction
between the dynamical characteristics of matter and the
structural configuration of spacetime and further
strengthens the significance of the dynamical evolution of
matter in gravitational dynamics. The presence of the
Gauss-Bonnet invariant in the action indicates an explicit
effect on spatial curvature implied by basic physical para-
meters such as pressure, anisotropy, and energy density.
This indicates an alternative framework of the hydrostat-
ic equilibrium constraint corresponding to self-gravitat-
ing fluid compositions, revising the mass-radius relation-
ships and complexity evaluation for extremely dense mat-
ter configurations. The consideration of particular dynam-
ical or parametric constraints results in a simplified form
of f(R,G) gravity as the basic theory of gravity. The
f(R,G) theory of gravity can be simplified to f(R) grav-
ity by removing the dependence on the Gauss-Bonnet in-
variant G. Subsequently, the gravitational Lagrangian de-
pends only on the Ricci scalar, and the resulting formal-
ism of gravity preserves the conserved framework of the
energy-momentum tensor, with additional curvature im-

plications providing deviations from GR. Moreover, the
combined consideration of the Ricci scalar and the
Gauss-Bonnet invariant accurately characterizes the dy-
namical properties of mysterious dark components, such
as dark matter and dark energy, without invoking exotic
matter.

Odintsov et al. [88] considered the f(R,G) formalism
to establish distinct dark energy frameworks. The specif-
ic constraints related to weak fields in the background of
f(R,G) theory were evaluated by Laurentis and Revelles
[89]. They also evaluated particular frameworks corres-
ponding to f(R) and f(G) theories and suggested that a
generic model similar to the Green function could be de-
rived within the Newtonian limit of f(R,G) gravity.
Atazadeh and Darabi [90] determined certain energy con-
straints and the stability of cosmic findings within the
framework of several models associated with the modi-
fied theory. Laurentis et al. [91] addressed the inflation-
ary phase of the cosmos by considering the framework of
f(R,G) theory and evaluating the linkage between vari-
ous astronomical findings within the context of two spe-
cific expressions for masses associated with the Ricci
scalar and the Gauss-Bonnet invariant. Bhatti et al. [92]
investigated the formation and emergence of gravastars
through the formalism of f(R,G) theory and described
their distinct regions by considering a specific equation of
state. Compact stars, especially neutron-star-like objects,
provide important astrophysical laboratories for examin-
ing matter under extremely high-density conditions. In
such systems, the equation of state (EOS), pressure aniso-
tropy, electromagnetic contributions, and relativistic hy-
drostatic balance play crucial roles in determining the in-
ternal structure, mass distribution, and stability of the
stellar configuration. Since the microscopic behavior of
dense nuclear matter is still not uniquely fixed, effective
relativistic models based on anisotropic fluids and poly-
tropic EOS remain useful for exploring the macroscopic
consequences of dense-matter physics in strong gravita-
tional fields.

The Tolman-Oppenheimer-Volkoff (TOV) equation
is a well-known equation that specifies the relationship
between stellar formation and the metric in the case of
conserved energy. The EOS is also significant for assess-
ing the fundamental components of a compact object. It is
essential to note that the anisotropic form of the EOS is
significant for calculating solutions to the hydrostatic
equilibrium equations. Furthermore, the polytropic EOS
has considerable importance because it defines the rela-
tionship between pressure and density, and its solution
leads to the derivation of the Lane Emden equation
(LEEq) [93, 94]. Thirukkanesh and Ragel [95] devised a
framework in which the Einstein field equations were
amended to establish two separate models in an identical
form after taking into account the polytropic EOS. They
assessed that the effects on mass and energy density were
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consistent with the observed findings. The primary goal
of this manuscript and the challenges it addresses are giv-
en below:

e We assess the concept of complexity within the
formalism of f(R,G) gravity, taking into account the find-
ings presented in [5]. Anisotropic matter distribution and
non-uniform energy density are two particularly import-
ant factors in analyzing the complexity of the structural
composition. The structural parameters are determined
through the orthogonal splitting of the Riemann tensor.
The scalar Y7, which incorporates the effects of non-uni-
form energy density, anisotropic matter distribution, and
the dark source terms arising from f(R,G) gravity on the
total energy of the matter composition, is identified as the
complexity factor.

e The consistency of the diminishing complexity con-
dition is assessed by considering two specific frame-
works proposed by Gokhroo and Mehra [96], thereby es-
tablishing the significance of the basic parameters in
f(R,G) gravity.

e We discuss the astrophysical relevance of the ob-
tained complexity factor by relating it to dense compact-
star matter, pressure anisotropy, electromagnetic effects,
polytropic EOSs, and hydrostatic equilibrium. Thus, the
diminishing-complexity constraint is interpreted as an ef-
fective restriction on the internal organization and stabil-
ity of neutron-star-like compact configurations.

Our manuscript is arranged as described below: Par-
ticular terms and notations are specified in Sec II. In Sec.
111, the baisc formation of f(R,G) gravity, as well as cer-
tain incredibly important aspects having significant relev-
ance in the study, are discussed. We determine the specif-
ic relations between gravitational mass, Tolman mass,
and the conformal tensor in Sec. IV. Moreover, the im-
portance of these relations in assessing the complexity is
also discussed. In Sec. V, orthogonal splitting of the
Riemann tensor yields multiple structural scalars out of
which one is referred as the CF and is significant in as-
sessing the system's complexity. The particular solutions
associated with the alternative field equations for f(R,G)
theory in the context of zero CF restraint are derived in
the context of f(R,G) theory in Sec. VI. The astrophysic-
al implications of our findings are expressed as Sec. VII.
Finally, we provide a summary as closing remarks in
Sec. VIIIL.

II. IMPORTANT TERMINOLOGIES AND
NOTATIONS:

We begin by specifying the key terms and symbolic
representations used to describe our results. We consider

ut = (A1,0,0,0); and F = (0,87',0,0), as the four-velo-
city and the four-vector associated with the cylindrical
fluid distribution, respectively. These quantities satisfy
the constraints [/, =-1, w‘u,=1, and Fu,=0. The
cylindrical matter distribution implies the vanishing
of the magnetic part of the conformal tensor, while
the corresponding electric part is written as E =
Crpatu®, &,a=0,1,2,3.1t is also subject to the con-
straints B; =0, B, =Egy, and E,u’=0. In this
manuscript, we consider structure scalars to evaluate the
CF corresponding to the charged, highly dense matter dis-
tribution. We consider the following representation of
tensors [31, 97]

Y{,] = R{ﬁﬂl/{‘rl/l/l, (1)
_ T A _ 1 TéE A

Ziy = Reep'u” = EmmfRnu” w, &Y
_ T A _ 1 A6 T U

Xey = "Repau'u” = ET]{TR@WM ut, (3)

where x denotes the dual tensor and T]?ﬁ is the Levi-Civ-
ita symbol, which takes the values —1, 1, and 0, specify-
ing the negative, positive, and zero fluctuations, along

with Ry,s = Em/sgaRﬁﬁ. These tensors define the orthogon-

al decomposition of the Riemann curvature tensor [98]. It
is important to note that, in our case study, Greek indices
run from O to 3.

