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I.  INTRODUCTION

Theorems in quantum field theory (QFT) usually have
limited applicability. Most theorems apply either to mod-
els  in  lower-dimensional  spacetime  or  to  theories  with
symmetries  that  have  not  been  observed  in  nature.  The
spin-statistics theorem  (SST)  is  an  exception,  as  it  cor-
rectly describes  the  connection  between  spin  and  statist-
ics for all observed elementary particles [1−6]. In four-di-
mensional  Minkowski  spacetime,  the  SST  can  be  stated
simply: Integer  spin  fields  are  bosonic,  while  half-in-
teger spin fields are fermionic.

The SST is derived from the principles of locality and
Poincaré symmetry  in  QFT.  Consequently,  the  connec-
tion  between  spin  and  statistics  stated  in  the  preceding
paragraph  is  widely  believed  to  be  unique.  Here,  we
demonstrate  that,  for  a  class  of  QFTs  with  pseudo-Her-
mitian  Hamiltonians  (pseudo-Hermitian  QFTs),  this
widespread belief is no longer valid.

A pseudo-Hermitian Hamiltonian is a special class of
non-Hermitian Hamiltonian first studied by Pauli [7] and
later  by  Mostafazadeh  [8−11].  To  define  a  pseudo-Her-
mitian  Hamiltonian,  we  must  first  specify  a linear  and
Hermitian operator  and  use  it  to  define  the  pseudo-Her-
mitian operation. Let this operator be η. Given an operat-

O #or , the η pseudo-Hermitian conjugation  is defined as 

O# ≡ η−1O†η. (1)

O## = O
The  operator η must  be  linear  and  Hermitian  to  ensure
that . A Hamiltonian is η-pseudo-Hermitian when 

H# = H . (2)

dS4/CFT3

Different  classes  of  pseudo-Hermitian  QFTs  can  be
constructed  by  specifying  different  choices  of η
[12−19].1) The class of pseudo-Hermitian QFT studied in
this work was constructed by LeClair et  al.  [20, 21] and
Ahluwalia et  al.  [22−24].  By taking η to  have a  specific
form and using it to define field adjoints through pseudo-
Hermitian conjugation, they constructed scalar and spinor
fields that  are  fermionic  and  bosonic,  respectively.  Ow-
ing  to  this  new  relationship  between  spin  and  statistics,
these fields have found applications in the  cor-
respondence [22−25] 2).

In  this  work,  we  prove  a  new spin-statistics  theorem
(NSST) for the class of pseudo-Hermitian QFT construc-
ted  by  LeClair et  al.  and  Ahluwalia et  al.3) The  NSST
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states that integer-spin fields are fermionic, whereas half-
integer-spin  fields  are  bosonic. The standard  SST is  cir-
cumvented  by  exploiting  the  freedom  to  construct  field
adjoints via pseudo-Hermitian conjugation.

L0

L0

H0

In Section 3, we construct the scalar, spinor, and vec-
tor  fields  using  the  pseudo-Hermitian  framework.  These
fields are  shown  to  be  local,  to  respect  Poincaré  sym-
metry, and to satisfy the NSST. The free Lagrangians 
for these fields are manifestly pseudo-Hermitian and non-
Hermitian.  After  performing  the  Legendre  transform  on

,  the  non-Hermitian  contributions  cancel,  yielding  a
free  Hamiltonian  that is  positive  definite  and  Her-
mitian.  The  parity  and  time-reversal  transformations  of
these fields are the same as those of their Hermitian coun-
terparts. However, the charge-conjugation transformation
differs. In contrast to the particle states described by Her-
mitian  QFTs,  in  which  the  particle  and  antiparticle  have
even  charge-conjugation phases,  the  particle  and  anti-
particle associated with pseudo-Hermitian QFT have odd
charge-conjugation phases.

The  free  Lagrangian  densities  for  pseudo-Hermitian
QFTs are manifestly Poincaré-invariant and pseudo-Her-
mitian.  Therefore,  their  Poincaré  generators  satisfy  the
Poincaré  algebra  and  are  pseudo-Hermitian.  In  Section
IV,  we  show that η commutes  with  all  these  generators,
so  they  are  simultaneously  Hermitian  and  pseudo-Her-
mitian. In contrast, the full Hamiltonian H and the Belin-
fante-Rosenfeld  tensor  are  generally  non-Hermitian.
Therefore, the interacting theories may violate unitarity.

dS4/CFT3

Using the scattering theory developed in [26], we ex-
amine the unitarity of the S-matrix. In doing so, we have
been  unable  to  find  a  fully  unitary  pseudo-Hermitian
QFT. If these fields are non-unitary, they cannot describe
elementary  particles.  One  might  therefore  be  inclined  to
rule  out  such  constructs  as  unphysical.  In  our  view,
however, this  negative  conclusion  is  premature.  Tentat-
ive results in the literature suggest that pseudo-Hermitian
scalar  and  spinor  fields  are  relevant  for  realizing  the

 correspondence [25].1) Nevertheless,  there is  a
crucial  difference  between  their  constructions  and  ours,
which we explain in Section V.

dS4/CFT3

The  paper  is  organized  as  follows.  In  Section  II,  we
review the standard SST. Subsequently, we construct the
free  pseudo-Hermitian  QFT  that  satisfies  the  NSST.  In
Section  III,  we  construct  the  scalar,  spinor,  and  vector
fields that satisfy the NSST. In Section IV, we present the
Lagrangian  formalism  for  pseudo-Hermitian  QFT.  We
show that  the  generators  of  the  Poincaré  group  obtained
from the free Lagrangian density satisfy the Poincaré al-
gebra and are simultaneously Hermitian and pseudo-Her-
mitian. In Section V, we discuss issues related to unitar-
ity in pseudo-Hermitian QFTs and their potential applica-
tions  to  the  correspondence.  We  conclude  in

Section VI. 

II.  SPIN-STATISTICS THEOREM

We begin  by  reviewing  the  basic  structure  of  Her-
mitian  QFT  and  the  standard  SST.  We  then  use  results
from  Hermitian  QFT  to  construct  a  pseudo-Hermitian
QFT that obeys the NSST.

λ(x) λ̄(x)Let  denote  a  free  field  and  its  adjoint  in  a
Hermitian QFT. We expand the fields as 

λ(x) =
∫

d3 p
(2π)3

1√
2Ep

∑
σ

î
e−ip·x f (p,σ)a(p,σ)

+ eip·xg(p,σ)ac†(p,σ)
ó
, (3)

 

λ̄(x) =
∫

d3 p
(2π)3

1√
2Ep

∑
σ

î
eip·x f̄ (p,σ)a†(p,σ)

+ e−ip·xḡ(p,σ)ac(p,σ)
ó
, (4)

f ,g, f̄ , ḡ a†(p,σ)
ac†(p,σ)

where  are  coefficient  functions,  creates
particles, and  creates antiparticles.

|0⟩Let  denote  the  free  vacuum  state.  The  single-
particle and antiparticle states, with appropriate normaliz-
ations, are defined as 

|p,σ,a⟩ ≡
√

2Epa†(p,σ)|0⟩ , (5)

 

|p,σ,ac⟩ ≡
√

2Epac†(p,σ)|0⟩ . (6)

σ = − j, · · · , j
σ = ± j

j = 0,
1
2
,1 · · ·

These  states  furnish  a  unitary  representation  of  the
Poincaré  group.  For  massive  particles, ,
whereas  for  massless  particles, ,  where

 is  the  spin  of  the  particle.  The  creation  and
annihilation operators  must  satisfy  canonical  commuta-
tion or anticommutation relations 

[
a(p′,σ′),a†(p,σ)

]
± =

[
ac(p′,σ′),ac†(p,σ)

]
±

= (2π)3δ(3)(p′−p)δσ′σ , (7)

− +where the signs  and  denote a commutator and an an-
ticommutator, respectively: 

[a,b]± ≡ ab±ba . (8)
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Particles and their associated fields obey bosonic (fermi-
onic) statistics when the creation and annihilation operat-
ors satisfy commutation (anticommutation) relations.

λ(x) λ̄(x)

In  standard  Hermitian  QFT,  the  connection  between
spin  and  statistics  is  determined  by  the  requirements  of
Poincaré  covariance,  Hermiticity,  and  locality.  We  now
examine these requirements. Poincaré covariance implies
that  and  transform as 

U(Λ,α)λ(x)U−1(Λ,α) =D−1(Λ)λ(Λx+α) , (9)

 

U(Λ,α)λ̄(x)U−1(Λ,α) = λ̄(Λx+α)D(Λ) , (10)

U(Λ,α)
D(Λ)

λ̄(x)λ(x)

where  is  the  unitary  representation  of  Poincaré
transformations  on the  Hilbert  space  and  is the  fi-
nite-dimensional  representation  of  the  Lorentz  group.
Therefore,  transforms as a scalar operator.

