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Branch-dependent chaos bound behavior of spinning particles
in a spherically symmetric black hole spacetime
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Abstract: We investigate the instability of spinning test particles and the associated classical chaos bound in a

spherically symmetric black hole spacetime with two photon spheres. The radial effective potential admits two

branches of unstable circular orbits in the near-horizon and far-horizon regions. Although both branches are locally

unstable, their Lyapunov exponents have different relationships with the black hole surface gravity. The near-hori-
zon branch satisfies the bound, whereas the far-horizon branch can violate it. We further examine the effects of

particle spin, total angular momentum, and black hole parameters. Spin-curvature coupling shifts the unstable orbits

and modifies their instability, whereas the total angular momentum and background parameters generally have lar-
ger effects. Our results show that the validity of the classical orbital chaos bound is branch dependent.
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I. INTRODUCTION

Chaos in thermal quantum systems can be diagnosed
using out-of-time-order correlators (OTOCs), which
probe the growth of initially small perturbations. In 2016,
Maldacena, Shenker, and Stanford (MSS) conjectured
that, for thermal quantum systems with many degrees of
freedom and under the assumptions required for the ana-
lyticity and boundedness of the relevant correlator, this
growth rate cannot exceed the temperature scale [1]

A, < 2xT, (D

where A; denotes a quantum Lyapunov exponent (LE),
and natural units kz =% =1 have been adopted. This in-
equality, known as the MSS chaos bound, sets a temper-
ature-dependent upper limit on the exponent and has been
widely discussed in black hole and holographic systems
[2—4]. For rotating black holes, the situation is more in-
volved because angular momentum introduces an addi-
tional chemical potential. In rotating BTZ spacetimes,
Jahnke, Kim, and Yoon found that the left- and right-

moving contributions to the OTOC are characterized by
. 2m . . .
A RETL where £ is the inverse temperature, Q is

the black hole angular velocity, and ¢ is the AdS radius

[5]. If both exponents are compared directly with the
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common scale 2z/8, one of them can exceed this value.
This can be reformulated in terms of the effective inverse
temperatures B. = B(1¥¢Q). Poojary obtained a related
result, finding A, =2n/B,, with B, =B(1-y;) and
. =r_/r, related to the angular momentum chemical po-
tential [6]. The role of different modes in rotating BTZ
spacetimes has also been examined using OTOCs, shock
waves, and pole-skipping [7]. These studies show that the
instability scale appearing in the OTOC can depend on
the dynamical sector under consideration and that the an-
gular momentum chemical potential must be treated care-
fully when discussing the chaos bound in rotating sys-
tems.

A related but physically distinct question arises for
the local instability of classical particle trajectories out-
side a black hole. For an unstable circular orbit located at
ro, a small radial perturbation typically evolves as
or(t) ~eY, where 4 is a classical LE defined with respect
to the coordinate time and characterizes the local expo-
nential growth of radial perturbations around the un-
stable orbit. In natural units, the Hawking temperature 7
is related to the surface gravity « by T = k/(2x). Thus, the
thermal scale entering the MSS bound formally corres-
ponds to the surface gravity scale. Although the OTOC
LE and the LE governing classical orbital perturbations
are physically distinct observables, this formal corres-
pondence motivates the question of whether the surface
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gravity can also constrain the local instability of classical
particle trajectories. In this context, Hashimoto and Tana-
hashi considered test particles maintained at unstable
equilibrium positions near the horizon of a static, spheric-
ally symmetric black hole by electromagnetic or scalar
forces. They showed that, in the near-horizon limit, the
exponent associated with radial perturbations approaches
the surface gravity, independently of the particle mass
and ofthe detailed form and strength of the external force [ §].
In the absence of additional sources of chaos, this result
leads to the classical bound

A<k, 2

which is formally analogous to the MSS bound.

Zhao et al. subsequently revisited this result by retain-
ing subleading terms in the near-horizon expansion. They
found that the LE associated with radial perturbations ap-
proaches the surface gravity as the unstable equilibrium
point approaches the event horizon. The bound is preserved
in Reissner—Nordstrom (RN) and Reissner—Nordstrom—
AdS (RN-AdS) spacetimes, but it can be violated in oth-
er black hole backgrounds [9]. Lei and Ge extended the
analysis from static equilibria to circular motion of
charged particles. Their results showed that the orbital an-
gular momentum modifies both the radius of the unstable
circular orbit and the curvature of the effective potential
at the extremum. Consequently, the bound can be viol-
ated in RN, RN-AdS, and black brane spacetimes [10—13].
In rotating spacetimes [14—18], Gwak er al. further
demonstrated that, although a negative cosmological con-
stant generally suppresses the exponent, the combined ef-
fects of black hole rotation, particle charge, and orbital
angular momentum can still lead to violations of the
bound. Such violations become particularly pronounced
in extremal and near-extremal configurations. Further
studies of chaos-bound violations in black hole back-
grounds can be found in [19-37]. These results indicate
that the validity of the classical orbital bound depends on
the relation between two characteristic scales: the surface
gravity associated with the event horizon and the LE
characterizing the local instability of the orbit. A univer-
sal relation between these scales is expected only in the
near-horizon limit. At finite radius, the asymptotic struc-
ture of the spacetime, the black hole spin and proximity
to extremality, and the charge and angular momentum of
the particle can all alter the relation between the expo-
nent and the surface gravity. This observation naturally
motivates an examination of how spin—curvature coup-
ling modifies the local instability of different unstable cir-
cular orbits and, consequently, their relation to the sur-
face gravity scale.