III. REVISED EQUATIONS OF MOTION AND
PRIMARY VARIABLES

A cylindrically symmetric matter configuration with
anisotropic pressure and electric charge is considered to
establish the mathematical framework of this study. The
modified equations of motion associated with f(R,G)
gravity are solved, leading to a description of the cyl-
indrically symmetric structure in terms of various kin-
ematical parameters that are important for defining the
structure scalars. The action associated with f(R,G) grav-
ity has the following form [99]

1
Srwe) =57 / V=gf(R.G)d"x+ / (L + Len) V—gd'x,
4

Here, £, and Lgy denote the matter Lagrangian and
electromagnetic Lagrangian, respectively. Furthermore, g
denotes the determinant of the metric tensor

G =R 5,pR"°" —4R sR”° + R,
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denotes the Gauss—Bonnet invariant. Varying the action
with respect to g, yields the modified field equation as

ma 1
E(ﬂ"'KTg(n ) =Ry - Eg(nR’ (5)

where the expression for X, is described as

2{” :V(Vr,fR - g[anR + 2RV(V’7fG
~2g,0Rf5 — 4RIV, V, fo — 4R
XV, V,fo +4R,0fc +48,R"V,

1
X vac + 4R4W,V“vac - Eg{,]V

+ (1= 10 (Ra~ 380k, ©

Here, fz and f; represent the derivatives with respect to
the Ricci scalar R and the Gauss-Bonnet invariant G, re-
spectively. The energy-momentum tensor 7™ charac-
terizes the anisotropic distribution of the fluid and is
mathematically expressed as [100, 101]

T = pul u, — PhE + 115, @)
where
o1 P, +2P
H§,=H(J"Jr,+§h§,); P=—= ®)
and
N=P,-P.; h=5—iuu, ©)

where j¢ denotes the circular dimensions, IT denotes the
anisotropic tensor, and /4 specifies the projection tensor.
In the anisotropic-pressure scenario considered in this
manuscript, £, and P, represent the tangential and radi-
al pressure components. The consideration of cylindric-
ally symmetric spacetime yields simplified field equa-
tions, making them useful for assessing estimation tech-
niques, numerical methods, stability, and anisotropic mat-
ter distributions in the context of more restricted symmet-
ries than spherical spacetime. It demonstrates the non-
spherical relationships between geometry and matter and
refers to the violation of the uniqueness theorem, specify-
ing an expanded solution space in the formalism of GR.
Furthermore, cylindrically symmetric spacetime plays a
crucial role in GR and alternative gravity theories be-
cause of its capacity to describe precisely the fundament-
al characteristics of compact objects and to serve as a
benchmark for gravitational waves and anisotropic mat-
ter distributions.

They provide the required analytical and mathematic-

al formalism for establishing the relationship between
gravity theories and cosmic phenomena. The nonlinear
representation of modified gravity theories complicates
the solution of field equations, whereas the consideration
of cylindrically symmetric spacetime leads to a simpli-
fied form of these equations. In the formalism of alternat-
ive gravity theories, cylindrically symmetric spacetime
offers a thorough explanation of topological effects, par-
ticularly conical singularities. In GR, the cosmic string
represents a flat and conical spacetime, and the corres-
ponding deficit angle specifies substantial physical attrib-
utes. In the formalism of modified gravity theories, this
deficit angle may vary because of additional fields or ex-
tra curvature terms.

Cylindrical spacetime in the framework of revised
gravity theories offers a comprehensive interpretation of
global characteristics. The consideration of cylindrical
spacetime in the formalism of alternative theories simpli-
fies the analysis of physical characteristics related to light
cones and confined timelike curves.

The analysis of gravitational waves within the formal-
ism of modified gravity theories includes additional po-
larization phases, and the wave equations related to these
phases and their relationships with matter can be studied
efficiently using cylindrical wave solutions. The cyl-
indrically static metric is used to study the interactions of
dynamically included fields from various gravity theories.
The evaluation of the cylindrical distribution of mass and
energy over a significantly extended area is important in
astrophysics and cosmology. The assumption of cyl-
indrically symmetric spacetime, together with the formal-
ism of alternative gravity theories, anticipates the emer-
gence of cosmic strings in early cosmic evolution. A cos-
mic string specifies a thin, extremely dense thread of en-
ergy that stretches across the universe. Massive molecu-
lar clouds are usually compressed into string-like struc-
tures, and cylindrical spacetime provides a description of
such developments in astrophysics. Galaxies with signi-
ficant borders may have a cylindrical core instead of a
spherical one, so the gravitational potential related to the
center of these galaxies can be determined through cyl-
indrically symmetric spacetime.

The emergence of an intense magnetic field can dis-
rupt spherical symmetry and develop a matter configura-
tion with cylindrical symmetry. Furthermore, the cyl-
indrical metric thoroughly illustrates the dynamics of the
gravitational field and the structural configuration of
spacetime surrounded by cosmic strings. The cylindrical
formalism assumes a conical spacetime, resulting in a
particular gravitational lensing configuration instead of
deformed images. Our cosmos is formed as a cosmic
web, with galaxy clusters, filaments, and voids. The fila-
ments are enormous, uninterrupted clusters of dark mat-
ter and galaxies, and on broader scales these filaments are
specified as infinite cylinders. The assumption of cyl-
indrical metrics provides a description of the stability of

015101-6



Astrophysical aspects of complexity factor in charged compact fluid...

Chin. Phys. C 51, 015101 (2027)

such filaments at observed scales. Subsequently, it can be
concluded that the cylindrically symmetric framework is
an exceptionally effective approach for determining fun-
damental physical characteristics from cosmic strings and
huge cosmic filaments, particularly in the context of ana-
lyzing unconventional impacts anticipated by alternative
theories of gravity. In our case study, the inner composi-
tion is evaluated by considering the following cylindric-
ally symmetric metric [102]

ds® = A2 (n)dr® = B*(n)dr* — r*d0* — Pa?d. (10)

The coordinate ranges 0 < r, 0 <0 <27, —00 < 7 < +00,
—oo <t < 400 are used to describe a static cylindrical mat-
ter distribution. The modified field equations for f(R,G)
gravity are

G =8aT 8D =8 (TF™ + 77 +EE), (1)

n
The value of T,‘;(m is determined by considering Eq. (5),

TP =YV, fr — 850 i + 2RVEY, f — 28"
X OR f — 4RV, f = ARVV, VE £
+4R O +48 RV, fo + (1= fr)

