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Abstract: We investigate the quasinormal modes of massless scalar and electromagnetic perturbations in charged

Euler--Heisenberg black holes surrounded by perfect fluid dark matter. The quasinormal frequencies are calculated

using the asymptotic iteration method and the sixth-order WKB approximation, and the relative deviations between
the two methods are quantitatively analyzed to verify the reliability of the results. The greybody factors for both per-
turbations are also evaluated within the sixth-order WKB framework. We systematically examine the effects of the
black hole charge O, the nonlinear electrodynamic parameter @, the dark matter parameter 4, and the angular
quantum number / on the quasinormal frequencies and greybody factors. We find that these parameters significantly

modify the structure of the effective potential barriers and consequently affect the oscillation frequencies, damping
rates, and wave transmission and reflection properties of the perturbed fields.
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I. INTRODUCTION

The detection of gravitational waves from compact
binary mergers by the LIGO and Virgo Collaborations [1,
2] has opened a new observational window into the
strong-field regime of gravity. In particular, the ring-
down phase of a perturbed black hole is governed by
quasinormal modes (QNMs), which characterize the
damped oscillations of spacetime under external perturba-
tions [3—5]. Since the quasinormal spectrum depends on
the parameters of the black hole and the underlying grav-
itational theory, QNMs provide powerful probes of black
hole physics and possible deviations from general relativ-
ity [6, 7]. In recent years, quasinormal spectra have been
extensively investigated for charged black holes in high-
er-dimensional theories [8], regular and scale-dependent
black holes [9—11], black holes in modified gravity [12],
and AdS black holes in critical gravity [13]. The pursuit
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of non-singular spacetimes is also a central theme in
broader quantum gravity frameworks, where non-singu-
lar cosmological evolutions have been explored in Loop
Quantum Cosmology-inspired M-theory models [14].
Meanwhile, dark matter remains one of the most im-
portant open problems in modern cosmology and astro-
physics. Observations of galactic rotation curves [15],
galaxy cluster dynamics [16], and cosmic microwave
background measurements [17] provide compelling evid-
ence for its existence. Among the various phenomenolo-
gical models, perfect fluid dark matter (PFDM) offers an
effective framework for describing dark matter environ-
ments around black holes [18, 19, 37, 38]. In this model,
the surrounding dark matter distribution introduces logar-
ithmic corrections to the spacetime geometry, thereby
modifying particle motion, effective potentials, and wave
propagation near black holes. Notably, the quasinormal
modes and absorption cross sections of a Bardeen black
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hole surrounded by PFDM were recently studied in four
dimensions [20].

In parallel, nonlinear electrodynamics plays an im-
portant role in regimes with strong electromagnetic fields.
The Euler—Heisenberg (EH) effective action, derived
from one-loop quantum electrodynamics [21, 22], de-
scribes vacuum polarization effects and naturally extends
classical Maxwell theory. Black holes in nonlinear elec-
trodynamics exhibit rich physical properties, including
modified horizon structures, thermodynamics, optical be-
havior, and perturbation spectra [23, 24]. In particular,
non-singular black hole solutions constructed via gravita-
tional decoupling have been explored for their thermody-
namic properties [25], and the quasinormal modes of
Bardeen black holes with a cloud of strings have been
systematically analyzed [11]. Recently, Euler—Heisen-
berg black holes surrounded by PFDM have attracted
considerable attention [26, 27]. Such spacetimes incor-
porate both one-loop QED corrections characterized by
the EH parameter a and logarithmic dark matter correc-
tions governed by the PFDM parameter 4, leading to rich
phenomenological structures.

Recently, Belchior et al. [49] investigated the grey-
body factors and absorption cross sections of spin-0; 1,
and 1/2 fields propagating in Euler—Heisenberg black
holes surrounded by PFDM. Using the Boonserm—Visser
rigorous bound method, they showed that both the EH
parameter and the PFDM parameter significantly modify
the effective potential barrier and transmission probabil-
ity. Meanwhile, greybody factors and their rigorous
bounds have also been studied for quantum-corrected
black holes [28] and regular scale-dependent black holes
[29], while the greybody factors of four-dimensional AdS
black holes in critical gravity were investigated together
with their thermodynamic properties [13]. In addition, op-
tical properties and shadow structures of black holes in
dark matter environments have been extensively studied
in recent years [30, 31]. The intrinsic connections
between the shadow radius and quasinormal modes in the
eikonal limit have been established for specific black hole
spacetimes [32], and the correspondence between gravita-
tional-wave signals and black hole imaging has been ex-
plored for modified black holes [33].

While these recent studies [49, 50] provide valuable
insights into the scattering and optical properties of
Euler—Heisenberg black holes surrounded by PFDM, they
are subject to inherent methodological limitations. Spe-
cifically, Ref. [49] employs the Boonserm—Visser rigor-
ous lower-bound method, which yields analytical bounds
but cannot provide the exact transmission probabilities re-
quired for precise absorption cross sections. Ref. [50] re-
lies on the eikonal quasinormal-mode correspondence,
which is valid only in the large-angular-momentum limit
(I - ) and fails to capture the greybody behavior at low
multipoles, which is crucial for astrophysical Hawking

radiation spectra. Moreover, neither work computes the
full quasinormal-mode spectrum in conjunction with
greybody factors within a single self-consistent frame-
work beyond the eikonal limit. In addition, asymptotic-
ally flat black holes remain of particular astrophysical rel-
evance, since realistic black holes such as M87" [30] and
Sagittarius A” [31] can be effectively described within
asymptotically flat backgrounds.

Motivated by these considerations, in this work we
systematically investigate the quasinormal modes and
greybody factors of massless scalar and electromagnetic
perturbations around asymptotically flat Euler—Heisen-
berg black holes surrounded by PFDM. The quasinormal
frequencies are computed using the asymptotic iteration
method (AIM) [34] together with the sixth-order WKB
approximation [35] for comparison and consistency
checks., We analyze the effects of the black hole charge
0, the Euler—Heisenberg parameter ¢, and the PFDM
parameter A on the oscillation frequencies and damping
rates. Our results reveal characteristic signatures of non-
linear electrodynamics and dark matter effects in black
hole ringdown signals, providing potential theoretical
predictions for future gravitational-wave observations.

