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Abstract: We study axial gravitational perturbations of a hairy black hole constructed within the framework of
gravitational decoupling and investigate the geometric origin of echo-like late-time signals in this spacetime. We de-
rive the odd-parity master equation and the corresponding effective potential, and compute the quasinormal mode
spectrum using frequency-domain and time-domain methods. We show that the axial potential develops a double-
peak structure that supports a trapping cavity and gives rise to echo-like waveforms. The representative double-peak
configurations also exhibit an unstable--stable--unstable light-ring structure, which provides the null-geodesic coun-
terpart of the trapping cavity in the eikonal limit. Therefore, the echoes are not produced by an artificially imposed
near-horizon condition, but instead emerge dynamically from the geometric structure of the effective potential. Our
results provide a useful framework for probing black hole hair through gravitational-wave ringdown and for explor-
ing possible observational departures from the standard no-hair paradigm.
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I. INTRODUCTION

The direct detection of gravitational waves by the
LIGO and Virgo detectors has opened an unprecedented
observational window onto the strong-field and highly
dynamical regime of gravity. In particular, the first bin-
ary-black-hole event, GW150914, and the subsequent
LIGO-Virgo catalogs have established compact-binary
coalescences as precision probes of general relativity in
the nonlinear regime, while the post-merger signal has
highlighted the physical importance of the ringdown
phase as a direct tracer of the geometry of the remnant
spacetime [1-3].

Quasinormal modes (QNMs) are the characteristic
damped oscillations of perturbed black holes and related
compact objects, and they have long served as a central
tool in black-hole perturbation theory, ringdown model-
ing, and gravitational-wave spectroscopy [4—12]. At this

stage, the waveform is governed by a discrete set of
damped oscillations, known as QNMs, whose complex
frequencies encode the mass, angular momentum, and
electric charge. This makes the QNM spectrum a central
arena for black-hole spectroscopy, no-hair tests, and phe-
nomenological searches for departures from the standard
Kerr and Schwarzschild geometries [13—15]. Beyond
their role in strong-gravity phenomenology, QNMs also
exhibit deep connections to holography, angular eigen-
value problems, unstable null geodesics, shadow observ-
ables, and semianalytic or fully numerical extraction
schemes, as illustrated by studies of holographic modes,
spin-weighted spheroidal harmonics, Kerr/eikonal geo-
metry, time-domain evolution, higher-order WKB meth-
ods, and continued-fraction techniques [16—25]. A broad
body of work has explored QNMs in asymptotically AdS
and dS spacetimes, analogue systems, scalar-hairy and
regular black holes, charged and nonlinear-electrodynam-
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ic backgrounds, phase-transition settings, scale-depend-
ent geometries, and several modified-gravity scenarios,
including  Einstein—Gauss—Bonnet, Einstein—dilaton—
Gauss—Bonnet, slowly rotating vector perturbations, loop-
quantum-corrected black holes, and Weyl black holes
[26—45]. Recent developments have further emphasized
the interplay between QNMs, shadows, instability criter-
ia, odd-parity perturbations of hairy geometries, discon-
tinuous effective potentials, and the classification of com-
peting mode families, both in concrete phenomenologic-
al models and in more general analyses [46—51]. Re-
cently, greybody factors have attracted renewed attention
as observables directly connected with the ringdown sig-
nal. In particular, they have been proposed as a way to
characterize the frequency-domain amplitude of black-
hole ringdown, to provide stable gravitational-wave ob-
servables, and to construct new greybody-factor-based
tests of strong gravity [52—54]. This broad literature
strongly motivates revisiting the ringdown problem in a
hairy black hole generated via gravitational decoupling,
where the extra hair arises from an additional anisotropic
sector while the spacetime remains asymptotically close
to Schwarzschild, making it a natural framework for
studying axial spectra, trapping structures, and possible
echo-like late-time signatures.

These developments provide strong motivation to in-
vestigate black hole solutions that go beyond vacuum
general relativity while remaining geometrically and
physically well controlled. A particularly useful frame-
work in this direction is gravitational decoupling. In its
original formulation, the method was introduced as a sys-
tematic way to decouple gravitational sources and gener-
ate anisotropic solutions starting from a known seed geo-
metry [55]. It was later extended to a more general
scheme in which both metric functions can be deformed,
leading to the extended geometric deformation frame-
work [56]. When this approach is applied to black-hole
spacetimes, it gives rise to hairy Schwarzschild-like solu-
tions sustained by an additional anisotropic sector,
thereby providing a concrete arena in which black-hole
hair can be studied beyond the standard vacuum case
[57]. The logarithmic solution studied here is asymptotic-
ally Schwarzschild and is supported by an effective an-
isotropic source [58]. Its physical interpretation is subject
to the energy-condition constraints discussed below.