λ(x)
λ̄(x)
H = H0+V H0

H†0 = H0

V† = V

L† =L
L =

∫
d3xL

L =L0+Lint L†0 =L0 L†int =Lint

In addition to Poincaré covariance for the field and its
adjoint, the full Hamiltonian H constructed from  and

 must  be  Hermitian.  In  perturbative  QFT,  where
 and  and V are  the  free  and  interacting

parts, respectively, each term must be Hermitian: 
and .  In  a  Hermitian QFT,  these requirements  are
met  by  constructing  Hermitian  Lagrangian  densities

. The  Hamiltonian  obtained  by  performing  a  Le-
gendre  transform  on  the  Lagrangian  is  then
automatically  Hermitian.  As  with  the  full  Hamiltonian,
the Lagrangian density can be split into free and interact-
ing parts, , where  and .

L0

λ̄(x)λ(x)

The free Lagrangian density  consists of the kinet-
ic  and  mass  terms.  The  kinetic  term  contains  derivative
operators, while the mass term is proportional to .
Both  the  kinetic  and  mass  terms  must  be  Hermitian;
therefore, we require 

[
λ̄(x)λ(x)

]†
= λ̄(x)λ(x) . (11)

λ(x)
λ̄(x) = λ†(x) λ(x)

λ̄(x) = λ†(x)γ0

λ̄(x)λ(x)

For example, if  is a complex scalar field, its adjoint
is  given  by .  If  is  a  Dirac  field,  then

.  After  substituting  Eqs.  (3)–(4)  into
,  imposing  Hermiticity  requires  the  coefficient

functions to satisfy 

[
f̄ (p′,σ′)g(p,σ)

]†
= ḡ(p,σ) f (p′,σ′) . (12)

λ(t,x)

Thus far, we have imposed Poincaré covariance and Her-
miticity on the quantum fields. We must now impose loc-
ality.  Accordingly,  we  require  the  field  to com-

λ̄(t,y)mute  or  anticommute  with  its  adjoint  at  equal
times. Using Eq. (7), we obtain
 

[
λ(t,x), λ̄(t,y)

]
± =

∫
d3 p

(2π)3
eip·(x−y) 1

2Ep
M±(p) , (13)

where
 

M±(p) ≡
∑
σ

[
f (p,σ) f̄ (p,σ)±g(−p,σ)ḡ(−p,σ)

]
. (14)

λ(t,x)
λ̄(t,y)

The  SST  states  that  integer-spin  fields  are  bosonic.  The
equal-time  (spacelike)  commutator  between  and

 is given by
 

[
λ(t,x), λ̄(t,y)

]
− = 0, M−(p) = 0 , j = 0,1, · · · . (15)

λ(t,x) λ̄(t,y)
Fields  with  half-integer  spin  are  fermionic;  therefore,

 and  anticommute at equal times
 

[
λ(t,x), λ̄(t,y)

]
+
= 0, M+(p) = 0 , j =

1
2
,
3
2
, · · · . (16)

3+1In -dimensional  Minkowski  spacetime,  the  SST
for Hermitian QFTs is a natural consequence of Poincaré
covariance,  Hermiticity,  and  locality.  Consequently,  the
standard SST is  widely believed to be unique.  However,
the works of LeClair et al.  [20, 21] and Ahluwalia et al.
[22, 24] have shown otherwise. They have demonstrated
that,  by  defining  the  appropriate  field  adjoint  using
pseudo-Hermitian conjugation,  one  can  construct  fermi-
onic  scalar  and  bosonic  spinor  fields  while  preserving
Poincaré  covariance and locality.  On the  other  hand,  the
full Hamiltonians are no longer Hermitian but are instead
pseudo-Hermitian.  The  important  question  is  whether
unitarity  can  be  preserved  in  pseudo-Hermitian  QFTs.
We briefly discuss the issue of unitarity in Section V. De-
tailed  analyses  of  interacting  pseudo-Hermitian  QFTs
have appeared in the literature.1)

χ(x) χ̄(x)

To  construct  a  general  class  of  pseudo-Hermitian
QFTs  obeying  the  NSST,  we  first  introduce  the  fields

 and :
 

χ(x) =
∫

d3 p
(2π)3

1√
2Ep

∑
σ

î
e−ip·x f (p,σ)b(p,σ)

+ eip·xg(p,σ)bc†(p,σ)
ó
, (17)
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χ̄(x) =
∫

d3 p
(2π)3

1√
2Ep

∑
σ

î
eip·x f̄ (p,σ)b†(p,σ)

+ e−ip·xḡ(p,σ)bc(p,σ)
ó
. (18)

λ(x) λ̄(x) a,ac

b,bc
They are identical to  and  except that  are re-
placed by , which also satisfy the canonical relation
 

[
b(p′,σ′),b†(p,σ)

]
± =

[
bc(p′,σ′),bc†(p,σ)

]
±

= (2π)3δσ′σδ
(3)(p′−p) . (19)

χ(x) χ̄(x)Thus,  and  are Poincaré covariant
 

U(Λ,α)χ(x)U−1(Λ,α) =D−1(Λ)χ(Λx+α) , (20)

 

U(Λ,α)χ̄(x)U−1(Λ,α) = χ̄(Λx+α)D(Λ) . (21)

χ̄(x) χ(x)
λ(x) λ̄(x)

χ(x)

If  is the field adjoint of , then they describe the
same physics as  and . The NSST arises from the
freedom  to  define  a  new  field  adjoint  for  using
pseudo-Hermitian conjugation:1)
 

¬
χ(x) ≡ η−1χ̄(x)η

=

∫
d3 p

(2π)3

1√
2Ep

∑
σ

î
eip·x f̄ (p,σ)η−1b†(p,σ)η

+ e−ip·xḡ(p,σ)η−1bc(p,σ)η
ó
, (22)

¬
χ(x)

where η is  a  linear  Hermitian  operator.  The  Poincaré
transformation of  is
 

U(Λ,α)
¬
χ(x)U−1(Λ,α) = η−1

Λ,α

¬
χ(Λx+α)ηΛ,αD(Λ) , (23)

ηΛ,α ≡ U(Λ,α)ηU−1(Λ,α)
U(Λ,α)

b†

bc b† bc

b† bc

where . To preserve Poincaré co-
variance, η must commute with . To determine η,
we need to establish how it  acts  on the operators  and

.  Since  and  furnish a  unitary  irreducible  repres-
entation of  the  Poincaré  group,  the  Poincaré  transforma-
tions of  and  are
 

U(Λ,α)b†(p,σ)U−1(Λ,α)

=e−ip·α
∑
σ′

Dσ′σ(W(Λ, p))b†(Λp,σ′) , (24)

 

U(Λ,α)bc(p,σ)U−1(Λ,α)

=eip·α
∑
σ′

D∗σ′σ(W(Λ, p))bc(Λp,σ′) , (25)

D(W)
W(Λ, p)

b† bc

where  is  the  unitary  irreducible  representation  of
the  little  group  [27, Sec.  II].  The  simplest  non-
trivial  solution for η is  for  it  to  be  an internal  symmetry
operator that leaves the p and σ labels of  and  invari-
ant. Therefore, 

η−1b†(p,σ)η = e−iθb†(p,σ) , (26)

 

η−1bc(p,σ)η = eiθc
bc(p,σ) , (27)

θc

b†(p,σ)
bc(p,σ) θ = 0

¬
χ(x)

where θ and  are constant real phases to be determined.
Since  only  the  relative  phase  between  and

 is meaningful, we may set  and take  to
be 

¬
χ(x) =

∫
d3 p

(2π)3

1√
2Ep

∑
σ

î
eip·x f̄ (p,σ)b†(p,σ)

+ eiθc
e−ip·xḡ(p,σ)bc(p,σ)

ó
. (28)

χ(t,x)
¬
χ(t,y)The commutator (anticommutator) of  and  is

given by 

[
χ(t,x),

¬
χ(t,y)

]
± =

∫
d3 p

(2π)3

1
2Ep

eip·(x−y)N±(p, θc) , (29)

where 

N±(p;θc) ≡
∑
σ

[
f (p,σ) f̄ (p,σ)± eiθc

g(−p,σ)ḡ(−p,σ)
]
.

(30)

N±(p, θc)
¬
χ

Comparing  Eqs.  (29)−(30)  with  Eqs.  (15)−(16)  shows
that the spin sum  admits two solutions for which
χ and  are local:
 

N±(p;nπ) = M±(p) = 0 , eiθc
= einπ = 1 , (31)

 

N±(p;n′π) = M∓(p) = 0 , eiθc
= ein′π = −1 . (32)

These  two  solutions,  particularly  the  latter,  are  the  main
results of this work. We examine them in turn.