Spinning test particles provide a useful probe of the
role of spin—curvature coupling in local orbital instability
and its relation to the surface gravity scale. Their motion

is governed by the Mathisson—Papapetrou—Dixon (MPD)
equations, in which the particle spin couples directly to
the background curvature and modifies the effective radi-
al dynamics. As a result, the locations and stability of cir-
cular orbits can depend on the spin magnitude and orient-
ation, with spin—curvature coupling modifying the corres-
ponding radial instability [38, 39]. The physically admiss-
ible spin range, however, must be treated with care. Ex-
cessively large spins can artificially amplify spin effects
and invalidate the pole—dipole or test-particle approxima-
tions. It is therefore important to check the validity of
these approximations when assessing possible violations
of the chaos bound. Black hole spacetimes with multiple
photon spheres provide an interesting setting for this
problem [40—43]. Because photon spheres are defined by
null geodesics, their existence does not imply a one-to-
one correspondence with extrema of the effective poten-
tial for massive spinning particles, whose circular orbits
must be determined independently from the MPD dynam-
ics. For the parameter region investigated in the present
work, the two unstable circular-orbit branches are already
present in the spinless limit. Hence, spin—curvature coup-
ling is not responsible for generating the two-branch
structure; rather, it shifts the locations of the pre-existing
orbits and modifies their local instability properties.
Within the physically admissible spin range considered
here, these corrections remain comparatively modest and
do not create or eliminate either branch. Because the two
branches correspond to different radial regions and differ-
ent local curvatures of the effective potential, their LEs
can exhibit different relations to the surface gravity.

Motivated by these considerations, we investigate the
orbital instability of spinning test particles and its rela-
tion to the surface gravity scale in a black hole spacetime
with two photon spheres. Our numerical analysis shows
that, within an appropriate region of the black hole and
particle parameter space, the radial effective potential
possesses two well-separated local maxima, correspond-
ing to near- and far-horizon unstable circular-orbit
branches. We further examine how switching on the
particle spin modifies these pre-existing branches. With-
in the physically admissible spin range considered, the
particle spin modifies the orbital locations and local in-
stability properties and, for the far-horizon branch, pro-
duces a modest shift in the critical boundary separating
the bound-satisfying and bound-violating regions in the
(S,L) parameter plane. We then compare the LE of each
branch with the surface gravity to determine how its loc-
al instability depends on the orbital branch and
spin—curvature coupling. Our aim is not to associate a
chaos bound directly with the photon spheres themselves,
but rather to examine how the nontrivial radial structure
of the spacetime and spin—curvature coupling affect the
local instability of the two unstable branches and their re-
lation to the surface gravity scale.
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The remainder of this paper is organized as follows.
In Sec. II, we introduce a spherically symmetric black
hole spacetime admitting two photon spheres, derive the
equations of motion for a spinning test particle in this
background, and define the corresponding LE. In Sec. I,
we numerically investigate the local instability of un-
stable circular orbits and its relation to the surface grav-
ity, with particular attention to the effects of the particle
spin and the two orbital branches. Sec. IV presents the
conclusion and discussion.

II. SPINNING PARTICLE DYNAMICS

A. Black hole geometry

We consider a four-dimensional gravitational theory
that includes vector—tensor and scalar—tensor couplings to
the Gauss—Bonnet term. The action is given by

S= / d*xv=g (R-a Ly -BLY), Q)
VT = 4G W, W, + 8(W, W)V, WH +6(W, W92, (4)

o = ¢G - 4GV, ¢V, ¢ — 40¢(0¢)* - 2(0¢)", Q)

where LT and L&' denote the vector—tensor and scalar—
tensor Gauss—Bonnet contributions, respectively. The
Gauss—Bonnet invarialnt is G=R*—4R,,R" + RyesR"*
[44], and Gﬂv=Ruv—§ng is the Einstein tensor. The
parameters a and f determine the coupling strengths of
the vector—tensor and scalar—tensor Gauss—Bonnet terms,
respectively.

A static, spherically symmetric black hole solution of
this theory was obtained in [45, 46]. The corresponding
line element is

drt

ds® = —f(r)d + I

+7? (d@2 +sin® 9d¢2) , (6)

where the metric function reads

B 2a(M - Q) r?

fn=1
rl@+p)  2a+p)
r 8aQ 8BM 16aB(M —Q)?
"t \/1 ts ot pr . (D

Here, M denotes the black hole mass, whereas Q is an in-
tegration constant associated with the Proca field. Unlike
a conserved charge associated with an asymptotic sym-
metry, O represents a primary-hair parameter that charac-
terizes the black hole solution. In the limit M = Q, Eq. (7)

reduces to the black hole solution obtained from the scal-
ar—tensor sector of four-dimensional Einstein—Gauss—
Bonnet gravity [47]. When « = -8, the metric function is

» (1_27M 4a(M—Q)2_4a(M—Q)>

T s dai—o ' T
®)

In the numerical analysis below, we focus on the
nondegenerate case @+ # 0 and use the metric function
given in Eq. (7). Depending on the model parameters, this
class of black hole solutions can admit two distinct
photon spheres. This double-photon-sphere structure re-
flects the nontrivial radial geometry of the spacetime and
can influence the propagation of null geodesics and the
associated optical properties. It also provides the back-
ground for the orbital analysis considered below. For the
metric in Egs. (6), the surface gravity at the event hori-
zon is

£y
>

K=

)

where the prime denotes differentiation with respect to 7,
and r, denotes the event horizon radius, determined by

fr)=0.

