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Analytic solution for the motion of spinning particles
in plane gravitational wave spacetime

Ke Wang (E1])f
School of Physics and Astronomy, Beijing Normal University, Beijing 100875, China

Abstract: The interaction between spin and gravitational waves causes spinning bodies to deviate from geodesic

motion. In this work, we obtain an analytic solution to the Mathisson—Papapetrou—Dixon equations at linear order in

spin for plane gravitational-wave spacetimes. Our approach combines a parallel-transported tetrad with the transla-

tional Killing symmetries of plane-wave spacetimes, yielding six conserved quantities that fully determine the mo-

mentum, spin evolution, and worldline. The resulting transverse and longitudinal motions are expressed in closed

form as single integrals over the retarded time, providing a unified, model-independent framework for computing

spin—curvature-induced deviations. This analytic solution provides a versatile tool for studying spin-dependent ef-
fects in gravitational memory, Penrose-limit geometries, and high-energy scattering regimes.
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I. INTRODUCTION

The motion of spinning test particles in curved space-
time plays a central role in many problems in general re-
lativity. At the dipole level, the dynamics are governed by
the Mathisson—Papapetrou—Dixon (MPD) equations [1,
2], which encode the coupling between the particle's in-
trinsic spin and the background curvature. This spin—
curvature interaction generates corrections to geodesic
motion, affecting precession and orbital phasing. Such ef-
fects are essential in a wide range of relativistic scenarios
[3—-11].

In many physically relevant situations, gravitational
radiation can be accurately modeled as a plane gravita-
tional wave. This description naturally emerges in the
local wave zone of an isolated source, where the
curvature radius of the wavefront is much larger than the
scale of a detector or test body, rendering the wavefront
locally planar. Moreover, plane wave spacetimes appear
universally as Penrose limits [12] of arbitrary geometries
taken along null geodesics, providing a powerful local de-
scription of the geometry experienced by highly boosted
observers. These fundamental geometric features make
plane gravitational waves an ideal theoretical setting in
which to study spin—curvature effects.

Solving the MPD equations has long been a signific-
ant challenge. The MPD equations are sufficiently gener-
al to apply not only to massive particles but also, in an
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approximate sense, to massless spinning particles arising
in the high-frequency limit of field theories. In this paper,
we focus primarily on the dynamics of massive spinning
particles. Recent work has shown that analytic MPD solu-
tions can be obtained at linear order in the spin in highly
symmetric geometries such as spherically symmetric
black holes [13, 14] and certain axisymmetric black holes
[15, 16]. Previous works have also attempted to solve the
MPD equations in plane wave spacetimes, yielding inter-
esting results under different choices of spin supplement-
ary conditions (SSC) [9, 17-23]. In particular, Refs. [19,
21] treated weak plane waves perturbatively, with Ref.
[19] also including the quadrupolar response of an exten-
ded body. Ref. [22] used the five Killing symmetries for
the TD-MPD problem in a linearly polarized plane wave;
special solutions were expressed through auxiliary linear
equations, while the generic worldline still required solv-
ing two coupled nonlinear ordinary differential equations.
Ref. [9] extended this symmetry-based treatment to Ein-
stein-Maxwell plane waves and obtained exact solution
classes for restricted initial spin orientations. Ref. [23]
adopted the FMP condition in a pseudoclassical spinning-
particle model and obtained exact solutions for harmonic
waves of general polarization. Ref. [18] used the back-
ground-adapted condition S =0, for which the result-
ing worldline is geodesic. It is worth noting that the spin
Hall equations, a particular case of the MPD equations re-
stricted to massless particles with longitudinal angular
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momentum, have recently been solved analytically in
gravitational wave spacetimes [24].

Spin—curvature dynamics in plane wave geometries is
also closely tied to several modern developments in grav-
itational-wave physics. Recent studies have shown that
freely falling gyroscopes may accumulate wave-induced
precession [25], and that relative spin orientations can
also encode memory-like signatures in plane wave back-
grounds [26, 27]. These insights motivate the search for
observable signatures of spin—gravitational-wave coup-
ling in future space-based detectors such as LISA, Tian-
Qin, or Taiji [28, 29, 30, 31]. Owing to their exception-
ally long interferometric baselines and highly stable orbit-
al configurations, such missions provide a natural and
ideal environment for detecting spin-induced effects.
Consequently, a thorough understanding of spin—
curvature dynamics in plane wave spacetimes is essential
not only for advancing the theoretical framework of grav-
itational memory observables [32, 33], but also for as-
sessing potential observational imprints in next-genera-
tion, high-precision gravitational-wave experiments.