Yao Bai, Cheng-Yang Lee, Ruifeng Leng et al. Chin. Phys. C 51, (2027)

ψ(x)
ψ̃(x) ≡ η−1ψ(xη)ηπ xη

xη = (t,−x) ψ = (ψ1,ψ2, · · · ,ψn) ψi 1 ≤ i ≤ n n×n

1) Our  construction  is  closely  related  to  the  field  adjoint  defined  by  Sablevice  and  Millington  (S&M)  [16].  Given  a  field ,  S&M  defined  its  adjoint  as
, where π is a finite-dimensional Hermitian matrix and  denotes the point obtained by applying the transformation η to x. For example, if η is par-

ity, then . If  is a multiplet field consisting of  ( ), then the dimension of π is  (see [16] for more details).
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¬
χ(x) = χ̄(x)

χ(t,x)
¬
χ(t,y)
λ(t,x) λ̄(t,y)

Trivial solution (31). This solution is trivial because
. The theory therefore reduces to standard Her-

mitian QFT. The commutator (anticommutator) of 
and  coincides with the commutator (anticommutat-
or) of  and 
 

[
χ(t,x),

¬
χ(t,y)

]
− =

[
λ(t,x), λ̄(t,y)

]
− = 0 , j = 0,1, · · · ,

(33)
 

[
χ(t,x),

¬
χ(t,y)

]
+
=
[
λ(t,x), λ̄(t,y)

]
+
= 0 , j =

1
2
,
3
2
, · · · .

(34)

eiθc
= −1

bσ(p) bc†(p)
Nontrivial  solution (32)  When , η com-

mutes with  and anticommutes with ,
 

η−1bσ(p)η = bσ(p) ,η−1bc†
σ (p) = −bc†

σ (p) . (35)

The solution for η is given in [28]
 

η = exp

[
iπ
∫

d3 p
(2π)3

∑
σ

bc†(p,σ)b(p,σ)

]
. (36)

χ(t,x)
¬
χ(t,y)

λ(t,x) λ̄(t,y)

Therefore,  the commutator  (anticommutator)  of 
and  equals  the anticommutator  (commutator)  of

 and :
 

[
χ(t,x),

¬
χ(t,y)

]
+
=
[
λ(t,x), λ̄(t,y)

]
− = 0 , j = 0,1, · · · ,

(37)

 

[
χ(t,x),

¬
χ(t,y)

]
− =

[
λ(t,x), λ̄(t,y)

]
+
= 0 , j =

1
2
,
3
2
· · · .

(38)

χ(x)
¬
χ(x)

Equations  (37)–(38)  express  the  NSST: integer-spin
fields  are  fermionic,  and  half-integer-spin fields  are  bo-
sonic.  The  fields  and  associated  with  Eqs.
(36)–(38) have the following expansions
 

rχ(x) =
∫

d3 p
(2π)3

1√
2Ep

∑
σ

î
e−ip·x f (p,σ)b(p,σ)

+ eip·xg(p,σ)bc†(p,σ)
ó
,

(39)

 

]
¬
χ(x) =

∫
d3 p

(2π)3

1√
2Ep

∑
σ

î
eip·x f̄ (p,σ)b†(p,σ)

− e−ip·xḡ(p,σ)bc(p,σ)
ó
. (40)

 

III.  PSEUDO-HERMITIAN QUANTUM FIELDS

In this section, we construct pseudo-Hermitian scalar,
spinor, and vector fields using the formalism presented in
the previous section. We derive their equations of motion,
formulate  their  Lagrangian  densities,  and  determine  the
corresponding discrete  symmetries,  namely  charge  con-
jugation C, parity P, and time reversal T.

L0

L0 =
∫

d3xL0

H0

H0

We show that these fields obey the NSST and satisfy
the  canonical  commutators  and  anticommutators.  The
free  Lagrangian  density  and the  corresponding  Lag-
rangian  are η pseudo-Hermitian. Con-
sequently,  the  free  Hamiltonian ,  when  expressed  in
terms  of  the  canonical  variables,  is  manifestly  pseudo-
Hermitian. Notably, when  is expanded in terms of the
annihilation  and  creation  operators,  the  non-Hermitian
contributions cancel. 

H0 =

∫
d3 p Ep

∑
σ

[
b†σ(p)bσ(p)±bc

σ(p)bc†
σ (p)

]
. (41)

bσ(p)
bc
σ(p) H0 H0

Since η commutes  with  and  anticommutes  with
,  it  commutes  with .  Therefore,  is both  Her-

mitian and η-pseudo-Hermitian 

H#
0 = η

−1H†0η = H0 . (42)

χ(x)
¬
χ(x)

H0 P0

In the next section, we prove that, for a general QFT with
field  and  adjoint  and ,  respectively,  the  free
Hamiltonian  and three-momentum  are always Her-
mitian and positive-definite. 

A.    Scalar field

ϕ(x)
¬
ϕ(x)

The pseudo-Hermitian scalar  field is  an anticommut-
ing complex scalar field introduced by LeClair et al. [20,
21].  This  construction  is  known  as  symplectic  fermion
theory. The fields  and  have the expansions 

ϕ(x) =
∫

d3 p
(2π)3

1√
2Ep

[
e−ip·xb(p)+ eip·xbc†(p)

]
, (43)

 

¬
ϕ(x) =

∫
d3 p

(2π)3

1√
2Ep

[
eip·xb†(p)− e−ip·xbc(p)

]
. (44)

ϕ(x)
¬
ϕ(x)

The minus sign in Eq. (44) does not affect the kinematics;
therefore,  both  and  satisfy  the  Klein–Gordon
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equation. 

(∂µ∂µ+m2)ϕ = (∂µ∂µ+m2)
¬
ϕ = 0 , (45)

and have the Lagrangian density 

Lϕ = ∂µ
¬
ϕ∂µϕ−m2 ¬ϕϕ. (46)

j = 0

ϕ(x)
¬
ϕ(x)

The  fields  carry  spin  and  are  therefore  fermionic.
From Eq.  (46),  the  conjugate  momenta  corresponding to

 and  are1)
 

πϕ =
∂Lϕ
∂ϕ̇
=
¬̇
ϕ,

¬
πϕ =

∂Lϕ
∂
¬̇
ϕ
= −ϕ̇ . (47)

Direct calculations show that the symplectic fermions sat-
isfy the canonical equal-time anticommutation relations 

[
ϕ(t,x),ϕ(t,y)

]
+
=
[
π(t,x),π(t,y)

]
+
= 0 , (48)

 [
ϕ(t,x),πϕ(t,y)

]
+
= iδ(3)(x−y) , (49)

and 

[ ¬
ϕ(t,x),

¬
ϕ(t,y)

]
+
=
[ ¬
πϕ(t,x),

¬
πϕ(t,y)

]
+
= 0 , (50)

 [ ¬
ϕ(t,x),

¬
πϕ(t,y)

]
+
= iδ(3)(x−y) . (51)

The remaining anticommutators vanish identically 

[
ϕ(t,x),

¬
ϕ(t,y)

]
+
=
[
πϕ(t,x),

¬
πϕ(t,y)

]
+
= 0 , (52)

 

[
ϕ(t,x),

¬
πϕ(t,y)

]
+
=
[ ¬
ϕ(t,x),πϕ(t,y)

]
+
= 0 . (53)

H0

Lϕ =
∫

d3xLϕ
The  free  Hamiltonian  is  obtained  via  the  Legendre
transform of : 

H0(ϕ) =
∫

d3x (πϕϕ̇+
¬
πϕ

¬̇
ϕ)−Lϕ

=

∫
d3x (

¬̇
ϕϕ̇− ϕ̇ ¬̇ϕ)−Lϕ

= 2
∫

d3x
¬̇
ϕϕ̇−Lϕ . (54)

¬
ϕ 2

∫
d3x

¬̇
ϕϕ̇

Lϕ

The free  Hamiltonian,  expressed  in  terms  of  the  ca-
nonical  fields,  is  manifestly η-pseudo-Hermitian. Substi-
tuting  the  mode  expansions  for  and ϕ into 
and , we obtain
 

2
∫

d3x
¬̇
ϕϕ̇ =

∫
d3 p

(2π)3
Ep

î
b†(p)bc(p)− e2iEptb†(p)bc†(−p)

+ e−2iEptb(−p)bc(p)−b(p)bc†(p)
ó
,

(55)

and
 

Lϕ =
∫

d3 p
(2π)3

Ep

î
− e2iEptb†(p)bc†(−p)+ e−2iEptb(−p)bc(p)

ó
.

