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Abstract: Describing the proton structure function F,(x,Q?) across the nonperturbative and transition regimes of
quantum chromodynamics remains a significant theoretical challenge. We construct a physics-guided phenomenolo-
gical representation that combines fermion-resonance and Pomeron-like AdS/QCD basis functions with a neural
parametrization. The fermion-resonance sector is constrained by the AdS eigenvalue problem and the physical pro-
ton mass, while the neural parametrization describes the effective kinematic mixing, the Pomeron normalization, and
a regularized log-space correction. For 187 selected SLAC measurements, a fixed training—test partition containing
153 and 34 points, respectively, yields the point-normalized diagnostics y?/Nn = 0.542, x?/Nes = 1.990, and
X?/Na = 0.805. Conditional on the chosen holographic basis, the fitted channel fractions show a continuous trans-
ition from Pomeron-like dominance at the lower end of the measured x range to fermion-resonance dominance at lar-
ger x. The midpoint of the mixing function occurs at x ~0.187, whereas equality of the final channel fractions oc-
curs at x ~0.226. These two definitions identify a transition region of approximately x ~ 0.19—0.23, rather than a
unique physical boundary. Although «, ~ 1.08 is compatible with the data, fixed-a, refits show that it is not separ-
ately identifiable from the flexible Pomeron normalization. The x-dependent holographic coordinates and associated
effective excited scales should therefore be interpreted as basis-dependent effective quantities rather than direct
measurements of an x-dependent proton spectrum. A comparison with a data-only neural baseline does not establish
a predictive advantage for the holographic basis on the present dataset. The resulting framework thus provides a
basis-conditioned phenomenological decomposition of the data, rather than a model-independent extraction of the
underlying proton dynamics.
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moderate-Q? and moderate-to-large-x regime, however, a
leading-twist perturbative description alone is generally

I. INTRODUCTION

Deep inelastic scattering (DIS) is a principal probe of
the internal structure of the nucleon [1-4]. Fixed-target
measurements performed at the Stanford Linear Acceler-
ator Center (SLAC) provide important information on the
proton structure function F,(x,Q%) across the valence-
dominated region and the transition between resonance-
like and deep-inelastic behavior [3, 4]. In the low-to-

insufficient. Target-mass effects, higher-twist contribu-
tions, confinement dynamics, and remnants of hadronic
resonance structure may all become relevant [5-10]. A
uniformly controlled first-principles calculation of F,
throughout this kinematic region therefore remains chal-
lenging and motivates the use of nonperturbative effect-
ive descriptions.
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Gauge/gravity duality [11-13] provides one such
route to modeling strongly coupled hadronic dynamics. In
particular, soft-wall AdS/QCD models reproduce approx-
imately linear hadronic mass trajectories and supply nor-
malizable bulk wave functions for hadronic states
[14-16]. Within holographic descriptions of DIS, two
complementary constructions have been used. At larger x,
transitions of a bulk fermion into excited states provide
an s-channel description of resonance-like contributions
[17-22]. Toward smaller x, ¢-channel holographic Pomer-
on exchange provides a description of the smooth high-
energy background [23-25]. These constructions de-
scribe different aspects and kinematic limits of holo-
graphic DIS. In the present work, they are adopted as two
prescribed basis components within a common phe-
nomenological representation rather than derived as sec-
tors of a new unified dynamical equation. Moreover,
within the SLAC kinematic region considered here, the
Pomeron-like term should be understood as an effective
smooth-background contribution, not as a precision de-
termination of small-x Regge dynamics.

Machine-learning parametrizations have become use-
ful in high-energy and nuclear physics [26-32], includ-
ing global analyses of parton distribution functions
[33-38], lattice-field-theory sampling [39], and physics-
informed studies of differential equations [40—44]. Their
flexibility is useful for representing multidimensional ob-
servables [45, 46], but it also introduces an identifiability
problem. Because F,(x,(Q?) is a relatively smooth func-
tion over the selected kinematic domain, agreement with
the data alone does not demonstrate that a particular
physical basis has been uniquely selected, nor does it es-
tablish a unique physical interpretation of all fitted quant-
ities. A physics-guided analysis must therefore distin-
guish the structure imposed by the theoretical basis from
the information constrained by the data and examine the
resulting description using held-out measurements, sim-
pler data-driven parametrizations, and stability tests.

Motivated by these considerations, we construct a
physics-guided phenomenological representation of the
selected SLAC F,(x,0% data. The fermion-resonance
component is constrained by the AdS eigenvalue prob-
lem and the physical proton-mass condition, whereas the
Pomeron-like component provides an effective smooth
background. A neural parametrization determines the kin-
ematic mixing wy(x, 0°), the effective Pomeron normaliz-
ation gp(x,0?), and a regularized log-space correction
d¢(x,0%). These quantities control the relative weights
and limited deformation of the prescribed holographic
components, rather than defining an additional dynamic-
al equation relating the two channels.

A series of training—test, replica, parametrization, kin-
ematic-cut, and data-driven baseline studies indicates a
qualitative transition from a Pomeron-like-dominated fit-
ted contribution at lower x to a fermion-resonance-domin-

ated contribution at larger x. The location of this trans-
ition is definition dependent, with the diagnostics con-
sidered here placing it in the approximate region
x~0.19-0.23. The fitted value ao~1.08 is compatible
with conventional soft-Pomeron phenomenology [47], al-
though it is not separately identifiable from the flexible
Pomeron normalization. Accordingly, the framework is
interpreted as a transparent, basis-conditioned phenomen-
ological decomposition of the measured structure func-
tion, rather than as a unique determination of an x-de-
pendent proton spectrum or a demonstration of predict-
ive superiority over a data-driven parametrization.

The remainder of this paper is organized as follows.
Section II reviews the two holographic contributions and
the soft-wall background. Section III defines their phe-
nomenological mixing, the constrained holographic
quantities, and the regularized correction. Section IV de-
scribes the selected SLAC data, the fixed training—test
partition, and the numerical diagnostics. Section V
presents the global description of F,, the channel frac-
tions, the effective holographic manifold and excited
scales, and the fixed-a, and profile-y? analyses. The con-
clusions and limitations of the resulting interpretation are
summarized in Section V1.

II. HOLOGRAPHIC BASIS FOR A DUAL-CHAN-
NEL DESCRIPTION

This section summarizes the two holographic contri-
butions adopted as prescribed basis functions for the phe-
nomenological description of DIS. The corresponding
physical picture is shown schematically in Fig. 1. The
first contribution is associated with s-channel transitions
between normalizable bulk-fermion states, whereas the

(b) Small z

(a) Large x

!

P(W) /@\X(\P,,,)

Fig. 1.  (color online) Holographic dual-channel picture of
deep inelastic scattering. (a) In the larger-x regime, the scatter-
ing is modeled by an s-channel fermion-resonance mechan-
ism, in which the virtual photon couples to the ground-state
bulk fermion field ¥, through an AdS overlap integral and ex-
cites a tower of hadronic resonance states ¥, [18, 19, 48]. (b)
Toward lower x, the smooth background is modeled by a ¢
channel holographic Pomeron exchange P, corresponding to
closed-string diffusion in the AdS bulk [49, 50]. In the present
SLAC kinematic region, this contribution should be under-
stood as an effective Pomeron-like background rather than as
a precise small-x Regge determination.
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second describes a smooth background through #-channel
holographic Pomeron exchange [17-19, 50, 51]. These
two contributions are not derived here as coupled sectors
of'a new dynamical equation; rather, they provide two ex-
isting holographic basis components whose relative con-
tributions are determined phenomenologically in Sec. III.
According to the AdS/CFT dictionary [11-13], the
boundary electromagnetic current and hadronic states are
represented by a bulk vector field and normalizable
spinor modes in a five-dimensional asymptotically AdSs
geometry [17, 52, 53].