In this work, we focus on the leading-order spin—
curvature coupling, i.e., the linear-spin approximation
O(s). This approximation is well justified in many phys-
ical contexts. For realistic test bodies —such as space-
craft proof masses, gyroscopes [34], or small compact ob-
jects [35]—the dimensionless ratio s/m is typically small,
and higher-order spin multipoles are negligible. At O(s),
the MPD equations simplify considerably: the mo-
mentum and velocity coincide, the spin magnitude is con-
served, and the curvature coupling reduces to a single lin-
ear term. The resulting system captures the dominant
spin-dependent corrections while retaining analytic tract-
ability.

In this work, we provide a complete analytic solution
of the MPD equations at linear order in the spin, O(s), in
plane gravitational wave spacetime. Our approach com-
bines two key ingredients. First, we construct an or-
thonormal tetrad that is explicitly parallel transported
along geodesics. Projecting the spin vector onto this tet-
rad yields three conserved quantities at O(s), supplement-
ing the three Killing constants associated with the isomet-
ric symmetries of the plane wave spacetime. Taken to-
gether, these six constants fully determine the mo-
mentum and spin at linear order. The resulting equations
for the transverse momenta decouple naturally, allowing
the worldline components y(u), z(«), and the longitudinal
coordinate x(u) to be obtained by single integrals.

The paper is organized as follows. In Sec. Il we re-
view the MPD equations under the Tulczyjew—Dixon
SSC. Sec. Il summarizes the geometry of plane waves
and the associated Killing constants. In Sec. IV we con-
struct the parallel-transported tetrad and identify the spin-
induced constants of motion. Sec. V presents the com-
plete O(s) solution of the MPD system and the resulting

analytic worldline, followed by an illustrative example
and a numerical validation of the linear-spin approxima-
tion. We conclude in Sec. VI with a discussion of implic-
ations and possible future directions.

Notation. Throughout this work, we employ natural
units G =c=1 and the metric signature (—,+,+,+). We
adopt the convention &°2*=+1 for the Levi-Civita
tensor, with % = &% [ \[=g.

II. MATHISSON-PAPAPETROU-DIXON EQUA-
TIONS UNDER THE TULCZYJEW-DIXON
SSC
The motion of a classical spinning test particle in

curved spacetime is described by the Mathisson—Papapet-
rou—Dixon (MPD) equations [1, 2]

Dp* 1 v

dr =_§Rﬂvaﬁu S ﬁ’ (1)
DSH

o S P 2)

where u* = dx*/dr is the tangent vector to the representat-
ive worldline, parametrized by the affine parameter t;
R, 1s the Riemann tensor, p* is the four-momentum,
and S*” is the antisymmetric spin tensor.

To uniquely specify the worldline of an extended
body, a spin-supplementary condition (SSC) must be im-
posed. Throughout this work, we adopt the Tulczyjew—
Dixon (TD) SSC [1, 36]

SWp, =0, 3)

which guarantees that the momentum is timelike and that
the mass M = /=p,p” is conserved. However, the mass
m = —p,u* is not conserved in general.

It is convenient to introduce the spin four-vector

1
sh=— IANE € ,S ups 4)

which satisfies s#p, = 0, and whose magnitude, s* = s, s* =
S ,wS* [2M?, remains constant under the TD SSC. The in-
verse relation is S* = e p,sp.

Under the TD SSC, the four—velocity w* and the
four—-momentum p* do not coincide. Although an exact
momentum—velocity relation is known [37], in this work
we retain only terms linear in the spin, O(s). Standard
manipulations yield

P'=mu' +O0(s%), (5)
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so that, to linear order in spin, the two masses are equal,
m = M. Moreover, the MPD equations (2) reduce to

Du* 1
TZ_ = —ER“V,,ﬁuve”ﬁ”uKsﬂ +0(s%), (6)
DS*
e 0+0(s°). (7)
-

Using the relation S#” = e p, s5, one further obtains

Ds#
— =1u"u"s,,

dr

which corresponds precisely to the Fermi—Walker trans-
port of the spin vector [38] (the omitted term i#u”s, van-
ishes owing to the TD SSC).