(56)

2
∫

d3x
¬̇
ϕϕ̇ Lϕ

The  time-dependent  contributions  in  Eqs.  (55)−(56)
render  and  non-Hermitian.  Substitution  of
Eqs.  (55)−(56)  into  Eq.  (54)  shows  that  the  non-Her-
mitian contributions  cancel,  yielding  the  correct  expres-
sion
 

H0(ϕ) =
∫

d3 p
(2π)3

Ep
[
b†(p)b(p)−bc(p)bc†(p)

]
. (57)

bc†

The  discrete  symmetries  of  symplectic  fermions  can
be analyzed in the same way as for scalar bosons. The C,
P, and T transformations of b and  are
 

Cb(p)C−1 = η∗Cbc(p) , (58)

 

Pb(p)P−1 = η∗Pb(−p) , (59)

 

Tb(p)T−1 = η∗T b(−p) , (60)

and
 

Cbc†(p)C−1 = ηc
Cb†(p) , (61)

 

Pbc†(p)P−1 = ηc
Pbc†(−p) , (62)
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Tbc†(p)T−1 = ηc
T bc†(−p) . (63)

Symplectic fermions transform under parity and time re-
versal in the same way as scalar bosons. Choosing the in-
trinsic parity and time-reversal phases to be even 

η∗P = η
c
P , η

∗
T = η

c
T , (64)

we obtain 

Pϕ(x)P−1 = η∗Pϕ(Px) , (65)
 

Tϕ(x)T−1 = η∗Tϕ(T x) , (66)

where 

Px = (t,−x) , T x = (−t,x) . (67)

¬
ϕ ϕ∗

¬
ϕ

By  contrast,  charge-conjugation symmetry  differs  be-
cause  the  field  adjoint  for ϕ is  rather  than .  Charge
conjugation is a symmetry when C maps ϕ to . This can
be achieved by choosing the charge-conjugation phase to
be odd 

η∗C = −ηc
C , (68)

we obtain 

Cϕ(x)C−1 = −η∗C
¬
ϕ(x) , (69)

and 

CLϕ(x)C−1 =Lϕ(x) . (70)
 

B.    Massive spinor fieldÅ
1
2
,0
ã
⊕
Å

0,
1
2

ã
ψ(x)

¬
ψ(x)

The  massive  pseudo-Hermitian  spinor  field  in  the

 representation  was  first  proposed  by
Ahluwalia  [22]  and  later  studied  in  [24].  Let  and

 denote the  massive  spinor  field  and  its  adjoint,  re-
spectively. Their expansions are given by 

ψ(x) =
∫

d3 p
(2π)3

1√
2Ep

∑
σ=± 1

2

î
e−ip·xu(p,σ)b(p,σ)

+ eip·xv(p,σ)bc†(p,σ)
ó
, (71)

 

]
¬
ψ(x) =

∫
d3 p

(2π)3

1√
2Ep

∑
σ=± 1

2

î
eip·xū(p,σ)b†(p,σ)

− e−ip·xv̄(p,σ)bc(p,σ)
ó
, (72)

ū = u†γ0

v̄ = v†γ0 p = 0
where u and v are  the  Dirac  spinors,  and  and

. At rest, , they are given in Ref. [27] as fol-
lows: 

u(0,
1
2

) =
√

m


1

0

1

0

 , u(0,−1
2

) =
√

m


0

1

0

1

 , (73)

 

v(0,
1
2

) =
√

m


0

1

0

−1

 , v(0,−1
2

) =
√

m


−1

0

1

0

 . (74)

For momentum p, the spinors satisfy the Dirac equation. 

(γµpµ−m)u(p,σ) = (γµpµ+m)v(p,σ) = 0 . (75)

ψ(x)
¬
ψ(x)Thus,  and  satisfy the Dirac equation 

iγµ∂µψ(x)−mψ(x) = −i∂µ
¬
ψ(x)γµ−m

¬
ψ(x) = 0 , (76)

and have the Lagrangian density 

Lψ =
¬
ψ(iγµ∂µ−m)ψ. (77)

j =
1
2

ψ(t,x)
¬
ψ(t,y)

The  spinor  fields  have  spin  and are  therefore  bo-
sonic. The equal-time commutator of  and  is
given by 

[
ψ(t,x),

¬
ψ(t,y)

]
− = γ

0δ(3)(x−y) . (78)

ψ(x) πψ(x) =
i
¬
ψ(x)γ0 ψ(x)

The conjugate momentum associated with  is 
.  The field  and its conjugate momentum sat-

isfy the canonical commutation relations 

[
ψ(t,x),ψ(t,y)

]
− =

[
πψ(t,x),πψ(t,y)

]
− = 0 , (79)

 

[
ψ(t,x),π(t,y)

]
− = iδ(3)(x−y) . (80)
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H0The free Hamiltonian  for spin-half bosons is given by 

H0(ψ) =
∫

d3xπψψ̇−Lψ

= i
∫

d3x
¬
ψ(x)γ0ψ̇(x)−Lψ, (81)

Lψ =
∫

d3xLψ
H0(ψ)

i
∫

d3x
¬
ψγ0ψ Lψ H0(ψ)

where . As in the case of symplectic fermi-
ons,  both  terms  in  are η-pseudo-Hermitian.  When
expanded in terms of annihilation and creation operators,
both  terms  are  non-Hermitian.  However,  these  non-Her-
mitian  contributions  cancel  when  the  expressions  for

 and  are substituted into , yielding
 

H0(ψ) =
∫

d3 p
(2π)3

Ep

∑
σ=±1/2

[
b†(p,σ)b(p,σ)

+bc(p,σ)bc†(p,σ)
]
. (82)

b(p,σ) bc†(p,σ)The C, P,  and T transformations  of  and 
are the same as those of the creation and annihilation op-
erators for Dirac fermions 

Cb(p,σ)C−1 = η∗Cbc(p,σ) , (83)

 

Pb(p,σ)P−1 = η∗Pb(−p,σ) , (84)

 

Tb(p,σ)T−1 = η∗T (−1)1/2−σb(−p,−σ) , (85)

and 

Cbc†(p,σ)C−1 = ηc
Cb†(p,σ) , (86)

 

Pbc†(p,σ)P−1 = ηc
Pbc†(−p,σ) , (87)

 

Tbc†(p,σ)T−1 = ηc
T (−1)1/2−σbc†(−p,−σ) . (88)

Spin-half  bosons  have  the  same parity  and  time-reversal
transformation properties as Dirac fermions. When the in-
trinsic  parity  and  time-reversal  phases  are  chosen  to  be
odd and even, respectively, 

η∗P = −ηc
P , η

∗
T = η

c
T , (89)

we obtain 

Pψ(x)P−1 = η∗Pγ
0ψ(Px) , (90)

 

Tψ(x)T−1 = η∗Tγ
1γ3ψ(T x) . (91)

¬
ψ(x) , ψ̄(x) ψ(x)

The  charge-conjugation  symmetry  of  spin-half  bosons
must  be  analyzed  more  carefully  because,  in  this  case,

. Applying C to  yields 

Cψ(x)C−1 =

∫
d3 p

(2π)3

1√
2Ep

∑
σ=±1/2

î
e−ip·xu(p,σ)η∗Cbc(p,σ)

+ eip·xv(p,σ)ηc
Cb†(p,σ)

ó
=−

∫
d3 p

(2π)3

1√
2Ep

×
∑
σ=±1/2

iγ2
î
e−ip·xη∗Cv∗(p,σ)bc(p,σ)

+ eip·xηc
Cu∗(p,σ)b†(p,σ)

ó
,

(92)

where we have used the identities 

u(p,σ) = −iγ2v∗(p,σ) , v(p,σ) = −iγ2u∗(p,σ) . (93)

For  charge  conjugation  to  be  conserved,  the  Lagrangian
density  must  be  invariant  under  the  charge-conjugation
transformation. Therefore,  we cannot choose an even in-
trinsic phase.1) Instead, the intrinsic phase must be odd 

η∗C = −ηc
C . (94)

We then obtain 

Cψ(x)C−1 = −iη∗Cγ
2γ0 ¬ψ

T
(x) , (95)

 

C
¬
ψ(x)C−1 = iηCψ

T (x)γ0γ2 , (96)

C
¬
ψ(x)ψ(x)C−1 =

¬
ψ(x)ψ(x)

CLψ(x)C−1 =Lψ(x)

and .  This  is  the  appropriate
charge-conjugation  symmetry  for  the  spin-half  boson,
since . 

Yao Bai, Cheng-Yang Lee, Ruifeng Leng et al. Chin. Phys. C 51, (2027)
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C.    Vector fieldÅ
1
2
,
1
2

ã
vµ(x)

¬
v
µ
(x)

We  now  construct  the  fermionic  vector  field  in  the

 representation.  This  representation  is  reducible,
as it decomposes into a direct sum of spin-zero and spin-
one  irreducible  representations.  The  spin-zero compon-
ent  corresponds to  a  spin-zero vector  field.  Here,  we fo-
cus  on the spin-one vector  field.  Let  be  a  complex
vector field, and let  denote its adjoint, with the ex-
pansions
 

rvµ(x) =
∫

d3 p
(2π)3

1√
2Ep

∑
σ=±1,0

î
e−ip·xeµ(p,σ)b(p,σ)

+ eip·xeµ∗(p,σ)bc†(p,σ)
ó
,

(97)

 

r
¬
v
µ
(x) =

∫
d3 p

(2π)3

1√
2Ep

∑
σ=±1,0

î
eip·xeµ∗(p,σ)b†(p,σ)

− e−ip·xeµ(p,σ)bc(p,σ)
ó
.

