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Abstract: The nature of the recently observed K(1690) state, reported by the COMPASS Collaboration as a candid-
ate strange crypto-exotic meson with J” = 0~, remains unclear. In this work, we investigate whether it can be de-

scribed by local meson-meson currents within the framework of QCD sum rules. We construct a set of independent

local color-singlet meson-meson interpolating currents with J” = 0~ and analyze their QCD sum rules. For the cur-

rents that admit reliable Borel windows, the extracted effective mass scales are consistently in the range of

2.0-2.3 GeV, significantly above the experimental mass of the K(1690). Within the standard pole-plus-continuum

framework, none of the selected local currents yields a separately resolved low-lying pole compatible with the COM-

PASS signal. These results indicate that the selected local color-singlet meson-meson currents do not isolate the

K(1690) signal within the present framework, while leaving open the possibility of more extended molecular dynam-

ics and other configurations beyond the present analysis.
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I. INTRODUCTION

Hadron spectroscopy provides a fundamental probe of
the nonperturbative regime of quantum chromodynamics
(QCD) [1]. While the conventional quark model success-
fully describes most mesons as quark—antiquark (gg)
states [2, 3], a growing number of experimental observa-
tions indicate the existence of exotic hadrons that cannot
be accommodated within this simple picture [4—8]. These
include compact multiquark configurations, hadronic mo-
lecules, and structures induced by kinematical effects [9].
Understanding the internal structure of such states has be-
come a central issue in hadron physics.

Recently, the COMPASS Collaboration reported a
high-statistics partial-wave analysis of the reaction
K p — K n~n*p, in which a resonance structure around
1.7 GeV was observed in the J® =0~ channel and de-
noted as K(1690) [10]. This signal appears as a supernu-
merary state in the strange-meson spectrum, where quark-
model calculations typically predict only two pseudoscal-
ar excitations in this mass region [2, 3]. The presence of
an additional state therefore points to a nonconventional
origin and makes the K(1690) a promising candidate for a
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strange crypto-exotic meson.

Several theoretical interpretations have been pro-
posed for the K(1690). In particular, compact multiquark
configurations have been explored, and QCD sum-rule
studies based on tetraquark currents have reported mass
predictions compatible with the experimental value [11].
On the other hand, the hadronic molecular scenario, in
which the state is interpreted as a loosely bound system
of two mesons, provides an alternative explanation [12,
13]. Such a picture has been remarkably successful in de-
scribing many exotic candidates in the heavy-quark sec-
tor [9]. However, its applicability to the light strange sec-
tor, where binding effects are expected to be weaker and
strong decay channels are abundant, remains highly non-
trivial.

From the perspective of exotic configurations, the
K(1690) may also be interpreted as a meson-meson mo-
lecular system. In such a scenario, a natural quark-level
configuration corresponds to a gG—gs structure with fla-
vor content udds. As a member of the K meson family,
the K(1690) is expected to carry isospin I =1/2, which
constrains the possible flavor configurations at the quark
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level. Although different quark rearrangements with the
same flavor content are in principle possible, the present
work focuses on meson-meson-type configurations cor-
responding to a gg—gs structure. At the hadron level,
these local currents may couple most directly to channels
such as pseudoscalar—scalar and vector—axial-vector com-
binations, schematically represented by Kfy/ag, 7K,
K*K,, and related strange light-meson thresholds with the
same quantum numbers. This provides a suitable basis for
constructing interpolating currents within the QCD sum-
rule framework. Nevertheless, it remains unclear whether
meson-meson interactions can dynamically generate a
low-lying bound state with J” =0~ at the mass scale of
the K(1690). This raises a central question: can meson-
meson interactions in the light strange sector generate a
bound state at such a low mass scale within a controlled
nonperturbative framework?

To the best of our knowledge, QCD sum-rule studies
focusing on local meson-meson currents in the K(1690)
channel with quark content udds and quantum numbers
JP =0~ remain relatively unexplored. In this work, we
perform a systematic investigation of selected local
meson-meson currents in the K(1690) channel within the
framework of QCD sum rules [14—16]. We construct five
independent local color-singlet meson-meson-type inter-
polating currents with quantum numbers J* = 0", cover-
ing the representative Dirac structures, including 0~ ®0*,
0*®07, 1"®1*, 1*®17, and one independent tensor con-
figuration. We construct the physical 7 =1/2 flavor com-
bination and perform targeted consistency checks of the
flavor projection and OPE truncation, while retaining the
original D < 8 setup for the central numerical analysis.

Our analysis reveals a systematic pattern: despite the
different Dirac structures and quantum configurations, the
selected independent meson-meson-type currents lead to
effective mass scales around 2 GeV or higher, signific-
antly exceeding the experimental mass of the K(1690).
Within the standard pole-plus-continuum treatment, no
separately resolved low-lying pole compatible with the
COMPASS signal is obtained from these local color-sing-
let currents. This indicates that the selected local currents
are not sufficient to isolate the K(1690) signal in the
present QCD sum-rule framework.

This paper is organized as follows. In Sec. II, we
present the construction of the interpolating currents and
the QCD sum-rule formalism. In Sec. 111, we perform the
numerical analysis and extract the corresponding Borel-
moment effective mass scales. In Sec. IV, we discuss the
implications of our results for the nature of the K(1690).
Finally, Sec. V contains our conclusions.

II. QCD SUM RULE FORMALISM

QCD sum rules (QCDSR) provide a well-established
nonperturbative framework that connects the underlying

dynamics of quantum chromodynamics (QCD) with had-
ronic observables. Following the pioneering work of Shi-
fman, Vainshtein, and Zakharov [14], the method is for-
mulated through the analysis of two-point correlation
functions constructed from interpolating currents that
carry the same quantum numbers and quark-gluon con-
tent as the hadronic states under study. By matching the
QCD representation to the phenomenological description
through dispersion relations and quark—hadron duality,
one obtains sum rules that allow the extraction of hadron-
ic properties. This approach has been widely and success-
fully applied to both conventional and exotic hadrons
[15—68]. In the present work, we apply the QCD sum rule
framework to the K(1690) system and construct selected
local color-singlet meson-meson currents to examine
whether they can generate a low-lying structure compat-
ible with the observed signal.

