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Abstract: We investigate the quasinormal modes (QNMs) and greybody factors of dilaton-Euler—Heisenberg
(dEH) de Sitter (dS) black holes in string-inspired Euler—Heisenberg gravity. Since the axial gravitational and elec-

tromagnetic perturbations decouple, we analyze them independently. By applying the asymptotic iteration method
(AIM) together with a sixth-order WKB approximation, we compute the quasinormal frequencies and find excellent
agreement between the two methods. We also find that the QNM spectra depend sensitively on the magnetic charge
O, cosmological constant A, and nonlinear coupling e, with a notable topological anomaly appearing in the electro-

magnetic frequency trajectories. Additionally, larger values of Q,, or the multipole number / generally suppress

wave transmission, while the electromagnetic sector with € = 1 exhibits an anomalous response.
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I. INTRODUCTION

Originally established in 1936 [1], the Euler-Heisen-
berg (EH) effective action provides a crucial nonlinear
generalization of standard quantum electrodynamics
(QED). This framework effectively captures vacuum po-
larization phenomena within a classical formalism, partic-
ularly in scenarios involving intense electromagnetic
fields. Rather than treating the vacuum as empty space,
EH theory describes it as a medium capable of polariza-
tion and magnetization [2]. In addition to refining classic-
al electrodynamics in strong-field regimes, this theory has
become fundamental to the study of nonlinear phenom-
ena in astrophysics and cosmology.

Leveraging these distinctive properties, the first Ein-
stein-Euler-Heisenberg (EEH) black hole solution —an
anisotropic, magnetically charged configuration resem-

CSTR: 32044.14.ChinesePhysicsC.50

bling the Reissner-Nordstrom metric but incorporating
dyonic degrees of freedom—was obtained in 1956 [3].
Subsequent work extended this framework to electrically
charged solutions [3, 4], rotating black holes [5-7], and
models within modified gravity theories [8, 9]. More re-
cently, inspired by string theory and Lovelock gravity,
Ref. [10] proposed an extension of Einstein-Maxwell-
dilaton theory by coupling the dilaton field to EH electro-
dynamics in a novel manner. Further investigations have
explored particle dynamics, gravitational lensing [11, 12],
and shadow properties [13] around dilaton—Euler—Heisen-
berg (dEH) black holes. Jiang et al. [14] also analyzed the
structure of geometrically thin, optically thick accretion
disks in these spacetimes.

The recent detection of gravitational waves has
opened new avenues for studying strong gravitational
fields near black holes. During the ringdown phase of a
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binary compact star merger, the emitted gravitational
waves can be modeled as the response of the remnant
black hole to spacetime perturbations. At this stage, the
remnant is well described by a perturbed black hole solu-
tion. These waves exhibit characteristic decay timescales
and are naturally described by quasinormal modes
(QNMs) [15, 16]. Moreover, QNMs provide unique
probes for testing the no-hair conjecture through their fre-
quency spectra [17-19]. In the context of modified grav-
ity theories [20-23], QNMs serve as essential tools, as
their behavior under parametric perturbations and back-
ground spacetime deformations places strong constraints
on alternative gravitational frameworks. Furthermore, in-
vestigating QNM stability helps assess whether a back-
ground spacetime is stable against small perturbations of
the effective potential [24-29].

Another crucial aspect of black hole perturbation the-
ory is the greybody factor [30-34], which characterizes
how a black hole's effective potential filters the spectrum
of emitted radiation. In gravitational-wave astronomy,
greybody factors and QNMs form a complementary
framework: QNMs determine the ringdown phase
through their characteristic frequencies and damping
times, whereas greybody factors quantify the frequency-
dependent transmission probability of gravitational waves
propagating through the background spacetime [35, 36].

These issues are particularly relevant for dEH black
holes in string-inspired Euler-Heisenberg gravity. To
date, the QNMs and greybody factors of dEH black holes
for test scalar and electromagnetic fields have been com-
puted in asymptotically flat [37] and de Sitter [38] space-
times. In addition, we have analyzed the polar metric per-
turbations [39] and the axial gravitational modes in the
asymptotically flat case [40]. Extending this line of re-
search, the present paper focuses on axial gravitational
and electromagnetic perturbations in the de Sitter back-
ground.

This paper is organized as follows. In Section II, we
briefly review the black hole solution and derive the mas-
ter equations for axial perturbations. In Section III, we
outline the AIM and WKB methods and then present the
numerical results for the quasinormal frequencies, analyz-
ing their parameter dependence in detail. In Section IV,
we calculate the greybody factors using the WKB ap-
proach and discuss their physical implications. Finally,
conclusions and discussion are presented in Section V.
Throughout this paper, we adopt geometrized units in
which G = ¢ =1 and the metric signature is (-, +,+,+).

II. MASTER EQUATION FOR DEH BLACK HOLE
PERTURBATIONS

A. Background and black hole solution
Recently, Bakopoulos et al. [10] introduced a novel

Einstein-Maxwell-dilaton theory that incorporates a
nonlinear Euler-Heisenberg term with explicit dilaton
coupling

1
T

1
+— [ d*x V—gL,
167

S d'xy=g(R-2V"¢V,¢ - B(¢))

(1

where R denotes the scalar curvature, ¢ is the scalar field,
B(p) is the scalar potential, and L represents the Lag-
rangian density describing the coupling between the scal-
ar field and the nonlinear electromagnetic field, with
B(¢) and L taking the form

N T A
B(p) = 3Ae + 3Ae 5= 3A(cosh(2¢)+2),
(2)
L=eF+ f(¢) (2aF"F\ F;F’, - BF*), )

where A is a positive cosmological constant, f(¢) is a
coupling function, F?=F, F*, and F*=F,F"F,F".
Here, F,, denotes the usual field strength, F,, =

0,A,—0,A,, and the function f(¢) is given by f(¢)=
-3 (3¢ +3e* +4) . If one sets a =B =0, the model re-

duces to the standard Einstein-Maxwell-dilaton theory.
Varying the action (1) with respect to the metric yields
the Einstein equation