A. Kinematics and the soft-wall background

Let P and ¢ denote the proton and virtual-photon four-
momenta, respectively, with P> =M, and ¢* = -Q* <0.
The Bjorken variable and the invariant mass of the inclus-
ive hadronic final state are

2
x= 0 ,
2P-q
W2 = (P4qP =M +0 =% 1
= (P+ay = M+ 0P~ M

The soft-wall construction introduces an infrared scale
via the background profile

O(z) = K°2%, 2)

where z is the holographic coordinate and «* is the di-
mensionful soft-wall or deformation scale [14—16, 54]. In
the deformed AdSs realization used for the fermion sec-
tor, this scale enters the effective radial potential and gov-
erns the separation of the normalizable hadronic modes
[18, 19].

In the underlying holographic construction, «*> and the
five-dimensional fermion mass Ms characterize the
chosen background and bulk field. The bin-indexed
quantities «? and Ms; introduced in the phenomenologic-
al analysis should therefore not be interpreted as inde-
pendent measurements of proton parameters at different
values of Bjorken x. For x in the ith measured bin, they
specify an effective point on a constrained family of holo-
graphic basis functions, with the ground-state proton
mass held fixed.

B. The s-channel: bulk fermion and resonances

At the larger-x end of the selected kinematic region,
the first basis component is constructed from transitions
of the ground-state bulk fermion to excited normalizable
states. The left- and right-chiral radial wave functions sat-
isfy Schrodinger-type equations [16, 18, 19, 54]

—WLI,R(Z) + VL,R(Z;KZ,MS)lﬁL,R(Z) = MilﬁL,R(Z), (3)

where M, denotes the mass scale associated with the nth
normalizable mode. The effective potentials V. incor-
porate the dependence on the deformed background and
the bulk-fermion mass.

For each effective coordinate «?, the corresponding
value of Ms; is fixed by the common ground-state condi-
tion

My(«;,Ms,;) = M, M, =0.938 GeV. 4)

Thus, Ms; is not an independently varying fit parameter.
The excited scales M,; obtained at a selected point on
this manifold are conditional properties of that effective
basis and should not be interpreted as physical resonance
pole masses that vary with Bjorken x.

Retaining the leading Dirac-type transition current,
the relevant left- and right-chiral overlap integrals can be
written as [48-52, 55]

hoH = / dzJ(Q. WL LRA(2)s ®)

where J(Q,z) denotes the bulk-to-boundary propagator
of the virtual photon. The dependence of the wave func-
tions on k7 and Ms, is left implicit.

For x in the ith bin, the fermion-resonance basis used
in the present analysis is the finite-state expression
[17-19]

F 2 _M - Ly 2y ]2 R, 24 |2
R0 =Fon HZ_;[II,,<Q>| +[ 2] } (©)

where the fixed overall normalization factors have been
absorbed into the effective fermion-sector normalization
G.q;. The formal spectral derivation of the transition sum
is reviewed in Appendix A.

Equation (6) retains the eleven excited states
n=1,---,11. No Gaussian or Breit-Wigner resonance
profile is introduced in the central construction. It should
therefore be regarded as a phenomenological finite-state
basis rather than a first-principles description of physical
resonance widths.

The retained current contains the leading Dirac-type
transition form factor, while the Pauli-type term and sub-
leading tensor structures are omitted in the large-Q* re-
duction [52, 48, 55]. Because the selected data extend to
Q% =0.583 GeV?, this reduction is not uniformly con-
trolled over the entire fitted domain. The lowest-Q? res-
ults consequently represent an application of the effect-
ive fermion-resonance basis rather than a complete low-
Q* current calculation. The corresponding restricted- Q>
stability diagnostics are discussed in Sec. V.
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C. The t-channel: holographic pomeron exchange

At the lower end of the measured x range, a smooth
energy-dependent background is described by holograph-
ic Pomeron exchange. In the corresponding bulk picture,
the virtual photon generates a bulk electromagnetic pro-
file near the ultraviolet boundary, which interacts with the
proton profile via a t-channel closed-string or graviton
exchange [23, 24, 49, 50, 56]. This contribution is used
here as an effective Pomeron-like basis component; with-
in the present SLAC kinematic regime, it is not inter-
preted as a precision determination of asymptotic small-x
dynamics [57].

Using the optical theorem, the corresponding holo-
graphic integral may be written, up to an overall normal-
ization convention, as [25, 50, 58]

Q2
2 [ [ @ POty

L(x,0%) e o

xImy($,z,7),
QZ

X

§=

(7

where Pj3 and P,4 denote the virtual-photon and proton
bulk profiles, respectively. The kernel x(8,z,7’) describes
diffusion in the holographic direction and provides the
smooth energy dependence of the exchanged closed-
string contribution [25, 49, 50].

The Pomeron-like contribution entering the phe-
nomenological combination is defined by

Fi(x, 0%) = Go(x, 0OI5 (x, 0%,

Q2 ap—1
Gr(x,0%) = gp(x,0%) (TQZ) ) Q:=3GeV?. (8)
0

The reference scale Q3 renders the base of the nonin-
teger power dimensionless. A change in this fixed refer-
ence scale can be absorbed into the effective normaliza-
tion gp(x,0%) and therefore does not alter the predicted
structure function.

Because gp(x, Q%) is flexible, variations in &, can be
compensated by corresponding changes in gp(x, Q?). The
quantity constrained by the present data is therefore the
combined factor Gp(x,0%), rather than gp(x,0?) and ay
separately. Accordingly, «, is treated as an effective
parameter whose compatibility with soft-Pomeron phe-
nomenology can be assessed, not as an independently de-
termined intercept [47, 57].

Equations (6) and (8) define the two prescribed holo-
graphic basis contributions used in the phenomenological
combination below. Their labels refer to the holographic
mechanisms from which they are constructed and should
not be interpreted as a direct, model-independent separa-
tion of the measured structure function into valence-quark

and sea-quark or gluon distributions.

OI. PHYSICS-GUIDED PHENOMENOLOGICAL
REPRESENTATION

This section defines the phenomenological represent-
ation used to combine the two holographic basis contribu-
tions introduced in Sec. II. The fermion-resonance sector
provides FX(x,0%), while the Pomeron-like sector
provides IF(x,0*) and the associated contribution
F¥(x,0%) defined in Eq. (8). Their relative weighting and
limited deformation are described by a neural parametriz-
ation.

The physical guidance enters through the prescribed
holographic functional forms and the proton-mass con-
straint. The neural component does not introduce a new
dynamical relation between the two channels, nor does
the data fit solve the exact AdS eigenvalue problem at
each optimization step. Instead, it provides a kinematic
parametrization conditioned on the selected holographic
basis. This use of prescribed physical structure together
with data-trained components belongs to the broader class
of theory-guided and hybrid physics—machine-learning
models [59, 60]. The resulting construction is shown
schematically in Fig. 2.