To investigate selected local meson-meson-type con-
figurations in the K(1690) channel with quantum num-
bers J” =0~, we construct the following independent col-
or-singlet interpolating currents with quark content udds:

Ja(0) = ildo(0)y5ua ()] [55(X)dp(0)], (D
T5(x) = ilda (O, (0)]1 [5,(X)ysdp(0)], 2
Je(x) = [da(X)ytta (O [55(x)y* s ()], )
In(x) = [du(xX)Y,y5ta(0)] [5,(X) Y dyp(X)], 4)
J1(x) = [da(X)T o (X)] [55 ()T ysdp (X)), )

where a and b denote color indices. Each bracket [---]
represents a color-singlet bilinear current corresponding
to a mesonlike substructure. Therefore, the interpolating
currents above can be interpreted as local realizations of
meson-meson configurations, such as 0-®0*, 0*®07,
I"®1", 1*® 17, and tensor-type combinations.

The labels such as 0-®0* and 1~ ®1* denote the Dir-
ac structures of the local quark bilinears and should not
be interpreted as assigning a current to one unique phys-
ical two-meson channel, such as a fixed 7K,(700) com-
ponent. A local four-quark current couples to all hadron-
ic states and scattering continua with the same global
quantum numbers. In particular, because the pion and ka-
on are pseudo-Goldstone bosons, the lowest two-body
continua in light channels cannot be treated as narrow
poles generated by the local current. Therefore, the Borel
moment extracted from the local correlator is not expec-
ted to reproduce the lightest two-meson threshold dir-
ectly; rather, it represents an effective scale determined
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by the spectral weight in the chosen QCD sum-rule win-
dow.

We have retained only one tensor current because the
two apparent tensor structures are not independent. Us-
ing the four-dimensional identity

Tw¥s = %Emﬁv“ﬁ : (©)
one finds that
[0t IS0 sy, (7
and
[d,0 0 Ys5ua (507" )] (3

are related by an overall convention-dependent sign after
relabeling the contracted Lorentz indices. They therefore
yield the same diagonal two-point correlation function
and should be counted only once.

The tensor current Jr should be regarded as a local
operator with total quantum numbers J” = 0-, rather than
as a unique product of two fixed physical mesons; it may
couple to a superposition of hadronic configurations car-
rying the same overall quantum numbers.

Since the physical K(1690) belongs to an isospin-1/2
strange-meson multiplet, the charged flavor component
written above should be combined into a state with defin-
ite total isospin. For a generic Dirac structure X, we de-
note

JX, = nx[dUxu][5Td], ©)

where ns=ng=i and nc=np=nr =1. Thus, only the
two currents containing a pseudoscalar bilinear, J, and
Jg, are written with the conventional phase factor i. The
operator JX, has the flavor structure of a 7*K° compon-
ent with /5 = 1/2, but it is not, by itself, an eigenstate of
total isospin. We therefore introduce the corresponding
n'K*-type component

_nx

JX = 7 ([l xul — [dTxd]) [5Tyul, (10)

and construct the 7 = 1/2, I; = 1/2 current as follows:

1 2
S =\ - 205, (a1

The corresponding correlation function is

1 2 V2
Hi(/z = gHng,m + gHi{O,Jro -3 (H§+,+0 + Hfo,m) ,  (12)

where the last two terms denote the off-diagonal crossed
contractions. We evaluate these contractions explicitly. In
the isospin limit, m, = m, = m, and (iiu) = (dd), the flavor
Wick contractions can be organized into a direct two-loop
topology, Dy, and a one-fermion-loop exchange topo-
logy, Ex. Including the fermionic Wick signs, one obtains

1
Hf0,+0 = Dx, Hg+,0+ =Dx—- EEX’
1
1_Ig+,+0 = Hf0,0+ = _ﬁEX' (13)

Substituting into Eq. (12) yields the fully projected cor-
relator.

1
H)l(/Z =Dx+§Ex, (14)

whereas the orthogonal I=3/2 combination gives
I}, = Dy — Ex. The vanishing of the I=1/2-1=3/2
mixed correlator provides an algebraic check of the fla-
vor coefficients and Wick signs. We have generated the
Wilson coefficients of Ex using the same light-quark
propagator, condensate definitions, and vacuum-satura-
tion prescription as in the diagonal OPE, including all
Borel-surviving terms up to dimension twelve. We use
the complete I = 1/2 projected correlator as an independ-
ent consistency check of the central analysis. In this pro-
jected rerun, we impose the isospin-symmetric light-
quark input m, = (m,+m,)/2 and obtain effective scales
of approximately 2.04, 1.99, 2.33, and 2.30 GeV for
Ja—Jp, respectively. These values are close to the origin-
al D <8 results and do not yield a low-lying solution
compatible with the K(1690). The central masses, Borel
windows, and curves quoted in Sec. III are nevertheless
retained as those of the initially submitted D < 8 numeric-
al analysis for direct comparison; the projected calcula-
tion is not used to redefine Table 1.

Table 1. The continuum thresholds, Borel parameters, and ef-
fective mass scales associated with the local meson—-meson

currents.
Current VS0 /GeV M} /GeV? MX|GeV
A 2.6+0.1 1.20-1.70 2.03+0.13
B 2.6+0.1 1.20-1.70 2.01+0.14
C 2.8+0.1 1.10-1.70 2.25+0.17
D 2.8+0.1 1.10-1.70 2.29+0.13
T
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It should be emphasized that these local currents do
not correspond to pure molecular states with spatial sep-
aration, but instead serve as effective operators that
couple to hadronic configurations with the same quantum
numbers. In addition, the present operator basis is restric-
ted to selected local color-singlet—color-singlet meson-
meson currents; color-octet—color-octet operators and
more general linear combinations lie beyond the scope of
this work. Therefore, the extracted results should be inter-
preted as constraints on the selected local color-singlet
meson-meson-type configurations, without addressing all
possible molecular or non-molecular structures. They
should be regarded as probes of meson-meson-type struc-
tures rather than strict bound-state wave functions.