1
G#v = 2aﬂ¢8v¢ - g#vap¢aﬂ¢ + ZT}?V + T;‘v - Egll’/%((ﬁ)’ “4)

where G,, is the Einstein tensor, and the energy-mo-
mentum tensor takes the form

1
GHV = R;w - EgpvR’ (5)
T¢ = *(F°F 1 F?
uv =€ ( utve T Zgﬂv )9
T, =f(@)BaF,FiF]Fs, —ag,FiFiF]F)
1
—4BFiF,.F* + 3 8uBFY), (6)
the scalar equation is given by
1 —2¢ 12 df(®) (a' ;B
Op+—e WF? - L2 _prEY YRS Tt
9+5¢ dg \2" ety
1 dB(¢)
-———=0, 7
4 do )

the Maxwell equation leads to



Quasinormal frequencies and greybody factors for axial perturbations of ... Chin. Phys. C 50, (2026)

The parameter e strongly influences the horizon
structure of the spacetime, producing qualitatively dis-
tinct geometrical configurations across different regions
of parameter space, as illustrated in Figs. 1 and 2.

For € <0, the spacetime exhibits a rich horizon struc-
ture and can accommodate up to three distinct horizons: a
Cauchy (inner) horizon, a black hole event horizon, and a

1 cosmological horizon. The left panel of Fig. 1 demon-

ds® = —A(r)dr* + %dr 2472(d6* +sin*6dg?),  (9)  strates the effect of the magnetic charge Q,, for a fixed
cosmological constant A. As Q,, increases, the Cauchy

horizon and the event horizon gradually approach each

3, V7g (P + f(@)daFLFs F — 2BF>F™)) | =0.
@®)

For convenience, we define € = @—B. The magnetically
charged black hole solution in de Sitter spacetime can be
written as [10, 38]

4M> 2604 1, ®
A(r)=1- - —=Ar, other and eventually merge at a critical value
O+ /O +4M2r r 3 (Om ~0.851), forming }z/m extrgmal black hole. When the
B(r) =1 - O +4M*r? + n charge increases further (e.g., Qn = V2), the black hole
r2(Q% + \/Q +4M?r2)  AM>r? horizons disappear entirely. In this regime, the central
€Q* (O +4M>r?) P2 singularity is no longer hidden by an event horizon, res-
- M8 - ( 3 12 M2> ’ ulting in a naked singularity surrounded only by the cos-
| ( AN - > mologlcal horizon. The r1ght panel of Fig. 1 illustrates the
¢(r)=—=1In = = ). influence of the cosmological constant A for a fixed mag-
2 V O +AM2P + O netic charge. As A increases, the black hole event hori-

(10)  zon expands outward, while the cosmological horizon
shrinks inward, until the two coincide (A =~ 0.1145), cor-

Note that the magnetic gauge potential is A,=  responding to the Nariai limit. For even larger values of A,
(0,0,0,0n cosf), where M and Q, denote the black hole  the black hole and cosmological horizons disappear, driv-
mass and magnetic charge, respectively. ing the spacetime into another naked-singularity phase.

B(r) B(r)

20 - 2;

- --A=001
—A =0.1145566
1 1| . A=03

(a)e=—1 and A = 0.05 (b)e = —1 and Qm = 0.3

Fig. 1. (color online) The metric function B(r) as a function of the radial coordinate », with M = 1.

B(r) B(r)

06| =-Qn=03 o6k --Qp=03
—Qp = 0.851 —Qp = 0.851

A e, Q=2 04r T Q=12

02l B 2f Ry

(a)e=0and A = 0.05 (b)e=1 and A =0.05

Fig. 2. (color online) The metric function B(r) as a function of the radial coordinate », with M = 1.
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In contrast, the horizon structures for e =0 and € >0
are considerably less complex, as shown in Fig. 2. In
these regimes, the spacetime typically possesses a stand-
ard two-horizon structure, consisting of an event horizon
and a cosmological horizon, within the considered para-
meter ranges. For € = 0 (the left panel of Fig. 2), the peak
of the metric function B(r) decreases as Q,, increases, in-
dicating a trend toward an extremal configuration near
On = V2. However, for € =1 (the right panel of Fig. 2),
the nonlinear electrodynamic effects significantly sup-
press the influence of the magnetic charge. Consequently,
the qualitative horizon structure remains stable and essen-
tially unchanged throughout the examined parameter
space.

B. Axial perturbations
The study of black hole perturbations was initiated by
|

Regge and Wheeler [41], who focused on odd-parity
spherical harmonic modes, and was subsequently exten-
ded to even-parity modes by Zerilli [42]. This work fo-
cuses specifically on odd-parity perturbations to simplify
the theoretical framework. We treat the perturbed metric
as the sum of the unperturbed background metric g,, and
the perturbation itself, 6g,, :

8w = 8uv T 08y (1)

Working within the Regge—Wheeler gauge formalism
[43], we decompose the metric perturbations into tensor
spherical harmonics. In the odd-parity (axial) sector, the
gravitational perturbation is characterized by two radial
functions, hy(r) and h(r), which lead to the following
metric ansatz:

- h 6 -
0 — & h()(}") sin 0(99
ey
ot 0 52 hi(r)sind0,
g =y e sing Vi, (12)
T _ho(d, (o, 0 0
sinf sin6
| o(r)sinB8y  hy(r)sinfd, 0 0 i
where the spherical harmonics can, without loss of () 4 2 (406 4 ,

. ’ . E = -2 4 3e* +3 R 16
generality, be replaced by Legendre polynomials by set- 0 [r €Qn (4e¥ +3¢¥ + )]u3 (16)
ting the azimuthal number to m=0, ie., Yilno=

21+1
\ 4, Fi(cost), because the background metric is Ef = E®) = [r —6eQr, (4¢* +3e% +3) ] us, (17)

spherically symmetric. Similarly, we express the vector
perturbations as

A=A, +5A,, (13)

where A, denotes the background electromagnetic field,
and 6A, represents the corresponding perturbations. We
analyze the axial gauge transformation, with the gauge
vector taking the following specific form:

) 0 .
5A# _ Z oot {0, 0, —us(r) ﬁ ,uz(r)sin 9(99] Yin. (14)

Lm

Substituting the perturbed metric and vector potential
(Egs. (11), (12), (13), and (14)) into the field equation (4),
we obtain the nonzero components of the first-order per-
turbed gravitational field equations as follows:

E®=E9=E9 = [r4 —2€Q? (4e¥ +3e* +3) } us,
(15)

E® =—31BhyA” +3r*A[hoA'B + B (iwh, A’ + A’
+2hoA") ] + A% [2hy (3P +31- 6 +4r*A
+ 2r* Acosh(¢) +3r* L+ 6rB +6B(1 +r*¢"%))
= 3ir (rB (wh —ihy) + 2BQwh + rwh) —irh)) ] ,

(18)
E® =2A%hy (31 +31—6+4r* A +2r’ A cosh(¢)
+3r° L+3r(B +2Br’¢”)) =3’ B A”
= 3rA[diwhy - 2irwh + hy (rQw? - A'B))
~2B(A+rA"))].
(19)
E) = 2iwhy + Ahy B’ + B(h A’ +2AR)), (20)

with the Lagrangian density £. Its explicit form for the
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black hole solutions (10) can be written as

202240

L¢.F)= pr

21)

From Egs. (15), (16), and (17), we obtain the perturba-
tion function us(r) = 0. Moreover, this function does not
appear in the gravitational perturbation equations, Egs.
(18), (19), and (20), which clearly demonstrates that the
axial gravitational perturbations are decoupled from the
electromagnetic ones. This decoupling of the metric and
gauge-field sectors is consistent with previous studies of
magnetic black holes [44—46], allowing us to treat the
gravitational sector independently.

We now focus on axial electromagnetic perturbations.
We restrict our analysis to the axial sector because polar
perturbations generally involve more complicated coup-
lings among the metric, electromagnetic, and dilaton
fields; see Ref. [39] for a recent study of the coupled met-
ric—dilaton sector. Substituting the perturbed metric and
vector potential, given in Egs. (11), (12), (13), and (14),
into the Maxwell equation (8), we obtain the correspond-
ing perturbed equations

E© = [zeQ; (4% +3e% +3) - r4] , (22)
E =y [2€QZ, (4e* +3¢* +3) - r*], (23)
Ef) = iy [r* —2€QZ, (4e* +3e* +3) |, 24)
EQ =2 {(rza)z [r4 —2€eQ; (4e* +3e* +3) ]

+I(1+DA[6€Q2 (46 +3¢* +3) — 1] } s

+79 {u; (AB + B’ —4A¢)) + ZABM;'}

—4ereQ?, {u_g (2+3cosh(2¢))

X (rBA' +A(rB - 83)) +12rABsinh(2¢)¢’

+2rABQ2+3 cosh(2¢))u§'} .

(25)

From these equations, it can be seen that the gravitational
perturbation functions hy(r) and h;(r) must vanish, and
that there exists only a single perturbation equation for
the perturbed electromagnetic field.

1. Axial gravitational perturbation

It is well known that gravitational perturbations are

central to black hole physics because they directly probe
spacetime geometry, align with observational priorities in
gravitational-wave astronomy, and reflect the black hole's
intrinsic properties. In the following section, we focus
only on axial gravitational perturbations. From Eqgs.(18),
(19), and (20), it is readily verified that only two of the
above three equations are independent. Considering the

component Eéf;) in (20), we have

ho = 5 [BUnA" +2AR) + AR, B']. (26)
2w

Substituting Eq. (26) into the component E% (19) elimin-
ates ho(r) and hy(r), yielding a single second-order differ-
ential equation for A;(r). To cast this master equation in-
to the standard Schrdodinger form, we further define the
function ¥;(r) as

hy(r) = Co(r) = ¥a(r). 27

We assume that the function Cy(r) takes the following
form

,
Co(r) = ———e,
o(r) AOBO) (28)
and then obtain the final perturbed equation
2
Wo(r.
X | [0 Vo) Wory =0, (29)
dr?
where r. denotes the tortoise coordinate
d ! d (30)
T = r.
VAB

Substituting Eq. (21) into Eq. (29) and simplifying, we
obtain the effective potential Vi (r) as

Irl BBOA Y
Volr) = [7 (340 By + 1) ) -

+ % (126724014 Q2 —24€(2 + 3 cosh(24(1)) 0%,
+7° (6(7 +1-2)+8r* A +4r* Acosh(24(r)) + 3rB'(r))
+12B(r) (1 + 159 (r)?) ) + 6B(NA” (1))

€2))

with the Lagrangian density £. Its explicit form for the
black hole solutions (10) can be written as

20270 460t (3cosh(2¢(r) +2)

r I G2

L, F)=

We should note that the perturbation of the electromag-
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netic part of the energy-momentum tensor cannot be ig-
nored. A similar phenomenon also appears in Ref. [47].
Note that the solutions (10) and the potential (31) are
invariant under the following rescaling: r/M —r,
On/M — Q. and €/M? — €. For a clearer analysis of the
behavior of the potential function, we set M =1
throughout the paper and leave € and Q,, free, without
loss of generality. The effective potentials V() are plot-
ted in Figs. 3 and 4, respectively. It is evident that the
height of the effective potential increases as Q,, in-

Schrodinger form, we further define the function u;(r) as
follows:

uz(r) = Cy(r) * ¥g(r). (33)

We assume that the function C;(r) takes the following
form

2e00)