When the background spacetime admits Killing sym-
metries, the associated Killing vectors generate con-
served quantities. For any Killing vector &, the MPD dy-
namics preserves the quantity [1, 39, 40]

1
Jf = ‘fﬂpu - 5 Sﬂvvvf/b (8)

which is conserved along the MPD trajectory to all or-
ders in spin. These integrals of motion reduce the effect-
ive dimensionality of the system. As shown in the next
section, the plane gravitational-wave spacetime admits
three translational Killing vectors that directly yield con-
served momentum components, allowing all O(s) correc-
tions to be expressed in closed form.

In the following sections, we apply this formalism to
the plane gravitational-wave spacetime, construct a paral-
lel-transported tetrad along a fiducial reference geodesic,
and use it to obtain an analytic O(s) solution to the MPD
equations.

1. PLANE GRAVITATIONAL WAVE
SPACETIME AND GEODESICS
We consider a plane gravitational wave propagating

in the x—direction, described in standard null coordinates
(u,v,y,7) by the metric

ds? = 2dudv+(1-hy)dy? + (1 + h,)dZ2 =2k dydz,  (9)

where u=(t—x)/ V2 is the retarded time, and v=
—(t+x)/ V2 is the advanced time. The functions A, (x) and
hy(u) represent the + and x polarization modes of the
gravitational wave, respectively. The determinant of the
metric is denoted by A = |g|, and is explicitly given by

A =1-h(u)-Rhi(w). (10)

It is imperative to clarify the geometric and physical
nature of this metric. When the functions A, (u) and A, (1)
are strictly constrained to satisfy the exact vacuum Ein-
stein field equations (R, =0), this metric represents a
particular exact plane-wave spacetime in standard Rosen
coordinates [41]. Under this nonlinear geometric con-
straint, the functions cannot represent completely arbit-
rary wave profiles, and the solutions remain valid only
within the local coordinate chart before coordinate singu-
larities form.

However, a major advantage of this formulation is its
direct connection to the weak-field regime. When realist-
ic gravitational waves are analyzed within the linear ap-
proximation in the transverse-traceless (TT) gauge
(Jhl < 1), the exact vacuum constraints are relaxed. In this
limit, 7,(«) and h.(u) recover their physical interpreta-
tions as arbitrary + and x polarization modes. Therefore,
the exact analytical solutions derived in this framework
can be retained and applied directly to leading order in
the wave amplitude, O(h).

A. Killing symmetries and conserved momenta

The plane-wave metric (9) admits three translational
Killing vectors

&y=0,  &,=0,  &,=0. (11)

Substituting these vectors into the general conserved
quantity (8) yields three integrals of motion for the MPD
system. The conserved quantity associated with &, is

given by

E=p", (12)

which plays the role of the "longitudinal energy" in the u-
direction.

The constants associated with & and &, yield the
following expressions:

[z gl

p
Ja:(l_h) V_hx ‘ +
)P p \/K

[+ (1= h) ] (13)

[hx I+ (1 +h+)h+}

Pl

VA

[z gt

Jﬁ=(1+h+)l’z—hxl’y+pﬂ

[(1_h+)h+_hxhx], (14)

[(1 +h+)h>< - hx h+]

p[,v st

VA

where dots denote derivatives with respect to the re-
tarded time u, and the antisymmetrization notation is
defined as pls" = (pis" — p“s?)/2. The two constants J,
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and J; serve as the "conserved momentum” in the y- and
z-directions.

Equations (13)—(14) completely determine the trans-
verse components of the momentum once the spin vector
is known. In the absence of spin, i.e., in the strict limit
O(s"), the above integrals immediately imply

s W+h)IO+h P IO+ 1=k
Poy) = A v Po =

(15)

where the subscript (0) denotes the O(s®) order. Substitut-
ing these expressions into the normalization condition
wu, = —1 yields the geodesic equations [42]. The result-
ing worldline x,(7) coincides with the geodesic solution
presented in [42].

In the next section, we go beyond the geodesic order
and incorporate the O(s) spin—curvature coupling. A par-
allel-transported tetrad will be constructed along a fidu-
cial geodesic, which allows the full MPD system to be
solved analytically.