Gravitational-wave echoes are delayed secondary
pulses in the ringdown signal, which can arise from re-
peated reflections inside an effective cavity produced by
near-horizon modifications, exotic compact objects, or
double-barrier effective potentials [59—76]. From the
viewpoint of gravitational-wave phenomenology, such
hairy backgrounds are interesting not only because they
modify the QNM spectrum, but also because they can
qualitatively alter the effective potential that governs per-
turbations. In particular, additional structure in the poten-

tial may create trapping regions or cavity-like configura-
tions capable of supporting long-lived excitations and
delayed secondary pulses in the time-domain signal
[77—79]. This raises the intriguing possibility that gravita-
tional-wave echoes may emerge as a dynamical con-
sequence of the background geometry itself, rather than
from ad hoc reflective boundary conditions introduced by
hand near the horizon. Therefore, understanding whether
this mechanism is realized in well-motivated black hole
solutions is important both for classical perturbation the-
ory and for the interpretation of possible nonstandard
ringdown signatures in present and future LIGO—Virgo
observations.

Cavalcanti et al. [80] considered a minimally coupled
massless test scalar on an earlier, exponentially deformed
gravitational-decoupling hairy black-hole background
and determined scalar QNMs and time-domain wave pro-
files. The present manuscript instead uses the logarithmic
geometry and derives the fixed-source odd-parity gravita-
tional master equation. We compute its axial QNMs in
the single-barrier sector and identify echo-like signals
generated by a double-peak axial potential. Hence, the
novelty of the present work lies in the axial gravitational
analysis of this logarithmic background and the geomet-
ric identification of its axial trapping cavity.

A complementary analysis of a different, exponen-
tially deformed hairy Schwarzschild black hole classified
the modes of a double-peak potential into a delocalized
photon-sphere family and a localized echo family and
studied their time-dependent competition [81]. That work
focuses primarily on electromagnetic perturbations and a
different metric. It nevertheless provides useful context
for interpreting the trapping and echo-like behavior asso-
ciated with double-peak effective potentials. We do not
perform a complete mode-family decomposition or excit-
ation-coefficient analysis; our present claims concern the
axial potential morphology and the echo-like response
obtained from its time-domain evolution.

This paper is organized as follows. In Sec. 1I, we re-
view the hairy black hole geometry and discuss the hori-
zon structure. In Sec. III, we derive the axial gravitation-
al master equation and the corresponding effective poten-
tial. In Sec. IV, we study the QNM spectrum in the
single-barrier regime. In Sec. V, we analyze the time-do-
main waveforms and the emergence of echo-like signals
in the double-peak regime. In Sec. VI, we discuss the
trapping structure, light rings, and the limitations of the
present stability assessment. We conclude in Sec. VII.

II. THE HAIRY BLACK HOLE VIA GRAVITA-
TIONAL DECOUPLING
Gravitational decoupling provides a systematic way

to split the total gravitational source into simpler sectors
and generate solutions from a known seed geometry [55].
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This construction was subsequently generalized to the ex-
tended case, in which both the temporal and radial metric
components are deformed [56]. When applied to the
Schwarzschild seed, this framework leads to hairy black
hole geometries supported by an additional source [57].
The logarithmic hairy black hole considered in the
present work is obtained within this extended gravitation-
al-decoupling framework. For completeness, we briefly
summarize the origin of the logarithmic hairy black hole.
The extended gravitational-decoupling construction be-
gins with a split of the total source

Gy =K (T+0,), (D)

where T, generates a known seed solution, whereas ®,,
denotes the additional anisotropic sector. Starting from
the Schwarzschild vacuum seed, both metric functions
undergo geometric deformations. Requiring the temporal
and radial metric functions to share a common horizon,
through e" =e™, implies p, = —p for the effective source
and allows the representation

e = <l - %) H(r). )

The construction of Ref. [58] closes the auxiliary sector
by imposing the weak energy condition. In terms of a
positive generating function G(r), the relevant conditions
can be written as

I-H-(r-2M)H =G(r), 2G6(-rG(r>0. (3)

Choosing

() = ‘*rifm(g), )

and fixing the integration constant so that H — 1 as
a — 0 gives

H(r) = 1+r(i7]‘24M) {1+ln<;)}. (5)

Substituting Eq. (5) into Eq. (2) yields the static, spheric-
ally symmetric hairy black hole metric [58]

ds? = Vd?* —e'dr? — FdQ?, 6)
where the metric functions satisfy

. XM oM aM
ev(”:e-“'):1——+“—+0‘—1n<5). %)
r r? r? B

Here M is the black-hole mass, while o and f are addi-
tional parameters associated with the hairy deformation.
For @ =0, Eq. (7) reduces to the Schwarzschild metric.

Both a and § have dimensions of length. In the origin-
al construction, a >0 measures the deformation strength
and serves as primary hair not associated with a Gauss-
law charge, whereas f sets the radial scale entering the
logarithm. The effective anisotropic source correspond-
ing to Eq. (7) is

o = ‘i‘fln(lg) Pp, = J’yf’ln(/?), (8)
Kp, = % ln(é) - ﬂ . )

Because p, = —p, the only nontrivial weak energy condi-
tion is p+ p, = 0. Since the logarithm increases monoton-
ically outside the event horizon, the weak energy condi-
tion holds for all r > r, provided

ry 1
. >7,
1“(3) 4

The two-parameter scan treats a and S as independ-
ent geometric parameters and therefore extends beyond
the subdomain in which the weak energy condition is sat-
isfied. For the representative parameter choices used in
the echo analysis, we find that In(r,/8) < 1/4; thus, these
configurations lie outside the weak-energy-condition sub-
family of the original matter construction. They should
therefore be interpreted as effective geometries for study-
ing the axial trapping and echo mechanism, rather than as
configurations that satisfy the weak energy condition
throughout the exterior region.