. . = Ci(r)= , 34
creases. Moreover, the potential also increases with in- 1) V=23 +4eX0 + 3e%0) Q2 (34)
creasing multipole moment / in both cases. It is worth
pointing out that the effective potentials are always posit- and then obtain the final perturbed equation
ive, indicating that the system is stable under axial gravit-
ational field perturbations. &2y
T | [ -ve]wery =0, (9)
r*
2.  Axial electromagnetic perturbation
To cast this master equation (25) into the standard where
|
1
Vi(r) = — 3 X | = 2reB(NQLA(r) (<31 (9 = 1) ¢/ (r) + 8¢ + 6 1. 6)
2 (15— 2re Q2 (46240 + 3¢ 4 3))
x (r* —2€Q2, (4e¥") +3e") 1.3)) + 1 B(NA (¢ (r) (1* — 2€02 (4> + 3¢ 1.3))
— A (4205 ( (427 +360 +3) (rB (1) (3r (€ = 1) ¢/ (r)
—2 (40 +36¥0 + 3) ) + 611+ 1) (46X + 360 + 3) )
+ 6B(r)( (4e*7 +3e™0 +3) (r* (€M7 = 1) ¢ (r) + 8e*"” + 6e*) 1 6)
+72 (8627 + 186™0) 1 8% 4 3¢ 1.3) ¢/ (1) — Ar (—4e™") + 440 138 _3) ¢’(r)))
—4r*eQ2 (= rB/(r) (r (267 +3) ¢/ (r) + 4e¥ + 3¢ 1 3) + 2B(r) (- 1* (26 +3) ¢(r)
+77 (4670 +9eM +3) ¢/ (r)* = 2r (4677 +9eM = 3) ¢/ (r) +5 (46> + 3¢ + 3) )
+ 411+ 1) (460 + 3640 +3) ) +1* (P(=B ()¢ (1) + 277 B(r) (¢ (1) = ¢ (1) + 201+ 1)) |.. (36)
0.12 — Qp=0.1 042 — Q,=0.1
N 0.10 — Qu=0.3
oo — Qu=06
> 0.06
r ‘ r r
(a)e= -1 (b)e=0 (c)e=1
Fig. 3. (color online) The effective potential V(r) for gravitational field perturbations (/= 2) is shown as a function of the radial co-

ordinate r for different values of the magnetic charge Q,,. In all cases, we set M =1 and A = 0.05. Panels (a), (b), and (c) correspond to
e=-1, €=0, and e =1, respectively. As Q,, decreases, the peak of the potential barrier shifts outward, and its height is significantly

suppressed.
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(a)e= -1
Fig. 4.

creases significantly.

The radial profile of the effective potential Vg(r) exhibits
distinct features for different combinations of the magnet-
ic charge Q,, and angular quantum number /, as shown in
Figs. 5 and 6. Importantly, for all parameter sets con-
sidered, the potential remains positive throughout the ex-
terior spacetime region (r, < r < r.). This persistent posit-
ivity, particularly the absence of any negative potential
well, provides strong evidence for the structural stability
of the black hole against electromagnetic field perturba-
tions. Furthermore, quantitative analysis reveals that, for
€ =1, the height of the potential barrier is anomalously
suppressed as Q,, increases, indicating a distinct geomet-

(b)e=0

(c)e=1
(color online) The effective potential V(r) for gravitational field perturbations (with Q,, = 0.3) is shown as a function of the

radial coordinate r for different values of the angular quantum number /. In all cases, we set M = 1 and A = 0.05. Panels (a), (b), and (c)
correspond to e = —1, e =0, and € = 1, respectively. As / increases, the peak of the potential barrier shifts to the right, and its height in-

ric dependence induced by the nonlinear electrodynamics,
in contrast to the monotonically increasing behavior ob-
served for € < 0.

III. QUASINORMAL MODE FREQUENCIES

To compute the quasinormal spectra rigorously, we
employ a combination of the Asymptotic Iteration Meth-
od (AIM) [48-51] and the WKB approximation [52-55].
By applying these two independent numerical techniques,
we ensure the reliability of our frequency data through
mutual verification.

0.08 — Qmn=0.1
— Qp=03
E — Qu=0.6

— Q=01

(a)e=—-1
Fig. 5.

(b)e=0

(color online) The effective potential Vi(r) for electromagnetic field perturbations (I = 1) is shown as a function of the radial

(c)e=1

coordinate r for different values of the magnetic charge Q,,. In all cases, we set M = 1 and A = 0.05. Panels (a), (b), and (c) correspond

toe=-1,e=0,and e = 1, respectively.

(a)e=—-1

(color online) The effective potential Vi(r) for electromagnetic field perturbations with Q,, = 0.3 is shown as a function of the

Fig. 6.

(b)e=0

(c)e=1

radial coordinate  for different values of the angular quantum number /. In all cases, we set M = 1 and A = 0.05. Panels (a), (b), and (c)
correspond to € = —1, e =0, and € = 1, respectively. As / increases, the peak of the potential barrier shifts to the right, and its height in-
creases significantly.
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A. Asymptotic iteration method method. First, we rewrite the axial metric perturbation
In this section, we present the main steps of the AIM equation (29) in terms of u = 1/r

3u* B(u)A’ (u)?

(2u3A(u)B(u) - %uz (—u* Bu)A’ (u) - uzA(u)B’(u))> ¥ (1) + é‘P(u) <6w2 + A0
12¢ 200 Q2

+ 31 A’ (u) (B(u) — uB' () + ubA(u) ( - +24€(2 +3cosh(2p(u)) Q%

I/l4
2 47 2
- % (C+1-2)+ 8—/2\ + 74’\0051]2(2"5(”)) ~3uB' () ~ 12B() (ié L nd 5”) ) >
u u u u u
—6B(u) (2’ A" () +u*A” (u)) ) +u* Aw)Bw)Y” () = 0. (37)
To characterize the divergent behavior at the cosmologic- = 1dVA(r)B(r) (40)
al and event horizons, we define ) dr e

_ Here, r, and r. denote the radii of the black-hole event

W) = e (4 —u - W), (38) horizon. gnd the cosmologlcall horlzop, respectively. Both
v ( D) are positive roots of the metric function B(r) =0 and sat-
isfy r, <r.. If a Cauchy horizon is present, its radius r_

where y(u) is a finite, convergent function. To establish satisfies r_ <r, <r.. A similar analysis of the surface