This paper is organized as follows. In Sec. II, we
present the Euler—Heisenberg black hole spacetime in
perfect fluid dark matter and derive the perturbation
equations for scalar and electromagnetic fields, along
with the corresponding effective potentials. In Sec. III,
we calculate the fundamental quasinormal frequencies us-
ing the asymptotic iteration method and the sixth-order
WKB approximation, and analyze their dependence on
the charge O, nonlinear electrodynamics parameter a,
dark matter parameter 4, and angular momentum /. In
Sec. IV, we evaluate the greybody factors using the WKB
method. Finally, we conclude and discuss the observa-
tional implications in Sec. V. The numerical methods are
detailed in the Appendices.

II. BLACK HOLE SPACETIME AND PERTURBA-
TION EQUATIONS

A. Background solution

The spacetime geometry of an EH black hole surroun-
ded by PFDM, originally constructed in Refs. [26, 27], is
described by the following static, spherically symmetric
line element

1

ds* = —f(r)df* + I dr’ +r* (d6* +sin’0d¢”), (1)
where the metric function f(r) is given by [26, 27]
_ 2M Q> aQ* A, |r
f=1-"F+ o fparinlg) @

Here, M and Q denote the black hole mass and mag-
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netic charge, respectively, whereas the parameter a char-
acterizes the nonlinear corrections associated with
Euler—Heisenberg electrodynamics [21-23]. The PFDM
contribution is encoded by the parameter A, which meas-
ures the intensity of the surrounding dark matter distribu-
tion [18, 19].

Several well-known black hole solutions can be re-
covered for particular parameter limits:

e In the limit 2 — 0, the solution reduces to the stand-
ard Euler—Heisenberg (EH) black hole spacetime [26, 27].

e For Q — 0, the spacetime reduces to a Schwarz-
schild black hole surrounded by PFDM [18, 19].

e In the limits Q — 0 and A — 0, the metric further
reduces to the Schwarzschild black hole solution [39].

e In the simultaneous limits ¢« - 0 and 1 — 0, the
metric reduces to the Reissner—Nordstrom black hole
solution [40, 41].

B. Scalar field perturbation
When the scalar field is treated as a test perturbation
propagating in a fixed black hole background, its dynam-
ics is governed by the massless Klein—Gordon equation.

od = 8, (V=2¢"0,®) =0. 3)

1
=
After substituting the metric (1) into Eq. (3), the scal-

ar field can be decomposed using separation of variables
as [42]

i Us(D)

O(t,r,0,¢) = e ——Y(6, ),
r

“)

where Y,,(0,¢) denotes a spherical harmonic function.
After separating the angular variables, the radial part of
the perturbation equation can be recast in Schrodinger-
like form.

Y (r.
V) s [0 =V s =0, )
r*
where the tortoise coordinate r, is defined by
dr
dr.=—. 6
7o) ©

Here, y,(r) denotes the radial wave function, and w is
the quasinormal frequency. The effective potential V(r)

is given by [42]

Vi(r) =

rfnf') +2f (MII+1) ’ )

r

where [ denotes the multipole number of the quasinormal
modes. Thus, the effective potential depends on both the
black hole spacetime geometry and the multipole number /.

Fig. 1 shows the effective potential V,(r) for massless
scalar perturbations around the Euler—Heisenberg black
hole surrounded by perfect fluid dark matter, with M = 1.
Figs. 1(a) and 1(d) show that the potential barrier in-
creases monotonically with the black hole charge Q, be-
coming higher and slightly narrower. The PFDM back-
ground (1 =0:1) consistently produces a larger barrier
than the vacuum case. Figs. 1(b) and 1(e) indicate that the
barrier height increases with the Euler—Heisenberg para-
meter a, although this effect remains relatively weak and
the overall profile changes only slightly. Figs. 1(c) and
1(f) demonstrate that increasing / substantially raises and
narrows the barrier, accompanied by a small outward
shift in the peak position, confirming the dominant role of
the angular momentum term in the scalar effective poten-
tial. Fig. 1(g) reveals a nonmonotonic dependence on A:
the barrier becomes higher and narrower at small and in-
termediate 1, whereas sufficiently large A leads to a lower
and broader barrier. These results indicate that /, O, and 4
primarily govern the scalar effective potential, whereas
the nonlinear parameter a introduces only mild correc-
tions near the horizon.

C. Electromagnetic field perturbation

Maxwell’s equations govern the dynamics of a mass-
less electromagnetic field propagating in curved space-
time and minimally coupled to the background geometry.

%aﬂ (V=2 F") ®)

vV, F* 0,

where the electromagnetic field-strength tensor is defined as

F,uv = ayAv - avA,ua (9)
where A, denotes the vector potential of the perturbed
electromagnetic field. Using the standard decomposition
in spherical symmetry [42, 43], the vector potential can
be expressed as

[ 0 | [ ()Y, |
0 ha ()Y,
—iwi —iw Y, m
A,(t,r,0,0) = Ze ! ho(r),i Ym +Ze ! h3(r)6 bm 1 (10)
. sin Oy m 00
. aYl aYIm
—h, 60— h3(r)—-
I o(r) sin 50 i 3(r) op |
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(color online) The effective potential V,(r) for massless scalar-field perturbations of a black hole with M = 1.

Fig. 1.

where Y;,,(0,¢) are the spherical harmonics, and / and m
denote the angular and azimuthal quantum numbers, re-
spectively. The first term in Eq. (10) corresponds to the
axial (odd-parity) sector, with parity (—1)"*', whereas the
second term represents the polar (even-parity) sector,
with parity (-1)".

Upon substituting the above decomposition into Max-
well’s equations (8), both the axial and polar electromag-
netic perturbations can be reduced to a unified Schro-
dinger-like wave equation,

d*¥.(r.)
Vol =0, (11)
where the effective potential [42, 43] is given by
Id+1
Ve(r) = f(r) (rz ), (12)

The master variable W,(r) has different forms in the
odd- and even-parity sectors:

Y. (r) = ho(r), odd parity, (13)

r2

I(l+1)

),

even parity.

(14)

Y. (r)=- (ia)hz(r) +

Fig. 2 displays the effective potential V,(r) for mass-
less electromagnetic perturbations around the Euler—Heis-
enberg black hole surrounded by perfect-fluid dark mat-
ter with M = 1. Figs. 2(a) and 2(d) show that the poten-
tial barrier increases with the black hole charge Q, with
the enhancement becoming more pronounced near the ex-
tremal regime, as in the scalar case. Figs. 2(b) and 2(e)
indicate that the barrier height decreases slightly as the
Euler—Heisenberg parameter a increases, although the
overall potential profile remains nearly unchanged. This
behavior reflects the weak influence of the nonlinear cor-
rection on electromagnetic perturbations. Figs. 2(c) and
2(f) demonstrate that increasing / substantially raises and
narrows the barrier, with a smoother and more regular
variation than that observed for scalar perturbations.
Fig. 2(g) reveals a nonmonotonic dependence on A: the
barrier becomes higher and narrower for small A, where-
as sufficiently large 1 yields a lower and broader barrier.
These results confirm that /, O, and 1 primarily govern
the electromagnetic effective potential, whereas the non-
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(color online) The effective potential V,(r) for a massless electromagnetic field in the background of a black hole with M = 1.