X (RS — % ER) +4RS, VIV f — % gv. (12)
This is the energy—momentum tensor associated with
self-gravitating matter, which is governed by the internal
configuration of the celestial object within the frame-
work of f(R,G) gravity.
The electromagnetic energy—momentum tensor is giv-
en by the following expression:

1 1,
B, = " {-Fan5+ ZF" F&gm} , (13)

where Fy, =y, -V, and ¥, denote the electromagnetic
field tensor and the four-potential, respectively. The rel-
evant electromagnetic field equations are

Fl{'?” = é’().]'[, F[.Z’F‘S] = O, (14)

where J¢ and ¢, are specified as the four-current and
magnetic permeability, respectively. It is assumed that
stationary charges correspond to the absence of a magnet-
ic field. Thus,

Y = ()oY, (15)

where y is a scalar potential that specifies the radial com-
ponent of the electric field and depends only on the radi-
al coordinate . The electric charge contained within a
cylindrically symmetric charged matter distribution can
be determined as

q(r)=4n / V/Irz V8adr. (16)
0

Here, 4 denotes the electric charge density, and B(r) is a
metric function associated with the radial component of
the spatial configuration. Within the framework of
f(R,G) gravity, the modified equations of motion are

I 34° 1 28
8 o _ —} = -, 17
d _p+¢0 nrtl  rBr B an
[ 3¢ 2A 1
8 | —P, +yy P - } = , 18
PN i | T st e (1o
r 2 ﬂ” AB
r | P+ - L) T
G e e T
B A
T8 rAs (12)
where yo”, y,”, and y;"” are the dark source terms as-

sociated with f(R,G) gravity, and their expressions are
given in the Appendix. The hydrostatic equilibrium equa-
tion is derived from the conservation of the energy-mo-
mentum tensor

PA AR upy AP, P, AB
a8 g tas e e
s ()
1+24+725 D)4 2
- ( * r - A A 8 \r*®?
28 oy, 3B, PL
N G )
2r o) 7 2P, 34%
B @lf/j  An B * 1B A B C

The above equation characterizes the anisotropic de-
velopment of a fluid and is known as the TOV equation,
which can aid in analyzing the fundamental physical
structure of a cylindrically symmetric system. Moreover,
the TOV equation is commonly used to determine the
substantial characteristics of astronomical objects. The
use of Eq. (18) results

A 42
=(=

34° ) 1
v L — 4P o) _ -4 ) _ =
A —mr+4q2) < APy +dmry 273 r
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’

A
After substituting A together with the specific rela-

tions for the radial and tangential pressure components
derived from the field equations, the hydrostatic equilibri-
um equation takes the following form:

&) AA o) ( 2) 11(D) i( 7 )
(Bz * Bzw * 1+r v +87T r* B2

28" i 3B P, 2r
+— + -
B v dartB:  rB2 B2

% l//ZZ(D) _9q g 2P, 3¢? af,

+— 4 -

ArB2rS  rB2  AnriB? rB?
] ()

+{Bz+82+w r2—mr+4q*

32 1 2
x (—4ﬂr§",—47rr1//11(D)— 24, l”ﬂ -0. (22)

213 4r 2

IV. RELATIONSHIP BETWEEN MASS FUNC-
TION AND THE CURVATURE TENSOR

The Riemann tensor Rj, is generally expressed in
terms of the Weyl tensor Cj,, and the Ricci tensor R}

Riscy = Coen + 5R:8pn = 5 RecOy + 5 Rony
1

1
~ R8s~ ¢R (6281 —8pc0 ) - (23)

The conformal tensor provides information about the
gravitational effects of a body moving along geodesics.
These effects can be inferred by examining variations in
the separation between adjacent geodesics. The conform-
al tensor is regarded as an associated curvature quantity
related to the propagation of gravitational waves in mat-
ter-free regions. Another important feature is its trace-
free nature: it comprises 256 components, of which 10
can be described independently in 4D. Furthermore, the
inclusion of a four-velocity vector can decompose these
ten components into two rank-two tensors.

A. Tolman mass

The mass contained in a cylindrical configuration is
derived by considering C-energy [103] and the Tolman
formalism [104]. These mathematical frameworks yield
identical results at the boundary and have several implic-
ations for the internal energy in the presence of an in-
homogeneous fluid structure. C-energy specifies the en-
ergy per unit length contained within the cylindrical con-
figuration, whereas Tolman mass measures the gravita-
tional mass. Tolman mass is defined as a volume quant-
ity integrated within the three-dimensional volume,
whereas C-energy is regarded as a linear density quantity
along the symmetry axis. In addition, Tolman mass cor-
responds to the initial intensity of test particles, while C-

energy is related to the cylindrical singularity and pre-
dicts the linear mass density required for the deficit angle.
Thus, Tolman mass can be regarded as a constrained
quantity that describes the total mass confined within the
geometry, whereas C-energy is a per-unit-length quantity
that represents the linear mass density of the gravitation-
al distribution. The consideration of Tolman mass for a
cylindrical matter distribution is appropriate for finite
configurations in the context of mass per unit length
rather than absolute mass. The combined consideration of
Tolman mass and C-energy plays a crucial role in analyz-
ing the underlying mass-energy distribution of finite cyl-
indrical configurations. The expression related to the C-
energy is written as

_ 2 2
m(r)=E=EE=—r(1—§>+%. (24)

Combining the derivation of the preceding equation with
Eq. (17) yields

+ / % (q'— 27‘1> dr. (25)

r 9q r 3
m=§+z—27‘82—2ﬂr I:p_Pr_ZPJ_
+Wo” + P +y3P] + FE. (26)

Consequently, the conformal scalar E, fluid compon-
ents, and correction terms associated with f(R,G) theory
are important for calculating the mass function. This in-
dicates that the nonlinear and irregular aspects of density
have significant implications for the analysis of stellar
configurations. Substituting the electric component of the
conformal tensor into Eq. (26) yields the following rep-
resentation of the mass function:

r 9> r
m= g‘f’ﬂ—@—zﬂlﬁ [p—?’,—2PL+l//8(D)
oL T { , AB AB
IR v 3 "B
A A
. 7} . 27)
roor

By comparing Eq. (25) with Eq. (26), the value of E be-
comes

dr [T P ,
E=-— 3% %(p+tﬁg(D)) dr+ 21 [P,
0
Y LI 9
CRA IR CRRL I R
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1 1y, 1 i(/ ZQ>
+r28< +ZB>+r3/r 9 r dr

+ 1(3) (o+up™). (28)

Eq. (28) establishes the relationship between the con-
formal tensor and key structural characteristics, such as
inhomogeneous energy density and isotropic pressure.
Furthermore, substituting Eq. (28) into Eq. (26) yields

r 4 ooy 4m / "y oD\’
==+ + -— | =(p+ d
m=gt 3 et =g [ 5 lern)dr
1 2
+—+/g(q’——q)dr. (29)
B r r

It demonstrates a specific relationship between the
homogeneous energy density and the mass function. In
the context of the Weyl tensor and f(R,G) gravity, the
two factors, anisotropic pressure and energy-density in-
homogeneity, highlight the importance of the fluid distri-
bution. Nevertheless, in the context of homogeneous
mass dispersion, the essential variation arises from the in-
homogeneity in the mass function associated with a regu-
lar disruption of the mass density, as described in
Eq. (29).