For the metric function above, the horizons are de-
termined by the positive roots of ') = 0, namely

equivalently B< e, (10)

r2—2Mr+aM(1+ln£)=O. (11)

Hence, the number of horizons is entirely determined by
the positive-root structure of the transcendental equation
above. If there is only one positive root, it corresponds to
the unique event horizon r;,. If multiple positive roots ex-
ist, the largest root defines the outer event horizon,
whereas the smaller roots correspond to inner horizons. In
particular, in the three-root region, if the positive roots
are ordered as r; < r, < r3, then the event horizon is given
by rpb=1r3.

Figure 1 shows the different root structures of the
metric function ¢"” as the parameters vary. In the left
panel, 8 =0.20 is fixed and a varies, whereas in the right
panel, @ = 0.30 is fixed and f varies. The blue and purple
curves each have one positive root, the red curve corres-
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Fig. 1.

(color online) The metric function f(r) for several choices of a and f with M = 1. In the left panel, g =0.20 is fixed and « is

varied. In the right panel, @ = 0.30 is fixed and £ is varied. The blue and purple curves correspond to cases with one positive root. The

red curve denotes the extremal case with two positive roots and one degenerate horizon. The green curve shows the case with three dis-

tinct positive roots.

ponds to the extremal case with a degenerate horizon, and
the green curve has three distinct positive roots. This be-
havior can also be understood from the parameter-space
structure shown in Fig. 2. The beige shaded region in the
(B, @) plane corresponds to the parameter range in which
the metric function admits three distinct positive roots,
whereas outside this region it has only one positive root.
The two red boundary curves represent extremal config-
urations, for which two roots merge into a degenerate ho-
rizon r,. To determine these extremal boundaries, one im-
poses the double-root conditions. The extremal boundary
is therefore determined by

Three-root region

st — Extremal boundary

o Cusp point

01

000 0.05 010 oIS 0.20 025 0.30 035

B
Fig. 2.  (color online) Parameter-space structure in the (3,«)
plane for the hairy black hole with M = 1. The shaded region
indicates the parameter range with three distinct positive roots.
The red curves represent the extremal boundaries, where two
positive roots merge into a degenerate horizon. Outside the
shaded region, the metric function has a single positive root.

&0 =0, () =0,
For the present metric, one has

f/(,):% {2r—a<1+21n£)},

so that the extremal conditions become
r2—2Mr,+aM (l +lng> =0,
B
and
e
2r,—«a (l +21n—) =0.
B

After introducing the dimensionless quantities,

B

p=2

.«
a=—,
M

the extremal boundary can be parameterized as

a=27(l1-7), B=F.exp

The two branches meet at the cusp point

Eo=(3)
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III. AXTAL PERTURBATIONS OF THE GRAVIT-
ATIONAL FIELD FOR THE HAIRY BLACK
HOLE

We now consider odd-parity gravitational perturba-
tions of the hairy black-hole background. The effective
matter sector supporting this background may be repres-
ented as an anisotropic fluid

Tuv:diag(p7_pr’_ph_pt)' (19)

In a complete perturbative treatment of an anisotropic-
fluid background, the odd-parity sector may, in general,
contain axial matter perturbations, such as axial velocity
perturbations or odd-parity anisotropic-stress perturba-
tions. For instance, the odd-parity perturbation sector of
electrically charged Kalb—Ramond black holes is charac-
terized by a coupled gravitational-electromagnetic sys-
tem [82]. For the hairy geometry considered here,
however, the additional source is an effective anisotropic
sector introduced through gravitational decoupling. No
independent microscopic action or equation of state is
specified for this source. Therefore, a full coupled treat-
ment of metric and matter perturbations would require
additional assumptions regarding the dynamics of the ef-
fective matter sector.

In the present work, we adopt a fixed-source axial
perturbation scheme. In this scheme, the odd-parity resp-
onse of the effective matter sector is neglected, and we set

ST =0. (20)

The resulting perturbation equation should therefore be
understood as the axial equation for the fixed hairy back-
ground, rather than as the most general axial perturbation
equation of the full metric-matter system. This fixed-
source assumption is central to the scope of the present
results; it does not demonstrate that the effective matter
sector is dynamically inert. Our calculation tests the re-
duced odd-parity metric operator on the prescribed back-
ground. It does not establish the stability of a microscop-
ic completion of ®,,, nor does it cover polar perturba-
tions, for which density, pressure, and anisotropic-stress
perturbations may enter explicitly.