Fig. 2.

linear parameter a introduces only mild near-horizon cor-
rections.

III. QUASINORMAL MODE FREQUENCIES

Having constructed the effective potentials for scalar
and electromagnetic perturbations, we proceed to com-
pute the quasinormal frequencies (QNFs) of magnetic-
ally charged Euler—Heisenberg black holes surrounded by
perfect fluid dark matter. The quasinormal frequencies w
are the characteristic complex oscillation frequencies of
the perturbed spacetime, subject to physically motivated
boundary conditions [4, 5] imposed on the radial wave
function:

Y(r) ~ e, (15)

r, — —00,

(16)

r, — +o00,

Y(r) ~ e,

which require purely ingoing wave solutions at the event
horizon and purely outgoing wave solutions at spatial in-
finity.

Because the perturbation equations do not admit
closed-form analytical solutions, we employ two inde-
pendent high-precision numerical approaches to determ-
ine the fundamental quasinormal frequencies (n=0),
which dominate the black hole ringdown signal in gravit-
ational-wave observations. Specifically, we use the
asymptotic iteration method (AIM) [34] and the sixth-or-
der Wentzel-Kramers—Brillouin (WKB) approximation
[35]. For completeness, detailed implementations of both
methods are summarized in Appendices A and B.

To quantify the consistency between the two sets of
results, we define the relative percentage deviation

lwamnm — wwksl
Apw=—7—""—

x 100%, (17)

|wwksl

This provides a reliability check for our computed QNFs.

Our numerical results for the fundamental modes are
systematically presented in Tables I and II, and the para-
metric dependence on the black hole charge O, nonlinear
parameter a, dark matter parameter A, and angular mo-
mentum / is illustrated in Figs. 3—14. Throughout the ana-
lysis, we focus on the fundamental mode »n = 0, which has
the longest damping time and dominates the late-time
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Fig. 3. (color online) Variation of scalar and electromagnetic fundamental QNFs (n = 0) for different values of /, with M =1 and
Q0 = 0.4. The arrow indicates the direction of increasing angular momentum parameter /. Panels (a) and (b) show the scalar field modes
with [=0,1,2,3,4,5,6,7,8 and the electromagnetic field modes with /= 1,2,3,4,5,6,7,8, respectively.
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Fig. 4. (color online) Variation of the scalar and electromagnetic fundamental QNFs (n = 0) as functions of A for M =1 and 0 =0.4.
The arrows in panels (a) and (b) indicate the direction of increasing A for A € [0.1,3]. Black dots mark the maxima of wg, and purple
dots mark the minima of «; as functions of 4. For scalar QNFs with /=0,1,2,3, the black dots occur near 1=0.9,0.8,0.77,0.75, re-
spectively, and the purple dots occur near 1 =1.22,1.19,1.17,1.15, respectively. For electromagnetic QNFs with [ =1,2,3,4, the black
dots occur near A =0.7,0.73,0.75,0.8, respectively, and the purple dots occur near A =1.1,1.13,1.15,1.2, respectively.
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ringdown waveform. Although the first overtone (n=1) more rapidly and contribute subdominantly to the ob-
has been identified in the ringdown analysis of  served signal. Extensions to higher overtones will be con-

GW150914 [36], higher overtones (n>2) decay much  sidered in future work.



Quasinormal modes of massless scalar and electromagnetic perturbations for ...

Chin. Phys. C 50, (2026)

0.4 0.6 0.8 1.0 1.2 14 1.6
-0.20 -0.170 -0.170
0.45
-0.175 -0.175
040 -0.180 -0.180
3"“ 035 3 -0.185 -0.185
-0.190 -0.190
0.30
-0.195 -0.195
0% 20 -0.18 -0.16 ~0.14 —0.12 02 04 06 08 o 2 04 06 08 o 2 4 6
Wy A A
(a)a=0.5 (b)a = 0.5 (c)a=0.5
Fig. 6. (color online) Variation of the electromagnetic fundamental QNFs (n = 0) as functions of A for M =1, [ = 1. The arrows in

panel (a) indicate the direction of increasing A for A € [0.1,3]. Black dots denote the maxima of wg, and purple dots denote the minima
of w; as functions of 4. Panels (b) and (c) show the decomposed real and imaginary parts, wr and wy, corresponding to panel (a), re-
spectively; the values of 1 at the black and purple dots can be extracted directly from these panels.

-0.26 -024 -022 -020 -0.18 -0.16 -0.14 -0.12

0.22 ——0.22

@ a=-300
0.20F p ® a=30 1020

@ a=3000
0.18F J0.18
3nﬁ 0.16 F 10.16
0.141 40.14
0.12F 10.12
0.10F Jo.10

-026 -0.24 -022 -020 -0.18 -0,6 -0.14 -0.12
Wy

(a)scalar,l =0
Fig. 7.

-0.20 -0.18 -0.16 ~0.14 -0.12
0.45F © a-_300 104
0.40f ®a=30 15,

4 © a=3000
0.35f Joss
3
080} {o0.30
\ )
0.25} . Jo.25
0.20F \ 10.20
a]
-0.20 -0.18 -0.16 ~0.14 -0.12
W

(b)electromagnetic,l = 1

(color online) Variation of the fundamental scalar and electromagnetic QNFs (n = 0) with 4 for M = 1. The arrows in panels

(a) and (b) indicate the direction of increasing 4 for A € [0.1,4]. Black dots denote the maxima of wg, and purple dots denote the min-
ima of wy as functions of 1. For a = =300,30,3000, the black dots are located near A1 =0.86,0.92,1.27, respectively, and the purple dots
near 1=1.3,1.21,1.1, respectively, in panel (a). In panel (b), the black dots are located near A =0.67,0.73,0.8, respectively, and the

purple dots near A =1.1,1.03,0.9, respectively.