IV. PARALLEL-TRANSPORTED TETRAD IN
PLANE GRAVITATIONAL WAVE
SPACETIME

As discussed in Sec. III, the conserved quantities
(&, Ju,Jp) associated with the Killing symmetries of the
plane-wave metric are not sufficient to algebraically de-
termine all components of the momentum in the MPD
system. In contrast to geodesic motion, the spin—
curvature force introduces additional degrees of freedom
through the spin vector s*, and additional conserved
quantities of order O(s) are required to achieve integrabil-
ity.

Following the strategy developed by Skoupy and
Witzany [16] and Marck [43], we construct a parallel—
transported orthonormal tetrad along a fiducial reference
geodesic. Expressing the spin vector in this tetrad basis
yields three O(s) constants of motion, which provide the
remaining information necessary to solve the MPD equa-
tions in closed form.

A. Construction of an orthonormal tetrad along a
worldline

Let u* = (u°,u',u?,u®) denote the tangent vector to a
general timelike worldline, with u*u, = —1. We take the
zeroth leg of the tetrad to be

ey =, (16)

normalized by construction. A remarkable property of
plane gravitational wave spacetime is the existence of a

covariantly constant null vector field ¥ = 9, [44], satisfy-
ing V. =0. This allows us to construct the first spatial
leg as

o= = @)+t a7
u

which is orthogonal to #* and has unit norm along the
worldline.

To complete the spacelike basis in the transverse
(y,2)-plane, we introduce two preliminary orthonormal
vectors, & and &, such that:

1 wWhy —u*(1-hy)
o= s -~ 7 ) M
eg m (ay) [,{O 1 —h+ (at) K (18)
1-h, hy wA
SH “ “_ 1
%=1 — k@)+hw5®> i @

(19)

where A =1-h? —h2, as defined previously. It is straight-
forward to verify that ¢, €|, &, & forman or-
thonormal tetrad along the worldline u*.

Now let the worldline u* be a geodesic, u — u.
Then the legs ¢, and ¢ become parallel transported, but
the vectors &, and & are not:

WV, #0, WV, #0. (20)

Because the transverse plane is two-dimensional, a
single time-dependent rotation is sufficient to transform
the pair (&,,&;) into a parallel-transported pair. We there-
fore define

& = #cosy(u) - & siny(u), 1)

ey = & siny(u) + &, cosy(u), (22)
and require the paralleltransport conditions
uV,ey =0 (23)

hold along the reference geodesic u.
By directly expanding &u;V,e} =0, we obtain the
simple evolution equation

Ay el +(1—hy)hy
b e Sl I Sl S B 24
du 2 VA(1-h,) @9

which completely determines the rotation angle once the
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initial value (0) has been specified. The final tetrad
{ey. €], 5,5} is therefore orthonormal and parallel trans-
ported along the geodesic.

B. Spin decomposition and conserved O(s) quantities

With the parallel-transported tetrad in hand, we can
decompose the spin four-vector as s = s, €| + s, & + 555,
where

S| =8u€),  So=Su6h, S5 =8,éh. (25)
Because each tetrad leg is parallel transported, the coeffi-
cients (s, s, S5) are constants of motion to order O(s):

dSH dSll dSﬁ )
—_— = — = . 2
dr dr dr 0+0(s) (26)

Together with the Killing constants (&,J,,Js), these
conserved spin components provide a complete set of al-
gebraic relations that determines all components of the
momentum p* in closed form at order O(s). In the next
section, we solve the MPD system explicitly.

V. SOLUTION AT ORDER O(s)

In this section, we combine the Killing constants
(&,J4,Jp) introduced in Sec. III with the spin constants
(s> Sa- S5) defined in Sec. IV to obtain the explicit O(s)
solution to the MPD equations. We first derive the mo-
mentum and spin components in the (u,v,y,z) coordinate
basis and then rewrite the worldline as a set of first-order
equations in the retarded time u.