Based on the above interpolating currents, we con-
struct the corresponding two-point correlation functions,

() =i / d*x 0| T[J(x) T (0)]|0) , (15)

which serve as the fundamental objects in the QCD sum
rule approach and encode the QCD dynamics of the had-
ronic system under consideration.

On the QCD side, the correlation function admits a
dispersion representation, which follows from its analyt-
ic properties in the complex ¢ plane. Within the frame-
work of the operator product expansion, it can be further
expressed as

o0 OPE
s
%5 (g?) = / dspy_;z) ’ (16)

‘min

where s.;, denotes the kinematic threshold, given by the
squared sum of the relevant quark masses, and p°%E(s) en-
codes the quark—gluon dynamics, including both perturb-
ative contributions and nonperturbative effects from QCD
vacuum condensates. In practical calculations, the dis-
persive spectral density is written as a sum of perturbat-
ive, quark-condensate, gluon-condensate, mixed-con-
densate, and higher-dimensional terms. In addition, the
coordinate-space OPE contains non-dispersive terms. For
the central effective-mass analysis below, the OPE is
truncated at dimension eight. To test this truncation expli-
citly, we also derive the terms generated at dimensions
nine through twelve using the same propagator and vacu-
um-saturation prescription. For the currents considered
here, the dimension-nine and dimension-ten extensions
are non-dispersive, whereas the generated dimension-el-
even and dimension-twelve terms reduce to local contact
terms and are annihilated by the Borel transform. Their
analytic expressions and numerical fractions relative to
the D < 8 Borel moment are reported as convergence dia-
gnostics, but they are not included in the quoted central
effective-mass analysis.

On the phenomenological side, the same correlation
function is described in terms of hadronic degrees of free-
dom, with the lowest-lying state explicitly separated from
the higher resonances and the continuum:

A2 ®
_ +/ ds p(s)z, (17)
—-q S0 —q

then 2y
@)=9n .

where the first term represents the pole contribution in the
adopted ansatz, whereas the second term accounts for
higher resonances and the continuum. Here, M denotes
the mass parameter associated with the pole term, 4 is the
pole residue describing the coupling strength of the inter-
polating current to this contribution, and s, is the con-
tinuum threshold separating the pole term from higher ex-
cited states and continuum contributions.

We emphasize that Eq. (17) is the standard narrow-
pole-plus-continuum parametrization used in QCD sum
rules. It does not assume that the entire physical spectral
density is a delta function; rather, only the lowest pole
term is approximated as a narrow contribution, while
higher resonances and continuum states are modeled
through quark—hadron duality above s,. For light multi-
quark channels and local color-singlet meson-meson cur-
rents, however, this parametrization has an important lim-
itation: the currents can couple strongly to two-hadron
continua, and a shallow or broad near-threshold structure
may not be resolved as an isolated pole. Therefore, the
quantity extracted from the ratio of Borel moments
should be interpreted, in the present context, as a Borel-
moment effective mass scale unless isolated pole domin-
ance is clearly established.

To relate the QCD representation to the phenomeno-
logical one, we invoke the quark—hadron duality hypo-
thesis, under which the continuum contribution is approx-
imated by the OPE spectral density above a threshold s,:

) OPE 12 o OPE
/ asP ) _ +/ a2 g
s—q> Mg o s—q-

Smin

where the second term on the right-hand side represents
contributions from higher resonances and the continuum,
which are approximated by the OPE spectral density
above the threshold s,.

With this approximation, the contributions from high-
er resonances and the continuum can be effectively re-
moved by subtracting the spectral integral above s,. One
then obtains

/12 50 pOPE(S)
g =/ ds= 7 (19)

Smin

To further suppress contributions from higher states
and improve the convergence of the operator product ex-
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pansion, a Borel transformation is applied to both sides of
the sum rule. Because the OPE also contains non-dispers-
ive terms, the continuum-subtracted Borel sum rule is
written as

50
e M = / dspC E(s)e™ ™5 + g(M3) , (20)

Smin

where Il collects the Borel-surviving, non-dispersive
condensate terms included in the adopted D < 8 mass sum
rule. The analytically derived D =9 and D = 10 non-dis-
persive terms are used only to estimate the magnitude of
the omitted higher-dimensional tail, whereas the gener-
ated D =11 and D = 12 terms are contact terms and there-
fore do not contribute after the Borel transform.
For convenience, we introduce the Borel moment

50
Lo(So,MIZ;)z/ dsp® (s)e™Ms +T1,e(M3) , (21)

Smin

which represents the continuum-subtracted, Borel-
weighted OPE moment below s, including the non-dis-
persive contribution.

To extract the effective mass scale, it is useful to con-
sider the derivative of the sum rule with respect to
—1/M%. This procedure enhances the contribution from
higher-energy regions and makes the mass dependence
explicit:

0 %0 > o1l
L , Mz — d OPE —s/M nd )
7 R ) R A A T y7 V7%
(22)
We therefore define
2 (9 2
Li(so,Mp) = mLo(So,MB) . (23)
B

Taking the ratio of the two sum rules eliminates the
unknown pole residue 4 and allows the Borel-moment ef-
fective mass to be determined within the adopted pole-
plus-continuum ansatz:

LI(SO’MZ)
M2i(s0,M3) = 5" 24
oir(S0, M) Lo(soM2) (24)

It is the ratio of the first and zeroth full Borel OPE
moments used in the D < 8 analysis, including both dis-
persive and non-dispersive contributions. In the purely
dispersive limit, it reduces to a Borel-weighted average
over the spectral distribution below s,. This quantity can
be identified with a hadron mass only when the corres-
ponding current is dominated by a sufficiently isolated

low-lying pole; in the present analysis, we refer to it as
the Borel-moment effective mass scale M.