Having specified the scope of the fixed-source ap-
proximation, we now turn to the axial perturbation equa-
tions. The linearized field equations are

6G,y = 81T Y. (1)

Under the fixed-source assumption above, they reduce to

G =0. (22)

In the Regge—Wheeler gauge, the odd-parity metric per-
turbation is written as

0 0 0 hy(t,r)
0 0 0 htr ,
hodd = sinf9d,P,(cos0),
v 0 0 0 0 o P ( ).
ho(t,r) hi(t,r) O 0
(23)

where P/(cosf) is the Legendre polynomial. The func-
tions ho(¢,r) and hy(z,r) describe the odd-parity perturba-
tion. We assume the harmonic time dependence

ho(t, ) = ho(r)e !, h(t,r) =hi(r)e?™.  (24)

Substituting Eq. (23) into the linearized field equations,

the nontrivial axial equations reduce to two coupled radi-
al equations

hi(r) [P’ = (€= 1)(€+2)e"”] —ir why(r) + 2irwhy(r) = 0,
(25)

and

2iwhy(r) ~0 26)

e +2h1(r)| +

ev(r)

Here, a prime denotes differentiation with respect to r.
To derive the master equation, we introduce the tor-
toise coordinate

=e™", 27)
and define the master variable by

hi(r) = re "W). (28)

We then combine Egs. (25) and (26) to eliminate ho(r)
and hi(r). As a result, the axial perturbations are de-
scribed by a single master variable Y. Therefore, the axi-
al perturbation equation can be written as

PW(r) ()
or? or?

—Vu(N¥(t,r) =0, (29)

where the axial effective potential is defined as

V(1) = & @-%ﬂ%@%m(é))} (30)
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When « =0, the above potential reduces to the standard
Regge—Wheeler potential of the Schwarzschild black hole

2

With the axial master equation and the corresponding ef-
fective potential established, one can proceed to study the
QNM spectrum and the time-domain evolution of the per-
turbation field. These results are presented in the follow-
ing sections.

IV. QNMS OF THE HAIRY BLACK HOLE

In this section, we study the QNM spectrum of the
hairy black hole spacetime. We compute the QNM fre-
quencies and analyze the corresponding quasinormal
ringdown signals. The results are obtained using the
pseudospectral method, the WKB method, and Prony ex-
traction from the time-domain evolution. We then com-
pare these results and discuss their dependence on the
parameter a. This analysis helps reveal how changes in
the spacetime geometry affect the oscillation and damp-
ing properties of the axial gravitational perturbations.

The pseudospectral method [83—85] is a powerful
tool for solving the perturbation equation and extracting
quasinormal frequencies. The main idea is to discretize
the master equation on a set of Chebyshev collocation
points and transform the differential equation into a mat-
rix eigenvalue problem. The QNM frequencies are then
obtained from the resulting eigenvalues.

For the present hairy black hole, we implement the
pseudospectral approach using a compactified hyperbol-
oidal Chebyshev collocation scheme. With the time de-
pendence W(z,r) = e “y(r), the standard QNM boundary
conditions are

Yy ~e™", ror, Y ~e™r, rooo,  (32)
corresponding to a purely ingoing wave at the event hori-
zon and a purely outgoing wave at infinity, respectively.
In the present hyperboloidal formulation, the ingoing and
outgoing asymptotic behaviors are incorporated into the
transformed radial operator; therefore, no separate end-
point boundary conditions are imposed.

The exterior region r € [r,,00) is compactified by in-

troducing the dimensionless radial coordinate

_ I'p

o=-" oe[0,1], (33)

where o =1 corresponds to the event horizon and o =0
denotes the asymptotic boundary r — oo. Here, r;, is the
largest positive root of f(r,) =0. For numerical conveni-

ence, we introduce ¢, (r) =0+ 1)+2[f(r)—11-rf"(r),
which is related to the axial effective potential. The auxil-
iary functions used in the numerical code are

_ 2"
p)y=or (2), (34)
y(a):_HMf(Lh), (35)
ry o
W(O_)zl—yi((r)z. (36)
p(o)

In particular, y — —1 at the event horizon and y — +1 at
infinity, thereby encoding the appropriate ingoing and
outgoing characteristic behavior. The resulting equation
for the regularized radial function ¢(o-) can be written as

Co" +E¢ + Wo—iw (A +Bop)+w’*p=0, (37)

where ® = r,w and

C=

Pope
w

A= p=Y  a-_Ix_ 3y
w w

The compactified equation is discretized at the interior
Chebyshev—Gauss collocation points

1 Qj_””ﬂ -
0'1—2{1 cos< N s j=12,...,N. (39)

These points lie strictly within the interval (0, 1), thereby
avoiding direct numerical evaluation at the horizon and at
infinity. The derivatives are represented by spectral dif-
ferentiation matrices

¢ — D(1)¢, ¢ — D(2)¢, D?® = pWHpo. (40)
The radial equation is then reduced to a quadratic matrix

eigenvalue problem

(L —i0L, + &) ¢ =0, 41)

which is linearized and solved numerically for @. The
physical frequency is then recovered from w = @/r,.

To remove resolution-dependent numerical modes,
the spectra obtained at two nearby resolutions are com-
pared. An eigenvalue & € Ay, is retained as a stable can-
didate when

min |® - | < (1 +|a)), 42)
ﬁeANl
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where € denotes a prescribed relative tolerance. In prac-
tice, this convergence test is performed using nearby
spectral resolutions, typically in the range N ~ 60—70.