(98)

p = 0In the rest frame, , the coefficients are given by [27]
 

e0(0,0) = 0 , e0(0,±1) = 0 , (99)

 

e1(0,0) = 0 , e1(0,±1) = ∓ 1√
2
, (100)

 

e2(0,0) = 0 , e2(0,±1) = − i√
2
, (101)

 

e3(0,0) = 1 , e3(0,±1) = 0 . (102)

The coefficients for momentum p are given by
 

eµ(p,σ) = Lµν(p)eν(0,σ) , (103)

L(p)
pµ p2 = m2

pµeµ(p,σ) = 0

where  denotes the  Lorentz  boost.  Since  the  mo-
mentum  lies  on  the  mass  shell, , the  coeffi-
cients satisfy the Klein–Gordon equation. They also satis-
fy .  Therefore,  the  vector  fields  satisfy  the
Klein–Gordon equation
 

(∂µ∂µ+m2)vµ(x) = (∂µ∂µ+m2)
¬
v
µ
(x) = 0 , (104)

and the identity 

∂µvµ(x) = ∂µ
¬
v
µ
(x) = 0 . (105)

The Lagrangian density of the vector field is given by 

Lv = −
1
2
¬
f
µν

fµν+m2 ¬v
µ
vµ , (106)

f µν(x)
¬
f
µν

(x)
vµ(x)

¬
v
µ
(x),

where  and  denote  the  respective  field
strength tensors corresponding to  and  

¬
f
µν
= ∂µ

¬
v
ν−∂ν ¬vµ , fµν = ∂µvν−∂νvµ . (107)

The equations of motion and the conjugate momenta are
given by 

∂µ f µν+m2vν = ∂µ
¬
f
µν
+m2 ¬v

ν
= 0 , (108)

and 

πµ =
∂Lv

∂v̇µ
=
¬
f µ0 , (109)

 

¬
πµ =

∂Lv

∂
¬̇vµ
= − fµ0 . (110)

j = 1

π0(x) =
¬
π0(x) = 0

The  vector  fields  have  spin  and  are  therefore
fermionic.  To  compute  the  canonical  anticommutators,
we must first identify the independent components of the
vector  fields  and  their  conjugate  momenta.  From  eq.
(110),  we  find . The  nonzero  independ-
ent components of the conjugate momenta are 

πi =
¬
f i0 = ∂i

¬
v0−

¬̇
vi , (111)

 

¬
πi = − fi0 = −∂iv0+ v̇i . (112)

ν = 0
v0(x)

¬
v

0
(x)

Using  the  component  of  the  equations  of  motion
(108),  we  find  that  and  can  be  expressed  in
terms of the divergence of the conjugate momenta 

v0(x) =
1

m2
gi j∂i

¬
π j(x) ,

¬
v

0
(x) = − 1

m2
gi j∂iπ j(x) . (113)
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vi,
¬
v

i
π j,

¬
π j

π j
¬
π j

Thus, the independent components of the vector fields are
, and those of the conjugate momenta are . From

Eq. (112),  and  are given by
 

π j(x) = i
∫

d3 p
(2π)3

1√
2Ep

∑
σ=±1,0

î
eip·x f ∗j0(p,σ)b†(p,σ)

+ e−ip·x f j0(p,σ)bc(p,σ)
ó
,

(114)

 

¬
π j(x) = i

∫
d3 p

(2π)3

1√
2Ep

∑
σ=±1,0

î
e−ip·x f j0(p,σ)b(p,σ)

− eip·x f ∗j0(p,σ)bc†(p,σ)
ó
,

(115)

where
 

f j0(p,σ) = p je0(p,σ)− p0e j(p,σ) , p0 = Ep . (116)

The  canonical  equal-time  anticommutation  relations
between  the  vector  fields  and  their  conjugate  momenta
are given by
 

[
vi(t,x),v j(t,y)

]
+
= 0 , (117)

 

[
πi(t,x),π j(t,y)

]
+
= 0 , (118)

 

[
vi(t,x),π j(t,y)

]
+
= iδi

jδ
(3)(x−y) , (119)

and
 î

¬
v

i
(t,x),

¬
v

j
(t,y)
ó
+
= 0 , (120)

 

[ ¬
πi(t,x),

¬
π j(t,y)

]
+
= 0 , (121)

 î
¬
v

i
(t,x),

¬
π j(t,y)

ó
+
= iδi

jδ
(3)(x−y) . (122)

The remaining anticommutators vanish identically
 

î
vi(t,x),

¬
v

j
(t,y)
ó
+
=
[
πi(t,x),

¬
π j(t,y)

]
+
= 0 , (123)

 

[
vi(t,x),

¬
π j(t,y)

]
+
=
î
¬
v

i
(t,x),π j(t,y)

ó
+
= 0 . (124)

The free Hamiltonian for the vector fermion is given by 

H0(v) =
∫

d3x (πµv̇µ+
¬
πµ

¬̇
v
µ
)−Lv

=

∫
d3x (

¬
f i0v̇i− fi0

¬̇
v

i
)−Lv

=

∫
d3x (

¬
f i0v̇i+

¬̇
v

i
fi0)−Lv, (125)

Lv =
∫

d3xLv

H0(v)

H0(v)

where .  As  in  our  previous  analysis  of  the
free  Hamiltonians  for  scalar  fermions  and  spin-half bo-
sons,  the  terms  contributing  to  are  non-Hermitian.
However,  these  non-Hermitian  contributions  cancel  in

: 

H0(v)=
∫

d3 p
(2π)3

Ep

∑
σ=±1,0

[
b†(p,σ)b(p,σ)−bc(p,σ)bc†(p,σ)

]
.

(126)

b(p,σ)
bc†(p,σ)
The  discrete  symmetry  transformations  of  and

 are 

Cb(p,σ)C−1 = η∗Cbc(p,σ) , (127)

 

Pb(p,σ)P−1 = η∗Pb(−p,σ) , (128)

 

Tb(p,σ)T−1 = η∗T (−1)1−σb(−p,−σ) , (129)

and 

Cbc†(p,σ)C−1 = ηc
Cb†(p,σ) , (130)

 

Pbc†(p,σ)P−1 = ηc
Pbc†(−p,σ) , (131)

 

Tbc†(p,σ)T−1 = ηc
T (−1)1−σbc†(−p,−σ) . (132)
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For  parity  and  time-reversal  transformations,  we  choose
the intrinsic phases to be even 

η∗P = η
c
P , η

∗
T = η

c
T , (133)

to obtain 

Pvµ(x)P−1 = −η∗PPµ
νvν(Px) , (134)

 

Tvµ(x)T−1 = −η∗T T µ
νvν(T x) . (135)

vµ(x)
¬
v
µ
(x)

vµ†(x)
Here, charge conjugation maps  to  rather than
to . Thus, by choosing the intrinsic charge-conjuga-
tion phases to be odd 

η∗C = −ηc
C , (136)

we obtain 

Cvµ(x)C−1 = η∗C
¬
v
µ
(x) . (137)

 

IV.  POINCARÉ SYMMETRY &AMP; BELIN-
FANTE-ROSENFELD TENSOR

χ(x)
¬
χ(x)

H0 P0

The free  quantum  fields  that  satisfy  the  NSST  con-
structed in  the  previous  section  preserve  Poincaré  sym-
metry. Consequently,  their  Lagrangian  densities  are  in-
variant  under  a  set  of  global  Lorentz  transformations,
from which  the  generators  of  the  Poincaré  group  can  be
derived  via  Noether’s  theorem.  In  this  section,  we  show
that, for a generic theory with field  and adjoint ,
the  free  Hamiltonian  and  three-momentum  are
both Hermitian and pseudo-Hermitian. Using the fact that
the  free  generators  satisfy  the  Poincaré  algebra,  we  then
prove  that  all  free  generators  are  Hermitian.  Therefore,
the free theory is unitary.

Θ
µν
ϕ∫

d3xΘµνϕ hµν
hµν

Although  the  free  theory  is  unitary,  its  interactions
are, in general, non-Hermitian. To illustrate this point, we
compute  the  Belinfante–Rosenfeld  tensor  for sym-
plectic fermions and show that it is non-Hermitian. Con-
sequently,  the  gravitational  interaction  term ,
where  is the graviton field, is non-Hermitian. In Sec-
tion 5, we discuss the issue of unitarity violation in more
detail.