Accordingly, the Borel-moment effective mass scale
can be written as

LI(S07MI2?)

Meg(so, M3) = Lo b2) "
S0, M3

(25)

III. NUMERICAL ANALYSIS

To ensure direct reproducibility of the originally sub-
mitted numerical analysis, the central mass values quoted
below retain the original input set, m, =2.3 MeV, m, =
64MeV, m,=95MeV, (gq)=-(0.23GeV)}, (5s)=
0.8(39),(q8,0 - Gq) = m3(gq),(5g,0 - Gs) = m}(3s),(gG*) =
0.88 GeV*, and m? = 0.8 GeV?, together with the paramet-
er variations used in the original uncertainty estimate. Be-
cause the referee correctly noted that the quark masses
and condensates in this original set are conventionally
quoted at different reference scales, we additionally per-
form a scale-consistency check using the standard quark-
mass scale conventions summarized in Ref. [69], in
which the light-quark masses are evolved to mu approx-
imately p~1GeV and all scale-dependent inputs are
evaluated at that common hadronic scale. The resulting
shifts in the effective mass scales are small compared
with the conservative uncertainties quoted in Table 1;
therefore, the original central values are retained for dir-
ect comparison, while the common-scale rerun is used as
a robustness check rather than as a redefinition of the nu-
merical analysis.

Furthermore, within the QCD sum rule framework,
two auxiliary parameters are introduced, namely the con-
tinuum threshold s, and the Borel parameter M%. Their
working regions are determined following the standard
procedures described in Refs. [14, 15, 19], which are
based on two well-established criteria.

The first criterion concerns the convergence of the
operator product expansion (OPE). In practice, the relat-
ive contribution of each higher-dimensional term is com-
pared with the total OPE, and an appropriate Borel win-
dow is chosen such that the truncated OPE remains un-
der control. It should be emphasized that higher-dimen-
sional condensates correspond to contributions with
lower powers of s in the spectral density. As a result,
OPE convergence is assessed by evaluating the relative
weight of the low-power terms in s and ensuring that their
contributions are sufficiently suppressed. Physically, this
requirement ensures that the nonperturbative contribu-
tions encoded in higher-dimensional condensates do not
dominate the sum rule, so that the truncated OPE re-
mains a reliable approximation.

The second criterion is related to the pole contribu-
tion (PC). For multiquark sum rules in the present analys-
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is, the pole contribution is required to be larger than 50%
of the total, ensuring that the pole term in the adopted an-
satz is sufficiently important. This condition is used to
suppress contamination from higher resonances and the
continuum, although it does not by itself prove that a nar-
row physical ground state has been isolated.

These two conditions can be expressed as

[<0] 2
ROFE = M <10%, (26)
Lo(s0, M3)
Lo(s0, M%)
pC _ ~0\°20,Mp
R = 7L0(00,M§) >50%, 27

where the superscript ¢, denotes the contribution to the
Borel-transformed sum rule from the term in the spectral
density p°PE(s) proportional to s°. This criterion is re-
tained to ensure continuity with the original D < 8 numer-
ical analysis. In addition, we explicitly inspect the con-
densate-by-condensate hierarchy over the full adopted
Borel windows and quote the sizes of the analytically de-
rived D =9—-12 terms relative to the D < 8 moment. This
provides an independent check that the omitted higher-di-
mensional tail remains numerically small.

To determine a suitable value of the continuum
threshold sy, we adopt a procedure similar to those used
in Refs. [20—22]. The goal is to identify a region in which
the extracted effective mass exhibits a controlled residual
dependence on the Borel parameter Mz. Within this
working window, the dependence of the mass on M3
should remain limited. This reflects the requirement that a
physically meaningful sum rule should not be dominated
by the auxiliary Borel parameter, thereby indicating a
proper balance between OPE convergence and pole dom-
inance. In practical calculations, +/s; is varied by +0.1
GeV to estimate its uncertainty, following Refs. [23, 24].

With the above preparation, the effective mass scales

1.0 : ‘ ‘
=~ (a) \s0=27GeV— — — — — |
08 - \s0 =26 Gev— |
0 \s0=25GeV- - - - - ]
& 06 ]
o3
o
0.4 .
o<
x R
1.0 1.2 14 1.6 1.8 2.0
Mg%(GeV?)
Fig. 1.

associated with the local meson-meson currents can be
evaluated numerically. For direct comparison with the
initially submitted analysis, we retain its D < 8 numerical
setup and quoted Borel intervals: 1.2—1.7 GeV? for J,
and Jp, 1.1-1.7 GeV? for Jc, and 1.1-1.7 GeV? for Jp.
The isospin-projected calculation and the D = 9—-12 terms
are used as additional consistency and truncation checks
and are not used to redefine these central numerical res-
ults. For the J, state, the ratios RY*® and REC are presen-
ted as functions of the Borel parameter M3 in Fig. 1(a)
for different values of /5o, i.e., 2.5, 2.6, and 2.7 GeV.
The dependence of M* on the Borel parameter M3 is dis-
played in Fig. 1(b). We note that the effective mass
curves in Figs. 1(b)—4(b) do not form perfectly flat plat-
eaus, but instead show a residual monotonic dependence
on Mz. We therefore interpret the extracted quantities as
effective mass scales rather than sharply resolved pole
masses. The residual Borel dependence of the extracted
effective mass remains controlled in the adopted working
region, reflecting a balance between OPE convergence
and pole dominance. The adopted Borel window is 1.20 <
M2 <1.70 GeV?, and the effective mass scale M* is

M* =(2.03+0.13) GeV. (28)

This indicates that the current J, yields an admissible
sum rule in the adopted working region. Over this win-
dow, the original curve has a maximum slope of approx-
imately 0.40 GeV/GeV?, and the endpoint drift is about
6.9%. This residual dependence is included in the conser-
vative uncertainty and is not interpreted as a perfectly flat
pole plateau.