A. Kinematic parametrization and basis combination

The neural parametrization takes as input kinematic
features constructed from x and Q? and returns three
functions

we(x,0%) €(0,1),
gP(xa Qz) > 07
8¢(x, 0% €R. )

Here, wy is a bounded gate that controls the relative
weighting of the two basis components, gp is the effect-
ive normalization entering the Pomeron-like contribution
in Eq. (8), and & is a multiplicative correction expressed
in logarithmic space. The exact input features, network
architecture, and output transformations are specified in
Sec. IV.

The two holographic contributions are first combined
as follows

Famin(x, 0%) = wo(x, ) F5 (x, Q%) + [1 = wy(x, 01)] F3(x, 0°).

(10)
The final prediction is then defined by
F3(x,0%) = Famix(x, Q) exp[do(x. Q)] . (11)
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(color online) Schematic representation of the basis-conditioned, physics-guided phenomenological fit. The exact holographic

solver is used offline to generate a theory grid, which is represented during the SLAC fit by the frozen surrogate S,. The data-trained
block contains the neural-network outputs w,, gp, and g,, the bin-indexed effective quantities «? and G.,;, and the global effective
parameter a,. For each «?, the associated bulk mass Ms; is fixed by the physical proton-mass condition My(x?,Ms,;) = M,,. The surrog-
ate returns the fermion-resonance basis F¥ and the Pomeron-like basis 2. The latter is converted into F} through the combined factor
Gp before the two prescribed basis contributions are combined phenomenologically. Only the training subset enters the optimization

objective; the held-out points are used solely for diagnostics.

The exponential form makes &, additive in logF, and
preserves the positivity of the prediction whenever the
mixed basis contribution is positive.

Equations (10) and (11) constitute a phenomenologic-
al ansatz rather than a consequence of a common five-di-
mensional action. In particular, w, is not a microscopic
transition probability, and the weighted combination is
not a field-theoretic subtraction theorem for the possible
overlap between the two holographic descriptions. Its role
is to define a smooth, data-constrained interpolation with-
in the selected basis.

B. Constrained holographic coordinates and
regularization

For a data point belonging to the measured Bjorken-x;
bin, the fermion-resonance basis is evaluated using the ef-
fective coordinate «7 and the normalization G.q,. The as-
sociated bulk mass Ms; is not fitted independently; in-
stead, it is fixed by the common ground-state condition in
Eq. (4). The quantities ¥* and Ms,; therefore specify a
point on the proton-mass-constrained holographic mani-
fold. They are not interpreted as fundamental proton para-
meters that physically vary with Bjorken x.

The quantities fitted to the SLAC training data [3, 4]
may be summarized as

O = {QNN’ {K,'szeff,i}?:l ,a'o} K (12)

where Oyy denotes the parameters governing wy, gp, and
d¢, and N, is the number of measured Bjorken-x bins. The
effective intercept «, is varied in the reference fit and
held fixed in the profile-style refits described in Sec. V,
following the general logic of profile-based identifiabil-
ity diagnostics [61]. Neither Ms; nor the parameters of
the frozen holographic surrogate belongs to O,.

The status of the quantities entering the representa-
tion is summarized in Table 1. The proton-mass condi-
tion removes Ms; as an independent fit quantity, but it
does not, by itself, make the complete regression low-di-
mensional because the neural and bin-indexed paramet-
rizations remain flexible.

The residual correction is controlled by a quadratic
Tikhonov-type penalty [62] in the regularized objective.

£(®ﬁt) = Ldata + /16<6§>train7 (13)
where the average in the second term is taken only over
the training points. The exact weighted log-space defini-
tion of L., the central value of A5, and the training—test
construction are given in Sec. V.

The penalty in Eq. (13) introduces an explicit trade-
off between adherence to the prescribed holographic basis
and additional phenomenological flexibility. Con-
sequently, a small fitted §, cannot by itself be taken as
evidence that the holographic basis is dynamically com-
plete, because its magnitude is also influenced by A;. Its
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Table 1. Status and interpretation of the quantities entering the holographic-basis fit to the SLAC data.
Quantity Status in the data fit Role and interpretation
FFand P Prescribed basis functions Holographic fermion-resonance and Pomeron-like basis components
Onn Fitted to the training data Controls wy(x, 0%), gp(x, 0), and &,(x, 0%)
K Fitted effective coordinate Selects a point in the constrained holographic basis manifold for the ith measured x bin
Gepri Fitted effective normalization Controls the normalization of the fermion-resonance basis in the ith measured x bin
. . . Effective exponent entering the Pomeron-like contribution; not separately identifiable
@ Fitted in the reference analysis . L
from the flexible normalization g,
Ms; Constrained Determined from «? by the physical proton-mass condition
M, and Q2 Fixed Physical proton mass and reference scale used in the dimensionless Pomeron factor

interpretation must therefore be accompanied by the re-
sidual-penalty scan and the data-only comparison.

C. Basis fractions and identifiability

The gate wy does not generally equal the physical
fraction of the mixed basis associated with the fermion-
resonance component. The two basis functions can have
different magnitudes even when their gate coefficients are
equal. We therefore define the normalized mixed-basis
fractions by

wo(x, OV F5 (x, 0°)

2\ —
CF(X’ Q ) a F2,mix(-xa QZ) ’
2y [1=we(x, 0%)] F3(x,0°)
CP('x’ Q ) a F2,mix(x’ QZ) ’
Cr(x,0%) +Cp(x,0%) = 1. (14)

Because the same factor exp[dy(x, 0*)] multiplies both
components, it cancels in the normalized fractions. Thus,
Cr and Cp characterize the composition of the prescribed
holographic mixture, whereas &, characterizes the sub-
sequent common deformation of that mixture.

The relative magnitude of the residual deformation is
quantified by

FY(x,0%) = F mix(x, %)
Faotal(x’ Qz)
= |1 —exp[-0o(x, 0] |. (15)

Ry(x,0%) =

Two distinct crossover criteria can therefore be con-
sidered. The gate criterion is defined by w, = 1/2, where-
as equality of the final mixed-basis contributions is
defined by Cg = Cp. These conditions need not occur at
the same value of x, because the latter also depends on
the relative magnitudes of F. and F%. Neither criterion
should be interpreted as defining a universal physical
boundary.

A second identifiability limitation follows from Eq.

(8). The data constrain the combined factor Gp(x,Q?)
rather than ay and gp(x, Q%) separately. More generally,
wy, gp, and &, all affect the same observable and can
therefore partially compensate for one another. Such
compensating directions are characteristic of parameter
non-identifiability in flexible multiparameter models [61,
63]. The decomposition obtained from Eq. (14) is there-
fore conditional on the selected holographic basis, neural
parametrization, and residual penalty. It should not be in-
terpreted as a model-independent separation of the meas-
ured structure function into underlying partonic compon-
ents.

IV. NUMERICAL SETUP, DATA PARTITION,
AND DIAGNOSTICS

This section specifies the experimental sample, the
fixed training—held-out partition, the frozen numerical
representation of the holographic basis, and the optimiza-
tion and reporting procedures. The implementation separ-
ates the offline evaluation of the holographic basis from
the quantities calibrated using the SLAC data. The held-
out sample and all robustness variations are used solely
for diagnostic purposes and do not determine the refer-
ence fit.