Tolman proposed an innovative formalism for evalu-
ating the generation of energy associated with the surface
of matter. This energy was assumed to be the accumu-
lated energy of the configuration and is referred to as the
"active gravitational mass" [105]. Furthermore, it
provides a pertinent modification of the mass formalism
for examining the anisotropic configuration of the fluid
[104]

s
mr = 4n / ABr (po” =P =203 . (30)
0

Tolman's concept focuses on computing the total
mass—energy distribution associated with the system's
composition. We now investigate the mass distribution of
a cylindrical configuration with radius 7 in the context of
f(R,G) theory

my = 4n / ABF (v ” =@ =203 dr. (31)
0

The surface energy was used to evaluate the apparent
expression for the inertial mass, denoted by mr, as dis-
cussed in [30, 31]. Substituting Eqs. (17)—(19), together
with the expression for A’ in Eq. (31), yields

" _l/{—rﬂﬂ’_rzﬂ"+q2ﬂ8_(1_r8’>
L) B B 2 B

121"3».?[ ( (D)
4 4
% < rrB-mrB+4q¢*8 7P+ dnr,
3 q2 3«?[ 2(D)
) F)‘?) 8nrr AByY;"” | dr. (32)

The above equation emphasizes the significance of
the gravitational source my, which is often defined as the
inertial mass. Additionally, the expression for the Tol-
man mass is given as

3 3 Q! ’ "

r 3r AB 2A A )
=M\ — — -
mr <r;> * 4 /( r8: 8 r8 dr
1 (FPABY 1
+r3/—r2( 2 ) dr+r3/—377§dr

+9r° / N C— (4 P - 2>dr
r2—mr+4q? 2r3

27 [1-A 81 [ ¢ 973 1
T r+

r3B s ) 8" "1 |8

><< 282 dr— 97rr/ (o—P,—2P,

B
0+ + 3P dr -3 / Lf dr

1
+37 / nz(D)dr
(33)

Considering Eq. (28) in this equation determines

on5) 2 (2
+r3/r2( Z;Z{B) dr+r /—
+9r3/r2—m\i(+4q2 (4 i = 3q3>dr
5 [
—94:3/}’3183&—977;’3/”8(/0—?),—2?1
7+l i) a3 | e
+3r3/r14772(md _9L/ L“IBZ r3lB3
r“B/ 7= )ars g o)

r 0(D) 9*
3%8/ (orin™)dr- 255

(P 2P+ P 2P ¢ w“‘”)}. (34)

rB

In f(R,G) theory, this expression is significant be-
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cause it identifies the effects of correction terms, inhomo-
geneous energy density, and anisotropic pressure on the
Tolman mass.

V. ORTHOGONAL DECOMPOSITION OF
RIEMANN TENSOR AND STRUCTURE
SCALARS

We now consider several key variables that determ-
ine the properties of anisotropic fluids. The orthogonal
splitting of the Riemann tensor yields expressions for
these parameters. Herrera [S] comprehensively described
the fundamental characteristics of the matter composition
in terms of structure scalars. These scalars are the trace
and trace-free components of three distinct tensors that
are compatible with the evaluation of the model. Consid-
ering the modified equations of motion together with Eq.
(23) implies

1
la _ ~la [ ca) (eff) { ca [{ ca)
RS = C% 42807\ 51 + 8T/ (35[,7% —si5!) . (35)

Considering Eq. (12) completes the corresponding inter-
pretation of the orthogonal splitting of the Riemann
tensor

Ja
Rog = R+ Riis + Rt + Ritvyus + Ry (36)

where

fa £ @]
Ry = 16700 1ty0p) + 2 27 [” 5]

— 16Ph{: 85 +8r(p— 3p)( 5@,5;;]) 37

R

[{ ca)
(s = 16111, 51, (38)

(@ 1 2N
Riitgs = 40l Bg] = 175" 110 ™ + 2r4 [” ”[n5ﬁ1]

1
+ Ea{f,(sg{ f(R.G), (39)

Lo 1
S A
S5q
T34 [h{f,ég” +(VEV, fr +2RVY, f5
_4RSV ngG+4Rf]EIfG
RS TV i R )

v

+ (= ViV fr = 2RV Vg fo + 4RV VE f

—4RiOf; — 4R,

wp

VAV fo — RS + RS fr) 66, (40)

fa gl ol puy £ 5o
Rivyp = 401,95 R ViV S+ ﬁ [%%}

. SO0 SR + 5{5,5ng +(=VV, f
—2RVV, fo + 4RIV, fo + ARV
XV fo — 4RO fg — ARS, V'V f5
+RY +R? fz) 6 + (V" Vs fr + 2RV Vg
X fo = 4RIV Vyfo — ARGV .V f +4

XREOfg +4R;,, V'V fo + R} fr) 5. 41)

Further,

€p = V'Tucops  €cpp”’ =0, (42)

and

ey = Oy = OY M e (T -i) . (43)

In the context of a cylindrical matter distribution, the
magnetic component of the conformal tensor has a con-
siderable effect on the orthogonal decomposition of the
curvature tensor. Three distinct tensors are obtained by
considering the above-mentioned equations in terms of
the related quantities X,,, Y,,, and Z,, which are ex-
pressed as

2 1 8

X{’] = 47TH{,] - E{,] 2;"4 <5(6 + = 3 h{,]) 3

X phgy + S5, (44)

qZ 2 1
Yo = dnllyy +Boy + Zhey = o3 (507 + h(n)
4

+ ?’T (p+3P) gy +SP (45)

Zy =S5 (46)

The expressions for S¢,, St, and S5, are provided
in the Appendix. The tensors defined by these equations
are characterized as structural scalars, and a comprehens-
ive interpretation of these scalars is presented in [31]. In
addition, the trace and trace-free parts of these structural
scalars can be exceptionally valuable for identifying the
various physical characteristics of the cylindrically sym-
metric configuration.
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Xr =8m +3—qz+F (47)
TEST AT

The expression for F is given in the Appendix, and the
trace-free part can be written as
qZ

Xrp=4nll-E—- —. 48
TF T 9,4 (43)