For the Jp state, similar OPE-convergence and pole-
dominance behaviors can be observed in Fig. 2. An ad-
missible working region is obtained in the range
1.20 < M2 < 1.70 GeV* with /55 =2.6+0.1 GeV. The ex-

(b)

M~ (GeV)

\so=27GeV — — — — —
Vso-26Gev ——————
Nso=25GeV - .- -

P

1.0 1.2 1.4 1.6 1.8 2.0
Mg%(GeV?)

(color online) (a) The ratios RYPE and REC as functions of the Borel parameter A3 for different values of 4/s;. The blue curves

represent RQPE, the red curves represent REC, and the different line styles correspond to different values of 4/sy. The shaded band indic-
ates the Borel window adopted in the numerical analysis. (b) The effective mass M* as a function of the Borel parameter M3 for differ-

ent values of /so.
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10— - : . —
=~ (a) Vso=27GeVv— — — — — -
08b - /5026 GeV ——————
o \so=25GeV - - - -1
am 1
Z 06 1
o3
a
0.4 1
cm
m - -
0.2 1
0ol ‘ ‘ ‘ ‘ ‘
1.0 1.2 1.4 16 1.8 2.0
Mg%(GeV?)
Fig. 2.

(b)

\so=27GeV— — — — —
\so=26GeV —
\so=25GeV -~ - .-

1.0 1.2 14 1.6 1.8 2.0
Mg%(GeV?)

(color online) (a) The ratios RYPE and REC as functions of the Borel parameter M7 for different values of +/sy. The blue curves

represent RPE, whereas the red curves represent REC; different line styles correspond to different values of +/sy. The shaded band in-
dicates the Borel window adopted in the numerical analysis. (b) The effective mass M? as a function of the Borel parameter M2.

tracted effective mass is

M*® =(2.01+0.14) GeV. (29)

The current Jp leads to a similar working region. For
the original curve, the maximum slope is approximately
0.48 GeV/GeV?, and the endpoint drift is about 7.9%.
This residual dependence is treated as part of the numer-
ical uncertainty rather than as evidence of a perfectly flat
plateau.

For the J¢ state, the corresponding results are shown
in Fig. 3. Following the original numerical setup, we re-
tain the Borel window 1.10< M2 <1.70GeV* with
5o =2.8+£0.1 GeV. The extracted effective mass scale is

M€ = (2.25+0.17) GeV. (30)

For the J¢ curve over 1.1-1.7 GeV?, the maximum slope
is approximately 0.49 GeV/GeV?, and the endpoint drift
is about 7.9%. This residual dependence is included in

1.0 T

~Z (@)  Aso=296v- — — — - ]
08 i s0 =28 GeV— |
o \s0=27GeV. -~ —. - .. |
T o i
X 06 1
o3
a
oo 041 1
m o= -
0.2 1
00l . — : ‘ _
1.0 1.2 1.4 16 18 >0
Mg?(GeV?)
Fig. 3.

the conservative uncertainty quoted for this channel.

For the Jp state, as shown in Fig. 4, we likewise re-
tain the adopted working region 1.10 < M3 < 1.70 GeV?
with /s =2.8+0.1 GeV, yielding

MP =(2.29+0.13) GeV. 3D

For the original Jp curve, the maximum slope is ap-
proximately 0.44 GeV/GeV?, and the endpoint drift is
about 7.0%. The residual Borel dependence is likewise
included in the quoted conservative uncertainty.

The effective mass scales extracted from J. and Jp
are numerically close. We do not regard this as an inde-
pendent cross-check based on unrelated currents, be-
cause Jc and Jp are related as chiral-partner structures
and differ mainly through chirally odd contributions in
the OPE. The same caution applies to the near degener-
acy of J4 and Jp.

The uncertainties in the results arise predominantly
from imprecisions in the quark masses, vacuum condens-
ates, and the continuum threshold parameter +/sy. In

(b)

Yso=29Gev— — — — —
Vso-28Gev ————
Vso=27Gev- - - - .-

1.0 1.2 1.4 1.6 1.8 2.0
Mg%(GeV?)

(color online) (a) The ratios RPPE and REC as functions of the Borel parameter A3 for different values of /s;. The blue curves

represent ROPE, the red curves represent REC, and the different line styles correspond to different values of 4/sy. The shaded band indic-
ates the Borel window adopted in the numerical analysis. (b) The effective mass M as a function of the Borel parameter M3.
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1.0 T T - S,
- - (a) ﬁﬁ.s GeV— — — — — |
08 - ysp=28Gev————— -
o ﬁﬂ]se\,,,,,,,,,,,ﬁ
cQ 1
Z 06 1
o3
a
Oaq 04 1
x AT
0.2f ]
0.0 \\“““M ]
1.0 1.2 1.4 16 1.8 2.0
Mg%(GeV?)
Fig. 4.

\s0=29GeV — — — — —

\so=28GeV ——

\s0=27GeV -~ —. .-

1.0 1.2 14 16 18 20
Mg?(GeV?)

(color online) (a) The ratios RSPE and REC as functions of the Borel parameter M7 for different values of +/sy. The blue curves

represent ROPE, and the red curves represent REC; different line styles correspond to different values of +/s;. The shaded band indicates

the Borel window adopted in the numerical analysis. (b) The effective mass M” as a function of the Borel parameter M3.

practice, we vary these inputs within their quoted ranges
and combine the resulting shifts in quadrature. We also
monitor the residual dependence on the Borel window
and find that it remains smaller than the quoted total un-
certainty for the admissible currents. For ease of refer-
ence, the Borel parameters, continuum thresholds, and ef-
fective mass scales are tabulated in Table 1.