Fhe appropriate scaling beha\./i'or that satisfies the quas-  gravity and horizon boundary conditions for quasinormal
inormal mode boundary conditions, we define modes of black holes with a cosmological constant can be
found in Ref. [55]. Substituting Eq. (37) into the perturb-
iors — H(” —uyen, (39) ation equation in the # domain, we obtain
! X" =A@y’ + so(u)x, (41)
where «; denotes the surface gravity evaluated at the co- where
ordinate u;, defined by the condition B(u;) = 0. This scal- . )
. . . . . 1r 4 4ir,w dir,w A'(u) B'(u)
ing transformation regularizes the solution by removing Ao(u) = = [_ - - - - - ]
the divergent behavior near the boundary at u; and simul- 25w Ke—Ker Ky—kprpu Aw) - B(u) 42)
taneously enforcing the boundary conditions. We define
the surface gravity at the event horizon as follows: and
1 2A e . ewy , OUU+1)=2] 2000 2
so(u):6B(u)(?(4+e +e )+T+1ze 2
3B 1 6w’
12670 (3.4 4620 1 3640 it B 1 <3A’(u)B’(u) - i) )
u A(u) u*
. 1 ( 4 2itw 2w dirw
2\u?  k(reu—12  k(rpu—1?%  ku—Krou?
4irw 2riw? 2riw? 47 rpw?
kpu— Kkl K2(reu—12 k(=12 kekp(reu—1)(ru—1)
. e "n A (u)? 2 2
- + A'(u)— +4r, ¢
1w (K(A(u) —kor iAW) KA — KhrhuA(u)) W=y T4 W
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Based on Ay and sy, the perturbed equation (40) can be
solved numerically using the improved AIM [48]. Fol-
lowing the same procedure described above, one can sys-
tematically derive the corresponding coefficient func-
tions 1, and s, for electromagnetic field perturbations.
Owing to their cumbersome and lengthy analytical forms,
we do not present them explicitly here for brevity. Never-
theless, these expressions are implemented exactly in our
numerical codes to compute the quasinormal frequencies
in the electromagnetic sector.

B. WKB method

To analyze the spectral properties in the frequency
domain, we employ the semi-analytic WKB approxima-
tion technique [31, 52]. This approach is particularly ef-
fective for scattering problems involving potential barri-
ers and has been widely applied in black hole physics.
This method, first proposed by Schutz and Will, was used
to study black hole scattering problems [56]. It was sub-
sequently further developed by Iyer, Will, and Konoplya
[31]. In this paper, we consider the widely used sixth-or-
der WKB approximation method [31]

(n=0,1,2,---), (44)

where V”(ry) is the second derivative of the effective po-
tential with respect to r., evaluated at its maximum point
ro, which is defined by the solution of the equation

dv
@ =0. V, denotes the maximum value of the ef-

fective potentlal and A; represents the ith-order correc-
tion terms that depend on the values of the effective po-
tential. This semi-analytical method has been applied ex-
tensively to numerous black hole spacetimes.

It should be pointed out here that the WKB approach
works well when the multipole number is larger than or
equal to the overtone number, i.e., [ >n; by contrast, it
yields less accurate results for [ < n [53, 54].

By analyzing these errors, we provide a detailed as-
sessment of the accuracy of our QNM estimates. We fur-
ther consider the percentage deviation A,y of QNMs ob-
tained using the AIM and WKB methods. The relative er-
ror A,y between the two methods is defined by

}"-)AIM WWKB ‘

x 100%. (45)

A =
e |wA1M|

C. Numerical results

Tables 1, 2, and 3 summarize the fundamental (n = 0)
quasinormal frequencies for both axial gravitational and
electromagnetic perturbations. The results obtained from
the AIM and WKB approaches show excellent agree-
ment. The relative error A,y is typically well below

0.1%, confirming the reliability of our numerical data.

We first analyze the effect of the magnetic charge
O, as shown in Table 1 and Fig. 7. Both the real part of
the frequency Re(w) and the magnitude of the imaginary
part |Im(w)| generally increase with increasing Q,,, ex-
cept for the anomalous electromagnetic branch with
e€=1. Here, Re(w) denotes the oscillation frequency of
the perturbation, whereas |Im(w)| denotes the damping
rate. This implies that a larger magnetic charge leads to
faster oscillations and more rapid decay of the gravita-
tional perturbation.

For the electromagnetic perturbation with e =1, the
damping rate |Im(w)| increases sharply as Q,, increases,
appearing as the steep drop of the blue dashed curve in
Fig. 7(f). This behavior has the same origin as the anom-
alous trajectory in Fig. 8(c). As shown in Fig. 5(c), for
€ = 1, the nonlinear coupling anomalously suppresses the
effective potential barrier as Q,, increases, in contrast to
the € <0 cases, where the barrier becomes higher. The
lowered barrier can no longer confine the electromagnet-
ic mode efficiently, and its energy therefore leaks away
rapidly, causing the damping rate to increase sharply.

While the magnetic charge governs the nontrivial
spectral shifts described above, the response of the QNMs
to the remaining background parameters follows stand-
ard monotonic trends. We therefore present these results
in tabular form.

Table 2 lists the frequencies for varying cosmologic-
al constant A. Across all branches (e = 0,+1), both Re(w)
and |Im(w)| decrease steadily as A increases. This slower
oscillation and extended mode lifetime can be under-
stood geometrically: increasing A reduces the spatial cav-
ity between the event horizon r, and the cosmological ho-
rizon r., effectively creating a tighter resonant wave-
guide that favors lower-frequency, longer-lived modes.

Similarly, Table 3 summarizes the influence of the
multipole number /. As is typical for black hole perturba-
tions, Re(w) increases substantially with /, whereas the
damping rate |Im(w)| exhibits only a marginal increase.
This reflects the familiar physics of the centrifugal barri-
er: higher angular momentum raises the effective poten-
tial height, thereby increasing the oscillation frequency
while leaving the decay timescale largely unaffected.