A. Momentum and spin components at O(s)
By inverting the decomposition s* = syé} + s,€5 + s3¢5,
one obtains the coordinate components of the spin vector
as functions of u:

s"=8&sy, 27)
o (A +h)Je+hyJg 5+ 5o COSY + Sz sinys
A VI-h,
+ ﬁ(coswsﬂ—sinwsa), (28)
s = hx]”+(i_h+)Jﬁ s+ ﬁ(—sinwscﬁcoswsﬁ),

(29)

where the rotation angle y(u) is determined by Eq. (24),
together with the initial value ¥(0).
Using the Killing integrals (12), (13), and (14), to-

gether with Egs. (27)—(29), the O(s) corrections to the
momentum components are obtained by solving a linear
system for (p”, p?). It is convenient to express the result in
the compact form

p' =&, (30)

1+h)J, +hJ, . , S z

P = W% +F(u) s" + F;,y)(u) s+ FO(u) 5%,
(€2))

hed,+(1—=h)J . , ; z

¢ = % +FOu) s+ FOu) s’ + FOw) s,
(32)
where the coefficient functions F;A)(u) (A=y,z,

B =u,y,7) are explicit functions of A, (u), hy(«), and their
derivatives:

(L +hy) (hudo+hidg) = h (hido +hyJp)

FOu) = INE . (33)
1+ h2 = h2) hy +2h, hyh
0) _ ( X + X + X0+
FOu)=-8 AT ; (34)
2hy (1 + hy)hy = h2h, + (1 + h,)?h
ng)(u) =& «(1+hy) 2A;</2+ +(1+hy) +’ (35)
© hy (hdo =i dg) = (1= hy) (huJg+ i J,)
Fow) = TE . (36)
20 (1= h)hy + h2h, —h. (1= h,)?
(z) _ X +
FPu) =-& A ; (37
1+h2 —h2)hy +2hhh
F§z>(u)=8( w2 It 2k, (38)

20372

Equations (27)—(29) and (30)—(32) provide an explicit
analytic solution for the momentum and spin of a spin-
ning particle at order O(s) in plane gravitational wave
spacetime.

B. Worldline equations in retarded time

In the Tulczyjew—Dixon SSC, at linear order in spin,
we may identify p* = mu* + O(s?), see Eq. (5), and the two
mass definitions coincide, m = M. From Eq. (30), we
have

u =—=

dw , p" &
dr ~ m m

; (39

so that the retarded time u is an affine parameter along
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the worldline. It is worth noting that any reparametriza-
tion of the worldline parameter 7 rescales the four-velo-
city u* but leaves the momentum p* unchanged. Because
the coordinate trajectories derived below depend only on
the ratios of the momentum components, the physical
worldline remains invariant under any choice of paramet-
rization.

Using d/dr = (du/dr)d/du, the transverse compon-
ents of the four-velocity can be written as
dy w p* 1 | dz uw* _p* 1 |
—_ = — = — = — y —_—=— = — = — . 40
i LA i YA

Since p’(u) and p*(u) depend only on the retarded time
through A, (u), h«(u), and the constants (&,J,,J;,
S|, Sa» 5g), the equations (40) are decoupled first-order or-
dinary differential equations for y(u) and z(u).

Integrating once yields the transverse worldline in
closed form

l u
y(u)=y(0)+g / p)du, 41)
0

z(u) = z(0) + l/ pu)du'. (42)
&Jo

In the geodesic limit, the integrands reduce to the
spinless momenta py, (u) and pf,(u) given in Eq. (15),
and Egs. (41)—(42) reproduce the geodesic trajectories
discussed in Sec. III.

The remaining longitudinal motion can be reconstruc-
ted from the normalization condition u‘u, = —1, together
with the relations u = (- x)/ V2 and v = —(t+x)/ V2. Us-
ing the metric (9) and dividing w,u* = -1 by (")*, we
find

d d d dy d
2d—Z+(1 —h+)(d—z)2+(1 +h+)(d—i)2— y d%dTi = —(';232)

In terms of the Cartesian coordinate x, dx/du=—(1+
dv/du)/ V2. Integrating once, we obtain

1 ! d
X =(0)- =+ / au (1 -nw( L)’
0

dz dy dz
d;')z_ZhX(“)d; d;' * (gﬂ

(L he ) (

(44)

Equations (41), (42), and (44) provide the complete O(s)
worldline of a spinning test particle in the plane gravita-
tional-wave spacetime.