χ(x)
¬
χ(x)

χ(x),
¬
χ(x)

Let  and  be  the  free  canonical  field  and  its
pseudo-Hermitian  conjugate  defined  in  Eqs.  (39),  (40).
The  Lagrangian  density  depends  on ,  and  their
derivatives.  The  theory  respects  Poincaré  symmetry,  so
the Lagrangian density is invariant under the global trans-

formations 

δχ(x) = +
i
2
ωµνJµνχ(x) , δ

¬
χ(x) = − i

2
¬
χωµνJµν(x) , (138)

Jwhere  denotes  a  finite-dimensional  generator  of  the
Lorentz group, and ω denotes the Lorentz transformation
parameter. Their derivatives transform as 

δ
[
∂κχ(x)

]
= +

i
2
ωµνJµν∂κχ(x)+ωκ

λ∂λχ(x) , (139)

 

δ
[
∂κ
¬
χ(x)

]
= − i

2
∂κ
¬
χ(x)ωµνJµν+ωκ

λ∂λ
¬
χ(x) . (140)

Using the  canonical  methods [27,  Sec.  7],  we derive  the
Belinfante–Rosenfeld tensor 

Θµν = T µν− i
2
∂κ

ï
∂L

∂(∂κχ)
Jµνχ− ∂L

∂(∂µχ)
J κνχ

− ∂L
∂(∂νχ)

J κνχ− ¬
χJµν ∂L

∂(∂κ
¬
χ)

+
¬
χJ κν ∂L

∂(∂µ
¬
χ)
+
¬
χJ κν ∂L

∂(∂ν
¬
χ)

ò
, (141)

where 

T µν = −ηµνL+ ∂L
∂(∂µχ)

∂νχ+∂ν
¬
χ

∂L
∂(∂µ

¬
χ)
. (142)

H0 P0The Hamiltonian  and the three-momentum  are giv-
en by 

H0 =

∫
d3xΘ00 , Pi

0 =

∫
d3xΘ0i . (143)

A  third-rank tensor  can  be  constructed  from  the  Belin-
fante–Rosenfeld tensor 

Mλµν ≡ xµΘλν− xνΘλµ , (144)

to obtain the Lorentz generator 

Jµν0 =

∫
d3x M0µν . (145)

The  Belinfante–Rosenfeld  tensor  and  the  generators
of  the  Poincaré  group  are  manifestly  pseudo-Hermitian
with  respect  to η.  However,  whether  they  are  Hermitian
remains unclear. Here, we show that the generators of the
Poincaré  group  are  Hermitian,  whereas  the  Belinfante–
Rosenfeld tensor is non-Hermitian. To prove the Hermiti-
city  of  the  generators,  we  consider  the  relationship

The new spin-statistics theorem arising from pseudo-Hermiticity Chin. Phys. C 51, (2027)
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χ,
¬
χ λ, λ̄

between  pseudo-Hermitian  and  Hermitian  QFTs.  For  a
given  irreducible  representation  of  the  Poincaré  group,
furnished  by  both  and ,  these  two  formulations
are related by 

χ(x) = λ(x)|a→b,ac†→bc† , (146)

 

¬
χ(x) = λ̄(x)|a†→b† ,ac→−bc . (147)

H0 P0

Hermitian  QFTs  are  well  defined  in  the  sense  that  their
 and  operators are Hermitian 

H0(λ) =
∫

d3 p
(2π)3

Ep

∑
σ

î
a†(p,σ)a(p,σ)

±ac(p,σ)ac†(p,σ)
ó
, (148)

 

P0(λ) =
∫

d3 p
(2π)3

p
∑
σ

î
a†(p,σ)a(p,σ)

±ac(p,σ)ac†(p,σ)
ó
, (149)

j = 0,1, · · ·
j =

1
2
,
3
2
, · · ·

H0 P0

where the upper and lower signs in Eqs. (148)–(149) cor-
respond  to  bosonic  ( )  and  fermionic  fields
( ), respectively. From Eqs. (146)–(147), it fol-
lows that  and  are  also  Hermitian for  pseudo-Her-
mitian QFTs 

H0(χ) =
∫

d3 p
(2π)3

Ep

∑
σ

î
b†(p,σ)b(p,σ)

∓bc(p,σ)bc†(p,σ)
ó
, (150)

 

P0(χ) =
∫

d3 p
(2π)3

p
∑
σ

î
b†(p,σ)b(p,σ)

∓bc(p,σ)bc†(p,σ)
ó
. (151)

j = 0,1, · · · j =
1
2
,
3
2
, · · ·

Jρσ(χ)

H0(χ) P0(χ)
χ,

¬
χ

Jρσ0 (χ)

In this case, the upper and lower signs apply to fermi-
onic  ( )  and  bosonic  fields  ( ), re-
spectively. For the Lorentz generator, we do not need the
expression for  in terms of the creation and annihil-
ation  operators  to  prove  its  Hermiticity.  It  suffices  to
know  that  and  are  Hermitian  and  that  the
Poincaré  generators  for  derived  from  the  canonical
formalism  satisfy  the  Poincaré  algebra  [27,  Sec.  7].  To
show that  the  Lorentz  generator  is  Hermitian,  we

Pµ
0(χ) P0

0(χ) = H0(χ)
consider  its  commutator  with  the  momentum  operator

, where  

i[Pµ
0(χ), Jρσ0 (χ)] = −gµρPσ

0 (χ)+gµσPρ
0(χ) . (152)

Taking the Hermitian conjugate of Eq. (152), we obtain 

i[Pµ
0(χ), Jρσ†0 (χ)] = −gµρPσ

0 (χ)+gµσPρ
0(χ) . (153)

Pµ
0(χ) = Pµ†

0 (χ)
Jρσ0 (χ) = Jρσ†0 (χ)

Since ,  the  Lorentz  generator  must  also be
Hermitian, .

The  Hermiticity  of  the  Poincaré  generators  indicates
that the free pseudo-Hermitian QFT is unitary. However,
this  does  not  change  the  fact  that  the  Belinfante-Rosen-
feld  tensor  is  non-Hermitian.  To  see  this,  consider  the
symplectic fermion, whose Belinfante-Rosenfeld tensor is 

Θ
µν
ϕ = −gµν

(
∂ρ

¬
ϕ∂ρϕ−m2 ¬ϕϕ

)
+∂µ

¬
ϕ∂νϕ+∂ν

¬
ϕ∂µϕ. (154)

Each term in Eq. (154) is non-Hermitian. Nevertheless, a
direct computation shows that ∫

d3xΘ0µ
ϕ =

∫
d3 p

(2π)3
pµ

∑
σ

[
b†(p,σ)b(p,σ)

±bc(p,σ)bc†(p,σ)
]
, (155)

whereas ∫
d3xΘi j

ϕ =

∫
d3 p

(2π)3

pi p j

Ep

î
b†(p)b(p)+b†(p)bc†(−p)

−bc(−p)b(p)−bc(p)bc†(p)
ó
, (156)

t = 0 i , jat  and  is non-Hermitian. 

V.  PHYSICAL IMPLICATIONS

dS4/CFT3

Thus  far,  we  have  studied  the  kinematics  of  pseudo-
Hermitian QFTs and found that they obey the NSST. This
raises  the question: How should pseudo-Hermitian fields
be  interpreted? To  answer  this  question,  we  must  study
the interacting theory, which may not be unitary because
the  full  Hamiltonian  is  non-Hermitian.  Here,  we  discuss
unitarity issues and potential realizations of the 
correspondence using pseudo-Hermitian QFTs. 

A.    Issues with unitarity
The particles described by the pseudo-Hermitian QFT

furnish unitary  irreducible  representations  of  the  Poin-
caré group,  suggesting  that  they  may  be  novel  element-
ary particles beyond the Standard Model. However, as we

Yao Bai, Cheng-Yang Lee, Ruifeng Leng et al. Chin. Phys. C 51, (2027)
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will  show,  unitarity  violation  in  the  interacting  theories
makes this proposal untenable.

H = H0+V
η−1H†η = H

H0

¬
χ V =

∫
d3xH

H =H(
¬
χ,χ) η−1H†η =H

η−1V†η = V

The free pseudo-Hermitian QFT is unitary. However,
the  full  Hamiltonian  is  non-Hermitian  but  is
η-pseudo-Hermitian, .  Specifically,  from  Eq.
(36),  we  see  that η commutes  with  but  does  not,  in
general,  commute  with V.  For  an  interacting  potential
constructed from  and χ of the form , where

,  we  have  and  hence
. Therefore, for states whose time evolution is

given by 

|α, t⟩ = e−iHt |α⟩ , ⟨β, t| = ⟨β|eiH†t . (157)

⟨β, t|α, t⟩ , ⟨β|α⟩
Time-translation symmetry cannot be preserved using the
Dirac  inner  product,  since . This  sym-
metry  can  instead  be  preserved  by  defining  the η-inner
product following Mostafazadeh [8] 

⟨β|α⟩η ≡ ⟨β|η|α⟩ , (158)

⟨β, t|α, t⟩η = ⟨β|α⟩ηfrom which it  follows that .  Within this
framework,  the S-matrix satisfies  the  generalized  unitar-
ity relation (see Appendix B) 

S #S = ⊮ , S # ≡ η−1S †η. (159)

±1

However,  the η-inner  product  and  the  generalized
unitarity relation do not admit a standard probabilistic in-
terpretation  because  the η-inner  product  is  not  positive
definite (the eigenvalues of η are ). In particular, the η-
inner product between the in- and out-states is not posit-
ive definite 

⟨β±|α±⟩η = ⟨β0|α0⟩η = (−1)n̄βδ(β−α), (160)

n̄β |β0⟩where  is the number of antiparticles in .