Substituting E from Eq. (28) into this equation yields

Xrp =4nll+ % Orr3 (p+z,08(D)),dr
=21 [-P, = 2P, + 4 +y
2
and
YT=47T(p+p,+2pl)+3—qz+H. (50)

,.4

Here, the value of H is provided in the Appendix

2

Yrr = dnl1+E -

5 + L (51)

S . . :
Here, L, = 7(”1 Consideration of Eq. (28) yields
Yor =4 qz 1(D)

TF = Il — ﬁ"'zﬂ [_Pr_ZPL+W1

4 4 ,
w3 - o5 / P (p+yp”) dr
9 J,
10m o) 9¢* 1
R A
1
+—. 52
2r2 B2 (52)

The trace-free components given in Egs. (48) and (51) are
taken to represent the anisotropic pressure as

2

Xpp+ Ypp = 8all— % +Lg). (53)

Structural scalars associated with a cylindrical matter
distribution are determined through the orthogonal de-
composition of the Riemann tensor. These scalars are im-
portant for assessing the complexity of a system, as they
characterize its energy density and anisotropic pressure.

e Y; plays an important role in estimating the total
energy density, which determines the stability, mass dis-
tribution, and gravitational interactions of the matter
composition.

e Y, effectively characterizes the nonuniform en-
ergy density and pressure anisotropy.

e X; plays a decisive role in evaluating the mass—en-
ergy composition and evolution of compact objects. In
particular, it describes variations in the fluid volume over
time.

e The scalar X;r characterizes the irregular energy
dispersion within the fluid configuration.

The matter distribution and its internal inhomogeneit-
ies are highly relevant to the analysis of the complexity of
any structure. This complexity effectively evaluates the
dynamics of self-gravitating matter by analyzing the ex-
tent to which it deviates from its homogeneous and iso-
tropic state. In classical gravitational frameworks, Y;r is
obtained through the orthogonal splitting of the Riemann
curvature tensor and is referred to as the complexity
factor, as suggested by Herrera [S]. A matter distribution
without any complexity is considered the most funda-
mental configuration, and equality between the tangen-
tial and radial pressure components plays an important
role in defining the zero complexity of the system. In this
context, constant pressure corresponds to the absence of
pressure anisotropy. Pressure anisotropy, together with
nonhomogeneous energy density, is regarded as a key
factor in evaluating the complexity of the matter distribu-
tion, as it generates stresses in different directions and in-
fluences the stability of the matter configuration. The
structural scalar Y7p represents the implications of aniso-
tropic and nonhomogeneous matter distributions for the
Tolman mass, which is regarded as the basic parameter
for establishing the intensity of the gravitational field as-
sociated with the matter. It is important to mention that
the complexity factor should be a scalar to avoid coordin-
ate restrictions and is expected to vanish for the simplest
systems, including homogeneous matter distributions.
The presence of Y7 as an integrand in the formalism for
the Tolman mass describes deviations from uniformity
and measures the local contribution to the gravitational
mass induced by the internal complexity of the system.
The formalism for Yrr incorporates the term 4x(P, — P,),
which represents the anisotropic pressure distribution,
whereas the derivative representation of the energy dens-
ity corresponds to its nonhomogeneous distribution. For a
simple matter configuration, Y;r =0 effectively corres-
ponds to zero complexity by ensuring equality between
the pressure components and a uniform distribution of en-
ergy density. Moreover, Y7 has a direct relationship with
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the Tolman mass, which is assumed to be the most im-
portant quantity for describing the characteristics of the
gravitational field. Consequently, we deduce that dense
matter exhibits less stable and more complex behavior
due to the nonuniform fluid distribution and greater an-
isotropies implied by the increasing value of the com-
plexity factor.

The combined consideration of X7y and Y7r is highly
relevant to determining the fundamental characteristics of
mass-energy distributions. Y7 is referred to as the com-
plexity factor because of its specific relationship with the
Tolman mass, whereas Xy provides a detailed descrip-
tion of stresses within the matter and of the electric part
of the Weyl scalar E in the mathematical representation
of Xrp, describing the tidal forces associated with the
fundamental mass distribution. The combination of these
structure scalars provides a detailed description of mass-
energy interactions, as they correspond to two different
representations of the underlying matter distribution. It
can be concluded that X7 is not merely an integral factor
but also effectively describes the mass-energy distribu-
tion. The vanishing of X7r corresponds to a specific con-
straint on the matter distribution, as it specifies equality
between pressure anisotropy and the electric component
of the Weyl tensor, which has significant implications for
mass-energy dispersion, the gravitational field, and the
stability of the system. In the basic relationship between
Xrr and Yrr, Xrr =0 minimizes the anisotropic effects
on Yrp, corresponding to complete dependence on the
density gradient. Subsequently, the nonhomogeneous dis-
tribution of energy density explicitly defines the com-
plexity of matter and corresponds to the simplest distribu-
tion of matter. The insertion of Eq. (52) into Eq. (34) il-
lustrates the relationship between the gravitational mass
and Y7r,

"

2 3 1 Q! ’
r 3r AB 2A ﬂ)
=M|— — —————|dr
mr <r;) * 4 /( r8:  Br: Br
1 2
+ 3/ 3’72(D)dr+ / ( ﬂB)
x/iﬂ ( Yl i)
r2—mr+4q* v 2r3
271’3 <1—ﬂ> 817° [ ¢ 9r3
/ A T L

/—d /](+Y +q2
T s \PTII T g

L+ +y1 +y3”) dr+ 37

1 2AB
/ —m;"dr— / @dr. (54)

r

Eq. (54) implies that Y7r describes how structural
complexities, energy-density inhomogeneity, and pres-
sure anisotropy affect the Tolman mass within the frame-

work of f(R,G) gravity. Moreover, the expression for Y7
indicates that the interpretation of the Tolman mass in
this framework differs from that for a perfect fluid with
homogeneous energy density. The Tolman mass can be
expressed as

" 114?
mT=47r/ ABr* (YT— q )dr
0

4rrt
+4n / AB (pg” =y P =293 dr. (55)
0

Equation (55) shows that the fundamental factors are
linked to the dark source terms associated with f(R,G)
gravity. It is important to note that the analysis of mass
density is significantly influenced by Yr. Herrera et al.
[106, 107] and Bhatti et al. [108] investigated the influ-
ence of Yr on the Raychaudhuri equation, which is
widely used to describe the evolution of scalars. There-
fore, Eq. (55) confirms that the Raychaudhuri equation
can be described by considering the expression for my,
specifically in the context of f(R,G) gravity.