To obtain a specific worldline, the constants (&, J,,

Jg. 8|1 Sa» 55) Must be determined by specifying initial con-
ditions at u=0. Given the initial position x*(0), initial
momentum p*(0), and initial spin vector s*(0), one may
project the momentum and spin onto the parallel-trans-
ported tetrad constructed in Sec. I'V. In particular,

e &= p"(0) follows directly from Eq. (12).

® J, and J; are obtained from Egs. (13)—(14) evalu-
ated at u=0.

® 5,55 are obtained by projecting s*(0) onto
{ei,er,e3} at u=0.

The only gauge freedom in this construction is the ini-
tial tetrad rotation angle ¥(0), which corresponds to a ri-
gid rotation in the transverse (y,z)-plane. For concrete-
ness, we set (0) = 0 in the examples below.

C. Examples: a static spinning particle

To illustrate the spin-induced deviation from geodes-
ic motion, we consider a monochromatic plane wave

h.(u) = hsinu, hy(u) = hcosu, (45)
and a particle initially at rest at the origin. Here, / de-
notes the amplitude of the gravitational wave. We use
h=0.1 in Fig. 1 to make the behavior visible, and &=
107" in Fig. 2 to illustrate the weak-field response on
magnified axes. Neither value corresponds to a realistic
detector strain, and the leading weak-field momentum re-
sponse scales linearly with 4.

For clarity, we decompose the spin into a longitudin-
al component, s;, aligned with the propagation direction,
and a transverse magnitude 5. = /52 + 5.

The nonzero plane-wave tidal curvature has compon-
ents of the form R4z, with A, B € {y,z}, which explains
why the initially static example is sensitive to transverse
spin. The tetrad components (s),s,,ss) remain constant,
whereas the coordinate components s* and s* also reflect
the deformation of the Rosen basis. The more direct dy-
namical quantities are therefore the transverse mo-
mentum and displacement relative to the spinless geodes-
ic. For a fixed waveform in the weak-field regime, the re-
tained spin-dependent response is linear in both the wave
amplitude / and the spin magnitude s.

Case I: purely longitudinal spin. If the initial spin is
aligned with the propagation direction, s, =0, then Egs.
(13)~(14) give J, = J; = 0. In addition, the terms propor-
tional to s* in Egs. (31)—(32) vanish. Thus, all O(s) cor-
rections to the transverse momentum vanish identically,
and the resulting worldline coincides with the geodesic.
This confirms that, for the initially static configuration, a
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Spin Evolution

——————————————————
0.10 ]
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s fm
Fig. 1. (color online) Evolution of the coordinate components s”(x) and s°(u) for a particle initially at rest, with transverse spin mag-
nitude s, =0.1m and s, = 0.05m. The gravitational-wave amplitude is 7 = 10"'. Although the tetrad components of the spin remain
constant, the coordinate components undergo precession driven by the plane-wave geometry; this represents evolution in the coordin-
ate basis rather than a local torque. The value 42 =0.1 is used for visualization and does not represent an astrophysical strain. The ar-
rows indicate the initial spin direction.

6.x10712 F

4.x10712 1

-2.x10712 -

Sp=8q=5/ V2]
—4,><10‘12—:"1“‘1“‘1“‘1“‘1“‘1-

-6.x10712_4.x10"12_2.x10"12 0 2.x10712 4.x10"12

p'im
Fig. 2. (color online) Evolution of the transverse momentum components p*(u) and p*(u) for a particle initially at rest with transverse
spin magnitude s, = 0.1m. The illustrative amplitude is & = 107'°, and the vertical axes are magnified accordingly. Different colors cor-
respond to different initial orientations in the (e,,e;) plane. The oscillatory structure reflects spin—curvature coupling, whereas a
geodesic particle would maintain p* = p* = 0. At O(hs), the curves scale linearly with 4; the figure is not intended as a detectability pre-
diction.

purely longitudinal spin does not couple to the plane transverse spin, s, # 0, the spin—curvature force becomes
wave at linear order. active and induces oscillatory corrections to the mo-
mentum and trajectory. Figure 1 shows the evolution of

Case II: transverse spin. When the particle carries the coordinate spin components s'(u) and s%(u) for
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particles with two different magnitudes, s, = 0.05m and
s, =0.1m. Although the tetrad components (s, 5o, s5) are
constant, the coordinate components exhibit a character-
istic precession pattern determined by the rotation angle
Y(u). As the transverse spin increases, the amplitude of
the precession ellipse traced in the (s”,s%) plane also in-
creases. Since the tetrad components remain constant, this
coordinate ellipse reflects the changing Rosen basis rather
than a locally measured torque.