B. Conserved quantities and equations of motion

The dynamics of a spinning particle in curved space-
time can be described using the MPD formalism [48]. In
the pole-dipole approximation, the equations governing
the evolution of the particle's momentum and spin tensor
are

by _ 1

o —ER“WBMVSW, (10)
DS
= P —u'p, (11)
Dt

where 7 denotes the proper time along the particle traject-
ory, and D/Drt represents the covariant derivative with
respect to 7. The quantities p* and «* = dx*/dr denote the
particle's four-momentum and four-velocity, respectively.
The antisymmetric tensor S* characterizes the intrinsic
angular momentum of the particle, and R*,,; is the
Riemann curvature tensor. The first MPD equation de-
scribes spin—curvature coupling, which causes the particle
trajectory to deviate from the corresponding geodesic mo-
tion. The MPD equations have also been extended to the
ultrarelativistic regime in [49].

The MPD equations contain redundant degrees of
freedom due to the antisymmetric spin tensor. To specify
the center-of-mass reference worldline of the spinning
particle, an additional spin supplementary condition is re-
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quired. Here, we adopt the Tulczyjew—Dixon (TD) sup-
plementary condition [50, 51]

§#p, =0, (12)

which imposes orthogonality between the spin tensor and
the particle four-momentum. The TD condition selects a
representative centroid worldline and, together with the
MPD equations, determines the relation between the four-
velocity and the four-momentum. The particle mass m
and spin magnitude § are conserved quantities defined by
7 and S*, respectively. For convenience, we introduce
the normalized quantities

P -3 S (13)
m

r=L
m

Here, S is a signed spin parameter, with |S| denoting the
normalized spin magnitude and its sign distinguishing the
two possible spin orientations relative to the orbital angu-
lar momentum. Owing to spherical symmetry, the z axis
is a coordinate choice and does not represent a physically
preferred direction. For equatorial motion with the
particle spin aligned or anti-aligned with the orbital angu-
lar momentum, the normalization conditions for the
particle momentum and spin tensor reduce to

-1=p'p, = (p)f+ +r(p”’) (14)
2 ré\2
SZ==%S”S#y=—45")2—ff%swf-r55%fla (15)

To investigate the orbital dynamics of a spinning
particle around a black hole, we follow the approach de-
veloped in [38, 52], in which the equations of motion for
neutral spinning particles in static, spherically symmetric
spacetimes were systematically derived. The stationarity
and axial symmetry of the spacetime imply two Killing
vectors, (/01" and (9/d¢)*, which yield two conserved
quantities along the particle trajectory. The conserved en-
ergy E =mE associated with the timelike Killing vector
is given by

1
E=fp'-3f5s". (16)
where the second term is the spin-dependent contribution

to the conserved energy. Similarly, the axial Killing vec-
tor yields the conserved total angular momentum L = mL,

L=rp’+rS™. (17)

This quantity contains both orbital and spin contributions.
For the circular-orbit configurations considered below,

with L >0 and p? > 0, we adopt the convention that S >0
(S < 0) denotes a particle spin aligned (anti-aligned) with
the orbital angular momentum.

The TD supplementary condition can be written ex-
plicitly in the present spacetime as

rQtr
p; +P 'S =0, (18)
p?S™ + fp'ST =0, (19)
7 p'S?—fp's?=0. (20)

Using the metric in Eq. (6), the MPD momentum equa-
tions can be expressed in terms of the independent dy-
namical variables as

A e
p+?+ 2f - 2 - Zf —0, (21)
f Sr¢ tr 7/ s T £
ff_¢¢f rgsS"f ?“_@fza
(22)
o O 00 ST SR o)

r 2fr 2r

Here, an overdot denotes differentiation with respect to
coordinate time ¢. The corresponding evolution equations
for the spin tensor, obtained from Eq. (11), are given by

S"+p —ip'—fr$S" =0, 24)

Sl pt e ST HS ST +ISOf 0.
r 2f
(25)
7 r t¢ rg £
so—gpr et B LB o )

By combining Eqgs. (14)—(19) with the conserved quantit-
ies, the spin and momentum components can be ex-
pressed as

S§"=-Srp, 27)
L—-ES

pr= LS 28)
- ErSZf’
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2rE-SLf
e —— 29
P @r=sir )
Using Egs. (28) and (29), together with the normalization
condition (14), the radial component of the momentum is
determined as

r p
p=z P?—f<1+rf>, (30)

where p, =g,p' and ps = gssp?. The two signs corres-
pond to the two possible radial directions of particle mo-
tion: the positive branch describes an outward trajectory,
whereas the negative branch represents an inward traject-
ory.