0128 -0.126 0124 -0.122__ -0.120 0103 -0.102 -0101 -0100 -0.099 -0.098 -0

0120 -0.119 -0.118 -0.117 -0.116 -0.115 -0.114 0.098 0.095 0.094 0093

®I1=0®I=1 ®I=2 ®|=3 ®I=0 @ I=1 ®|=2® =3

<07

<o {05

ezl @203 @ |=4 eIzl @20 =3 ® =4

08 IR 08

02

0,093

9 o « «
3 3 s 3 3
——— 01— o1 N - 02 D
-0.130 0.128 0.126 -0.124 -0.122 0.120 -0.103 -0.102 -0.101 -0.100 -0099 -0.098 -0.097 0z -0.120 -0.119 -0.118 -0.117 -0.116 -0.115 -0.114 2 -0.097 -0.096 -0.095 -0.094
w; wy w; wy
(a)scalar,A = 0.1 (b)scalar,A =0 (c)electromagnetic,A = 0.1  (d)electromagnetic,A = 0
Fig. 8. (color online) Variation of scalar and electromagnetic fundamental QNFs (n = 0) with parameter a for M =1 and Q =0.4.

Panels (a) and (b) show scalar QNFs, while panels (c) and (d) show electromagnetic QNFs. The arrows indicate the direction in which
parameter a increases. Curves with different colors correspond to distinct / values and share the same sampled values of a:

a =-100,-80,-60,-40,-20,0,20,40, 60,80, 100.

A. Dependence on the angular quantum number |

Fig. 3 presents the trajectories of the fundamental
quasinormal frequencies (n=0) in the complex w-plane
for scalar (/=0,1,2,...,8) and electromagnetic (/=1,
2,...,8) perturbations as the angular momentum paramet-

er [ varies. In both perturbation sectors, increasing / shifts
the QNM trajectories toward larger real parts wg and
more negative imaginary parts wy, indicating higher oscil-
lation frequencies and faster damping. The same trend ap-
pears in both the PFDM background (1 = 0.1) and the va-
cuum case (1 =0), corresponding to Fig. 3(a) and Fig.
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3(b), respectively.

The scalar and electromagnetic modes exhibit qualit-
atively similar trajectory patterns, with both sectors
showing monotonic increases in wg as / increases. This
behavior reflects the elevation and narrowing of the ef-
fective potential barriers at higher angular momentum
numbers, which strengthens the confinement of perturba-
tion waves near the photon sphere. The systematic dis-

placement along the trajectories indicates that higher mul-
tipole modes oscillate more rapidly and decay faster.
Comparison of the two panels in Fig. 3 shows that the
PFDM environment (A = 0.1) systematically modifies the
QNM trajectories relative to the vacuum case. It en-
hances both the oscillation frequency and the damping
rate, consistent with the higher and narrower effective-
potential barriers discussed above. This effect becomes
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sensitive to PFDM-induced changes in the potential. The
case a=-0.5 exhibits behavior qualitatively similar to

more pronounced as / increases because the stronger an-
gular-momentum contribution makes the spectrum more
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that of a = 0.5; therefore, we use a = 0.5 as the represent-
ative fixed value in the following discussion, as illus-
trated in Fig. 3.

B. Dependence on the dark matter parameter 4

The fundamental quasinormal frequencies (n=0) of
scalar and electromagnetic perturbations exhibit a pro-
nounced nonmonotonic dependence on the PFDM para-
meter A, as illustrated in Figs. 4-7. In both sectors, the
QNM trajectories in the complex w-plane display a char-
acteristic hook-like structure. As A increases, the oscilla-
tion frequency wg first rises to a maximum, marked by
black dots, and then decreases, whereas w; follows the
opposite trend, reaching a minimum, marked by purple
dots, before increasing. This behavior indicates that PF-
DM initially strengthens the effective potential barrier
and wave confinement, but the barrier response eventu-
ally reverses in the strong-dark-matter regime, facilitat-
ing tunneling.

A distinct difference appears in the angular-mo-
mentum dependence of these critical points, as shown in
Fig. 4. For scalar perturbations in Fig. 4(a), the critical
values of 4 shift toward smaller values as / increases (e.g:;
black dots near A=~ 0.9,0.8,0.77,0.75). For electromagnet-
ic perturbations in Fig. 4(b), they instead shift toward lar-
ger 4 (e.g., black dots near 1~0.7,0.73,0.75,0.8). This
contrast follows from the different effective-potential
structures: the scalar potential contains an additional de-
rivative term involving the metric function, whereas the
electromagnetic potential is governed primarily by the
centrifugal barrier. Consequently, angular momentum
regulates the PFDM scale at which the QNMs reach their
extrema differently in the two perturbation sectors.

The influence of the black hole charge O on this non-
monotonic structure is shown in Figs. 5—6 for scalar
(I=0) and electromagnetic (! = 1) perturbations, respect-
ively. In both sectors, increasing Q shifts the trajectories
toward larger wr and more negative wj, reflecting the
charge-induced enhancement of the effective potential
barrier. More importantly, the critical values of 4 associ-
ated with the maxima of wgr and the minima of w; move
systematically toward smaller values as Q increases, as
seen in the decomposed panels of these figures. Thus, a
stronger charge causes the nonmonotonic response to
emerge at a smaller PFDM parameter, increasing the
spectral sensitivity to the dark-matter environment.

A strong coupling between the nonlinear parameter a
and A is further revealed in Fig. 7, where scalar (/=0)
and electromagnetic (I =1) QNFs are plotted for differ-
ent values of a. Increasing a shifts the critical 4 for the wg
maximum toward larger values, while moving the critical
A for the w; minimum toward smaller values—a trend ob-
served in both perturbation sectors. Specifically, for
a =-300,30,3000, the black dots are located near A=
0.86,0.92,1.27 and the purple dots near A=1.3,1.21,

1.1 in Fig. 7(a), whereas in Fig. 7(b), the black dots are
near A=0.67,0.73,0.8 and the purple dots near A=
1.1,1.03,0.9. This opposite displacement shows that non-
linear corrections modify the characteristic PFDM scales
at which oscillation and damping reach their extrema,
rather than simply rescaling the spectrum.

Taken together, Figs. 47 establish a clear hierarchy of
parameter couplings. The PFDM parameter A drives the
nonmonotonic evolution of the QNM spectrum, the
charge Q shifts the characteristic scale toward smaller
values, and the nonlinear parameter a modifies the loca-
tions and ranges of the extrema. The influence of a is
nevertheless suppressed in the strong-dark-matter regime,
where the trajectories are dominated by A. The observed
oscillation and damping behavior therefore results from
competition among the three parameters. The case a =
—0.5 exhibits behavior qualitatively similar to that for a =
0.5; thus, we use a = 0.5 as the representative fixed value
in the following discussion, as illustrated in Figs. 4—6.