A. SLAC Sample and fixed held-out partition

The experimental input consists of unpolarized pro-
ton structure-function data, FJ(x,Q%), obtained from the
SLAC fixed-target analysis of Whitlow et al. [3, 4]. For
each data point, the invariant hadronic mass is evaluated
using Eq. (1). The nominal selection requires

x>1073, W? > 1.15 GeV>. (16)
No additional @ cut is imposed on the input table in the
reference analysis. After selection, the retained sample
contains ten measured Bjorken-x bins and Ng,, = 187
points, with the realized kinematic coverage
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0.080 < x < 0.850,
0.583 GeV?* < 0? <29.174 GeV?,
2.665 GeV? < W? < 28.698 GeV>. (17)

Thus, although the nominal lower cut is W? > 1.15 GeV?,
the smallest value present in the fitted sample is

W2, = 2.664844 GeV?. (18)

The quantity denoted by o; below is the total experi-
mental uncertainty provided for the ith point in the input
table. The present analysis uses these uncertainties as di-
agonal pointwise weights. A correlated experimental cov-
ariance matrix is not reconstructed; consequently, the re-
ported goodness-of-fit quantities should not be inter-
preted as arising from a complete correlated likelihood.

A fixed partition is constructed independently within
each measured Bjorken-x bin. For a bin containing N;
points, a pseudo-random permutation with seed 42 is gen-
erated and

Neestj = [0.20N;] . (19)

Points are assigned to the held-out sample. The remain-
ing points are assigned to training. This procedure yields

Niain = 153, Neest = 34. (20)

The held-out points do not contribute to the optim-
ized loss, learning-rate scheduler, stopping criterion, hy-
perparameter tuning, or selection of the reference fit. Be-
cause every measured x bin is represented in both subsets,
the held-out statistic evaluates interpolation in Q2 within
already observed x bins. It does not evaluate extrapola-
tion to an unseen Bjorken-x region or to a different exper-
iment.

B. Offline holographic calculation and frozen
surrogate

The holographic basis is first evaluated independ-
ently of the experimental fit. For each selected value of
K%, the exact eigensolver determines Ms through the pro-
ton-mass constraint in Eq. (4), after which the fermion-
resonance and Pomeron-like basis quantities are com-
puted on the theory grid.

The grid contains ten linearly spaced values of x, ten
logarithmically spaced values of Q?, eight values of «2,
and five values of G.;. Its domain is

0.01 < x <0.90,
0.10 GeV? < k2 < 0.80 GeV?,

1 GeV? < Q% <200 GeV?,
1 <G <£8.
(21)

The complete Cartesian grid therefore contains 4000 the-
ory points.

The repeated solution of the exact eigenvalue prob-
lem during the experimental fit is replaced by a fixed nu-
merical representation [64]

2

W,K%,Geﬁ,,) — (1nF§, 1n1§). (22)

S, (x, In

The surrogate S, is a fully connected 4-64-128-2
network with tanh activations. It contains 8898 paramet-
ers and is trained for 500 epochs on the theory-generated
grid using the Adam optimizer [65], with a learning rate
of 5x 1073, a batch size of 256, and a mean-squared error
loss on the two logarithmic outputs. Its parameters are
then frozen before the SLAC data are introduced.

The 8898 surrogate parameters are therefore not data-
trained parameters of the phenomenological fit. During
the subsequent fit, gradients propagate through the fixed
map with respect to its effective inputs «? and Geg,, but
not through the exact AdS eigensolver. The resulting
workflow is

exact holographic solver — theory grid

— frozen surrogate — fit to SLAC data. (23)

The domain in Eq. (21) is the surrogate-training do-
main, not a calibrated emulator uncertainty band [66].
The archived reference implementation did not reserve an
independent exact-solver test set from these 4000 theory
points. Consequently, no formal surrogate uncertainty is
propagated into the final observables, and the surrogate is
not claimed to have uniform precision outside its training
domain.

In particular, the 14 experimental points satisfying
0.583 < Q> < 1 GeV? lie below the theory-grid range and
therefore require extrapolation in Q?. The restricted-Q?
diagnostics described below are used to test whether the
main qualitative conclusions depend on these points, but
they do not provide a formal emulator-error estimate.

C. Neural parametrization and output
transformations

The data-trained neural parameterization uses three
kinematic inputs

u(x,0%) = (x, lnl, lngz) ,

02=3GeV>. (24
x 03 0
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The reference network has architecture 3—16—8-3
with tanh activations in the hidden layers. Let hs, h,,, and
h, denote its three raw outputs. The transformations used
in the reference calculation are

8¢(x, 0%) = 0.8tanh hi5(x, 0%),

1
2\ —

ol Q) = o [~hu(x, 0~ 10(x—0.2)]”

gr(x,0%) = exp [clip (hy(x,0%),-2,2)]. (25)

The fixed reference-scale conversion associated with Eq.
(8) is absorbed through

Q2 ap—1
o)

gr(x,0%) = gp(x, Q%) (
This rewriting leaves the Pomeron-like contribution nu-
merically unchanged while rendering the noninteger
power in Eq. (8) dimensionless.

Equation (25) makes explicit that the gate is not neut-
rally parameterized in x. The fixed term 10(x—-0.2) fa-
vors an increasing fermion-resonance gate centered at
x=0.2 before the data-dependent output A, is added.
Therefore, a solution of w, = 1/2 is conditional on this ar-
chitectural prior and cannot be interpreted as a transition
scale identified independently by the data. The contribu-
tion-based fractions Cr and Cp defined in Eq. (14) re-
main distinct from this gate criterion.

For the ten measured x bins, the fit contains ten val-
ues of k7 and ten values of G.q,. Their reference initializ-
ations are

K =0.45 GeV?, Gei =4, @, = 1.08. 27)

During optimization, the numerical bounds

0.05 GeV?* < 7 < 1.00 GeV?,
0.5 < Gegr, < 15,
1.01 <@g < 1.35 (28)

are imposed after each optimization step. These numeric-
al bounds are broader than the theory-grid ranges in Eq.
(21). A surrogate evaluation outside those ranges is there-
fore extrapolative and is not assigned a precision inter-
pretation.

The global neural network contains

Nan = 3x16+16)+ (16 X8 +8) + (8 x3+3) =227, (29)

parameters. Including the twenty bin-indexed quantities
and the effective intercept gives

Ny =227 +20+ 1 = 248. (30)

Quantities are adjusted using the 153 training points. The
fit is therefore overparameterized in the conventional re-
gression sense. The proton-mass constraint and residual
regularization restrict its functional behavior, but they do
not justify treating Ny, — Ng; as the conventional number
of statistical degrees of freedom [67].

D. Optimization objective and reporting statistics

For each training point, the scaled logarithmic resid-
ual is

In F —In F5*P ;
AL g §; = max (%,0.01). (31)
Si F2,i

The one-percent floor prevents exceptionally small tabu-
lated relative uncertainties from dominating the optimiza-
tion. The Huber function used in the fit is [68]

lr2, Ir| < A,
Huber,(r)={ 2 A (32)
A <|r|— 7) . > A

The explicit realization of the objective introduced in Eq.
(13) is

_E = . Z HuberA:Z <V§0g) +/16<6§>lrain’

/15 = 05
(33)

The global-network parameters, «? and G, are op-
timized with Adam using a learning rate of 5x 10~ and a
weight decay of 107*. The effective intercept ay is as-
signed a separate learning rate of 2x 10~* and no weight
decay. A ReduceLROnPlateau scheduler operates on the
training objective, reducing the learning rate by a factor
of 0.5 after 150 epochs without improvement, with a min-
imum learning rate of 107. The total gradient norm is
clipped at 1 [69], and the reference optimization is run for
5000 epochs.