For the tensor interpolating current J;, no admissible
Borel window satisfying both the OPE convergence and
pole-dominance criteria is found for any reasonable
choices of M3 and +/so. More specifically, in the low-M3
region, where the pole contribution could be relatively
enhanced, the OPE convergence deteriorates rapidly be-
cause the higher-dimensional condensate terms become
numerically important. Increasing M2 improves the OPE
behavior, but the pole contribution then drops below the
required threshold, and the extracted effective mass no
longer exhibits controlled Borel behavior. This indicates

that the independent tensor current does not resolve a
low-lying pole within the present QCD sum rule frame-
work.

From the above results, a clear pattern emerges: all
currents that lead to admissible sum rules yield effective
mass scales significantly higher than the experimental
value, whereas the remaining tensor current does not pro-
duce a reliable working window.

As an additional diagnostic, Table 2 presents the di-
mension-by-dimension composition of the D <8 OPE at
representative points. This diagnostic does not replace the
original ROPE criterion or modify the Borel windows used
in the central mass analysis. The separately derived
D =9-12 terms address a different question: whether the
original truncation at D =38 is numerically reasonable.
Their analytic expressions are provided in Appendix A,
and their relative sizes with respect to the retained D < 8
moment are summarized in Table 3.

Table 2. Relative contributions of the retained condensate dimensions in the D < 8 OPE used in the central numerical analysis, evalu-
ated at representative points within the adopted Borel windows and defined as |L”/L<®| x 100%.

Current Vo M} D=0 D=3 D=4 D=5 D=6 D=7 D=8
A 2.6 1.45 50% 18% 59% 7% 9% 2% 5%
B 2.6 1.45 46% 5% 55% 3% 9% 1% 5%
C 2.8 1.40 109% 23% <0.1% 9% 9% 1% 5%
D 2.8 1.40 107% <0.1% <0.1% 2% 9% 1% 5%
Table 3. Diagnostic size of the analytically derived D = 9—12 terms over the full adopted D < 8 Borel windows. The entries repres-

ent the ranges of |L{” /L{"<Y

|x 100%. These terms are not included in the quoted central mass extraction.

Current D=9 D=10 D=11 D=12
A 0.026%—-0.071% 0.51%—-1.37% 0 0
B 0.014%-0.038% 0.43%-1.13% 0 0
C 0.31%—-1.61% 0.51%—-2.66% 0 0
D 0.11%-0.60% 0.43%-2.40% 0 0
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For Jc and Jp, the perturbative contribution can ex-
ceed 100% because condensate terms with opposite signs
partially cancel the perturbative contribution; this reflects
a cancellation effect rather than a normalization inconsist-
ency. Across the adopted windows, the D =8 contribu-
tion ranges approximately from 4.1%—8.0%, 3.9%—7.4%,
3.2%—-10.8%, and 3.1%—11.1% for J4—Jp, respectively.
Thus, for the corrected J- window of 1.1-1.7 GeV?, the
highest retained term remains at approximately the ten-
percent level. The central Borel windows and the origin-
al ROE and R*C curves are retained unchanged. The pur-
pose of the new higher-dimensional calculation is more
limited: it directly assesses the size of the first terms
omitted in the original D = 8 truncation.

The explicit D =9-12 calculation therefore serves
only as a diagnostic of the truncation. The first omitted
Borel-surviving terms are small compared with the D <8
moment, while the generated D =11 and D =12 contri-
butions vanish after the Borel transformation. This sup-
ports retaining the original D = 8 truncation in the central
effective-mass analysis without changing the numerical
setup used in the initially submitted manuscript.

With the current convention in Eqgs. (1)—(5), in which
only J, and Jp carry the phase factor 7, the extracted pole
residues satisfy 1% > 0 throughout all adopted Borel win-
dows. At the central Borel points, we obtain A2 = (3.55,
3.77,17.1,19.7)x 1075 GeV'° for J,, Jp, Jc, and Jp, re-
spectively.

To assess the sensitivity to the gluon-condensate in-
put, we repeated the extraction using (g2G?) = 0.47 GeV*
in addition to the central value 0.88 GeV*. The induced
shifts in the effective mass scales are at the level of
5-50 MeV, well below the quoted total uncertainties.
This indicates that the results are not sensitive to this in-
put within the present precision.

The individual sources of uncertainty are summar-
ized in Table 4. The total uncertainty for each current is
obtained by combining the individual contributions in
quadrature. The dominant contributions arise from the
continuum threshold +/s, and the residual Borel-window
dependence, while variations in the quark condensate,
gluon condensate, mixed condensate, and strange-quark
mass induce subleading shifts.

IV. DISCUSSION

In this work, we performed a QCD sum rule analysis
of the K(1690) channel using selected independent local
color-singlet meson-meson-type interpolating currents
with the same quantum numbers.

Our results exhibit a clear and consistent pattern. For
the currents J4, Jp, Jc, and Jp, the quoted central mass
analysis retains the original D <8 numerical setup. The
full isospin projection and the explicit D = 9—12 calcula-
tion are employed as additional consistency and trunca-
tion checks. However, all of these currents lead to effect-
ive mass scales in the range of approximately
2.0-2.3 GeV, which is significantly higher than the exper-
imental mass of the K(1690). By contrast, for the tensor
current Jr, the OPE convergence deteriorates rapidly, and
no reliable Borel window can be identified, preventing
the extraction of a meaningful mass scale.

This systematic behavior indicates that the selected
local meson-meson interpolating currents do not isolate
the observed mass of the K(1690) in the present single-
current analysis. The near degeneracy between the pairs
Ju/Jp and J¢/Jp should not be interpreted as independ-
ent confirmation from unrelated currents, since these
pairs are connected by chiral transformations and differ
mainly in chirally odd OPE contributions. A useful com-
parison is provided by the compact tetraquark sum rule
analysis of Ref. [11], which reported a mass compatible
with the observed signal using diquark—antidiquark cur-
rents. The contrast between that result and the present one
indicates that different current choices may probe differ-
ent dominant couplings, even though they share the same
overall flavor quantum numbers.