Moreover, the QNM frequencies are also computed
using the higher-order WKB method. This method is ap-
plicable when the effective potential forms a single barri-
er with two turning points. Its basic idea is to match the
asymptotic WKB solutions to the local Taylor expansion
of the wave function near the maximum of the effective
potential. In this way, the quasinormal frequency can be
expressed in terms of the value of the potential and its de-
rivatives at the peak. Following the standard higher-order
WKB approach, the frequency is determined from [22,
86, 87]

w* = Vo +As(K?) + Au(K?) + Ag(K?) + - --

—iK \/=2V, [1+A5(K*) + As(K*) + A7(K*) + -],
(43)

where

1
K=n+s.  n=012.., (44)

Vo is the value of the effective potential at its maximum,
and V, denotes the second derivative of the potential with
respect to the tortoise coordinate at the same point. The
correction terms A; depend on higher derivatives of the
potential at the peak. To improve the accuracy of the cal-
culation, Padé approximants are further employed in the
WKB expansion.

To obtain the time-domain profiles, we use double-
null coordinates

u=t—r,, V="t+7,. (45)

Under these conditions, the perturbation equation takes
the form

o*Y
4m + Vax(r)‘P =0. (46)

A standard discretization scheme on the null grid is giv-
en by [88]

A2
Yy =Yw+¥Yr-¥s - §VS (Py +¥g) +O(AY), 47

where N, W, E, and S denote the usual north, west, east,
and south points of the null grid.

The QNM frequencies can also be extracted from the
time-domain waveform using the Prony method. In this
method, the waveform is fitted by a finite sum of damped
exponentials [5, 7]

P
W)=Y Ce ™, (48)

k=1

where C; are fitting coefficients and w; are the complex
frequencies to be extracted. This method is useful for ex-
tracting the quasinormal modes directly from the numer-
ical waveform and for checking the consistency of the
results obtained from different approaches.

Table 1 lists the fundamental QNM frequencies ob-
tained from the pseudospectral method, the WKB approx-
imation, and the Prony method for different values of a,
with M =1, £=2, and 8=0.2. As a benchmark, we also
include the Schwarzschild limit, @ = 0, in Table 1. In this
limit, the parameter  drops out, and the axial effective
potential reduces to the standard Regge—Wheeler poten-
tial. For M=1, ¢=2, and n=0, the QNM frequency
of the Schwarzschild black hole is w =0.3736716844—

Table 1. Fundamental QNM frequencies for different values of @ with M =1, =2, and g =0.2.

a

@ (Pseudospectral)

© (WKB)

 (Prony)

0.0 0.373672—-0.0889623 1
0.1 0.400464 —0.09227841i
0.2 0.436263 —0.0957293 i
0.3 0.489404 —0.0984235i
0.34 0.520374 - 0.09833341
0.355 0.534554-0.0977710i
0.357164 0.536753 - 0.09764941
0.365 0.545084 —0.0970954 i
0.38 0.562929 -0.09533011
0.395 0.583944 -0.091793i
0.404 0.598674 —0.08767691

0.373619-0.08889101
0.400516 —0.0922427 i
0.436360 —0.0957928i
0.489442 —0.0986107 i
0.520299 - 0.09852151
0.534425-0.0979225i
0.536617-0.0977923 i
0.544925 -0.0971991 i
0.562759-0.09531651
0.583915-0.0916647i
0.598652—0.0877838i

0.373822-0.0887893 i
0.400684 —0.09215761i
0.436604 —0.0956848 i
0.489779-0.0983139i
0.520596 - 0.09817271i
0.534711-0.0976157i
0.536898 —0.0974844 i
0.545425-0.0970263 i
0.563015-0.0950163 i
0.584504 —0.09137581
0.599320-0.0875141i
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0.0889623157i [6]. Our results show good agreement
with this reference value and thus provide a useful con-
sistency check for the three numerical implementations.
As a increases, the real part of the frequency increases
monotonically, indicating a higher oscillation frequency.
By contrast, the magnitude of the imaginary part exhibits
non-monotonic behavior as a increases. It first grows
slightly at small values of a and then decreases in the
large-a region. This indicates that the damping rate is ini-
tially enhanced, but becomes weaker when a is suffi-
ciently large. It is worth noting that the standard WKB
approximation is constructed from a local expansion
around a single maximum of the effective potential.
Therefore, we apply the WKB method only to the single-
barrier configurations listed in Table 1 and do not use it
in the double-peak regime.

Figure 3 shows the effective potential and the time-
domain evolution for three values of a. In the left panel,
the peak of the effective potential becomes higher as a in-
creases. At the same time, the peak moves to smaller r.,.
The potential barrier is therefore stronger for larger a,
which means that the wave experiences stronger trapping
near the peak region. The right panel shows the semilog-
arithmic time-domain profiles. The three curves exhibit
similar overall behavior. They all show a clear damped-
oscillation stage. The oscillation frequency increases with
a, which agrees with the larger real part of the quasinor-
mal frequency. The decay rate also changes with a, but
the trend is not monotonic over the entire parameter
range. In particular, the signal for @ = 0.404 decays more
slowly than that for @ = 0.1, while the @ = 0.355 case lies
in between. This is consistent with the quasinormal fre-
quencies, for which the magnitude of the imaginary part
first increases slightly and then decreases in the large-a

point of [Imw| appears before the lower boundary of this
region. The damping rate starts to decrease slightly be-
fore the lower boundary of the three-root region, and this
decrease becomes more pronounced as o approaches and
enters that region. This suggests that the change in the ho-
rizon structure in the large-o regime may be associated
with the weakening of the damping, although it is not the
sole origin of the effect.