The radial effective potential plays a central role in
evaluating the LE of the particle. Therefore, the radial
equation of motion must be recast in terms of coordinate
time. First, by combining the spin supplementary condi-
tions given in Egs. (18) and (19) with Eq. (15), the non-
vanishing components of the spin tensor are obtained as

g = i‘; , 31)
so= PSS (32)

r

By combining these relations with Egs. (20) and (24), the
following constraint equation is obtained:

I et SZ ’ .
% —S(rpt+ip?)—p Hip =T =0, (33)
By combining Eq. (33) with Eq. (27) and eliminating the
spin-related terms through algebraic simplification, the
radial and azimuthal velocities with respect to coordinate
time are found to satisfy

F=—, (34)

. fPs(2=S*f")
=—t— > 2 35
O rpsir o) 9

Although the angular equations of motion have been
derived, we focus here on the radial dynamics because
they govern the effective potential and determine the cor-
responding LEs analyzed below.

C. Radial instability and lyapunov exponent

The radial effective potential provides a convenient
framework for analyzing the stability of particle trajector-

ies and determining the corresponding LE. In particular,
the LE is closely related to the curvature of the effective
potential near an unstable equilibrium orbit [53]. Follow-
ing the perturbative approach adopted in previous studies
[25, 54], the radial equation in terms of coordinate time
can be written as

1
Emﬂ +Verr(r) =0, (36)

where V.; denotes the effective potential. Using Eq.
(34), the effective potential can be expressed as

N 2

m
Ver(r) = Y (%) . To investigate the instability of an

13
unstable circular orbit at r = ry, we introduce a small radi-
al perturbation, r(r) =ro+e(r). Expanding the effective
potential around ry and retaining the leading-order terms
yields the perturbation equation

& -2 =0, (37)

where the LE is determined from the second derivative of
the effective potential [25, 54]

(38)

A positive value of 2? indicates exponential growth of ra-
dial perturbations and thus signals orbital instability,
whereas a negative value corresponds to stable radial mo-
tion.

For fixed black-hole parameters and particle paramet-
ers L and S, the conserved energy E is not prescribed in-
dependently. Instead, £ and the circular-orbit radius ry
are determined simultaneously for each parameter set
from the conditions

Verr (ro; E) =0, (39
0V (i E) o, (40)
or

r=rg

Here, the dependence of V. on the fixed black hole and
particle parameters is left implicit for notational simpli-
city. These two equations are solved simultaneously for
the pair (E,ry). Because the present analysis focuses on
unstable circular orbits, the resulting solutions are further
required to satisfy

O Ve(r; E)

e <0, A1)

r=ro
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This identifies ry as a local maximum of the radial ef-
fective potential and therefore corresponds to a circular
orbit that is unstable to radial perturbations. In the sub-
sequent analysis, we retain only physically admissible
solutions that lie outside the event horizon, ry > r,, and
satisfy the constraints associated with spinning-particle
dynamics. For a given set of fixed parameters, the circu-
lar-orbit equations may admit more than one physically
admissible unstable solution. In the parameter range con-
sidered below, two such solution pairs, (E,e,r)™) and
(Ega, i), are obtained. These solutions are distinguished
by their radial locations, with 72 < rfar: the smaller-radi-
us solution is referred to as the near-horizon branch,
whereas the larger-radius solution defines the far-horizon
branch. Thus, E is determined separately for each branch
and is recalculated at every parameter point used in the
numerical analysis.

OI. VIOLATION OF THE CHAOS BOUND

For an appropriate range of parameters, this black
hole spacetime admits a double photon sphere structure
[46]. For a massive spinning particle, the spin—curvature
coupling modifies the equations of motion and, con-
sequently, the effective potential governing the radial dy-
namics. In the following numerical analysis, we employ
the metric function given in Eq. (7) and define the dimen-
sionless spin parameter as s=S/M = +§/(mM). We set
M =1, so that S and s have the same numerical value.
Unless otherwise specified, we take a=-0.0345, B=
1.05, 0 = -0.01, and L = 6.00, and define A,, = 2> —«>.

For each set of parameters, the corresponding un-
stable circular orbit solutions are obtained from the circu-
lar orbit conditions described in Sec. II.C. As an illustrat-
ive example, Table 1 lists representative values of
(ro, E,A,k) for the two unstable circular orbit branches.
The event horizon radius and the inner and outer photon
sphere radii r,, of the same black hole background are
also included to enable direct comparison with the radial
locations of the two unstable circular orbits r,. Both or-
bits lie outside the event horizon. The circular orbit con-
ditions yield two distinct solutions, (E,r) = (0.81542,
0.61770) and (1.39044,2.58083), corresponding to the
near-horizon and far-horizon branches, respectively. Be-

Table 1.
unstable circular orbits in the spinless case (S =0), with
M=1, a=-0.0345, =105, 0=-001, and L=6.00. The
corresponding inner and outer photon-sphere radii are in-

Representative values for the near- and far-horizon

cluded for comparison. The event horizon radius is

r, = 0.53401.

Branch pnvout ro E Y] K

ph

Near-horizon branch  0.61747 0.61770 0.81542 0.06067 0.08305

Far-horizon branch ~ 2.32097 2.58083 1.39044 0.12149 0.08305

cause the two branches belong to the same black hole
background, they share the same surface gravity,
k =0.08305, whereas their orbital radii, conserved ener-
gies, and LEs differ. In particular, the near-horizon
branch satisfies A < k, whereas the far-horizon branch sat-
isfies A > «, indicating that the two branches exhibit dif-
ferent local instability behavior for the same horizon
scale.