To further illustrate the spectral properties in the com-
plex frequency plane, we plot the trajectories of the real
(wg) and imaginary (—wy) parts of the quasinormal fre-
quencies in Figs. 8 and 9. Figure 8 shows the electromag-
netic sector (/= 1), while Fig. 9 depicts the gravitational
sector (I =2). Both figures present the evolution of the
modes as the magnetic charge Q, varies continuously.
For all branches of e and different overtone numbers
(n=0,1,2,3), the variation in Q,, induces a clear migra-
tion of the frequencies. Notably, as Q,, — 0 (indicated by
the orange points), all curves smoothly converge to the
uncharged Schwarzschild-de Sitter (SdS) limit, confirm-
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Fundamental QNM frequencies for gravitational (I = 2) and electromagnetic (I = 1) perturbations with M =1 and A = 0.05.

gravitational field perturbation

electromagnetic field perturbation

AIM

WKB

AA w

AIM

WKB

AAW

0.278039 - 0.0685675i
0.286367 —0.0695433i
0.315539 - 0.0740853i
0.278040 - 0.0685672i
0.286298 —0.0695743i
0.317066 —0.0731668i
0.2780410 - 0.0685668i
0.286357 - 0.0695410i
0.318658 —0.0721916i

0.278044 —0.0685307i
0.286370—0.0695128i
0.315289 —0.0740364i
0.278047 - 0.0685298i
0.286304 — 0.0695469i
0.316902 - 0.0731263i
0.278046 - 0.068530i
0.286369 —0.0695128i
0.318555-0.0722471i

0.0129776%
0.0104035%
0.0785703%
0.013252%
0.00951721%
0.0520156%
0.0129747%
0.0104439%
0.0355968%

0.186374 —0.0695683i
0.191863 —0.0707426i
0.175600 — 0.0952443i
0.187019 - 0.0696448i
0.191895 - 0.0707322i
0.209995 - 0.0745952i
0.187658 —0.0697235i
0.198184 —0.0715274i
0.244062 - 0.0790832i

0.186425 —0.069367i
0.191835-0.0708107i
0.171869 —0.0953679i
0.187072 - 0.0696775i
0.191837-0.0708023i
0.209854 —0.0745773i
0.187608 — 0.06965391
0.198605 —0.0718025i
0.245523 -0.07920501

0.104353%
0.036163%
1.86904%
0.0309554%
0.0443915%
0.0640342%
0.0429693%
0.238861%
0.571574%

Fundamental QNM frequencies for gravitational (I = 2) and electromagnetic (I = 1) perturbations, with M =1 and Q,, = 0.3.

gravitational field perturbation

electromagnetic field perturbation

AIM

WKB

AA w

AIM

WKB

AAW

0.327657 - 0.0785675i
0.286239 —0.0696076i
0.237710-0.0586194i
0.327718 - 0.0785223i
0.286298 —0.0695743i
0.237767 - 0.0585981i
0.327779 -0.0784770i
0.286357 —0.0695410i
0.237824 —0.0585768i

0.327632—-0.0785274i
0.286239 —0.0695808i
0.237708 —0.05860651
0.327708 —0.0784760i
0.286304 —0.0695469i
0.237768 —0.0585858i
0.327785—-0.0784244i
0.286369 —0.0695128i
0.237855 —0.0585586i

0.0140466%
0.00908052%
0.00537367%

0.014058%
0.00951721%
0.00505481%

0.0156842%

0.0104439%

0.0144856%

0.210259 - 0.0796292i
0.184983 —0.0702106i
0.154675 - 0.0589155i
0.218602 - 0.0804673i
0.191895 -0.0707322i
0.160118 —0.0591910i
0.226133 - 0.0817082i
0.198184 —0.0715274i
0.165104 - 0.0596258i

0.211394 -0.0771965i
0.18676 —0.0703966i
0.155393 —0.0592603i
0.218544 —0.0805638i
0.191837-0.0708023i
0.160162 - 0.0592045i
0.226549 - 0.0807616i
0.198557-0.0717788i
0.165241-0.0596831i

1.19393%
0.903163%
0.481237%
0.0483773%
0.0443898%
0.0272163%
0.430093%
0.213585%
0.0846287%

Table 1.
€ On
0.1

1 0.3
0.6

0.1

0 0.3
0.6

0.1

-1 0.3
0.6
Table 2.
€ A
0.03
1 0.05
0.07
0.03
0 0.05
0.07
0.03
-1 0.05
0.07
Table 3.
A =0.05.

Fundamental QNM frequencies for gravitational and electromagnetic field perturbations with M =1, Q,=0.3, and

gravitational field perturbation

electromagnetic field perturbation

~

AIM

WKB

AAW

AIM

WKB

AAW

(=)
N S N N N N " o)

0.286239 —0.06960761
0.458477-0.0711285i
0.618096 —0.0717398i
0.286298 —0.0695743i
0.458532-0.0711072i
0.618157—-0.0717218i
0.286357 —0.0695410i
0.458588 —0.07108581
0.618217-0.0717038i

0.286239 —0.0695808i
0.458476 —0.0711286i
0.618096 —0.0717398i
0.286304 - 0.0695469i
0.458532-0.0711073i
0.618157-0.0717218i
0.286369 —0.0695128i
0.458588 —0.071086i
0.618217-0.0717038i

0.00908052%
0.0000314192%
0.0000107106%

0.00951721%
0.0000382967%
0.0000106829%

0.0104439%
0.0000716413%
0.0000123430%

W N = WP

0.1849830—-0.0702106i
0.3400230-0.0725128i
0.488152-0.0731401i
0.191895-0.0707322i
0.350330-0.0719815i
0.501798 —0.0722913i
0.198184 —0.0715274i
0.360198 —0.0721124i
0.515174-0.0721906i

0.186760 —0.07039661
0.339923 -0.0724513i
0.488087 —0.0731173i
0.191837-0.0708023i
0.350324 -0.0719833i
0.501795-0.0722911i
0.19785 -0.0720767i
0.360291 - 0.0721088i
0.515222-0.0722027i

0.903163%
0.033749%
0.0139642%
0.0443898%
0.00168055%
0.000646973%
0.305108%
0.0254766%
0.00946616%

ing the consistency of our numerical framework. Further-

more, it is evident that higher overtones (larger n) gener-

ally correspond to significantly larger damping rates
(—wy), while their oscillation frequencies (wg) remain rel-

atively clustered.