Notably, for 8=0.2, when a exceeds the upper
boundary value a ~ 0.404045, the effective potential de-
velops a double-peak structure. This structure is a neces-
sary condition for the appearance of echo-like signals, as
it creates a cavity between the two barriers and permits
repeated partial reflections of the wave. Therefore, the re-
gion above this boundary provides a natural parameter
window in which one may search for gravitational-wave
echoes.

V. ECHOES OF THE HAIRY BLACK HOLE
SPACETIME

Motivated by the discussion above, we now turn to
the echo properties of the hairy black hole spacetime. Our
main focus is the parameter region in which the axial ef-
fective potential develops a double-peak structure. After a
systematic numerical scan, we find that such a structure
indeed appears in part of the upper one-root branch above
the three-root region. For each pair (a,8), we first determ-
ine the event horizon r, and then examine the axial ef-
fective potential V(r,) in the exterior region. A configur-
ation is classified as belonging to the double-peak region
if three distinct extrema r,; < r.,, < r.g exist and satisfy

region. The non-monotonic behavior of the damping rate Vi = AV = AV =0, (49)
may be qualitatively related to changes in the horizon dro ., drof,, dr |,
structure. For B8 = 0.2, the three-root region is bounded by
a~0.357164 and «~0.404045. However, the turning  with
0.5 ‘
— a=01
0.4r — a=0.355 |
— a=0.404
03} 15
= =
> =}
0.2- 12
0.1 1
0.0 L N -12 L L L L L L
-40 =20 0 20 40 50 100 150 200 250 300 350
T t
Fig. 3. (color online) Effective potential V(r,) (left panel) and semilogarithmic time-domain profiles (right panel) for axial gravita-

tional perturbations with M =1, £ =2, and 8 = 0.2. The three curves correspond to & = 0.1, 0.355, and 0.404.
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>V

2
dr?

d*V, 50 d?V,
dr? ’ dr?

Txm

<0,

[

<0. (50)

TR

Thus, r,, and r.g correspond to the two potential barriers,
while r,, denotes the local minimum between them,
thereby forming an effective trapping cavity. We there-
fore analyze the time-domain signal in this sector and ex-
amine how the delay, amplitude, and repetition pattern of
the late-time pulses depend on the shape of this effective
cavity. In the discussion below, we refer to this domain as

the echo-supporting branch of the solution.

Figure 4 shows the case of fixed 8=0.25 with in-
creasing a. From the upper panel to the lower panel, « in-
creases from 0.45 to 0.46. As a increases, the left peak of
the effective potential becomes higher and shifts to larger
r.. Meanwhile, the distance between the two peaks de-
creases, and the cavity between the two barriers becomes
narrower. The height of the right peak also decreases pro-
gressively. This trend is directly reflected in the time-do-
main profiles. For a =0.45, the late-time waveform ex-

15 08 Of 7
0.6 1L b
04
- 107 02 E ~2f b
~ = [ ]
> 0% T T30 —20 <10 0 10 20 g -3
5r —4f ]
-5F ]
O J h SR e e i o S L L L L I I
-50 -40 -30 -20 -10 0 10 20 0 100 200 300 400 500
. t
20 0.8 OF 3
0.6 1L ]
15 04
—2f ]
~ 0.2 §
S 10F 2 _al ]
> R S TR 0 20] & 3
—4f ]
5 [
-5 ]
O 1 1 1 1 1 1 1
-20 -10 0 10 20 0 100 200 300 400 500
s t
2 0.8 OF 3
20f o0 -1f ]
04
_2f ]
15 02 =
S 0.0 2-3 ]
> S0 -0 0 10 201 8
10+ e!
—4Ff ]
5t -5fF ]
0 n -6L, | | | | ]
-20 -10 0 10 20 0 100 200 300 400 500
. t
Fig. 4. (color online) Effective potential as a function of the tortoise coordinate r, (left panel) and the corresponding time-domain

waveform as a function of time 7 (right panel). The parameters are fixed at M =1, £=2, and §=0.25. From top to bottom, the three

cases correspond to @ = 0.45, 0.455, and 0.46, respectively.
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hibits a relatively clear echo signal, and the interval
between neighboring pulses is easy to identify. For
a =0.455, the delay becomes shorter, and the overlap
between successive echoes becomes stronger. For
a = 0.46, the signal becomes more compact, and the late-
time waveform more closely resembles a strongly modu-
lated long-lived ringing. Thus, in Fig. 4, increasing « re-
duces the peak value on the right side of the effective po-
tential and causes it to gradually disappear, thereby res-
ulting in the gradual weakening of the echo signal.