C. Dependence on the nonlinear parameter a

Figure 8 illustrates the evolution of the fundamental
quasinormal frequencies (n=0) in the complex w-plane
as the nonlinear Euler—Heisenberg parameter a varies.
The scalar modes are shown in Fig. 8(a) and Fig. 8(b),
while the electromagnetic modes are shown in Fig. 8(c)
and Fig. 8(d). A universal trend emerges in both the PF-
DM environment (4 = 0.1, Fig. 8(a) and Fig. 8(c)) and the
vacuum case (4 =0, Fig. 8(b) and Fig. 8(d)): increasing a
systematically shifts the QNM trajectories toward a smal-
ler real part wg and a more negative imaginary part wy,
corresponding to slower oscillations and faster damping.
The multipole number / further modulates this nonlinear
effect. Although larger / shifts the trajectories toward
higher oscillation frequencies, it simultaneously reduces
the displacement induced by varying a, indicating that the
centrifugal barrier suppresses the subleading geometric
corrections introduced by the nonlinear parameter.

The influence of the black hole charge Q on this para-
meter dependence is detailed in Fig. 9. The scalar (/ =0)
and electromagnetic (/ = 1) modes are shown in Fig. 9(a)—
Fig. 9(d). A larger charge Q significantly enhances the
spectral sensitivity to the nonlinear parameter a, whereas
the PFDM background primarily translates the trajector-
ies in the complex plane without fundamentally altering
their qualitative behavior.

The intricate interplay between the nonlinear para-
meter a and the dark matter parameter A is shown in
Fig. 10. The fundamental QNFs for the scalar (/=0) and
electromagnetic (/= 1) fields are shown in Fig. 10(a) and
Fig. 10(b), respectively. The magnitude of the QNM shift
induced by a depends nonmonotonically on A: the dis-
placement initially increases with A but eventually satur-
ates and weakens in the strong-PFDM regime. In this lim-
it, the QNM trajectories form compact clusters, indicat-
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Table 1. The fundamental QNFs (n = 0) for scalar perturbations with M = 1.
1=0.1 1=0
a | 0
WAM WwkB Axw Wamm Wwks Axw
0.0 0.134883626-0.126826778i 0.132684-0.124198i 1.886% 0.112820904-0.102208173;  0.110493-0.100793: 1.82167%
0.1 0.135209625-0.126912332i  0.13306-0.124238i 1.88472% 0.113026236-0.102253336i  0.110631-0.100895: 1.839%

0 0.2 0.136206308-0.127165291i  0.133893-0.124644i 1.87031% 0.113651158-0.102386650;  0.11127-0.1010017 1.83308%

0.3 0.137933044-0.127572332i  0.135531-0.125126i 1.85903% 0.114723623-0.102600720i  0.112272-0.101252i 1.85084%
0.0 0.349762033-0.120008018; 0.349714-0.120175¢ 0.0471% 0.292936749-0.097648398i  0.29291-0.0977616i  0.0377039%
0.1 0.350542936-0.120100118; 0.350499-0.120268;  0.0469925%  0.293435533-0.097703087; 0.293407-0.0978114i  0.0362537%

03 1 0.2 0.352941458-0.120388924i  0.352898-0.120545;  0.0435261%  0.294944839-0.097848831i - 0.294919-0.0979589;  0.036349%
0.3 0.357090901-0.120849311i 0.357056-0.120996i  0.0401007%  0.297539532-0.098093302; 0.297516-0.0981976i  0.0341002%
0.0 0.577130589-0.118814142; 0.577127-0.118825i 0.00199031% 0.483643303-0.096759690; 0.483642-0.0967661i 0.00132928%
0.1 0.578411754-0.118911749i 0.578409-0.118923; 0.00198025%  0.484456887-0.096811923; 0.484455-0.0968185; 0.00139392%
? 0.2 0.582328875-0.119202703; 0.582325-0.119213i 0.00186565% 0.486930976-0.096966645i 0.486929-0.0969739; 0.00149251%
0.3 0.589114577-0.119676234i 0.589112-0.119687i 0.00180418% 0.491181272-0.097220120; 0.491179-0.0972261i 0.00129818%

Table 2. The fundamental QNFs (n = 0) for electromagnetic perturbations with M = 1.
1=0.1 1=0
a | Q
WA Wwks Anw WA wWwkB Aaw
0.0 0.29439285-0.11316717i 0.294266 - 0.113376i  0.0776656%  0.24828784 - 0.09248966i 0.248191 - 0.0926371 i 0.06652%

0.1 0.29513482-0.11327844i 0.295007 - 0:113491 7  0.0786329%  0.24875470 - 0.09255345; 0.248666 - 0.0927002i  0.0646035%

: 0.2 0.29740663- 0.11361424; 0.297277 - 0.113835i ~ 0.0803215%  0.25021011 - 0.09273381i  0.250111 - 0.092889 i 0.0689933%

0.3 0.30135147-0.11416787i 0.301223 -0.114402i 0.0830399%  0.25269744 - 0.09303902i 0.252599 - 0.093199 i 0.0697181%

0.0 0.54484126-0.11649221i 0.544838-0.1165017 0.00173403%  0.45759495 - 0.09500484i 0.457593 - 0.09501117 0.00138925%

0.1 0.54609611 -0.11659376i° 0.546094 - 0.116604i 0.00189084%  0.45839448- 0.09506061i 0.458393 - 0.0950668 i 0.00139081%

03 2 0.2 0.54993578 - 0.11690003; * 0.549933 -0.11691i 0.00180058%  0.46082780 - 0.09522534i 0.460826 - 0.0952323 i 0.00151945%
0.3 0.55659497 - 0.11740034; 0.556592-0.117411i 0.00188504%  0.46500970 - 0.09549510; 0.465009 - 0.0955021 ¢ 0.00148841%
0.0 0.78289802- 0.11729825;  0.782897-0.1173i  0.000173145% 0.65689875 - 0.09561645; 0.656898 - 0.0956171i 0.000108951%
0.1 0.78466270-0.11739866i  0.784663 -0.1174i  0.000179414% 0.65802125 - 0.09567019i 0.658021 - 0.0956715i 0.000203299%
} 0.2 0.79006023- 0.11769832i 0.79006 - 0.1177 i 0.000160961%  0.66143963- 0.09583222i 0.661439 - 0.0958331 i 0.000177894%
0.3 0.79941657-0.11818833; 0.799417-0.11819i 0.000157755% 0.66731036- 0.09609459;  0.66731 - 0.0960961 i  0.000230448%

ing that the perturbation dynamics are increasingly gov-
erned by the dark-matter halo and that the relative influ-
ence of a is suppressed.