Figure 2 shows the corresponding evolution of the
momentum components p’(u) and p*(u). Whereas the
geodesic worldline maintains vanishing transverse mo-
mentum, a nonzero transverse spin produces an oscillat-
ory pattern whose phase and amplitude depend on the ini-
tial spin orientation (e.g., s, =s,55=0, s5=+5,5,=0, or
So = Sg =15/ ‘/5). These three orientations have different
projections onto the two polarization axes. These oscilla-
tions integrate directly to yield nontrivial transverse mo-
tion via Egs. (41)—(42). Thus, the transverse spin acts as a
linear-order source of deviation from geodesic motion.

D. Numerical validation against the untruncated
pole—dipole TD—-MPD system
We additionally test the linear-in-spin solution by in-

tegrating the untruncated pole—dipole MPD equations
with the TD SSC and the exact TD momentum—velocity
relation. The integration evolves the worldline, four-mo-
mentum, and all six independent components of the spin
tensor, without imposing a linear-in-spin truncation on
the numerical equations. We use an adaptive embedded
Dormand-Prince 5(4) Runge—Kutta integrator [45] and
monitor the mass shell, the TD constraint S*'p, =0, the
spin magnitude, and the conserved component p“.

Because s/m alone does not provide a universal es-
timate of the truncation error for a specified background
and initial data, we assess the largest illustrative value
directly rather than inferring its accuracy from that ratio.
For a deliberately stringent stress test, we use the circu-
larly polarized profile introduced above with #=0.1 and
evolve an initially static particle for six wave cycles. This
amplitude is chosen to magnify nonlinear-in-spin correc-
tions and is not intended to represent an astrophysical
gravitational-wave strain. The initial spin is s, =3,
sz = 5 = 0. Defining

s/m 0.01
max|Ap’|/m | 8.8194x 10710
max|Api|/m | 1.3070x107°

For the y component, the corresponding differences
relative to the peak linear-order signal are 2.11x107°,
5.28x 1073, and 2.11 x 107*; for the z component, they are
1.81x107%, 4.52x107, and 1.81x10™*. The observed
scaling is max |Ap*?| o 5* for this particular symmetric ini-
tial configuration. This empirical cubic scaling is not as-
sumed in the derivation and should not be interpreted as a
general statement about all initial data; rather, it provides
a sensitive check of the O(s) solution in the example con-
sidered here. In particular, this test establishes the accur-
acy of the approximation for this waveform and initial
data; it does not replace the inclusion of quadrupole and
higher-multipole structure for a specified extended body.

Figure 3 shows the absolute differences |Ap’|/m and
|Ap*|/m. Over the complete scan, the largest residual
among the four monitored constraints and invariants is
4.4x107'*, Doubling the output density from 160 to 320
samples per cycle changes max|Ap*|/m for s/m=0.1 by
only 2.2x 107 in relative terms. As an additional orienta-
tion check, we repeated the six-cycle calculation with
So =58 =15/ \/E; at s/m=0.1, the peak discrepancy relat-
ive to the linear p’ signal remains 5.5x 107*, while the

Ap*(u) = Pl rpwpp (W) _Pg(s)(”)a A€y, (46)
we obtain
0.05 0.1
1.1024x 107 8.8189x 107 | 47)
1.6337x 1077 1.3069x10°°

largest constraint residual is 2.7 x 10714,

VI. DISCUSSION

In this work, we have obtained a complete analytic
solution for the motion of spinning test particles at linear
order in spin in plane gravitational wave backgrounds. By
combining a parallel-transported tetrad with the transla-
tional Killing symmetries inherent in the geometry, our
framework provides an explicit, closed-form decoupling
of the linear-spin TD-MPD system for a specific class of
exact plane wave spacetimes in Rosen coordinates. Fur-
thermore, because this exact geometric formulation re-
duces seamlessly to the transverse-traceless (TT) gauge in
the weak-field regime (|4] <« 1), our analytic integrals can
be directly used to compute the leading-order O(hs)
spin—curvature response of a test body to arbitrary theor-
etical or numerical waveform templates. This framework
therefore provides a highly versatile and mathematically
rigorous tool for investigating spin-induced trajectory de-
viations. The numerical comparison in Sec. V D con-
firms the accuracy of the linear-spin approximation for
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Absolute differences: untruncated pole—dipole TD-MPD vs. linear-spin solution
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Fig. 3.
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(color online) Absolute differences between the transverse momenta obtained by integrating the untruncated pole—dipole