The Huber objective is not numerically identical to
the diagnostic y?/N. After training, the latter is evaluated
in linear F, space as

2 total exp \ 2
Xs 1 FY* = Fy;
o el I 34
NS NS ( g; ( )

€S
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where S denotes the training, held-out, or complete
sample. We also report [70]

total Xp
F2,i _F2,i

exp
F 2,i

1
MAPE; = 100 > (35)

Y
s €S

The split-resolved diagnostics of the fixed-reference
fit are summarized in Table 2. Because of the flexible
parametrization and the absence of a full covariance mat-
rix, x?/N is reported only as a pointwise descriptive stat-
istic, rather than as y?/d.o.f. or as the basis for a formal
goodness-of-fit probability.

Table 2. Split-resolved pointwise diagnostics for the fixed
reference fit. The held-out sample is not used during optimiza-
tion or model selection.

Sample N X’ X*IN MAPE
Training 153 82.86 0.542 1.61%
Held-out 34 67.66 1.990 2.10%
Complete 187 150.52 0.805 1.70%

E. Robustness protocol

Several variations are evaluated independently of the
reference fit. First, the free-«, calculation is repeated for
ten parameter initializations. Architecture dependence is
tested using 8—4 tanh, 16—8 tanh, 32—16 tanh, and 16-8
SiLU hidden layers [71], with five initializations for each
architecture. The residual penalty is varied over A; =0,
0.1, 0.5, 1, and 5. Twenty experimental-data replicas [33]
are generated through independent Gaussian fluctuations
with widths o, and thirteen fixed-a, refits span
1.02 <@y < 1.14 [61].

A purely data-driven baseline uses the same three kin-
ematic inputs, the same 16—8 hidden widths, the same
fixed data partition, and matched initializations, but maps
directly to In F, without the holographic basis. This com-
parison tests predictive interpolation only; it does not as-
sess the physical interpretation provided by the holo-
graphic representation.

Kinematic sensitivity is examined through independ-
ent refits with W2 >3 GeV? and W2 > 4 GeV>. In addition,
the frozen reference prediction is reevaluated after impos-
ing 0% >1GeV? and Q? >2 GeV*. The latter are post-fit
subset diagnostics rather than new parameter refits. The
corresponding retained training and held-out counts are
143/30 and 118/21, respectively.

The spreads produced by different initializations, ar-
chitectures, data replicas, penalties, and kinematic cuts
quantify numerical and model sensitivity. They do not
constitute a calibrated Bayesian posterior or a frequentist
confidence interval and therefore are not labeled as a

formal theoretical uncertainty band. Their numerical con-
sequences are presented in Sec. V.

V. RESULTS AND DISCUSSION

This section presents the reference fit and the numer-
ical variations defined in Sec. IV. The discussion distin-
guishes among three levels of inference: the description
of the measured structure function, the conditional de-
composition within the prescribed holographic basis, and
the stability of effective fit quantities under changes in
initialization, architecture, regularization, and kinematic
selection. The held-out sample and all diagnostic refits re-
main separate from the optimization of the fixed refer-
ence result.

A. Reference fit and held-out performance

Figure 3 compares the reference prediction with the
SLAC measurements in ten Bjorken-x bins [3, 4]. The up-
per panel displays F,(x, Q%) with successive vertical off-
sets given by powers of two. Filled circles denote the
training points, whereas open squares denote the held-out
points. The lower panel shows the unshifted ratio of each
measurement to the reference prediction.

The split-resolved statistics are presented in Table 2.
For the reference fit,

2
Xwain _ () 542 MAPEy, = 1.61%,
Ntrain
/\/2
Zlest — 1,990, MAPE,., = 2.10%,
Ntesl
XZ
N““ =0.805, MAPE,, = 1.70%. (36)
all

The held-out x?/N is appreciably larger than its train-
ing counterpart, as expected for a flexible parametriza-
tion with more adjusted quantities than training points.
Nevertheless, the held-out MAPE remains close to the
training value, and Fig. 3 shows that the measured Q* de-
pendence is reproduced across the observed x bins.

The difference between the training and held-out stat-
istics is retained as a generalization diagnostic rather than
being absorbed into a single full-sample number [33, 36].
Moreover, the spread from the diagnostic refits is not in-
terpreted as a formal confidence interval. Initialization,
data-replica, and model variations are instead reported
explicitly below.

B. Conditional channel decomposition and

residual sensitivity

The channel composition is evaluated using the
mixed-basis fractions defined in Eq. (14). To avoid evalu-
ating every x bin at a common Q? value outside its meas-
ured support, the reference scale for each bin is chosen as
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Fig. 3. (color online) Reference holographic-basis fit to the

SLAC proton structure-function data [3, 4]. The upper panel
shows F,(x,0% for the ten measured Bjorken-x bins, with
successive powers of two applied solely for visual separation.
Filled circles and open squares denote the training and held-
out points, respectively, while the solid curves denote the
fixed reference prediction. The lower panel shows the corres-
ponding data-to-prediction ratios. Experimental uncertainties
are propagated to both panels. The held-out points are not
used in the optimization.

the median of the measured Q? values in that bin. The
resulting path therefore follows the kinematic support of
the SLAC sample rather than a fixed-Q? slice.

The upper panel of Fig. 4 shows Cr and Cp along this
bin-median path. At the lowest measured point, x =0.08
and Q2 , = 1.3475 GeV?, the Pomeron-like fraction is

Cr=0683,  Cp=02317. (37)
At the largest measured value, x=0.85 and Q2. =
16.032 GeV?, this ordering is reversed:

Cr =0.970, Cp =0.030. (38)

The robust qualitative result is therefore a transition from
a larger Pomeron-like contribution at the lower end of the
measured x range [24, 25, 49, 50] to a fermion-resonance-
dominated mixture at large x [17-19].

Logarithmic interpolation between neighboring meas-
ured x bins yields

x=0.187,

WG:EZ

Cr=Cp: x=0.226. (39)

The separation between these values does not represent a
statistical uncertainty associated with a single transition

-
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Fig. 4.
scribed holographic mixture along the median measured Q? in

(color online) Conditional decomposition of the pre-

each Bjorken-x bin. The upper panel shows the mixed-basis
fractions Cg and Cp defined in Eq. (14). Logarithmic interpol-
ation between neighboring measured x bins yields Cg=Cp
near x=~0.226. The lower panel shows the gate w, and its
complement, 1—w,; the corresponding condition w, = 1/2 oc-
curs near x ~0.187. The gate is a diagnostic of the parametriz-
ation and is not itself a contribution fraction.

point. Rather, it arises from two different definitions: the
first uses only the neural gate, whereas the second also in-
corporates the relative magnitudes of the two holograph-
ic basis functions.

In addition, the gate crossing is influenced by the
fixed 10(x—0.2) term in Eq. (25). It therefore lies near the
center encoded by the selected parametrization and can-
not be regarded as a transition scale independently in-
ferred from the data. The range x ~0.19-0.23 is quoted
only as a descriptive, definition-dependent transition re-
gion within the measured sample. Neither endpoint
defines a universal boundary between partonic regimes.