This phenomenological behavior can be traced to the
structure of the effective potential. The parameter a pre-
dominantly alters the near-horizon geometry, leaving the
global shape of the potential barrier largely intact. Con-
sequently, the spectral signature of a becomes most pro-
nounced in the strong nonlinear regime and is further en-
hanced by a sufficiently large charge Q or a moderate
dark matter density 1. Conversely, an overwhelming dark
matter environment masks these nonlinear corrections. In
summary, the parameter hierarchy is well defined: QO sets
the primary scale for oscillation, A determines the macro-
scopic environmental modifications, and a acts as a sec-

ondary, nonlinear perturbation whose observational foot-
print depends strongly on the ambient dark matter dens-
ity and the angular momentum of the perturbed field.

D. Dependence on the black hole charge Q

In Figs. 11-14, we present the trajectories of the fun-
damental quasinormal frequencies (n = 0) in the complex
w-plane for scalar and electromagnetic perturbations as
the black hole charge O varies. As shown in Figs. 11 and 12,
the real oscillation frequency wg increases monotonic-
ally with Q. This behavior results from the charge-in-
duced enhancement of the effective potential barrier and
the consequent stronger confinement of perturbation
waves near the photon sphere. Low-multipole perturba-
tions are particularly sensitive to this effect. For scalar
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perturbations, the black dots lie near Q ~ 0.7 for [ =1,2,3
and near Q~0.6 for /=0 in Fig. 11(a), while they lie
near Q ~ 0.7 for / =0,1,2,3 in Fig. 11(b). For electromag-
netic perturbations, the corresponding black dots lie near
Q~0.7 for 1=0,1,2,3 in Fig. 12(a); in Fig. 12(b), they lie
near Q~0.7 for [=2,3,4 and near 0~ 0.8 for [=1. In
contrast, w; depends nonmonotonically on Q: it first de-
creases to a minimum at the black dots and then in-
creases, reflecting the competition between the barrier
height and its curvature near the peak.

The influence of the dark-matter environment on this
damping structure is shown in Fig. 13. Increasing A mono-
tonically raises Q.. Quantitatively, for scalar QNFs, min-
ima emerge near Q =0.7,0.6,0.68,0.72,0.85 in Fig. 13(a)
for 1=0,0.1,0.3,0.5,0.7, with no minima for 1=1,1.6.
For electromagnetic QNFs, minima appear near Q =
0.8,0.69,0.71,0.8,0.92 in Fig. 13(b) for the same A values
and vanish at 4=1,1.6. When A > 1, the nonmonotonic
damping feature disappears, and w; becomes monotonic
in Q. This transition occurs in both perturbation sectors
and is nearly independent of the sign of a.

The role of the nonlinear parameter a is shown in
Fig. 14. In the strongly nonlinear regime, increasing a
changes the dependence of wg on Q from a monotonic in-
crease to a trend that first rises and then decreases. It also
makes the behavior of w; more complex and increases
the critical charge Q.. For instance, as a increases from
—-300 to 300, the accessible charge range extends from
0 €[0,0.45] to Q €[0,2.4].

Finally, a direct comparison between Figs. 11 and 12
demonstrates that scalar perturbations are more sensitive
to Q than electromagnetic perturbations, owing to the ad-
ditional derivative term in the scalar effective potential.
Overall, O controls the growth of the oscillation fre-
quency and regulates the damping behavior through the
curvature of the barrier, whereas A and a reshape the
damping structure and the location of the extremum
charge as environmental and nonlinear parameters, re-
spectively. The case a = —0.5 exhibits qualitatively simil-
ar behavior to a = 0.5; thus, we use a = 0.5 as the repres-
entative fixed value in the following discussion, as illus-
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trated in Figs. 11-13.

IV. THE GREYBODY FACTOR

In this section, we use the WKB approximation to
calculate the greybody factors for scalar perturbations.
The boundary condition for the scattering process differs
from that for the QNMs and can be written as [3, 5]

W =T(w)e ™, r,— -0,

w — e*iwr;, +R(w)eiwr*’ 7. — 400,

(18)

where R and T represent the reflection and transmission
coefficients, respectively. The greybody factor is defined
as the probability that an outgoing wave reaches infinity
or that an incoming wave is absorbed by the black hole
[45—47]. Therefore, |T(w)l* is the greybody factor, and
R(w) and T (w) should satisty the following relation:

IR(w)* +IT(w)f* = 1. (19)
The reflection and transmission coefficients can be
obtained using the sixth-order WKB method [35, 44].

2 _
|R(0.))| - 1 + e—ZKiK(u)) b

1
2 _
IT(@)" = + o2riK@)

= 1-RW)P, (20)

where K is a parameter that can be obtained using the
WKB formula [35]

i (w2 - V(ro))

= 2

6
+ZA1'.
i=2

In Figs. 15 and 16, we present the greybody factors
IT(w)* for scalar and electromagnetic perturbations
(I=1) for varying charge Q. For both PFDM (1=0.1)

(b)a=0.5,A=0

(color online) Scalar-field greybody factor as a function of Q for M =1 and [ =1.
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and vacuum (2 = 0) backgrounds, increasing Q systemat-
ically shifts the transmission curves to higher frequencies
and suppresses the greybody factor, reflecting the mono-
tonic enhancement of the effective potential barrier.
The influence of the nonlinear parameter a is shown in
Figs. 17 and 18; varying a produces only minor modifica-
tions confined to the low-frequency region, consistent
with its localized near-horizon corrections.

The dependence on the PFDM parameter 4 is detailed
in Figs. 19 and 20. In the weak- and moderate-PFDM re-
gimes (Figs. 19(a) and 20(a)), increasing A suppresses
low-frequency transmission and shifts the transition re-
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(color online) Electromagnetic field greybody factor as a function of Q for M =1 and [ =1.

gion toward higher o, indicating a strengthened barrier.
However, in the strong-PFDM regime (Figs. 19(b) and
20(b), 1> 1.4), the curves exhibit a reverse shift with in-
creased transmission probability. This nonmonotonic be-
havior directly reflects the lowering and broadening of
the effective potential barrier in the strong-dark-matter re-
gime, which facilitates wave tunneling.