α→ β

S βα = ⟨β0|S |α0⟩ |α0⟩, |β0⟩

Despite  this  difficulty,  the η-inner  product  can  be
used to identify a class of unitary interacting theories. An
interacting  theory  is  unitary  if  it  satisfies  the  following
criterion. For a process , the transition amplitude is

,  where  are  the  free  multiparticle
states (see (B.11)). The action of η on the free states is 

η|α0⟩ = eiπnc
α |α0⟩ , η|β0⟩ = eiπnc

β |β0⟩ , (161)

nc
α nc

β

|α0⟩ |β0⟩
where  and  are the total numbers of antiparticles in

 and , respectively. The generalized unitarity rela-
tion can then be written as 

∫
dβS #

γβS βα = eiπ(nc
α+nc

γ)
∫

dβS †γβS βα

= δΠ(γ−α) . (162)

(
∑

i
¬
ϕiϕi)2

Equation  (162)  implies  that  the  theory  is  unitary
provided  that  the  total  number  of  antiparticles  in  any
physical  process  is even. We  have  been  unable  to  con-
struct interactions that satisfy this criterion. In [26], it was
claimed that the LN model for self-interacting symplect-
ic  fermions, ,  is  unitary.  However,  this  claim
holds only for 2-to-2 scattering at low energies below the
pair-production threshold [29] 1).

To resolve this problem, one direct approach is to for-
mulate  a  unitary  scattering  theory  using  the  Hermitian
Hamiltonian density 

H (h)(x) ≡ 1
2
[
H(x)+H†(x)

]
. (163)

HY = g
¬
ψψφ ψ(x)

¬
ψ(y) HY

However,  this  approach  fails.  To  see  why,  consider  the
Yukawa  interaction  between  a  spin-half  boson ψ and  a
real scalar field φ, given by . Since  com-
mutes with ,  is local:
 

[HY (x),HY (y)]− = 0 . (164)

However, the Hermitian Yukawa interaction density 

H (h)
Y (x) =

1
2

[HY (x)+H†Y (x)] , (165)

[H (h)
Y (x),H (h)(y)]− , 0 ψ(x)
ψ†(y)

is  nonlocal, ,  since  does  not
commute with  at equal times.

dS4/CFT3

The  above  argument  shows  that  an  interacting
pseudo-Hermitian QFT satisfying the NSST with respect
to the η-inner product is generally non-unitary. Neverthe-
less,  the  theory  remains  consistent  in  the  sense  that  it  is
local and obeys Poincaré symmetry. If theories built from
these fields  are  indeed non-unitary,  they cannot  describe
elementary particles, whose scattering processes require a
unitary S-matrix.  However,  this does not imply that they
are  unphysical.  Well-known  non-unitary  theories  exist,
such  as  the  Lee–Yang  model  [30, 31]  and  logarithmic
CFTs  in  1+1  dimensions  with  negative  central  charge
[32, 33].  These  theories  are  not  only  consistent  but  also
have important  applications  in  statistical  physics.  There-
fore,  the  task  is  to  identify  areas  in  which  pseudo-Her-
mitian  QFT  can  be  applied.  In  the  following,  we  argue
that it may provide a concrete realization of the 
correspondence. 

The new spin-statistics theorem arising from pseudo-Hermiticity Chin. Phys. C 51, (2027)
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dS4/CFT3B.    The  correspondence

dS4/CFT3

In the literature, three-dimensional models of self-in-
teracting  symplectic  fermions  and  Chern-Simons  gauge
theory  coupled  to  spin-half bosons  have  been  conjec-
tured  to  provide  concrete  realizations  of  the 
correspondence  [25].1) Here,  we  examine  both  models,
explain why they are unsatisfactory, and propose alternat-
ive  constructions  based  on  the  pseudo-Hermitian frame-
work  developed  in  this  work.  Although  the  pseudo-Her-
mitian  QFTs  considered  here  are  constructed  in  four-di-
mensional spacetime,  they  can  be  straightforwardly  ex-
tended to three dimensions because the actions retain the
same form.

dS4

χi i = 1, · · · ,N

Anninos, Hartman,  and  Strominger  (AHS)  conjec-
tured  that  three-dimensional  symplectic  fermions  are
holographically  dual  to  minimal  Vasiliev  higher-spin
gravity  in  [25].  AHS described  symplectic  fermions
using  real  anticommuting  scalar  fields  ( ).
They proposed the following action 

S χ =
1
2

∫
d3x

∑
i, j

[
Ωi j(∂µχi)(∂µχ j)+g(Ωi jχiχ j)2

]
. (166)

dS4/CFT3

χi χi

The free  theory  is  conjectured  to  be  dual  to  minimal
Vasiliev gravity with Neumann boundary conditions. The
interacting critical  symplectic  fermion  theory  is  conjec-
tured to be dual to minimal Vasiliev gravity with Dirich-
let boundary  conditions.  There  are  two  important  con-
sequences  for  formulating  the  correspondence
using . First,  violates the SST, so the proposed dual-
ity  is  non-unitary.  Second,  there  are  conserved  currents
only of even spin 

J(χ) =
∑

i

χiχi , s = 0 , (167)

 

Jµ1 ···µs (χ) =
∑

i

χi∂(µ1 ···µs)χi+ · · · , s = 2,4 · · · . (168)

dS4

The correction term in (168) makes the current  sym-
metric  and  traceless.  The  correlation  functions  of  these
currents  are  conjectured  to  be  dual  to  the  corresponding
bulk correlators of minimal Vasiliev gravity in .

U(N)
Chang,  Pathak,  and  Strominger  (CPS)  conjectured

that  the  level-k  Chern-Simons  theory  coupled  to
spin-half  bosons  is  dual  to  parity-violating  non-minimal
Vasiliev gravity.2) The action is 

S A,ξ =
k

4π

∫
tr
Å

AdA+
2
3

A3
ã
+

∫
d3x ξ̄γiDiξ , (169)

ξ, ξ̄

U(N)

where A denotes the Chern–Simons gauge field,  and 
are commuting spinor fields in the fundamental represent-
ation of . The spin-zero and higher-spin currents are 

J(ξ) = ξ̄ξ , s = 0 , (170)

 

Jµ1 ···µs (ξ) = isξ̄γµ1 Dµ2 · · ·Dµsξ , s = 1,2 · · · . (171)

1/N

Here,  the  higher-spin  currents  are  not  conserved.  They
are almost conserved in the sense that the term that viol-
ates current conservation is suppressed by . The spin-
zero operator and higher-spin currents are conjectured to
be  dual  to  a  scalar  field  and  higher-spin  gauge  fields  in
the bulk, respectively.

dS4/CFT3

In  our  view,  the main issue with these models  is  not
the violation of unitarity. Indeed, unitarity violation is ex-
pected to be an essential feature of the  corres-
pondence.

ξ̄ = ξ†γ0

O(N)
N→−N

The  central  problem  is  that  the  real  anticommuting
scalar  fields  and  the  commuting  spinor  fields  with

 cannot be  consistently  quantized.  Specifically,
these  fields  do  not  admit  proper  mode  expansions,  and
thus  their  Hamiltonians  and  energy-momentum  tensors
cannot be expressed in terms of annihilation and creation
operators. Their  correlation  functions  cannot  be  com-
puted directly by contracting fields using Wick's theorem;
instead, they  can  only  be  obtained  by  analytic  continu-
ation.  In  the  AHS construction,  the  correlation functions
are obtained by analytically continuing those of the 
vector  model  via . Similarly,  in  the  CPS  con-
struction, the correlation functions are obtained by analyt-
ically  continuing  the  results  from  Chern–Simons  theory
coupled to Dirac fermions.

O(N)

−N

Since the  vector model and Chern–Simons the-
ory coupled to Dirac fermions are both unitary and have
well-defined correlation functions that are analytic in N, it
is  permissible to analytically continue N to .  Such an
analytic  continuation  implies  that  the  resulting  QFTs
must  satisfy  the  opposite  spin–statistics  relation  relative
to the original theories. However, it does not specify pre-
cisely how these theories should be constructed.

To construct  QFTs with opposite  spin–statistics rela-
tions,  we  must  take  into  account  the  pseudo-Hermitian
adjoint. In this way, the QFTs can be consistently quant-
ized.  Since AHS and CPS did not  introduce the  pseudo-
Hermitian  adjoint,  their  constructions  are  inconsistent.

Yao Bai, Cheng-Yang Lee, Ruifeng Leng et al. Chin. Phys. C 51, (2027)

1) C. M. Chang, A. Pathak, and A. Strominger, (2013)
2) C. M. Chang, A. Pathak, and A. Strominger, (2013)
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We  now  present  the  correct  constructions  using  the
pseudo-Hermitian framework.