Figure 1 shows the radial dependence of the effective
potential for different spin configurations in the near- and
far-horizon regions. For each spin value, the correspond-
ing unstable circular orbit is located at a local maximum
of the effective potential, and these maxima define the
near- and far-horizon branches. Figure 1(a) displays the
near-horizon branch, whereas Fig. 1(b) shows the corres-
ponding far-horizon branch. For the parameter values
specified above, the locations of the event horizon and
the inner and outer photon spheres are marked in Fig. 1.
The unstable circular orbits for different spin values are
identified by the local maxima of the corresponding ef-
fective potentials. Representative values for the spinless
case are given in Table 1. For § =0, the characteristic
radii satisfy r, <rjj <7 <3t <rg". In the spinless con-
figuration, the near-horizon unstable orbit lies very close
to the inner photon sphere, whereas the far-horizon un-
stable orbit is located outside the outer photon sphere.
However, the two photon spheres do not coincide with
the corresponding unstable circular orbits of the massive
particle, indicating that there is no simple one-to-one cor-
respondence between them. The two orbit branches nev-
ertheless occupy distinct radial regions associated with
the double photon sphere geometry. Importantly, both un-
stable branches are already present in the spinless case,
indicating that their existence is not generated by spin-
curvature coupling. Moreover, because the two branches
belong to the same black hole background, the associated
surface gravity is identical, and the difference between
their LEs originates from the different local radial dy-
namics around the corresponding unstable orbits. In par-
ticular, the effective potential has different local
curvatures at the two maxima, while the exponent is de-
termined by the local curvature of the effective potential
at an unstable circular orbit. The difference in the local
curvature of the effective potential therefore provides a
dynamical explanation for the distinct LEs of the two
branches.

In the following analysis, we numerically evaluate the
particle LE and the surface gravity of the black hole us-
ing Egs. (38) and (9), respectively. The corresponding
results, shown in Figs. 2—7, are used to investigate wheth-
er the chaos bound is satisfied in the black hole space-
time considered here.

Figure 2 shows the dependence of A, on the
particle's spin. Because the black-hole background is
fixed in this comparison, the surface gravity x remains
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(a) Near-horizon branch.
Fig. 2.

unchanged. Thus, the variation in A, directly reflects the
corresponding variation in the orbital LE. To remain
within a regime in which the pole—dipole approximation
is expected to be reliable, we restrict the physical discus-
sion in Fig. 2 to |s| £0.12. For all retained circular-orbit
solutions, the normalized spin length S remains small
compared with the background scales. In particular, we
find

@ <0.12, @ <0.04784, E <0.06418, (42)
M o Ry

where

RK = K_l/4a K = R,uvp(rR#VP{T5 (43)

A-i?
A PN
0.010
A4 a4 a4 a A4 4 a PN
L=3.40
A L=4.00 0.005
A L=6.00
L=8.00
4 L=10.00
A4 4 4 4 4 a4 a4 a4 .
-0.12 -0.08 -0.04 0.04 0.08 0.12 N

-0.005

(b) Far-horizon branch.

(color online) Dependence of A,, on particle spin for unstable circular orbits.

Ry provides a local curvature length scale inferred from
the Kretschmann scalar. The small values of these ratios
support the consistency of the retained configurations
with the small-spin regime required by the pole—dipole
description. We also examined the causal character of the
corresponding circular worldlines under the TD condi-
tion. Because the four-velocity is generally not parallel to
the four-momentum under this condition, normalization
of the momentum alone does not guarantee that the
particle worldline is timelike. We therefore directly eval-
uate the causal character of these worldlines

guu'u” < 0. (44)

For a circular equatorial orbit, u” = u® =0, and the time-
like condition becomes
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Fig. 3.
parameter plane for the far-horizon branch. The dashed line
denotes the critical boundary, A, = 0.

—fro)')* + ra(u®)* < 0. (45)

. dp  u?
Using the coordinate angular velocity ¢ = di: L this

condition can equivalently be written as

—f(ro) +13¢* <O0. (46)

For all spin values shown in Fig. 2, we find

—0.04874 < —f(ro) + rydp* < —0.04427. 47)

Hence, all circular worldlines retained in the physical
analysis are timelike, and no superluminal configurations
are included in the assessment of chaos-bound behavior.
Figure 2(a) displays the spin dependence of A, for
the near-horizon branch. In this branch, A, reaches a

-0.00318 L
6.00 8.00 10.00 12.00 14.00 16.00 18.00 20.00
-0.00319
-0.00320

-0.00321

-0.00322

-0.00323
M-k

(a) Near-horizon branch.