Comparison of Figs. 15-20 shows that O and 4 signi-
ficantly regulate the transmission probability, whereas a
acts as a subleading correction. Both perturbation sectors
exhibit qualitatively similar behavior, indicating that the
dominant features are governed by the background geo-

0.2 0.3
T T

1.0F ,_,..---‘-—"*1,0 1.0p° et e 1.0
0525 B o -~
” 0.7125
o rd
0.8} 0520 / 08 08F 08
/
0s15 / — a=-60 — a=-60
R 08T pspolics / + a=-20 06 N 081 s + a=-20 06
0.3700 0.3705 0.3710 08745 0.3720,
= / a=20 = a=20
041 ,' 2=60 04 04} 2=60 0.4
0.2F ," 0.2 0.2F 10.2
/
"I
0.0 b, oxrmpomrsmmmmmere™” . . . . 0.0 0.0 oo . 50.0
0.1 0.2 0.3 04 0.5 0.6 0.1 0.5
w w
(a))\ =0.1,Q=04 MA=0,Q=04
Fig. 17. (color online) The scalar field greybody factor vs. @ for M =1 and I=1.
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4
1.0—0;“1 ‘ : ‘ ‘__._‘.,.-._-—- 1.0 w—n‘w ' ' __ﬂ.m‘.,‘ e | 1.0
0435 % e - P
0.430 o 1’ 0.585 /
0.8-0425 / H0.8 08F / Hos8
0.420 V4 0.580 /
0415 7 — a=-60 0.575 l' — a=-60
0.410 = 0.2700 0.2705 0.2710 0.2715 0.2720
o 0.6 "0300 0301 0302 0303 0304[’ . a==20 106 N 0.6 I, + a=-20 106
= / a=20 = / a=20
04+ /,’ 2=60 0.4 04 l{ 2=60 04
V4 /
4 /
021 / 0.2 02F / 0.2
rd v
0.0 gt . . . 400 0.0f =™ | . . 40.0
0.1 02 0.3 04 05 0.1 0.2 0.3 04
w w
(a)A=0.1, Q = 0.4 (B)A=0,Q = 0.4
Fig. 18. (color online) The electromagnetic-field greybody factor as a function of a for M =1 and I = 1.
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metry rather than by the field spin. Overall, the suppres-
sion of low-frequency transmission indicates barrier
strengthening by O and weak-to-moderate A, whereas the
reverse shift for 1> 1.4 confirms barrier lowering in the
strong-dark-matter regime. As illustrated in Figs. 15-16
and 19-20, we adopt a = 0.5 as the representative value,
having verified that a = —0.5 yields qualitatively similar
results.

V. CONCLUSION AND DISCUSSION

In this work, we systematically investigate the quas-
inormal modes (QNMs) and greybody factors of mass-
less scalar and electromagnetic perturbations around the
Euler—Heisenberg black hole surrounded by perfect fluid
dark matter (PFDM). Using the asymptotic iteration
method (AIM) together with the sixth-order WKB ap-
proximation, we analyze the effects of the black hole
charge O, the PFDM parameter A, and the nonlinear
Euler—Heisenberg parameter @ on the dynamical proper-
ties of the spacetime. The excellent agreement between
the AIM and WKB results confirms the reliability and ac-
curacy of the obtained quasinormal spectra.

The effective potential analysis shows that both the
black hole charge and the PFDM environment signific-
antly modify the structure of the scattering barrier. In-

IT|?

IT|?
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T T T

(b)a = 0.5, @ =0.4

(color online) The scalar-field greybody factor as a functionof A forM =1 and /= 1.
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(color online) Electromagnetic-field greybody factor as a function of A for M =1 and [ = 1.

creasing the charge parameter O generally increases the
height of the effective potential barrier for both scalar and
electromagnetic perturbations, leading to stronger con-
finement of perturbative waves near the photon-sphere re-
gion. By contrast, the PFDM parameter 4 has a more in-
tricate influence on the effective potential. In the weak-
PFDM regime, increasing A raises and sharpens the ef-
fective potential barrier, whereas for sufficiently large
values of A, the barrier becomes lower and smoother, re-
ducing the curvature near the potential peak. The nonlin-
ear Euler—Heisenberg correction primarily affects the
near-horizon geometry and becomes prominent in the
strong nonlinear regime.

The quasinormal spectra exhibit several remarkable
dynamical features. For moderate values of the nonlinear
parameter a, the oscillation frequency wgr increases
monotonically with O, while the damping magnitude |w|
exhibits a characteristic nonmonotonic dependence,
reaching a clear minimum at the critical charge Q., i.e., at
extremality. This behavior originates from the competi-
tion between the height and curvature of the effective po-
tential near its peak. The PFDM parameter A increases
0., and sufficiently strong dark matter can even elimin-
ate the nonmonotonic damping behavior entirely. These
results indicate that environmental dark matter effects can
qualitatively alter the ringdown properties of charged
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black holes.

A comparison between scalar and electromagnetic
perturbations reveals that scalar modes are generally
more sensitive to the background geometry and the PF-
DM environment. This distinction arises because the scal-
ar effective potential contains an additional derivative
term rf(r)f’'(r), whereas the electromagnetic potential de-
pends only on the centrifugal contribution. Consequently,
scalar perturbations exhibit stronger variations in both os-
cillation frequency and damping rate under changes in the
spacetime parameters. Nevertheless, both fields share
consistent qualitative behavior, demonstrating the univer-
sality of the underlying physical mechanism.

In the strong nonlinear regime, the Euler—Heisenberg
correction introduces qualitatively new effects into the
quasinormal dynamics. The dependence of wr on Q
gradually changes from a monotonic increase to a trend
of initially increasing and then decreasing near extremal-
ity. Meanwhile, the damping structure becomes more
complex, indicating that strong nonlinear electrodynamic
effects substantially reshape the curvature of the effect-
ive potential near its peak. A robust result is that the crit-
ical charge Q. increases monotonically with a, demon-
strating that stronger nonlinear corrections push the ex-
tremal condition toward larger black hole charge.

From a physical perspective, the parameter 1 determ-
ines the density and distribution of the perfect fluid dark
matter halo surrounding the black hole: As /4 increases in
the weak-PFDM regime, the dark matter distribution in-
troduces an additional effective gravitational dragging ef-
fect, which pulls the peak of the effective potential out-
ward and sharpens it. This leads to a higher oscillation
frequency. However, in the strong-PFDM regime (large
A), the background geometry becomes strongly domin-
ated by the dark matter fluid, flattening the spacetime
curvature near the photon sphere. This physical competi-
tion explains the nonmonotonic behavior observed in the
damping rate w;. We consider 4 to be the most relevant
parameter in our study, as it determines the macroscopic
deviation from standard vacuum general relativity.

The greybody-factor analysis further confirms the
close connection between scattering properties and the ef-
fective potential structure. Increasing Q suppresses low-
frequency transmission, while 4 regulates wave confine-
ment and tunneling. Both nonlinear electrodynamics and
PFDM leave characteristic imprints on black hole absorp-
tion and scattering, which may be detectable in future ob-
servations.