A particularly interesting feature emerges in the elec-

tromagnetic sector for € = 1, as depicted in Fig. 8(c). Un-
like the monotonic or smoothly curved trajectories ob-



Quasinormal frequencies and greybody factors for axial perturbations of ...

Chin. Phys. C 50, (2026)

08
06r — G2
G /=3
L 04l
3 G /=4
_______ - E /=1
1 ———— E /2
E /=3
0.0 ‘ ‘ ‘ ‘ ‘
00 01 02 03 04 05 06
Qnm
(a)e=—1
08
0.6F G2
G /=3
L 0al
3 G /=4
- E /=1
1 E /=2
E /=3
0.0
00 01 02 03 04 05 06
Qnm
(c)e=0
0.8
06F 1 G =2
G /=3
L 0af -
3 G /=4
- E /=1
e — E /=2
E /=3
0.0 ‘ ‘ ‘ ‘ ‘
00 01 02 03 04 05 06
Qnm
(e)e=1

Fig. 7.

-0.068
-0.070
-0.072 -G =2
— G /=3
3 -0.074 G /=4
-0.076 S E =1
-0.078 E /=2
E /=3
-0.080 : : : : :
00 01 02 03 04 05 06
Qnm
(b)e= -1
-0.068
-0.070
-G /=2
§ -0.072 G =3
G I=4
-0.074 A EA
J-E =2
-0.076 E /=3
00 0.1 02 03 04 05 06
Qnm
(d)e=0
~0.070 &
-0.075 — G /=2
§ -0.080F G /=3
G /=4
-0.085f w E =t
-0.090 f E /=2
E /=3
-0.095f ‘ ‘ ‘ ‘ ‘
0.0 0.1 0.2 03 0.4 05 0.6
Qn
He=1

(color online) Variation in the fundamental gravitational and electromagnetic quasinormal frequencies (n = 0) with the mag-

netic charge Q,, for a black hole with fixed mass M =1 and cosmological constant A = 0.05. Panels (a) and (b) correspond to e = -1,
panels (c) and (d) to € = 0, and panels (e) and (f) to e = 1. In each panel, the solid lines denote gravitational perturbations with [ = 2,3,4,
whereas the dashed lines denote electromagnetic perturbations with /= 1,2,3. The real and imaginary parts generally increase with in-

creasing Q,,, except for the anomalous electromagnetic branch for e = 1.

served in other parameter regimes, the QNM curves in
Fig. 8(c) exhibit a highly anomalous topological shape,
bending irregularly as Q,, increases. This distinct spec-
tral behavior in the complex plane is closely intertwined
with the underlying background geometry. Referring
back to the effective potential for the electromagnetic
perturbation in Fig. 5(c), one can observe that the behavi-
or of the peak of the potential barrier under variations in
On deviates significantly from the patterns seen in Figs.
5(a) and 5(b). The anomalous suppression and shift of the
potential barrier directly alter the scattering cavity,
thereby manifesting as the unconventional frequency tra-
jectories observed in Fig. 8(c). This correspondence high-
lights how sensitive the ringing of the black hole is to the
morphology of its effective potential under nonlinear

electrodynamic corrections.

Finally, in Fig. 10, we fix the magnetic charge at
On=0.1 to directly compare the overtone spectra
(n=0,1,...,5) of the gravitational (green curves) and
electromagnetic (blue curves) perturbations. The orange
points specifically highlight the fundamental modes
(n =0). The results show that as the overtone number n
increases, the damping rate —w; increases almost linearly
for both fields, indicating that higher-order modes dissip-
ate much more rapidly. Meanwhile, the real part wg
gradually decreases. Under the given parameters, the
gravitational perturbations exhibit higher oscillation fre-
quencies but lower damping rates than the electromagnet-
ic perturbations. Furthermore, the overall topological
structure of the overtone spectra remains robust across
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Fig. 8. (color online) Behavior of the real and imaginary parts of the quasinormal frequencies under electromagnetic perturbations for
varying magnetic charge Q,,. The parameters are fixed at /=1, M =1, and A =0.05. The orange points denote Q,, = 0, corresponding
to the uncharged Schwarzschild-de Sitter limit. The curves in different colors represent the QNMs for different overtone numbers 7.
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Fig. 9. (color online) Behavior of the real and imaginary parts of the quasinormal frequencies under gravitational perturbations for
varying magnetic charge Q,, € [0,0.6]. The parameters are set to /=2, M =1, and A =0.05. The orange points denote Q,, =0, corres-
ponding to the limit in which the spacetime reduces to an uncharged Schwarzschild-de Sitter black hole. The curves in different colors

represent the QNMs for different overtone numbers 7.
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Fig. 10.  (color online) Quasinormal frequencies in the complex plane for different overtone numbers n (n=0,1,...,5). The green
curves denote gravitational perturbations with / =2, whereas the blue curves denote electromagnetic perturbations with /= 1. The or-
ange points specifically indicate the fundamental modes (n = 0). Panels (a), (b), and (c) correspond to e = -1, € =0, and € = 1, respect-
ively. In all cases, the parameters are setto M =1, Q,, = 0.1, and A = 0.05.

different nonlinear coupling parameters (e = —1,0,1), im-
plying that the hierarchy of the overtones is governed
primarily by the intrinsic properties of the black hole
rather than by the specific details of the nonlinear electro-
dynamic coupling.

IV. THE GREYBODY FACTORS

In this section, we extend our analysis to the grey-
body factors of the magnetically charged dS black hole.

The greybody factor quantifies the scattering properties
of the spacetime's effective potential and represents the
probability that an incoming wave from the cosmological
horizon can tunnel through the potential barrier and be
absorbed by the black hole. In the static region of de Sit-
ter spacetime, the scattering problem is defined between
the black-hole event horizon and the cosmological hori-
zon. The appropriate boundary conditions for this scen-
ario are defined as:
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';b - T(w)e—iwr*’ 7 — —00,

(46)

';0 — e—iwr, +R(w)eiwr*, r. — 400,

(47)

where T(w) and R(w) denote the transmission and reflec-
tion coefficients, respectively.