From a physical perspective, the residual Borel de-
pendence observed for the admissible currents indicates
that the extracted quantities should be interpreted as
Borel-moment effective mass scales within the adopted
pole-plus-continuum ansatz. Therefore, the discrepancy
between these effective mass scales and the experimental
value should not be overinterpreted as excluding molecu-
lar dynamics, but rather as evidence that the selected loc-
al currents do not resolve a low-lying pole in the present
framework.

Table 4. Individual contributions to the uncertainty in the effective mass scale (in GeV) for each current.
Source Ja Jeo Jp
Vso£0.1 +0.06 +0.06 +0.06 +0.05
(Gq)+£30% +0.005 <0.001 +0.008 +0.008
(g’G* +0.25 +0.024 +0.027 < 0.001 +0.011
m2+25% +0.001 +0.004 +0.011 +0.005
my + 6MeV +0.001 < 0.001 +0.001 +0.002
Borel residual +0.06/-0.08 +0.06/-0.10 +0.06/-0.10 +0.05/-0.08
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This interpretation is especially relevant for local col-
or-singlet—color-singlet currents. Such operators natur-
ally couple not only to compact or bound configurations
but also to two-hadron scattering continua with the same
quantum numbers. Consequently, the values around
2.0-2.3 GeV may reflect effective Borel-weighted mo-
ments over spectral strength in the selected integration re-
gion, rather than the mass of a separately isolated ground-
state pole. A separation of two-hadron reducible and con-
nected contributions, or an explicit coupled-channel treat-
ment of the continuum, would be required to make a
stronger statement about the dynamical origin of the
COMPASS signal. These analyses are beyond the scope
of the present work.

This also explains why the effective mass scales ex-
tracted from the local sum rules need not coincide with
the lowest two-meson thresholds. For example, a current
with a 0" ®0* Dirac structure can overlap with the low-
energy pseudoscalar—scalar continuum, but the Borel-mo-
ment ratio receives contributions from the full spectral
strength below sy, rather than only from the lowest
threshold. The difference between the lightest two-meson
thresholds and the extracted 2.0-2.3 GeV scales should
therefore be viewed as a manifestation of continuum
sensitivity in the local-current sum rule, not as the mass
of a fixed 7K, or K f; molecule.

As an auxiliary consistency check, we also evaluated
the flavor correlator for each selected Dirac structure
after full projection onto I =1/2, including the crossed
flavor contractions. This projected rerun leaves the qualit-
ative conclusion unchanged. The central analysis,
however, treats the Dirac currents J4, Jg, Jc, Jp, and Jr
separately. In other words, the two-point functions used
above are the diagonal elements IT; of the more general
current-correlation matrix.

I;;(¢*) =i / d*xe " (O|T[J(x)T}(0)]I0),

i,j=A,B,C,D,T. (32)

The off-diagonal elements II;; with i # j correlate dif-
ferent Dirac currents and are not included in the present
analysis. They are distinct from the crossed-flavor correl-
ators entering the I =1/2 projection, which connect dif-
ferent flavor components of the same Dirac structure. A
full correlation-matrix analysis, followed, for example, by
generalized-eigenvalue diagonalization, could determine
whether a particular linear combination of the Dirac cur-
rents has an enhanced overlap with a low-lying structure.
Such an analysis lies beyond the scope of the present
work. Therefore, our conclusion should be understood as
applying to the selected diagonal local color-singlet cur-
rents, rather than to all possible linear combinations of
local operators.

Combining the above observations, we conclude that
the selected local color-singlet meson-meson currents do
not yield a separately resolved low-lying pole compatible
with the K(1690) within the present QCD sum-rule ap-
proach. This result should be interpreted as a limitation of
the selected local-current analysis, rather than as an ex-
clusion of extended molecular dynamics or other current
structures. Compact tetraquark configurations, coupled-
channel effects, and other non-molecular mechanisms
therefore remain possible directions for further investiga-
tion.

We note that effects such as coupled-channel dynam-
ics or threshold interactions, which are beyond the scope
of local QCD sum rules, may also play a role and de-
serve further investigation.

V. CONCLUSION

In this work, we performed a QCD sum rule analysis
of the K(1690) channel using selected independent local
color-singlet meson-meson-type interpolating currents.

We find that all currents capable of yielding admiss-
ible sum rules lead to effective mass scales in the range of
2.0-2.3 GeV, significantly higher than the experimental
value. The remaining tensor current does not yield an ad-
missible working region because of poor OPE conver-
gence. This pattern is consistently observed across the se-
lected local color-singlet structures and parameter choices
considered in this work.

These results indicate that the selected local meson-
meson currents considered here do not isolate a low-ly-
ing pole compatible with the K(1690) within the present
QCD sum rule framework. This conclusion is limited to
the adopted local color-singlet currents and the standard
pole-plus-continuum treatment; extended molecular dy-
namics, coupled-channel effects, and other current struc-
tures remain beyond the scope of the present analysis.

APPENDIX A: SPECTRAL DENSITIES

For completeness and reproducibility, we provide the
spectral densities used in the numerical analysis. We ad-
opt the compact notation

03 ={qq),
0, =(g’G?),

033‘ = <§S>7

05 = <C_1850'GC]>, 05s = <§g;0'GS> (Al)

The quark masses are denoted by m,, m,, and m,. The
following expressions define the dispersive spectral con-
tributions used in the analysis. The D =9—12 extension,
derived as a convergence diagnostic, is presented after
these spectral densities; it is not included in the quoted
D < 8 mass extraction:
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pa(s) =

Ny(s) =

pp(s) =

Na(s)
8192076’

12807* O3 (m? + 6mgm, + 2mym, —25)

+ 128071403035(2m(2, +6mym, + mgm,, +25)

— 1607204 s{6m5(m5 +m,) + 18mymm, + s(2my

-m,)}+ 1607r205{2m§(2ms +m,) +my(10mym, — s)

+5(3my —2m,)} — s*{~240m2mym, — 20mys(m, —m,)

+ 5%} = 1607 O3 5(2my + my)(6mgm,, + )
+200,5{3my(m; —m,) — s} + 1602 Os,(3my
+my)2mgmy + ) — 8072 03,04(2my + my)
+80m20304(m,, — 2m,) +25607* 0505

- 12807* 0305, — 12801* 05,0s.