Fig. 4.

minimum near the spinless configuration and increases as
the spin deviates from zero in either direction.
Throughout the spin range considered, however, A, <0,
indicating that the near-horizon branch remains in the
bound-satisfying regime. The spin dependence is asym-
metric with respect to positive and negative spin, reflect-
ing the dependence of the spin—curvature interaction on
the relative orientation between the particle spin and the
orbital angular momentum. Moreover, at fixed spin, A,
increases monotonically with the total angular mo-
mentum. Since the surface gravity is fixed, this trend cor-
responds to an increase in the orbital LE with the total an-
gular momentum. Over the parameter range considered,
the variation with the total angular momentum is more
pronounced than the spin-induced correction. The far-ho-
rizon branch exhibits qualitatively different behavior, as
shown in Fig. 2(b). For all configurations retained in the
physical spin range, A% > «?, and the corresponding un-
stable circular orbits therefore lie in the chaos-bound-vi-
olation regime according to the local orbital-instability
criterion adopted here. As in the near-horizon case, A,
increases monotonically with the total angular mo-
mentum. Its dependence on the particle spin, however, is
not universally monotonic and varies with the total angu-
lar momentum. In particular, for L =4.00, the minimum
is shifted toward positive spin, whereas for L =6.00,
8.00, and 10.00, it lies close to the spinless configuration.
Thus, the far-horizon branch does not exhibit a universal
increase with increasing spin magnitude.

These results show that spin—curvature coupling mod-
ifies the local instability of unstable circular orbits in a
branch- and parameter-dependent manner. Changing the
particle spin modifies the radial effective potential and
simultaneously shifts the location of the unstable circular
orbit. Since the LE is determined by the local curvature of
the effective potential evaluated at the corresponding or-
bit, these effects can compete and need not produce a
monotonic dependence on spin. The asymmetry between

A -k?
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(color online) Dependence of A, on total angular momentum for unstable circular orbits.
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Fig. 5. (color online) Dependence of A,,, the LE, and the surface gravity on the coupling parameter a.

positive and negative spin reflects the orientation depend-
ence of the spin—curvature interaction. Although both the
near-horizon and far-horizon branches correspond to loc-
al maxima of the effective potential in the same black
hole background, their behavior relative to the surface-
gravity scale differs markedly. The near-horizon branch
remains in the bound-satisfying regime, whereas the far-
horizon branch lies in the violation regime for the para-
meter values considered here. The occurrence of an un-
stable circular orbit is therefore not, by itself, sufficient to
determine whether the exponent exceeds the surface grav-
ity. Instead, the result depends on the orbital branch and
on the local structure of the effective potential around the
corresponding orbit.

The preceding one-dimensional analysis shows that,
within the physically allowed spin range considered in
this work, the near-horizon branch always satisfies
Ay < 0 and exhibits no critical behavior. We therefore fo-
cus on the critical behavior of the far-horizon branch in
the (S,L) parameter plane. Figure 3 shows the distribu-
tion of A,, for the far-horizon branch; the dashed line de-
notes the critical boundary A,, = 0. As the spin increases,

the critical angular momentum exhibits a gradual overall
increase, indicating that particle spin shifts the critical an-
gular momentum at which A =« is reached, although this
shift remains relatively small over the spin range con-
sidered. Thus, including spin does not alter the existence
of the far-horizon branch but instead quantitatively modi-
fies its chaos-bound behavior by shifting the correspond-
ing critical boundary.

Figure 4 shows the dependence of A, on the
particle's total angular momentum. The variation of A, in
this figure also directly reflects the corresponding vari-
ation of the orbital LE. Figure 4(a) corresponds to the
near-horizon branch. For all spin configurations con-
sidered, A, increases monotonically with the total angu-
lar momentum. This increase is relatively rapid in the
low-angular-momentum regime and becomes progress-
ively weaker as the angular momentum grows, indicating
a tendency toward saturation. Nevertheless, throughout
the entire parameter range considered, the exponent re-
mains below the surface gravity; thus, the near-horizon
branch always satisfies the chaos bound. A comparison
among different spin configurations shows that, at fixed
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total angular momentum, the spinless configuration yields
the smallest value of A;, and hence the smallest LE, since
the surface gravity is fixed in this comparison. This beha-
vior applies to the near-horizon branch over the paramet-
er range shown here and should not be regarded as a gen-
eral dependence on spin for both orbital branches. The
deviation from the spinless case generally increases with
spin magnitude, indicating that the spin—curvature coup-
ling modifies the sensitivity of the unstable circular orbit
to radial perturbations. Moreover, for a given spin mag-
nitude, positively aligned spins yield systematically lar-
ger values of A, and hence larger LEs, than negatively
aligned spins over the parameter range shown for the
near-horizon branch. This asymmetry reflects the depend-
ence of the spin—curvature interaction on the relative ori-
entation between the particle spin and the orbital angular
momentum.

Figure 4(b) displays the corresponding results for the
far-horizon branch. As in the near-horizon case, A, in-
creases monotonically with the total angular momentum,
with a pronounced increase at small angular momentum
followed by milder variation in the large-angular-mo-
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(color online) Dependence of A,,, the LE, and the surface gravity on the coupling parameter /3.

mentum regime. In contrast to the near-horizon branch,
however, all configurations considered satisfy A, > 0 and
therefore lie in the chaos-bound-violation regime accord-
ing to the local orbital-instability criterion adopted here.
The separation among the curves associated with differ-
ent spin parameters is relatively small for the far-horizon
branch. Thus, in the parameter range considered, the vari-
ation with total angular momentum is considerably more
pronounced than the spin-induced correction. For
L=6.00, 8.00, and 10.00, the spinless configuration lies
close to the minimum with respect to spin. For L =4.00,
however, the ordering changes, consistent with the beha-
vior shown in Fig. 2(b), where the minimum is shifted to-
ward positive spin. Therefore, the spin dependence of the
far-horizon branch cannot be characterized by a univer-
sal monotonic increase with spin magnitude or by a fixed
ordering between positive and negative spins over the en-
tire angular-momentum range. This nonmonotonic beha-
vior can be understood from the spin—curvature coupling,
which changes both the location of the unstable circular
orbit and the local curvature of the effective potential at
that orbit. Since these two effects vary with both S and L,
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their combined contribution to the orbital LE need not be
monotonic in the particle spin.