TD-MPD system and the analytic linear-spin result: (a) |Ap*|/m and (b) |Ap?|/m. The particle is initially at rest, with s, =s and
sg = 5 = 0. The deliberately strong stress-test amplitude is /2 = 0.1, and the evolution spans six wave cycles. The small discrepancy and
its rapid decrease with s/m validate the linear-spin approximation for this benchmark.

the benchmark considered.

Previous work [26, 27] investigated the deviation of
precession angles between two freely falling gyroscopes
in plane wave spacetimes and established its connection
to the velocity memory effect. The present analysis lays
the groundwork for extending that study to include
spin—curvature coupling. The O(s) solution obtained here
directly provides the worldline and spin corrections
needed to compute the first-order spin-induced modifica-
tion to the gyroscopic deviation angle. We expect that
this coupling will generate additional contributions to
gyroscopic memory, especially when the initial spin has
transverse components. Whether these contributions are
observable requires a specified waveform and observa-
tional model and is left for future work.

General exact plane wave spacetimes possess a five-
dimensional isometry group [44]. Under the Tulczyjew—
Dixon SSC, these five Killing symmetries should, in prin-
ciple, yield five independent integrals of motion, poten-
tially sufficient to determine the full momentum—spin dy-
namics without restricting to O(s). However, construct-
ing closed-form expressions for these conserved quantit-
ies remains challenging. Unlike the Kerr geometry, where
the existence of a Killing—Yano tensor leads to a hidden
symmetry that decouples the MPD system [14], plane
wave isometries form a non-Abelian algebra that does not

appear to admit an analogous geometric structure. It is
therefore unclear whether a suitable displacement vector
or generalized momentum map exists that would allow a
similar exact decoupling beyond the linear-spin approx-
imation. The numerical calculation in Sec. V D retains
nonlinear spin effects only within the pole—dipole model.
A systematic O(s*) expansion would require a new ana-
lytic treatment, while a physical extended body may also
require quadrupole and higher-multipole information. If
other SSCs are considered, such as the Ohashi-Kyrian-
Semerak (OKS) condition, the complexity of the MPD
equations is significantly reduced. A recent complement-
ary study [46] has shown that, for an arbitrary OKS con-
dition, the dynamics in plane gravitational waves can be
determined analytically.

Beyond exact plane waves, it would be natural to in-
vestigate spin—curvature coupling in asymptotically flat
radiative spacetimes [47, 48]. In that setting, the spin
memory effect and gyroscopic memory correspond to
asymptotic charges of the extended BMS algebra, and the
leading precession induced by gravitational radiation ap-
pears at order O(h?) [25]. Whether the spin—curvature
coupling contributes at order O(hs) or O(h*s) in this
broader framework is an interesting question. Such con-
tributions would represent a new type of spin-sensitive
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gravitational memory effect that has not yet been system-
atically explored. Extending the present decoupling to a
generic radiative spacetime is nontrivial because the
translational Killing vectors used here are generally ab-
sent.

Future space-based detectors such as LISA, TianQin,
or Taiji [28—31] will monitor test masses in heliocentric
or geocentric orbits with unprecedented precision. Al-
though the proof masses are designed to be nearly torque-
free, they carry residual angular momentum, and the
spacecraft themselves possess controlled attitude dynam-
ics. It is therefore natural to ask whether the
spin—curvature coupling derived here could perturb their
relative trajectories. For a fixed waveform in the weak-
field regime, however, the retained spin-dependent re-
sponse is linear in both / and s and is expected to be ex-

tremely small for realistic strains. Long integration times
alone do not establish detectability; a quantitative assess-
ment would require a physical body model, a realistic
waveform, a detector observable, and a noise analysis.
The analytic MPD solution provides a tractable theoretic-
al input for such future studies rather than a prediction of
a detectable signal. It can likewise be used as a local
plane-wave or Penrose-limit model for a small compact
body, provided that the corresponding multipolar struc-
ture is included when required.
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