Figure 5 corresponds to the case of fixed @ = 0.45 and
varying f. From top to bottom, f increases from 0.241 to
0.249. In this case, the inner peak moves to smaller r, and
its height decreases, while the outer peak remains at a
similar level. As a result, the cavity becomes wider, pro-
ducing a clear change in the time-domain signal. For
B =0.241, the waveform is dominated by a long-lived os-
cillatory signal with only weak large-scale modulation.
For 8=0.245, a greater number of faint echo signals can
be observed. For 8=0.249, the echo pattern becomes
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35F
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> 0% 0 o o 0 20 2
10+ 1=
—4f ]
50 : ]
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0.6
-1F ]
04
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5 [
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Fig. 5. (color online) Effective potential as a function of the tortoise coordinate r, (left panel), and the corresponding time-domain

waveform as a function of time # (right panel). The parameters are fixed at M =1, £ =2, and @ = 0.45. From top to bottom, the three

curves correspond to 8 = 0.241, 0.245, and 0.249, respectively.
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much clearer, and the spacing between successive pulses
becomes larger. Furthermore, it should be noted that the
trends of the effective potential and the echo signal are
opposite to those shown in Fig. 4.

In Fig. 6, we fix 8=0.296 and vary a. From top to
bottom, a increases from 0.493 to 0.496. The left peak
grows rapidly and shifts toward larger r,. Meanwhile, the
distance between the two peaks decreases. The potential
cavity is still present, but it becomes shorter and more
strongly confined. This change is again visible in the

time-domain waveforms. For a = 0.493, the signal shows
well-separated late-time pulses. For a = 0.494, the pulses
become closer, and the modulation becomes denser. For
a = 0.496, the echo interval becomes even shorter, and
the late-time signal approaches a quasi-periodic trapped
oscillation. Importantly, the behavior of the echoes in
Fig. 6 is qualitatively similar to that in Fig. 4, while the
corresponding effective potentials exhibit different trends.

Figure 7 presents the case of fixed @ =0.493 and
varying . From top to bottom, S changes from 0.294 to

OF a]
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_2t J
0.3 1
~ g
< R 1
= 02} 18
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0.3 1 ]
— 3
< 3 73 ]
> [ 1 ©
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—-6F ]
0.0 : : : : : : ‘ ‘ ‘
-80 -60 -40 -20 0 20 40 0 200 400 600 800 100
Ty t
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s E
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Fig. 6. (color online) Effective potential as a function of the tortoise coordinate r, (left panel) and the corresponding time-domain

waveform (right panel). The parameters are fixed at M =1, £=2, and §=0.296. From top to bottom, the three cases correspond to

a =0.493 (top), 0.494 (middle), and 0.496 (bottom), respectively.
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(color online) Effective potential as a function of the tortoise coordinate r, (left panel) and the corresponding time-domain

waveform (right panel). The parameters are fixed at M =1, £{=2, and @ =0.493. From top to bottom, the three cases correspond to

B =0.294, 0.295, and 0.2963, respectively.

0.2963. A clear rearrangement of the double-peak poten-
tial can be seen in the left panels. As f increases, the left
barrier decreases, while the right barrier increases. At the
same time, the distance between the two peaks increases.
Therefore, the effective cavity broadens. The time-do-
main signals show a similar trend. For g = 0.294, the late-
time waveform is still dominated by a relatively compact
modulated oscillation. For B8=0.295, the secondary
pulses become easier to distinguish. For g =0.2963, the
echo train is much more clearly resolved, and the delay

between neighboring echoes is significantly larger. This
figure therefore shows that, in the present case, an in-
crease in the cavity width is accompanied by a more pro-
nounced echo structure and a longer echo timescale.

The above results clearly show that the effective po-
tential structure in the region above the shaded area and
near the cusp point in Fig. 2 is qualitatively different from
that in the region farther from the cusp point. However, in
both the fixed-a and fixed-f cases, the echo behavior fol-
lows a similar pattern. This finding is important because
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it suggests that echo behavior is a robust feature of the
hairy black hole spacetime in the double-peak regime and
does not rely on a unique form of the effective potential.
To further understand the delayed structures shown in
the time-domain profiles, we estimate the characteristic
propagation time associated with the cavity formed by the
two maxima of the double-peak effective potential. The
double-peak structure of the axial effective potential
provides a natural geometric timescale for the delayed re-
sponse of the waveform. When V,,(r) has two local max-
ima, denoted by r. and rx with r. <rg, the region
between them acts as an effective trapping cavity. A
wave packet can be partially reflected back and forth in-
side this cavity before leaking out through the outer barri-
er, as in other effective-cavity descriptions of echo-like
signals [89, 90]. The relevant distance is not the coordin-
ate distance in r, but the distance measured in the tortoise
coordinate. The tortoise distance between the two poten-

tial barriers is
R
/ e Odr
.

Therefore, the round-trip propagation time inside the cav-
ity can be estimated as
R
/ e"dr
L

This quantity gives the characteristic timescale associ-
ated with the double-peak potential and repeated propaga-
tion within the effective cavity. This geometric estimate
is expected to characterize the time delay between suc-
cessive echoes when the two potential barriers are suffi-
ciently well separated [78, 91]. However, when the barri-
er spacing is small, the delayed wave packets may over-
lap significantly, making it difficult to define a clear in-
terval between pulses; in such cases, the geometric ap-
proximation (52) becomes less accurate [78].