Ng(s)
8192076’

(A2)

Njg(s) =12807* O%(=3m? + 10mym, — 4mgm, + 6mgm, +2s)

pc(s) =
Nc(s) =

+12807* 0305,(6m? — 4mgm, + 10mym, — 3mym,

—25) = 1607* O3 5{6m3(3m, — m,) + my(30msm,, + 4s)

—2mgs+3m,s}+ 16O7r205{m§(8mx —-2m,)
+mg(14msm, + 5s) —3mys + 4m,, s}

- sz{—240mf,msmu +20mgs(mg—m,) + 5%}

— 807203 04(4my — 2m +3m,) — 160m* O3,5(2my

—my)(6mgmy, — 5) = 20045{3mq(m; —m,) + s}
+ 16072 0s,(3m, — m,)(2mgm, — )
+ 8072 05,04(2my — my) —25607* 0505
+12807* 0305, + 12807 05,0s.

Nc(s)
204807°°
— 128070, 035(3mf, —mgmg + Tmgm,, + 5)

(A3)

+ 1607 O3 s(3m3(3my +m,,) + mg(21mgm,, + 5) + mys)

+ 16077 05, 5{ 12m‘2,mu +my(Bmgm, + s) + ms}

- 80m2 05{2m421(5m5. +m,) +my(22mm, + s) + s(3my

—-my)}— 8077205S(12m‘2,m,, + 2mgmem,, + 3mys + 2mys)

+ sz{—240m5msm,, — 10mys(m; —my) + 5%}
+12807* O3 {my(m, — Tmg) — 3mgm,, + s}

+ 80120504 (my — my +my) + 30myO45(m; — m,)
- 807°m, 03,0, — 12807* 0305

+ 6407 0305, + 6407* 03,05.

(A4)

Np(s)
2048070’
Np(s) =12807r40§(2m§ = 9mgmg + 3mgm, — Smgm,, — s)

pop(s) =

+12807* 03 03,{—5m? + 3my(m, — 3m,) + 2mym, + s}
+1607% 03 5{3m3(5m; — m,,) + 3my(9mm,, + )

— s(my —2m,)} + 16072 O3, 5{ Imeim,,

—myQBmem, +5)+ms}— 80ﬂ205{2m‘2,(7m5 -my,)
+my(26mgm, +7s) — 3mys + Sm,, s}

+ 80ﬂ205x(—12mjmu +2mgmom,, + 3mys — 2mys)

+ (= 240mZm,m, + 10mys(m, —m,) + 5°)

— 8072 05304(my — my +my) + 30my0y4s(m, —m,)
+807°m 03,0, + 12807 03 0s

—6407* 0505, — 6407* 03, 0s. (A5)

3Nr(s)
51276
Nr(s) =my [87°03{25(—=9m — 15mam, + s) + Oy}

+4m‘2,(3mu s*+167%0s) + 128n40§(5md +3m,)

+my(1127°m, 05 — 3045 — 5°) — 247 O s}

pr(s) =

+ 87 [6m{m,(Os; —205,5) + 87° 0305,}
+m{035(807°m, O3 + Oy +25%) — 305, 5}
+87°{035(05 —2035) + 030s,}] . (A6)

1. Borel-surviving D = 9—12 terms

Using the same light-quark propagator and vacuum-
saturation contraction employed for the lower-dimension-
al OPE, we have explicitly generated all terms from di-
mension nine through dimension twelve produced by this
truncation. For the five independent currents the dimen-
sion-nine and dimension-ten dispersive spectral densities
vanish, p{’(s) = p{”(s) =0, while non-dispersive terms
survive. The Borel-surviving dimension-nine contribu-
tions are

0%{03(’"41 + 2ms) + 035(3md +m+ mu)}

O _
== 24
+ O4[-Osmy +30smy;—20sm,, + 305,my + Osgmg)
614474 ’
o - 03{0;3(my —2my) — O3,(5my — mg + 3m,,)}
24
+ 04[505md - 305ms + 405mu - 305smd + OSXm_Y]
61447 ’
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0%{03(md +4my) + Os,(Tmy +m, +3m,)}
12
04[0smy — Osm + Osmy, — Osgmy)
- 10247* ’
O3{—0s3(my — 4m,) + O3,(9my — my + 5m,,)}
12
N 04[Osmy — Osmg+ Osm, — Os;my]
10247* ’
Y = —203m, — 50303,m, — 30205,m,
304(0smg + Osgmy)
N 2567

(CO
I =

ny =

(A7)

The Borel-surviving dimension-ten contributions are

For the present propagator truncation, all generated
D =11 and D =12 terms are polynomials in the coordin-
ate separation (local contact terms). They therefore have
neither a physical-cut spectral density nor a Borel-surviv-
ing non-dispersive contribution:

ay _ a2 _
px =px =0

E)

m¢Y=1¢?=0 (X=A,B,C,D,T). (A9)

The nonzero pre-Borel contact coefficients at D=9,
D =10, D=11, and D =12 are retained explicitly in the
accompanying calculation files contact09.m,
contact010.m, contact011.m, and contact012.m; thus
these terms are calculated and auditable rather than omit-
ted. An independent symbolic implementation repro-
duces the original Mathematica/FeynCalc D=4, D=7,
and D =8 Wilson coefficients before generating the ex-
pressions above.
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