Taken together, these results show that both the total
angular momentum and the spin—curvature coupling af-
fect the local radial instability, although the dependence
on the total angular momentum is more pronounced over
the parameter range considered. Increasing the total angu-
lar momentum increases A,,, whereas the particle spin in-
troduces a comparatively smaller orientation-dependent
correction. More importantly, although both branches
correspond to unstable circular orbits in the same double-
photon-sphere background, they exhibit qualitatively dif-
ferent behaviors relative to the surface gravity scale. The
near-horizon branch remains in the bound-satisfying re-
gime, whereas the far-horizon branch lies in the bound-
violating regime for the parameter values considered
here. This distinction demonstrates that whether the LE
exceeds the surface gravity depends not only on the exist-
ence of an unstable circular orbit but also on the orbital
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(color online) Dependence of A,,, the LE, and the surface gravity on the primary hair Q.

branch and the local structure of the effective potential
around the corresponding orbit.

Figure 5 shows the dependence of A, the squared
LE, and the squared surface gravity on the coupling para-
meter a for the near- and far-horizon branches. For the
near-horizon branch, shown in Fig. 5(a), A, decreases
monotonically as the coupling parameter increases. Nev-
ertheless, all curves remain below the horizontal axis
throughout the parameter range considered, indicating
that the near-horizon branch remains in the bound-satisfy-
ing regime. Moreover, A, becomes more negative as the
coupling increases, so these configurations move farther
away from the critical value A, =0. At a fixed value of
the coupling parameter, different spin configurations
yield slightly different values of A,,. Because the surface
gravity is the same for different particle spins at fixed
background parameters, this splitting reflects the corres-
ponding spin dependence of the orbital LE. The differ-
ences among the spin configurations remain small over
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the parameter range considered, although they become
somewhat more visible as the coupling parameter in-
creases. For the far-horizon branch, shown in Fig. 5(b),
A, exhibits a similar decreasing dependence on the coup-
ling parameter. Unlike in the near-horizon case, A, is
positive for sufficiently negative values of a and crosses
zero as the coupling parameter increases. The corres-
ponding critical coupling depends slightly on the particle
spin. Thus, the far-horizon branch transitions from the
bound-violating regime to the bound-satisfying regime
across this critical value. The hierarchy of the curves for
different spin configurations remains unchanged, and
their separation remains relatively small throughout the
displayed range, as shown more clearly in the inset. At
fixed coupling, the particle spin therefore produces only a
small correction to A, and slightly shifts the critical
coupling, whereas the overall variation with the coupling
parameter is much more pronounced. Because varying a
black-hole coupling parameter changes the background
geometry, both the orbital LE and the surface gravity may
vary. Therefore, the decrease in A,, should not by itself
be interpreted as a decrease in the orbital instability.

To clarify the origin of the variation in A,,, Figs. 5(c)
and 5(d) separately show the variations of 2% and «?, cor-
responding to the squared orbital-instability and surface-
gravity scales, respectively. As the coupling parameter in-
creases, «*> increases for both orbital branches, whereas
A% exhibits opposite trends for the two branches. For the
near-horizon branch, A? also increases, but more slowly
than «2, resulting in a decrease in A,,. Thus, the decrease
in A, in this branch does not correspond to a weakening
of the orbital instability. By contrast, for the far-horizon
branch, the orbital-instability scale decreases while the
surface-gravity scale increases. These two effects there-
fore act together to reduce A,,. The intersection of the A2
and «* curves corresponds to A% = «* and thus marks the
critical point separating the bound-satisfying and bound-
violating regimes. These results show that the response of
the orbital instability to the coupling parameter is branch
dependent and further illustrate why the behavior of A,
should be distinguished from that of the LE itself.

Figure 6 illustrates the dependence of A,,, the squared
LE, and the squared surface gravity on the coupling para-
meter f for the near- and far-horizon branches. For the
near-horizon branch, as shown in Fig. 6(a), A, exhibits
an overall decrease as the coupling parameter increases.
Although the curves approach the critical value A, =0 in
the lower-coupling region, they remain below the critical
line throughout the parameter range considered. There-
fore, the near-horizon branch remains in the bound-satis-
fying regime. At a fixed value of the coupling parameter,
different spin configurations yield slightly different val-
ues of A,,. Since the surface gravity is independent of the
particle spin at fixed background parameters, this split-
ting reflects the corresponding spin dependence of the or-
bital LE. The separation among the spin curves gradually

decreases as the coupling parameter increases, indicating
that the spin-induced correction to A, becomes less pro-
nounced over the displayed range. For the far-horizon
branch, shown in Fig. 6(b), A, also decreases as the
coupling parameter increases. In contrast to the near-hori-
zon branch, A, is positive below a critical coupling and
crosses zero as the parameter increases. The correspond-
ing critical coupling depends slightly on the particle spin.
Thus, the far-horizon branch changes from the bound-vi-
olating regime to the bound-satisfying regime across this
critical value. The separation among the curves associ-
ated with different spin configurations remains relatively
small, showing that spin produces only a small shift in the
critical value over the parameter range considered.