. (51)

Ar, =|r*(rR)_r*(rL)|:

ALY ~2Ar, =2

echo

. (52)

VI. TRAPPING, LIGHT RINGS, AND STABILITY

The double-peak axial potential has a corresponding
null-geodesic structure in the eikonal limit. For a metric
of the form ds* = f(r)d® - f(r)~'dr* — r*dQ?, equatorial
null geodesics are governed, up to conserved energy and
angular momentum factors, by

f(—zr). (53)

Una(r) = p

Circular null orbits, or light rings, are extrema of U,y
and therefore satisfy

rf'(r)=2f(r)=0. (54

For the present logarithmic metric, this equation becomes

o M _aM {3+4ln(£)} = 0. (55)

r 72

A circular null orbit is radially stable when U/, (r) >0
and unstable when U/, (r) < 0. Moreover, the axial poten-
tial satisfies

Vax(r) = £€+ D Unun(r) + O(£°), t— oo, (56)
so that, in the eikonal limit, two potential maxima separ-
ated by a minimum correspond to two unstable light rings
separated by a stable one. At finite multipole number, and
in particular for ¢ = 2, the extrema of V,, are shifted relat-
ive to the null-geodesic radii by the subleading terms in
Eq. (30).

A direct numerical check shows that all representat-
ive echo configurations displayed in Figs. 4—7 exhibit this
exterior unstable—stable—unstable light-ring sequence. For
example, for M =1, @ =045, and B =0.25, the event ho-
rizon is located at r;, ~ 0.21822, while Eq. (55) yields

rk = 0.26217 (unstable), 1} = 0.67358 (stable),
rin = 143108 (unstable). (57)

For the corresponding ¢ = 2 axial potential, the two max-
ima and the intervening minimum occur at r ~0.27517,
0.67454, and 1.51829, respectively. The stable light ring
is therefore closely associated with the trapping structure
in this model: in the eikonal limit, it provides the null-
geodesic counterpart of the trapping region and suggests
the possibility of long-lived, quasi-bound cavity excita-
tions. This interpretation is consistent with the photon-
sphere and echo-family classification developed for a dif-
ferent double-peak hairy-black-hole system in Ref. [81].
The presence of a stable light ring or a potential well
is, however, not in itself proof of either linear or nonlin-
ear instability [92, 93]. With our convention e, a lin-
early growing mode would satisfy Im(w) > 0. The single-
barrier modes reported in Table 1 have Im(w) < 0, and the
double-barrier time evolutions shown above exhibit leak-
age and decay over the simulated interval. These observa-
tions provide no evidence for a rapidly growing axial
mode, but they do not constitute a proof of global stabil-
ity. In particular, we have not computed the complete
QNM spectrum or the eigenfunction localization in the
double-peak branch; thus, a very weakly growing mode, a
mode whose excitation depends strongly on the initial
data or observation window, or a nonlinear secular effect
cannot be excluded on the basis of the present finite-time
calculation. A definitive stability analysis would require a
full frequency-domain search for all double-barrier
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modes, together with perturbations of the effective
source, the polar sector, and ultimately the nonlinear
backreaction. We therefore make the limited claim that
the geometry supports axial trapping and echo-like sig-
nals, without claiming complete linear or nonlinear stabil-
ity of the underlying hairy solution.

VII. CONCLUSION

In this work, we studied axial gravitational perturba-
tions of a hairy black hole generated within the gravita-
tional-decoupling framework. We reviewed the back-
ground geometry, its horizon structure, and the role of the
hair parameters a and . We then derived the odd-parity
master equation and obtained the corresponding effective
potential for axial gravitational perturbations.

In the single-barrier regime, we computed the funda-
mental quasinormal frequencies using three complement-
ary methods: the pseudospectral approach, the higher-or-
der WKB approximation, and Prony extraction from the
time-domain signal. The results are in good overall agree-
ment and show that the real part of the frequency in-
creases with the hair parameter, while the damping rate
exhibits a nonmonotonic dependence on a.

Our main result is that, within a suitable region of
parameter space, the axial effective potential develops a
double-peak structure. This structure creates a trapping
cavity and gives rise to echo-like late-time signals in the
time-domain waveform. In this picture, the delayed
pulses are not produced by an ad hoc reflecting surface
near the horizon, but arise dynamically from the geo-
metry of the effective potential itself. The echo timescale
and the degree of pulse separation are controlled by the
relative height and separation of the two barriers.

Overall, the present analysis shows that gravitational
decoupling can produce hairy black hole backgrounds

whose axial sector displays both modified quasinormal
ringing and echo-like late-time behavior. The null-
geodesic analysis further shows that the representative
double-peak configurations contain a stable light ring
between two unstable light rings. In the eikonal limit, this
structure provides the geometric counterpart of the axial
trapping cavity and can support long-lived cavity excita-
tions. Nevertheless, the present study is linear, restricted
to the fixed-source axial sector, and does not determine
the complete double-barrier spectrum, the polar or
coupled matter perturbations, or the nonlinear backreac-
tion. The decaying waveforms found here therefore
demonstrate an echo-supporting axial cavity, but they
should not be interpreted as proof of complete stability.
Extending the analysis to the full mode-family structure,
coupled perturbations, and nonlinear evolution is an im-
portant direction for future work.
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