VI. MATTER CONFIGURATION WITH VANISH-
ING COMPLEXITY FACTOR

In this section, we consider certain mathematical
models to analyze the vanishing complexity constraint.
Given the extensive study of complexity in the literature,
we relate a structure scalar, obtained through the ortho-
gonal splitting of the Riemann curvature tensor, to the
complexity of the matter distribution. In this manuscript,
Yrr is considered to be the CF. This structure scalar ac-
counts for energy-density inhomogeneity, pressure aniso-
tropy, and dark source terms associated with f(R,G)
gravity. Since the alternative field equations contain five
unknown variables, two additional constraints are re-
quired to solve the system, and the vanishing complexity
condition may be regarded as one such constraint that
closes the system

M=-1 [P, -

> 2P, +u\ P + 3 + ™)

L[ o) g 1
+9r3 0 (p-Hﬁ ) +167rr4 4713

X/q( 2q>d 1 1 5
Bt A I
1 r 4rr3B  8nr:Br 6

x (p+yg”) - %. (56)

It is important to note that vanishing complexity also
characterizes homogeneous or inhomogeneous energy
density, together with the isotropic and anisotropic prop-
erties of the fluid, as specified in Eq. (56). Moreover, this
equation may be regarded as the non-local equation of
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state corresponding to f(R,G) gravity. This system is ana-
lyzed in detail within the framework of the following
models.

A. The Gokhroo-Mehra models

A varying inhomogeneous density distribution pro-
posed within the Gokhroo-Mehra framework [96] helps
determine the “assembled” and “distributed” nature of
matter. It implies that an increase in the radial extent of
matter corresponds to a decrease in density, and vice
versa. The higher density at the center indicates greater
disturbances and, consequently, increased fluid complex-
ity. Additionally, the Gokhroo-Mehra model allows for
an anisotropic pressure distribution by decomposing pres-
sure into tangential and radial components. This leads to
dynamical and structural irregularities, which produce a
complex fluid composition. The consideration of aniso-
tropic pressure together with a significant density distri-
bution makes the Gokhroo-Mehra model particularly suit-
able for the analysis of complexity. In this case, the en-
ergy density is calculated as

p= (1—7%2)/30, (57)

2
P

where K is a constant taking values in the range (0,1).
For an uncharged matter distribution, the value of
K €(0,1) specifies the linear decrease in energy density,
positive energy dispersion, and consistency with the en-
ergy conditions, particularly the dominant energy condi-
tion. In contrast, K > 1 represents negative density at the
boundary, which is fundamentally indefinite. However,
the emergence of an electric field determines variations in
the behavior of the energy density, thereby affecting the
gravitational effects of the matter distribution. The posit-
ive electromagnetic contribution indicates the presence of
a significant electric field, ensuring a positive energy
density despite the lower matter distribution at the bound-
ary. Moreover, the development of energy density caused
by the presence of electric charge confirms the viability
of the dominant energy condition. In the case of a
charged fluid, K > 1 is conceivable, although the upper
limit is not specified. The repulsive electromagnetic en-
ergy must be sufficiently strong to cancel the negative
matter energy density corresponding to K >1. For
1 <K < 1.5, a substantial electric field is required at the
boundary to sustain the positive energy density. In this
context, the negative matter density should be interpreted
as tangible binding energy exceeding the rest mass held
together by strong electromagnetic stresses, and this
range often correlates with stable fluid distributions. By
contrast, K >1.5-2 refers to exceptionally increased
negative matter density. A substantial electric field must
be present, resulting in a high charge-to-mass ratio, which
is considered untenable for highly dense matter composi-
tions. Furthermore, it should be noted that K > 2 is phys-
ically implausible, as the electric field cannot overcome

such a large negative matter density without violating
physical laws. After inserting this result in Eq. (25), we

obtain
4nr < 37(;’2) r
=—|1-—5 4 2y0®Pd
m 3 5’% Lo+ 7r/0 gy dr
4y 2;1) r, 1
+/r< p dr+8+B. (58)
The analysis of Eq. (58), together with Eq. (24), yields
22 2 (gq 2q
gre L2 2 [1(, )
2 rB8 rJ)r =)

8nr? 3Kr? 8n 0
- (1—5@)po—r / Py Pdr. (59)

Assuming the 2™ and 3™ field equations yields

q 1
sr P —Peul” ol ) -
A AB B A 1}
T2 2T | 60
X{?{ AB B rA r? (60)

The following newly recommended factors will play an
important role in assessing subsequent findings

ﬂz _ ef( zf%)dr’

Eq. (60) takes the following form in terms of the vari-
ables considered above:

B = y(n). (61)

27 4 6} 16 { q*
/ 24— — | = —2 |
y+y{z+z+rzz r z  anr
- +y3?]. (62)

The aforementioned equation yields the same result as
that obtained from the Riccati equation and is derived by
considering the function 8B associated with the metric
constrained by y(r), as expressed in Eq. (59), together
with the value of Il given in Eq. (56). Integrating this
equation gives a metric expressed as a combination of z
and IT within the framework of f(R,G) theory [109]

1
ds* = ezf (1_7>drdt2 - r*d¢* - r*a?dZ?

2 2
2 <z+ 27>dr
e J (e

7

) an [ {H+q—2+¢2“’>— 1<D>}
7o 4rrt 2 !
1
2 Var
&I E) g g

X , (63)
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Here, G is written as a constant of integration. Further-
more, the relevant parameters take the following form
after the inclusion of the newly specified variables

m, B/ qq/
mo_y { _ 0(D)
r? TP 32nr:  4nriB? Vo +47rr3
]
_ , 64
23 64)
,
z(r*—4mr) + (4m— 7)
_ (D) _ 2
4P, = 4myp, 3
;
34*
- , 65
8urt (65)
2 1 2
rp, = smid” - Lo (2o LY (22
r r 4r r
_1) /+<2ﬂ_1) z+<i_3ﬁ)
4 . r 4 . 4r 72 .
2
2

Specific approaches for interpreting the gravitational
structure are consistent with positive energy density un-
der the constraint p > P,,P,. These approaches can ef-
fectively illustrate the complex dynamics of cylindrical
matter distributions. Furthermore, Di Prisco [110] con-
firmed these findings within the framework of GR.

B. Polytropic equation of state

The polytropic EOS is widely used as an effective de-
scription of compact-star matter when the exact micro-
scopic nuclear EOS is not uniquely specified. In the
present model, it provides a relation between pressure and
density and enables us to examine how the complexity
factor constrains the internal behavior of dense matter un-
der the combined influence of anisotropy, electric charge,
and f(R,G) curvature corrections. This treatment
strengthens the astrophysical interpretation of the model
by linking the geometric complexity of the configuration
to dense stellar interiors.