Overall, the interplay between black hole charge, non-
linear electrodynamics, and perfect fluid dark matter
yields rich and nontrivial modifications to quasinormal
spectra and greybody factors. The competition between
the height and curvature of the effective potential gov-
erns the oscillation and damping characteristics of per-
turbative modes. Our results provide valuable theoretical

templates for future gravitational-wave observations,
black hole spectroscopy, and tests of strong-field gravity
and nonlinear electrodynamics in dark matter environ-
ments. In particular, the recently proposed gravitational-
wave-black hole imaging correspondence for modified
black holes [33] offers a promising framework for con-
necting our quasinormal mode predictions with future
Event Horizon Telescope observations.

We remark that two recent investigations have ad-
dressed greybody factors in the same Euler—Heisenberg
black hole spacetime surrounded by PFDM [49, 50].
While both works provide important contributions, they
are constrained by their respective methodologies: the
rigorous lower-bound approach [49] cannot yield exact
transmission probabilities, and the eikonal approximation
[50] is restricted to the large-/ limit. Our work was con-
ducted independently and complements these studies in
several fundamental respects. First, by employing the
sixth-order WKB approximation, we compute greybody
factors at finite angular momenta (/ = 1), providing quant-
itative transmission probabilities that go beyond both the
rigorous bounds and the eikonal limit. Second, within a
unified WKB framework, we identify new physical fea-
tures inaccessible to the aforementioned methods. Most
notably, we reveal the nonmonotonic transition of grey-
body factors induced by the lowered potential barrier in
the strong-PFDM regime (A 2 1.4), the nonmonotonic de-
pendence of quasinormal frequencies on 4, and the critic-
al charge Q. structure in the damping rate. These results
demonstrate that our combined QNM and greybody ana-
lysis provides complementary and, in certain aspects,
more detailed information than the lower-bound or eikon-
al approaches, thereby significantly enriching the theoret-
ical understanding of black hole scattering in nonlinear
electrodynamic and dark matter environments.

Appendix A. Asymptotic Iteration Method

The asymptotic iteration method (AIM) provides a
stable and accurate semi-analytic strategy for solving
second-order linear ordinary differential equations gov-
erning black-hole perturbations [34, 48]. This appendix
outlines the full implementation of AIM for computing
quasinormal frequencies, with all key equations retained
in their original form.

We begin by introducing a compactified radial co-
ordinate

u=1-—,
’

(AT)

This maps the exterior region r € [r,,o0) onto u € [0,1).
Substituting this transformation into the radial perturba-
tion equation yields the following second-order ordinary
differential equation in terms of u:
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e )+( J}((“)))w )
riwz +(u— 1)3f(u)f'(u) I(I+1) _
¥ { w-Dar w-nrra) Y@=
(A2)

This second-order differential equation governs the radi-
al behavior of perturbations and serves as the starting
point for the AIM procedure.

We first analyze the asymptotic behavior near the ho-
rizon, u — 0. The metric function can be expanded to lin-
ear order as f(u) ~ uf’(0). Substituting this expression in-
to (A1) yields the simplified equation

2 2
W)+ w W+ Gt =0, (A3)
whose general solution is
W — 0) ~ Cout + Cotlf, &= }r((‘;’) (A4)

The physically ingoing boundary condition requires
C,=0.

Next, we consider the asymptotic form at spatial in-
finity, u — 1. In this limit, the equation reduces to

2 2
Y (u) - 7lﬂ( )+( )4lﬁ(u) =0 (AS5)
ir.w .
Upon introducing ¢ = - the solution becomes
Y — 1)~ Die™* + Dyéf. (A6)

The purely outgoing boundary condition imposes
=0.

We now construct a global ansatz satisfying both
boundary conditions:

D,

W) = u e x(u), (A7)

where y(u) is regular on (0,1). Substituting (A6) into
(A1) rewrites the equation in the canonical AIM form
[34, 48]:

X" = Ao + so(u)x. (A8)
For scalar perturbations, the initial iteration coeffi-
cients are given by

o) = 2ir,w _f’(u) _2(ir+a)+u—1)
TP O) T fw T w12

(A9)

and

1 . ’
so(u) = = DTG OF [m(u - D’(u+Dwf(0)f(u)
— i (0 (e + (=1 f(w) f (w)(ir,w+u—1))

+f(w) (l(l‘*' Du?(u—1)f'(0)*
+ir,u(u—1D*wf (0)f (1)

+ P f) (=172 —uf (0)%)]. (A10)

For electromagnetic perturbations, the coefficient

Ao(u) is unchanged:

a= 0L _Jirerioh gy
while sy(u) takes the form
00 == 1)4u211‘(u)2f’(0)2 [-rewror

+r.wf(u)? (r+a) ((u -1 - uf’(O))2
+i(u—171+u)f'(0))
+ 11+ D~ 1)*u> f(u) f(0)
+ir,(u—1)uwf’ (0) ((u -1y
—uf'(0) f@ f W) (A12)

The iteration is then repeated recursively until conver-
gence, yielding robust, high-precision quasinormal fre-
quencies.

Appendix B. 6th-order WKB method

The sixth-order Wentzel-Kramers—Brillouin (WKB)
approximation provides a reliable semianalytic method
for computing quasinormal-mode frequencies and grey-
body factors in black hole perturbation theory [35]. This
approach approximates the perturbed field equation near
the peak of the effective potential barrier, where the field
exhibits its dominant oscillatory behavior.

The central condition that determines the quasinor-
mal-mode frequencies is given by

ZAk—l’l+

where n=0,1,2,... labels the overtone number. Here,
Vo = V(ry) denotes the value of the effective potential at
its maximum r = ry, and V' denotes the second derivat-
ive at the peak, characterizing the curvature of the poten-
tial barrier. The terms A; represent higher-order correc-
tions derived from the k-th derivatives of V(r) at ry, which
systematically improve the accuracy up to sixth order.
Unlike lower-order expansions, the sixth-order
scheme reliably captures the local structure of the poten-

w —Vo

Ners (B1)
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tial near the peak, yielding accurate frequencies even in
moderately strong-field regimes [35]. This method is
computationally efficient and consistent with the asymp-
totic iteration method [34], especially for modes satisfy-
ing [>n, for which the potential barrier is sufficiently

pronounced and the WKB expansion converges rapidly.

The same framework is used to compute greybody factors

by evaluating the transmission probability across the po-

tential barrier.
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