¬
ϕi ϕi 1 ≤ i ≤ N

The  symplectic  fermions  of  LeClair et  al. are  de-
scribed by ,  ( ).  The Euclidean action for N
symplectic fermions in three dimensions is
 

S ϕ =

∫
d3x

∑
i,

[
(∂µ

¬
ϕi)∂µϕi+g(

¬
ϕiϕi)2

]
. (172)

Like  its  four-dimensional  counterpart,  the  three-dimen-
sional  theory  can  be  consistently  quantized.  Because  the
fields  are  complex,  in  addition  to  possessing  even-spin
currents
 

Jµ1 ···µs (ϕ) =
∑

i

¬
ϕi∂(µ1 ···µs)ϕi+ · · · , s = 0,2,4 · · · , (173)

there are also odd spin currents
 

Jµ1 ···µs (ϕ) = i
∑

i

¬
ϕi∂(µ1 ···µs)ϕi+ · · · , s = 1,3,5, · · · . (174)

The correction terms in (173)–(174) are introduced to en-
sure  that  the  currents  are  symmetric,  traceless,  and
pseudo-Hermitian.  For  example,  the  scalar  and  spin-one
currents are
 

J(ϕ) =
¬
ϕϕ, Jµ(ϕ) = i

¬
ϕ(∂µϕ)− i(∂µ

¬
ϕ)ϕ. (175)

Jµ1 ···µs (ϕ) s = 0,1,2, · · ·

dS4

(
∑

i
¬
ϕiϕi)2

dS4

U(N)

AdS4

We  conjecture  that  the  correlation  functions  of
 for  all  spins  ( ) are  dual  to  the  cor-

responding  bulk  correlators  of  non-minimal  Vasiliev
gravity in  with the Neumann boundary condition. For
the  critical  symplectic-fermion  theory  with  quartic  self-
interaction ,  we  conjecture  that  the  theory  is
dual to non-minimal Vasiliev gravity in  with the Di-
richlet boundary condition. These conjectures are analog-
ous  to  those  relating  complex  scalar  fields  with 
symmetry  in  three  dimensions  to  non-minimal  Vasiliev
gravity in  [34−36].

U(N)
1/2

For the level-k  Chern-Simons theory coupled to
the spin-  boson, the correct Euclidean action is given
by
 

S A,ψ =
k

4π

∫
tr
Å

AdA+
2
3

A3
ã
+

∫
d3x

¬
ψγiDiψ, (176)

¬
ψwhere  denotes the pseudo-Hermitian adjoint of ψ. The

currents are
 

J(ψ) =
¬
ψψ, s = 0, (177)

and 

Jµ1 ···µs (ψ) = is ¬ψγµ1 Dµ2 ···µsψ, s = 1,2, · · · . (178)

ψ,
¬
ψ

ξ, ξ̄ J(ψ)
Jµ1 ···µs (ψ)

The spectrum of the currents for  is the same as that
for .  Consequently,  the  correlation  functions  for 
and  are  also  conjectured  to  be  dual  to  a  scalar
field and higher-spin gauge fields in the bulk. 

VI.  CONCLUSION

The pseudo-Hermitian QFT provides a framework for
generalizing  conventional  unitary  QFT.  Here,  we  have
extended the formalism developed by LeClair et al. [20, 21]
and Ahluwalia et  al.  [22, 24] to construct  a class of free
pseudo-Hermitian QFTs that obey the NSST. Contrary to
the  consensus  that  fields  with  the  'wrong'  spin-statistics
are  non-unitary,  free  pseudo-Hermitian  fields,  with  the
appropriate adjoints,  are  local,  respect  Poincaré  sym-
metry, and  can  be  consistently  quantized.  In  this  frame-
work,  integer-spin  fields  are  fermionic,  and  half-integer-
spin fields  are  bosonic.  The  free  generators  of  the  Poin-
caré group are Hermitian, which ensures that the free the-
ory is unitary.

b , bc

bc

b = bc

C2 = −1
C2 = 1

We  have  not  introduced  new  symmetries  or  degrees
of  freedom  in  our  construction.  The  pseudo-Hermitian
QFTs are constructed from the same requirements of loc-
ality and Poincaré  symmetry  as  their  Hermitian  counter-
parts. The crucial difference is the pseudo-Hermitian field
adjoint,  which  alters  the  connection  between  spin  and
statistics.  The  pseudo-Hermitian  QFTs  also  differ  from
their  Hermitian  counterparts  in  two other  respects.  First,
the  particles  and  antiparticles  described  by  pseudo-Her-
mitian QFTs must be distinct ( ). This is because the
operator η, which is used to define the pseudo-Hermitian
conjugation, commutes with b and anticommutes with .
This  is  not  possible  if .1) The  second  difference
concerns  charge-conjugation  symmetry.  As  we  have
shown  in  Section  III,  for  the  scalar,  vector,  and  spinor
fields,  the  particles  and  antiparticles  have odd intrinsic
charge-conjugation phases. As a result,  we have 
for  pseudo-Hermitian  QFTs  instead  of  for Her-
mitian  QFTs.  This  result  resembles  the  method  used  by
Bernard  and  LeClair  to  classify  non-Hermitian  random
matrices [37].

Once  the  correct  pseudo-Hermitian  field  adjoint  is
defined, the derivation of the NSST within the relativist-
ic  QFT  framework  is  straightforward.  An  interesting
question is whether the NSST can be derived for non-re-

The new spin-statistics theorem arising from pseudo-Hermiticity Chin. Phys. C 51, (2027)
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(−1)2s
lativistic (pseudo-Hermitian) QM. Berry and Robins have
shown that the Pauli phase ,  where s is the spin of
the  particle,  naturally  arises  from  the  geometric  phase
[38].  Single-valuedness of  the  wave  function  then  im-
plies the standard connection between spin and statistics.
The requirement of unitarity is central to their derivation.
It  would be instructive  to  re-examine their  derivation by
relaxing this requirement.

ϕ4

In  this  work,  we  have  shown  that  the  free  pseudo-
Hermitian QFT is unitary, whereas the interacting theory
is  non-unitary.  We  outline  two  promising  approaches  to
addressing non-unitarity. As noted in [29], the renormal-
ization  group  flow  for  symplectic  fermions  exhibits  a
much  richer  pattern  than  that  of  the  bosonic  theory,
which  may  be  relevant  to  the  hierarchy  problem  of  the
Higgs boson. Moreover, since the LN model is unitary at
low  energies  below  the  pair-production threshold,  sym-
plectic fermions may have applications in condensed mat-
ter physics.

dS4/CFT3

dS4/CFT3

Alternatively,  pseudo-Hermitian QFTs  may  have  ap-
plications to the  correspondence. In Section V,
we conjecture that the symplectic fermions and spin-half
bosons  are  dual  to  Vasiliev  gravity.  Our  results  in  this
work present an interesting paradigm: the  cor-
respondence  is  unitary  (non-unitary)  when  the  boundary
CFT is  free  (interacting).  We hope  to  verify  our  conjec-
tures in future work. 

APPENDIX A: NOTATIONS & CONVENTIONS

Throughout  this  paper,  we follow the conventions of
Ref. [39]. The four-dimensional Minkowski metric is 

gµν = gµν = diag(+1,−1,−1,−1) , (A1)

µ,ν = 0,1,2,3where .
4×4The  Dirac  matrices  are  expressed  in  the  Weyl

representation 

γµ =

[
0 σµ

σ̄µ 0

]
, with

ß
σµ =

(
1l2×2,σ

i
)
,

σ̄µ =
(
1l2×2,−σi

)
,

(A2)

µ = 0,1,2,3 σi i = 1,2,3where ,  and  ( )  denote  the  three
Pauli matrices: 

σ1 =

[
0 1

1 0

]
, σ2 =

[
0 −i

i 0

]
, σ3 =

[
1 0

0 −1

]
, (A3)

and 

{
σi,σ j

}
= 2δi j , i, j = 1 · · ·3 , (A4)

where the Kronecker delta function is 

δi j =

ß
1 , i = j,

0 , i , j.
(A5)

ϵi jk i, j,k = 1 · · ·3
ϵ123 = +1

The  Levi-Civita  tensor ,  defined  for ,  is
totally antisymmetric, with .

The chiral operator is also given by 

γ5 = iγ0γ1γ2γ3 =

[
−1l2×2 0

0 1l2×2

]
, (A6)

and the chiral projection operators 

PL,R ≡
1l∓γ5

2
. (A7)

 

APPENDIX B: THE S-MATRIX WITH THE
η-INNER PRODUCT

|α+⟩
|α−⟩

|α0⟩

A scattering  theory  for  a  pseudo-Hermitian Hamilto-
nian  was  constructed  using  the η-inner  product  in  Ref.
[26].  Here,  we  briefly  review  this  theory.  Let  and

 denote the in- and out-states,  respectively.  They are
related to the free states  by 

|α±⟩ = Ω±|α0⟩ ,Ω± = lim
t→∓∞

eiHte−iH0t . (B8)

|α0⟩ |α±⟩ H0The time evolutions of  and  are generated by 
and H,  respectively.  Because H is  pseudo-Hermitian,
time-translation symmetry can be preserved with respect
to the η-inner product 

⟨β±, t|α±, t⟩η = ⟨β±|α±⟩η . (B9)

α→ βThe S-matrix for the scattering process  is given by
the η-inner product. 

S βα = ⟨β−|η|α+⟩

= ⟨β0|S |α0⟩ , (B10)

where 

S = Ω†−ηΩ+ . (B11)

Ω±

Using the pseudo-Hermiticity of the Hamiltonian, we find
that the inverse of  is given by 

Ω−1
± = Ω

#
± = η

−1Ω†±η. (B12)

Yao Bai, Cheng-Yang Lee, Ruifeng Leng et al. Chin. Phys. C 51, (2027)
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A direct calculation then shows that the S-matrix satisfies
the generalized unitarity relation 

S #S = ⊮ , S # = η−1S †η. (B13)
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