The residual deformation is quantified by Eq. (15). Its
magnitude is controlled by A; and therefore cannot be in-
terpreted independently of the regularization [62]. Table
3 summarizes the five-initialization penalty scan.

Table 3.
alty scan. Each row represents the median across five inde-

Median held-out diagnostics from the residual-pen-

pendent initializations and should not be confused with the
single fixed reference fit in Table 2.

A5 Median held-out y2/Nie Median held-out |5,
0 1.741 0.183

0.1 2.018 0.124

0.5 2.143 0.071
1 2.038 0.050

5 1.981 0.020
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Increasing A5 monotonically suppresses the logar-
ithmic deformation, whereas the held-out statistic varies
only moderately and non-monotonically. The reference
value A5 = 0.5 is therefore not selected because it minim-
izes the held-out error. Rather, it defines an interpretabil-
ity—flexibility compromise, for which a typical held-out
|66 is approximately 0.071, corresponding to a multiplic-
ative deformation of order 7%. The unregularized calcu-
lation attains a smaller median held-out statistic only by
allowing a substantially larger residual.

A complementary comparison was performed with a
purely data-driven network using the same inputs, hidden
widths, data partition, and matched initializations. Across
ten initializations [32, 59, 60], the median training and
held-out statistics are

holographic guided: 0.516,

0.606,

2.174,

data only: 1.844, (40)

where the two columns denote the training and held-out
X2/N, respectively. The data-only parametrization has a
slightly smaller median held-out value, whereas the ini-
tialization distributions overlap. Therefore, the present
dataset does not establish a predictive advantage for the
holographic basis. Instead, the demonstrated role of that
basis is to provide a conditional decomposition tied to the
two prescribed holographic contributions and the proton-
mass constraint.

C. Proton-mass manifold and effective excited scales
The proton-mass condition restricts each effective co-
ordinate pair (k*, Ms;) to the manifold My(k?,Ms;)=M,.
Figure 5 shows this curve together with the ten points se-
lected by the measured x bins. Variations in «? therefore

T T T
13L@ — My=M,=0938GeV © x=025 @ x=0.65 |
@ x=008 O x=035 @ x=075
12k @ x=0.125 © x=045 @ x=085 |
@ x=0.175 @ x=055

(=} o = =
[e2) © o -
T T T T

Bulk fermion parameter Ms
3
T

1 1 1 1 1 1 1 1
0.100 0.125 0.150 0.175 0.200 0.225 0.250 0.275
AdS deformation scale x? [GeV?]

Fig. 5.

move the representation along a common mass-con-
strained manifold, rather than altering the physical
ground-state proton mass [16, 18, 19].

The ground-state value remains fixed by construction,
whereas the quantities M; and M, vary along the selec-
ted manifold. These higher eigenvalues provide effective
mass scales for the fermion-resonance basis and influ-
ence its Q® dependence [48, 55]. However, because the
underlying «? values are bin-indexed fit coordinates, the
resulting curves are conditional outputs of the parametriz-
ation. They do not constitute independent determinations
of the soft-wall scale, the five-dimensional fermion mass,
or the physical excited proton spectrum.

D. Optimization stability and effective pomeron
intercept

The convergence and stability diagnostics are presen-
ted in Fig. 6. The upper-left panel shows the weighted
training and held-out objectives during optimization,
while the lower-left panel shows the trajectory of the
global effective intercept. The held-out curve is evalu-
ated solely for diagnostic purposes and does not feed
back into the optimization.

The free reference fit gives

ao = 1.0817. (41)

For comparison, the Donnachie—Landshoff soft-Pomeron
reference is ap(0) = 1.0808 [47]. The proximity of the two
values remains stable under the tested numerical vari-
ations. Ten initializations of the reference architecture
yield

T T T
(b) —8— Ground state M,
- First excitation M,
—#= Second excitation M,

S
(=} N
T T

Eigenmass M, [GeV]
55
1 1 1 1

1.2f 4
1.0} .
r-—r——-O— 00— 00— 0—0—0
1 L 1 L L 1 L P - i
0.08 0.175 0.35 0.65 0.85
Bjorken x

(color online) Proton-mass-constrained holographic coordinates and their conditional outputs. Panel (a) shows the manifold on

which M, = M, =0.938 GeV, together with the effective points (k?, Ms,) selected for the ten measured Bjorken-x bins. Panel (b) shows
the ground-state scale and the first two effective excited scales obtained at those points. The variation in M, and M, is a consequence

of the bin-indexed coordinates used in the fit; these curves are not predictions of physical resonance pole masses or of a literal x-de-

pendent proton spectrum.
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Fig. 6. (color online) Optimization and effective-intercept diagnostics. The upper-left panel shows the weighted training and held-out

losses during the reference optimization, while the lower-left panel shows the free-fit trajectory of «,, ending at o, = 1.0817. The
middle panel shows the fitted o, values obtained from four network architectures and five initializations per architecture; horizontal
black segments denote the corresponding medians. The right panel shows the median held-out y?/N, from fixed-a, refits, with five
initializations at each scanned value. The sampled minimum occurs at a, = 1.05. The Donnachie-Landshoff reference, a3(0) = 1.0808,
is shown for comparison. The fixed-parameter scan is a robustness diagnostic, not a profile-likelihood confidence construction.

1.0755 < ap < 1.0824, (42)
while the complete scan over four architectures and
twenty fits yields

1.0751 < a, < 1.0863. (43)

Twenty replicas of the experimental data [33] yield a
median @, = 1.0804, with individual values ranging from
1.0716 to 1.0846. These variations support only the lim-
ited conclusion that the free fits tend to remain near the
soft-Pomeron reference value.

They do not, however, provide a precision determina-
tion of the intercept. When «y is fixed between 1.02 and
1.14 and all remaining quantities are reoptimized, the me-
dian held-out y?/N, changes only from 2.073 to 2.182.
The lowest sampled median occurs at aq = 1.05, rather
than at the free-fit endpoint. This near-flatness is consist-
ent with the identifiability limitation described in Sec. III

C [61, 63]: the data constrain the combined Pomeron
factor Gp(x, 0%), but do not separately determine «, and
gr(x,0%). Consequently, ay=~1.08 is a soft-Pomeron-
compatible effective value within this representation, not
an independently extracted intercept [47, 50, 57].

E. Kinematic stability and scope

The effects of the higher-W? refits and the post-fit Q*
restrictions are summarized in Table 4. The first block re-
ports the medians over five independent refits for each
W? selection. The second block reevaluates the fixed ref-
erence prediction after removing low-Q? points and
therefore does not involve reoptimization.

The higher-W? refits leave the median effective inter-
cept near 1.08, while the held-out statistic improves
markedly as the low-W? points are removed. For the
fixed reference prediction, imposing Q> > 1 GeV? leaves
the held-out statistic essentially unchanged, whereas im-
posing 0% > 2 GeV? reduces it from 1.990 to 1.531. These
diagnostics indicate that most of the residual tension is

Table IV. Kinematic-sensitivity diagnostics. Dashes indicate quantities not used in the corresponding comparison. The W? rows re-
port medians over five refits, whereas the Q2 rows correspond to subsets of the fixed reference prediction with oy = 1.0817.