Figures 6(c) and 6(d) provide a separate comparison
of 2> and «* as the coupling constant B varies. As this
coupling constant increases, «* increases for both orbital
branches, whereas the response of A% is branch depend-
ent. For the near-horizon branch, A% increases more
slowly than &2, so that A, decreases even though the or-
bital instability itself becomes stronger. For the far-hori-
zon branch, A% decreases while «* increases, and the two
effects jointly drive A, downward. In this branch, the
crossing of the A*> and «* curves identifies the critical
condition A>=«*> and marks the transition from the
bound-violating to the bound-satisfying regime. Thus, al-
though A, decreases for both branches, the underlying
evolution of the orbital instability is qualitatively differ-
ent.

Figure 7 shows the dependence of A, on the primary
hair Q. For the near-horizon branch, as shown in Fig.
7(a), A, decreases monotonically as the primary hair in-
creases from negative to positive values and remains neg-
ative throughout the parameter range considered. The
chaos bound is therefore always satisfied for this branch.
The separation among the curves for different spin val-
ues also becomes smaller as the primary hair decreases,
indicating that the spin-dependent correction becomes
less pronounced. For the far-horizon branch, as shown in
Fig. 7(b), A, likewise decreases with increasing primary
hair but initially lies in the bound-violating regime with
Ay > 0. As the primary hair increases, it crosses the crit-
ical line A, =0 and enters the bound-satisfying regime.
Figures 7(c) and 7(d) show the branch-dependent re-
sponse: «* increases for both branches, whereas 4> in-
creases for the near-horizon branch but decreases for the
far-horizon branch. In the former case, the increase in A2
is weaker than that in «, so that A,, still decreases des-
pite the strengthening of the orbital instability. In the lat-
ter case, the decrease in 4> and the increase in > act to-
gether to reduce A,. Their intersection, A% =«?, marks
the transition from the bound-violating to the bound-satis-
fying regime. Thus, although increasing the primary hair
suppresses A, for both orbital branches, the underlying
response of the orbital instability remains branch depend-
ent.
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IV. CONCLUSION AND DISCUSSION

In this paper, we investigated the orbital instability of
spinning test particles in a spherically symmetric black
hole spacetime and its relation to the classical chaos
bound. In the parameter region considered, the radial ef-
fective potential develops two local maxima, correspond-
ing to two branches of unstable circular orbits. Although
both branches are radially unstable, their LEs exhibit dif-
ferent behaviors with respect to the same surface gravity.
The near-horizon branch generally satisfies the bound,
whereas the far-horizon branch can enter a regime in
which the LE exceeds the surface gravity scale. This in-
dicates that whether the local instability rate exceeds the
surface gravity depends not only on the radial instability
of the orbit itself but also on the orbital location and the
local structure of the effective potential near the corres-
ponding extremum. Particle spin shifts the locations of
the unstable orbits and modifies their local instability
rates through spin—curvature coupling, but it does not
generate the two-branch structure in the parameter range
studied here. The coupling parameters and primary hair
further modify the relation between the orbital-instability
and surface gravity scales through their effects on the
background geometry and the effective potential. In par-
ticular, as these parameters and primary hair increase, «*
increases for both orbital branches, whereas A% increases
for the near-horizon branch but decreases for the far-hori-
zon branch. This branch-dependent behavior also shows
that the variation of A, results from the combined
changes in the Lyapunov exponent and surface gravity
and should not be identified with the variation of the or-
bital instability alone.

For the far-horizon branch, the occurrence of A3, > k>

means, within the criterion adopted here and in related
studies of classical particle dynamics, that the local radi-
al instability rate around the orbit exceeds the surface
gravity scale. It can therefore be regarded as a violation
of the classical particle-orbit bound 12 <«*. We stress,
however, that this violation refers to the local radial per-
turbation of an unstable circular orbit and does not imply
the presence of global classical chaos in the full phase
space. Previous studies of classical particle dynamics in
rotating black hole backgrounds have shown that black
hole rotation and the particle orbital angular momentum
can modify the effective potential, the locations of un-
stable orbits, and the corresponding LEs. Different mag-
nitudes and orientations of the particle angular mo-
mentum can further alter the relation between the orbital
instability rate and the surface gravity, allowing the
bound to be violated in certain parameter regions. In con-
trast to those rotating backgrounds, the two unstable
branches found here arise from two distinct maxima of
the radial effective potential in the same static and spher-
ically symmetric spacetime, and both are already present
in the spinless limit. Thus, even in the absence of black
hole rotation, different unstable orbits in the same static
background can exhibit different behaviors with respect
to the same surface gravity scale. Finally, the LE con-
sidered in this work characterizes the local growth of lin-
ear radial perturbations around classical unstable circular
orbits and is therefore not the same quantity as the
quantum LE extracted from OTOCs and associated with
quantum information scrambling. Consequently, the con-
dition A? > «* found here should not be directly identified
with a violation of the MSS chaos bound.
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