The EOS plays a crucial role in evaluating the matter
composition of compact objects. The hydrostatic equilib-
rium equation can be readily derived by considering the
anisotropic form of the EOS. The polytropic EOS spe-
cifies the relationship between matter density and pres-
sure. The consideration of the mass function, hydrostatic
equilibrium, and the polytropic EOS yields the Lane-Em-
den equation in dimensionless form. The polytropic in-
dex governs the internal behavior of pressure in response
to density fluctuations, taking into account the composi-
tion and stability of the fluid. Larger values of the poly-
tropic index, corresponding to more compact mass distri-

butions, imply a more complex, highly condensed, and
destabilized matter configuration. Different values of the
polytropic index may be considered to describe distinct
forms of complexity. The polytropic EOS is significant
for assessing the complexity of matter by describing the
fundamental configuration of the system. It indicates that
stability and the interior mass distribution are directly re-
lated to the EOS parameters. Moreover, it serves as a
benchmark for comparing structures of increasing com-
plexity.

In this manuscript, we consider a polytropic EOS in
combination with the preceding CF constraint. We now
consider two different polytropic contexts [111-113]. We
commence from the following

1
l+— 1
przKp)(:Kp+n, X=1+;- (67)

The emergence of dark source terms associated with
alternative theories of gravity in the TOV equation im-
plies a discrepancy between the measured macroscopic
EOS and the microphysical EOS. In f(R) gravity,
curvature terms correspond to increased stiffness, allow-
ing larger values of the polytropic index while maintain-
ing the stability of the matter composition. In f(R,G)
gravity, the relationship between the Ricci scalar and the
Gauss-Bonnet invariant yields a modified framework of
hydrostatic equilibrium. This framework consequently re-
duces the effects of the gravitational force, allowing a
specific variation in pressure that could support a higher
mass and thus suggests larger values of n. The frame-
work of f(R,G) gravity implies that negative pressure can
serve as a significant substitute for stiff-EOS pressure.
Therefore, the consideration of alternative theories of
gravity results in larger values of the polytropic index
while retaining compatibility, because the related dark
source terms correspond to increased stiffness and re-
duced gravitational force. Since the solution of a non-di-
mensional system of equations can be derived easily, we
consider certain variables to determine the non-dimen-
sional representation of the mass function and the TOV
equation

_ Prc _ é 2 _ 47Tpc
e AT (68)
C3m(r
9O =G0 =L (69)
TPc Pe

Here, the subscript ¢ denotes evaluation at the center. We
impose ¥(&) =0 at the boundary r = rg(€ = &5). In terms
of dimensionless variables, the TOV equation becomes
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(70)

In terms of dimensionless variables, Eq. (25) can be writ-
ten as

di o 1 B
— =4 2 n 0 _
d¢ e (X " Pe " Bwn+1) wBHB?

1 qq'pe 24°pe
- - : (71)
n+l éw*(n+1)? *n+1)?

The inclusion of II, 3, and y as undetermined func-
tions in both aforementioned equations indicates that ad-
ditional conditions are required to determine the model’s
specific solutions. Therefore, we consider the diminish-
ing CF condition together with the non-dimensional vari-

ables
£ di_ 30 _11£d £ d
T - Loy
np. A€ np.  np. dé dnnp. A€
__¢ i(L)_ f i( ! )_ q
dnnp. dE\ B/  8anp. dé \ r2B? 473
X q’ 416]2 13¢ d ( + O(D)) _ 3
16ﬂr4an 18np, dé 0 2np.
L 3
(D) 2(D) 3(D) n
X — + + -
dé (l’bl V2 v ) dnnp.  4nrinp. B
3 3
_ 0Dy _ _ 1(D)
2np. (p+ 0 ) 8nrinp.B*  2np. ( !
LA ¢s(o)) (72)

Consequently, we must address three differential
equations that incorporate I1, 4, and y as unknown func-

tions. Under appropriate basic constraints, analytical
solutions for these equations can be derived; alternat-
ively, numerical integration can be performed by specify-
ing values for #n and w. Furthermore, these equations can
explain significant phenomena in our cosmos within the
context of vanishing complexity constraints. For specific
parametric values, these results may describe the density,
mass, and pressure associated with compact structures.
Additionally, the second polytropic EOS can also be con-
sidered

1
P, =Kpf =Kp, " (73)

Here, p, denotes the baryonic mass density. Considering
this equation together with Eqgs. (70) and (72) leads to

. d w
PocXy dX; ;;rc 247 = {xhove (1 +wxs)
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(74)
and
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87rr2npchz

where ¥}, = 5*}’ Consequently, the emergence of cosmic

be
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structures can be assessed by using the solutions of Eqs.
(71), (74), and (75) for a specified EOS, together with the
diminishing-complexity constraint. Equation (67) de-
scribes distinct eras of the expanding cosmos for differ-
ent values of the polytropic constant K through the rela-
tion between radial pressure and energy density. Specific-
ally, it identifies the matter-, radiation-, anfl stiff-fluid-
dominated epochs corresponding to K =0, 3 and 1, re-
spectively. Values of K € (?,—1) characterize the quint-
essence era, and K < —1, is contemplated for the descrip-
tion of phantom phase. Furthermore, the different values
of the polytropic index might be assumed for the inter-
pretation of compact structures, i.e., the values having the
range from n=0.5 to n=1 are appropriate for the de-
scription of neutron stars.

VII. ASTROPHYSICAL IMPLICATIONS OF OUR
WORK:

The evaluation of complexity in gravitational frame-
works is highly relevant to the comprehensive descrip-
tion of the internal configuration and assessment of vari-
ous compact objects. In this manuscript, the orthogonal
splitting of the Riemann curvature tensor is employed to
analyze the implications of complexity in the framework
of f(R,G) gravity. The astrophysical significance of our
results is addressed as follows:

e Analysis of high-density matter distributions:
The decomposition of the Riemann curvature tensor into
its fundamental components plays an important role in as-
sessing deviations from uniform distributions in self-
gravitating matter configurations. Our results demon-
strate the importance of anisotropic pressure and inhomo-
geneous energy density in determining the complexity of
astrophysical systems. The consideration of anisotropic
pressure is highly relevant for characterizing the funda-
mental features of extremely dense gravitational fields as-
sociated with compact objects, including black holes and
neutron stars.

e Revised EOS constraints: The inclusion of the
complexity factor Yrr in the evaluation of complexity
provides an opportunity to develop a more specific EOS
framework for assessing the dynamical characteristics of
compact structures. Our proposed methodology imposes
specific mathematical constraints on the EOS framework,
as astrophysical observations suggest diverse anisotrop-
ies in the configurations of compact structures. In this
manuscript, different values of the polytropic index can
be used to describe various physical characteristics of
compact structures; i.e., values between n=0.5 and n= 1
correspond to the structural analysis of neutron stars.
Moreover, the considered mathematical framework can

contribute to determining the mass-radius relationship
and the stability of extremely dense matter configura-
tions.