Procedure Selection Niain Neest Xain/ Niain Xoq/Niest @
Independent W2-cut refits
Refit W2 > 1.15GeV? 153 34 - 2.143 1.0805
Refit W2 > 3GeV? 152 29 - 1.355 1.0807
Refit W? > 4GeV? 135 22 - 0.367 1.0800
Post-fit subsets of the fixed reference prediction
Fixed prediction Full sample 153 34 0.542 1.990 1.0817
Fixed prediction 0% > 1GeV? 143 30 0.555 1.999 1.0817
Fixed prediction 0% >2GeV? 118 21 0.471 1.531 1.0817
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associated with the low-W? and Q? <2 GeV* portion of
the sample. We nevertheless retain these points in the ref-
erence analysis to preserve coverage of the low-Q?, low-
W? nonperturbative and transition region.

These observations show that the reported qualitative
channel ordering and effective-intercept compatibility are
not driven exclusively by the lowest-W? or lowest-Q?
points. They do not remove the limitations of the leading-
tensor fermion basis at Q> ~ 0.58 GeV? [7, 8, 52, 48, 55],
nor do they provide a formal error estimate for the frozen
surrogate below its theory-grid range [64, 66].

Taken together, the results support a conditional mi-
gration from a Pomeron-like-dominated mixture at the
lower end of the measured x range to a fermion-reson-
ance-dominated mixture at large x. The data do not de-
termine a unique crossover, do not separately identify «
and gp, and do not show that the holographic-basis fit
predicts the held-out data more accurately than a matched
data-only network. These qualifications define the scope
within which the holographic decomposition and its ef-
fective parameters are interpreted.

VI. CONCLUSION AND OUTLOOK

We have developed a physics-guided neural repres-
entation of the proton structure function F,(x,(Q?) that
combines two holographically motivated basis contribu-
tions with a trainable mixing gate, an effective Pomeron-
like normalization, and a regularized logarithmic deform-
ation. The fermionic coordinates are constrained to the
proton-mass manifold, so that the ground-state mass re-
mains fixed at M, = M, =0.938 GeV, while the effective
coordinates vary across the measured Bjorken-x bins.
This construction provides a structured phenomenologic-
al representation of the data rather than a first-principles
extraction of unique holographic parameters.

For the fixed stratified partition of the 187 SLAC
points, the reference fit gives x2,.,/Nuin = 0.542,
Xi/Nes = 1.990, and x2,/Ny = 0.805, with  correspond-
ing mean absolute percentage errors of 1.61%, 2.10%,
and 1.70%. The held-out points do not participate in op-
timization or model selection. Their performance shows
that the fitted representation interpolates the measured Q?
dependence within the ten observed x bins. It does not
constitute a test of extrapolation to an unseen Bjorken-x
interval or to an independent experiment. Moreover, be-
cause the fit contains 248 adjusted quantities for 153
training points, the reported y?/N values are descriptive
pointwise statistics and must not be interpreted as con-
ventional y?/d.o.f. values.

Within the prescribed holographic decomposition, the
fitted mixture exhibits a clear qualitative migration across
the measured kinematic range. Along the median meas-
ured Q% in each x bin, the Pomeron-like fraction is
Cp=0.683 at x=0.08, whereas the fermion-resonance

fraction reaches Crp =0.970 at x =0.85. The contribution
balance Cr = Cp occurs near x =~ 0.226, while the neural-
gate condition wy = 1/2 occurs near x =~ (0.187. These two
values represent different diagnostics and do not define
the uncertainty interval of a single transition point. In par-
ticular, the gate midpoint is influenced by the fixed
10(x—0.2) term in its parametrization. The data therefore
support a conditional change in channel ordering, but not
a unique or model-independent boundary between dy-
namical regimes.

The free reference fit gives an effective intercept
ap = 1.0817, close to the conventional soft-Pomeron ref-
erence value [47]. The fitted value remains near 1.08 un-
der the tested changes in initialization, network architec-
ture, experimental replicas, and kinematic selection. This
numerical stability should not be confused with statistic-
al identifiability. When «, is fixed over 1.02 < a( < 1.14
and the remaining quantities are reoptimized, the held-out
statistic depends only weakly on the selected value and
reaches its lowest sampled median at @y = 1.05. Because
the trainable function gp(x, Q%) can compensate for chan-
ges in the intercept, the present data primarily constrain
their combined Pomeron-like factor. Thus, @y~ 1.08 is
compatible with the fitted representation but is not an in-
dependently or precisely extracted Pomeron intercept.

The effective excited scales obtained along the pro-
ton-mass manifold must be interpreted with the same
qualification. They control the kinematic behavior of the
fermion-resonance basis, but their x dependence origin-
ates from the bin-indexed effective coordinates used in
the fit. They are not predictions of physical resonance
pole masses or evidence for a literal Bjorken-x-depend-
ent proton spectrum. Likewise, the magnitude of the
neural deformation is controlled by the penalty As. Its
suppression under increasing regularization demonstrates
that the residual can be controlled, but does not assign it a
model-independent physical meaning.

The comparison with the matched data-only network
further limits the scope of the conclusion. Across the
tested initializations, the data-only model gives a median
held-out y?/Ny = 1.844, compared with 2.174 for the
holographically guided representation. The two initializa-
tion distributions overlap, but the present sample does not
demonstrate a predictive advantage for the holographic
basis. Its established role is instead to organize the fit in-
to physically motivated, mass-constrained components
whose conditional contributions can be examined separ-
ately.

Several limitations remain. The available experiment-
al uncertainties are treated as pointwise total errors be-
cause a complete correlated covariance matrix is not in-
cluded. The frozen surrogate was trained on a finite 4000-
point theory grid, but no independent exact-solver valida-
tion sample was reserved, and no emulator uncertainty is
propagated to the observables. Fourteen experimental
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points lie below its nominal Q?>1GeV* theory-grid
range, and the allowed effective parameter bounds also
extend beyond the surrogate-training domain. In addition,
the leading-tensor reduction used for the fermionic contri-
bution is not uniformly controlled at the lowest measured
values of Q?. The kinematic-cut studies show that the
main qualitative trends are not generated exclusively by
these points, but they do not remove the underlying theor-
etical or numerical limitations. The spreads obtained from
the performed variations should therefore be understood
as sensitivity diagnostics rather than formal confidence or
credible intervals.

The most immediate numerical improvement is to
validate the surrogate on a new sample generated by the
exact holographic solver and excluded from its training
[64, 66]. The logarithmic root-mean-square error, medi-
an relative error, and 95th-percentile relative error should
be reported separately for both surrogate outputs. Con-
straining the phenomenological fit to the validated inter-
polation domain, or propagating the resulting emulator
error when that domain is exceeded, would then make the
numerical accuracy of the holographic basis quantitat-
ively assessable.

Further work should also test which conclusions
genuinely require the holographic structure. Useful dia-
gnostics include replacing the two holographic basis
functions with trivial reference functions, removing one
channel at a time, restricting the freedom of wy and gp,
eliminating the fixed gate-center term, and leaving out
complete x bins rather than individual points. These tests
would separate information carried by the holographic
basis from that learned by the flexible neural functions.
Replacing the independent bin-indexed coordinates with
a smoother or hierarchical parametrization would addi-
tionally reduce the present freedom and permit more dir-
ect tests of parameter identifiability [61, 63].