The squared amplitude of the wave function corres-
ponds to the probability density. When incident waves
encounter the effective potential barrier, they split into re-
flected and transmitted components. The transmission
coefficient, |T(w)|*, represents the fraction of the wave
that successfully penetrates the barrier and is convention-
ally referred to as the greybody factor. By conservation of
probability, R(w) and T'(w) satisfy the relation:

IR()P +IT (W)l = 1. (43)

To compute these coefficients, we employ the sixth-
order WKB approximation, which is highly reliable
for evaluating quantum tunneling through potential barri-
ers. The reflection and transmission probabilities are
given by:

2
R =1

IT()* = 1 1-R(w)P, (49)

+ eZniK (w) =

where the parameter K(w) is determined using the WKB
formula:

i (a)2 - V(ro))

K == vt

(50)

6
+ ZA,
i=2

For more detailed derivations and applications of this
method, readers may refer to reviews such as [28, 30-34]
and the references therein.

In Figs. 11 and 12, we present the frequency-depend-
ent greybody factors |T(w)f* for gravitational (I =2) and
electromagnetic (/=1) perturbations, respectively, for
varying magnetic charge Q.. For gravitational perturba-
tions, and for electromagnetic perturbations with € <0,
increasing the magnetic charge Q,, shifts the transmis-
sion curve to the right and decreases the greybody factor
at a fixed frequency. In these cases, a larger magnetic
charge increases both the height and width of the effect-
ive potential barrier, requiring higher incident-wave fre-
quencies to overcome it. The electromagnetic perturba-
tion with € = 1 is an exception and is discussed below.

For the electromagnetic perturbation with e=1
(Fig. 12(c)), the transmission curves are not nested in the
same regular order as in the other panels. This is consist-

ent with our QNM analysis and originates from the beha-
vior of the effective potential barrier shown in Fig. 5(c).
For € <0, increasing Q,, raises the barrier, so the wave
tunnels less easily and the transmission curve shifts to the
right in a regular manner. By contrast, at € = 1, the barri-
er is anomalously suppressed as Q,, increases, making
tunnelling easier rather than harder. The transmission
curve for the largest Q,, therefore breaks the ordered
right-shifting pattern and lies outside the main distribution.

Furthermore, we investigate the influence of the mul-
tipole number / on the greybody factors, with the results
for gravitational and electromagnetic fields shown in
Figs. 13 and 14, respectively. It is evident that the trans-
mission probability decreases drastically as / increases.
This phenomenon is rooted in the structure of the effect-
ive potential: a higher multipole number corresponds to a
significantly stronger centrifugal barrier in the spacetime
geometry. This enhanced centrifugal barrier effectively
shields the black hole, markedly reducing the tunnelling
probability for modes with larger angular momentum.
These scattering behaviors are in excellent agreement
with the morphological evolution of the effective poten-
tials illustrated in Figs. 4 and 6, providing a self-consist-
ent picture of wave dynamics in this nonlinear electro-
dynamic background [57].

The greybody factor is closely related to the Hawk-
ing sparsity of black hole radiation, as discussed in Refs.
[28, 29, 50, 51, 55]. A lower greybody factor indicates
weaker transmission and therefore suggests sparser radi-
ation. Thus, larger Q, and [ generally correspond to
sparser radiation, while the electromagnetic sector with
€ = 1 exhibits an anomalous response.

V. CONCLUSION AND DISCUSSION

In this work, we investigated axial gravitational and
electromagnetic perturbations of magnetically charged
black holes in a de Sitter background within string-in-
spired Euler-Heisenberg gravity. A key feature of this
model is that the axial metric perturbations decouple
completely from the electromagnetic sector, enabling the
two perturbation equations to be reduced to separate
Schrodinger-like master equations. We further showed
that the associated effective potentials remain positive
throughout the parameter ranges considered. This sup-
ports the modal stability of the black hole under axial
gravitational and electromagnetic perturbations.

Using the AIM and sixth-order WKB methods, we
computed the quasinormal frequencies and found excel-
lent numerical agreement between the two approaches.
Parametric analysis reveals that a larger cosmological
constant A produces slower, longer-lived modes, where-
as higher multipole numbers / predictably increase the os-
cillation frequencies. Increasing the magnetic charge Q,,
generally leads to faster oscillations and more rapid de-
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Fig. 11. (color online) The greybody factors for the gravitational field with M =1, A =0.05, and / =2.
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Fig. 13. (color online) The greybody factors for the gravitational field with M =1, Q,, = 0.3, and A = 0.05.
uk Lk Im|?
10 1.0 1.0
0.8 0.8 08
06 0.6 06
04 0.4 04
02 0.2 02
0.0 02 04 06 08 W 0.0 0.2 0.4 06 08 W
(a)e=-1 (b)e=0 (c)e=1

Fig. 14. (color online) The greybody factors for the electromagnetic field with M =1, Q,, =0.3, and A = 0.05.

cay. Notably, in the electromagnetic sector with e =1
coupling, the frequencies exhibit anomalous, non-mono-
tonic trajectories in the complex plane, providing a direct
signature of the deformed potential barrier induced by
nonlinear electrodynamics. Overtone modes behave con-

ventionally, decaying more rapidly at higher n, with a
spectral spacing that remains robust against variations in
€. Complementing the QNM spectra, the WKB evalu-
ation of greybody factors shows that wave transmission is
generally suppressed for larger Q,, or /, while the electro-
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magnetic sector with e =1 exhibits an anomalous re-
sponse associated with the deformation of the effective
potential barrier.

Looking ahead, exploring polar (even-parity) perturb-

ations, in which metric and gauge fluctuations are inher-
ently coupled [44, 45, 46], remains an essential next step
toward completing the stability profile of magnetic black
holes in string-inspired Euler-Heisenberg gravity.
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