e Implications of modified gravity theory on com-
pact structures: The presence of dark source terms asso-
ciated with f(R,G) gravity in the mathematical frame-
work significantly modifies the description of mass—pres-
sure relationships in anisotropic matter distributions. The
derived relation between the Tolman mass and the con-
formal tensor demonstrates the importance of correction
terms in evaluating the structural configuration of celesti-
al structures.

e Association of the obtained results with cosmic
findings: The evaluation of complexity associated with
the internal configuration of compact structures plays a
crucial role in astronomy and cosmology. Gravitational-
wave observations of binary neutron star interactions
(e.g., GW170817) can be useful for studying the internal
composition of neutron stars, while our findings illustrate
the significance of the complexity factor in describing
tidal distortion and the characteristics of gravitational
waves. In addition, gravitational-wave findings com-
bined with electric field analysis may substantiate our
theoretical assumptions in the next few years.

o Mechanism of gravitational collapse and devel-
opment of celestial structures: Complexity analysis is
important for assessing the emergence and stability of
compact objects, which ultimately determine their final
fate. Our findings indicate that the development of com-
plexity in matter configurations causes physical instabilit-
ies that could lead to gravitational collapse. This insight
plays a crucial role in describing the evolution of a neut-
ron star into a black hole and the emergence of different
compact objects within different gravitational frame-
works.

The practical implications include astronomical mod-
elling, the propagation of gravitational waves, and inter-
pretations of the emergence of celestial formations. Con-
sidering these results in empirical contexts can provide a
comprehensive description of compact configurations in
GR and alternative gravity theories.

VIII. SUMMARY

The analysis of self-gravitating fluid configurations
has significantly influenced the study of astronomical ob-
jects and motivated researchers to evaluate fundamental
features, such as luminosity, the mass—radius relationship,
and system stability. These studies have revealed the
complex dynamical behavior of such systems. Our
manuscript focuses mainly on characterizing the CF cor-
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responding to a cylindrically static configuration with an-
isotropic fluid within the context of f(R,G) theory. This
modified theory of gravity has attracted considerable in-
terest from the scientific community because of its effect-
ive description of the accelerating evolution of the uni-
verse. We first reviewed the basic formulation of the
modified theory and included several additional paramet-
ers. The modified field equations and conservation law
were then determined in the presence of an electric field
and an anisotropic fluid configuration. The techniques re-
commended by C-Energy and Tolman were considered
for deriving expressions for m and my; these masses were
then used to establish the specific relation between im-
portant variables and the conformal tensor. Irregular en-
ergy density, anisotropic pressure, and dark source terms
associated with f(R,G) gravity are correlated with the ef-
fects of C-Energy, the conformal tensor, and gravitation-
al mass on the cylindrically symmetric matter configura-
tion.

We evaluated the complexity of the system by consid-
ering a scalar function together with the relevance of co-
moving congruence. The orthogonal splitting of the
Riemann curvature tensor yielded the derivation of struc-
tural scalars, and their significance in the evolution and
stability of the homogeneous fluid configuration was re-
viewed. Moreover, a diminishing complexity constraint
was considered to illustrate the linkage between energy
density and pressure. Non-homogeneous energy density
and anisotropic fluid pressure are important in estimating
the complexity of the model. In fundamental gravitation-
al systems, isotropic pressure and energy density are uni-
formly distributed. Consequently, these frameworks in-
dicate the absence of complexity. We considered the or-
thogonal splitting of the Riemann curvature tensor to de-
rive the dynamical features of the system recommended
by Herrera et al. [31]. The decomposition of the electric
part of the curvature tensor results in the dynamical para-
meter (Y7r), which is recognized as CF in GR.

In our case study, five unknowns are introduced into
the modified equations of motion, one of which was de-
veloped after considering the diminishing complexity
constraint. The complexity of the model is reduced with-
in the framework of the Gokhroo and Mehra models, as
well as the polytropic EOS. We began by applying
Gokhroo and Mehra's approach and then studied the poly-
tropic EOS to establish a system of equations from which
the TOV equation, the decreasing-complexity constraint,
and the expression for mass, including the non-dimen-
sional variables, were determined. Under specific restric-
tions, these equations describe the cylindrically symmet-
ric configuration more effectively.

We summarize our manuscript with the following re-
marks:

e Anisotropic matter composition, together with in-

homogeneous energy density, plays a crucial role in ana-
lyzing the complexity of any system. The orthogonal de-
composition of the Riemann tensor yields the specific
structural variables proposed by Herrera [31]. We evalu-
ated the characteristics of four structure scalars.

e The component Y7 incorporates the effects of spa-
tial anisotropy, inhomogeneous energy density, and cor-
rection terms associated with f(R,G) gravity on the over-
all energy distribution of the fluid. After the inclusion of
these correction terms, the expression for Y7 is assumed
to indicate an increase in the complexity of the system.

e We assessed the vanishing complexity constraint
associated with the specific models. The formalism pro-
posed by the “Gokhroo and Mehra model” describes the
primary variables in f(R,G) gravity. In addition, the di-
mensionless forms of the TOV equation, vanishing CF,
and mass are determined after considering the polytropic
EOS. It is worth noting that the CF is eliminated under
the assumptions of isotropic pressure and uniform dens-
ity in GR [5]. In contrast to these constraints, our re-
search is compatible with the vanishing of complexity,
which illustrates the significance of the correction terms
introduced by f(R,G) gravity. We briefly addressed the
electric and magnetic components of the Weyl tensor. In
addition, we evaluated two distinct implications for stel-
lar compositions after incorporating alternative correc-
tions and the diminishing complexity factor.

The findings of this study may be substantially relev-
ant to the analysis of the fundamental properties and evol-
ution of cosmic voids [114, 115]. Cosmic voids are re-
gions of very low density within the large-scale distribu-
tion of matter. In our cosmos, they are regarded as funda-
mental components of cosmic structure. These outcomes
may help refine interpretations of important celestial
events, such as supernova explosions. Building on this
work, distinct and significant models should be de-
veloped to enable a comprehensive evaluation of the as-
sociation between the f(R,G) framework and cosmic ex-
pansion. From an astrophysical perspective, the present
results show that the complexity factor Y;r may serve as
an effective diagnostic for the internal organization of
dense compact stellar matter. This scalar incorporates the
effects of density inhomogeneity, local pressure aniso-
tropy, electric charge, and modified Gauss-Bonnet cor-
rections, all of which can influence the equilibrium and
stability of neutron-star-like configurations. The incor-
poration of polytropic equations of state further supports
the relevance of the present framework for modeling
compact stellar interiors, where the exact microscopic
equation of state remains uncertain. Thus, the proposed
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formalism provides a useful geometric route for analyz-
ing dense astrophysical systems within the scope of nuc-
lear astrophysics.
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APPENDIX

The terms used in Eqgs. (17)—(19) have the following
mathematical forms
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The mathematical expressions for the terms appearing in Egs. (44)—(50) take the following form
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