Finally, incorporating correlated experimental sys-
tematics [72], extending the fermionic calculation bey-
ond the leading large-Q? tensor structure [52, 48, 55], and
testing the representation against independent DIS data-
sets or observables [73—76] would be necessary before
assigning universal physical significance to the channel
crossover or the effective holographic parameters. At the
present stage, the central result is deliberately narrower:
the holographic basis provides a consistent and inter-
pretable coordinate system for describing the SLAC
structure-function data, within which a stable qualitative
change in channel ordering and a soft-Pomeron-compat-
ible effective intercept are observed. Both conclusions re-
main conditional on the selected basis, parametrization,
and kinematic domain.

1
W= 2D @) 8P+ g = P)P.S I O)PS )P, S | (O)P.S).

n,S,Sy
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APPENDIX A: DERIVATION OF THE HADRON-
IC TENSOR AND STRUCTURE FUNCTIONS

In this appendix, we derive the leading-tensor spec-
tral representation of the fermion-like contribution and
specify the finite-state prescription used in the reference
calculation. The derivation follows the holographic DIS
formalisms of Refs. [17, 19]. The Pomeron-like #-chan-
nel contribution is defined separately in Sec. II.C and is
therefore not repeated here.

The inclusive deep-inelastic-scattering cross section is
governed by the hadronic tensor

1

V— 4 i "1 v
W = 4n/d ye‘“zzS}P,Sl[J“(y),J O1P.S), (Al)

where the factor 1/2 accounts for the average over the
initial proton spin. Lorentz covariance, parity invariance,
and electromagnetic current conservation, g, W*’ =0, al-
low the unpolarized tensor to be decomposed as

2
W= P QP R ()
where
MV
P =gt L (A3)
and
Py = (P“— Fra ) (PV— P'zqu>. (A4)
q q
The kinematic variables satisfy
2 2
1-
¢=-0" x= 21%61, s=(P+q)’ =M+ gd-9
(A5)

To evaluate the s-channel contribution, a complete set
of holographic fermion states |P,,S,) is inserted between
the two electromagnetic currents. With the standard re-
lativistic normalization, the corresponding spectral rep-
resentation is

(A6)
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Here, M? = P2 denotes an eigenvalue of the bulk fermion
problem for a fixed choice of holographic parameters.

The matrix element of the electromagnetic current is
generated by the interaction between the bulk vector field
Ay(x,7), dual to the boundary current, and the initial and
excited bulk spinor fields. The minimal interaction term
can be written as

Sint = gv/d5x V=ge PO, el T Ay, (A7)

where gy is an effective coupling, e}’ is the vielbein, and
I denotes the five-dimensional Dirac matrices.

A current-conserving decomposition of the four-di-
mensional transition vertex is

(P, SulJH(OP,S ) = u(Py, S )T, ()u(P,S),

"
o= (- 24) fod+

ioc*q,
2M,

(@), (A)

The longitudinal completion in the first term guarantees
q,I** =0 and does not contribute when the vertex is con-
tracted with the transverse projectors in Egs. (A3) and
(A4).

The Dirac-type transition form factor is determined
by the overlap of the bulk-to-boundary propagator
J(0,z) with the normalizable fermion modes. Before
transforming to Schrodinger-normalized wave functions,
it is given by

Fin(0) = / dz V=ge"2.7(0.2)
X [U10@WLn(@) +Yro@Ura(@)] . (A9)

The corresponding normalization factors can be absorbed
into the effective fermion-channel coupling used in the
phenomenological basis.

The reference calculation retains only the leading Dir-
ac-type tensor structure and neglects the Pauli-type trans-
ition form factor f,,(Q?). This simplification is motiv-
ated by the large-Q? limit, in which the Pauli-type term is
subleading. However, it is not uniformly controlled at the
lowest momentum transfers in the fitted sample, which
extends to Q* = 0.583 GeV>. The post-fit diagnostics with
0% >1GeV? and @ >2 GeV?, reported in Table 4, show
that the principal qualitative results are not driven exclus-
ively by the lowest-Q® points. However, such stability
under these cuts does not provide a quantitative estimate
of the omitted Pauli-type contribution.

After retaining the Dirac-type term, the spin summa-
tion can be written as a Dirac trace:

Wh :% S @ sI(P+q-P) | fia(OD)|

X Tr (P, + M)y @+ M,)y’]

+ longitudinal terms. (A10)

The terms proportional to g* or ¢” vanish under the trans-
verse projection. The remaining trace is

T [P, + MY P+ M,)y"] =4[ PiP"+ PP

— " (P, P—M,M,)]. (AlD)

Using P,=P+¢q and matching the transverse tensor
structures to Eq. (A2) yields the formal spectral form

F} e, 0) =CO* Y~ 8(s = M)H,(QP),

HA(QY) = | T, 0D +|Ten( QD). (A12)

where C contains the remaining normalization and phase-
space factors. The chiral overlap integrals are defined, in
the Schrodinger-normalized convention used in the nu-
merical calculations, as

1 (0%, Ms,)

=/dZJ (0.2:67) Yo (2367 Ms,) Wen (226G, Ms;) . (A13)

with y = L,R. The factors associated with the original
curved-space measure are incorporated into the defini-
tion and normalization of these Schrodinger modes.

For completeness, in an asymptotic regime in which
the excited states become densely spaced, a discrete spec-
tral sum can formally be approximated by

> 6(s- MHH, — / dné(s— M2)YH,

on

- angw"

(A14)

M}=s

For an asymptotically linear trajectory, M? ~an+b,
the density of states approaches dn/dM> =~ 1/a. This con-
tinuum relation explains the origin of the density-of-states
expression frequently used in analytic holographic DIS
calculations. It is not the prescription used in the numer-
ical fit of the reference.

Instead, the fermion-like holographic basis employed
in this work is defined directly through the finite overlap
sum
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a’FGeff i Q

Fg (x7 Qz;Klz’MS,i’Geff,l) - 8 M2

where ar =1 is fixed in the reference implementation,
and G, is the effective fermion-channel normalization
associated with the measured x; bin. The ground state,
n =0, represents the incoming proton and is not included
in the excited-state sum.

Equation (A15) contains eleven discrete excited
states, n = 1,---,11. Neither a Gaussian replacement nor a
Breit-Wigner replacement of §(s—M?) is introduced in
the numerical implementation, and no resonance-smear-
ing width enters the reference calculation. The finite
overlap sum should therefore be understood as a phe-
nomenological discrete-state basis rather than as a first-
principles calculation of physical resonance widths or line
shapes.

For every fixed pair («?,Ms,), the quantities M, are
eigenvalues of the corresponding holographic problem. In

Z “ILn Q KI,M5,)|2+ }IR,n (QZ;K,-Z,MSJ)F},

(A15)

[
the global fit, however, «? is an effective parameter asso-
ciated with the measured x; bin, while M5 is fixed by

Mo(k;, Ms;) = M, (A16)

Consequently, the fitted values denoted by M, (x;) are
effective holographic scales evaluated at different points
on the proton-mass manifold. They should not be inter-
preted as Bjorken-x-dependent physical resonance pole
masses. By construction, only the ground-state mass is
fixed to the physical proton mass.

The formal spectral representation in Eq. (A12) estab-
lishes the hadronic-tensor origin of the fermion tower,
whereas Eq. (A15) provides the operational definition of
the fermion-like basis used in the reference fit.
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