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η(z) ≡ DL(z)/[(1+ z)2DA(z)]

∆χ2
tanh/ΛCDM = −35.1 ∆χ2

const/ΛCDM = −31.5
∆χ2

tanh/const = −3.6 ∼ 1.4σ

MB

H0 = 68.44±0.30 Ωm = 0.301±0.004

Abstract: The  Hubble  tension  between  the  SH0ES-calibrated  luminosity-distance  scale  and  the  CMB/BAO-in-
ferred  expansion  history  can  be  recast  as  an  effective  violation  of  the  distance-duality  relation  (DDR),

. Using the Fisher-bias formalism, we examine how an overall distance recalibration and a
broad  redshift-dependent  variation  can  accommodate  different  cosmological  responses.  These  diagnostic  profiles
motivate a compact model of the distance deformation. We adopt a three-parameter tanh parameterization and per-
form full MCMC sampling with Planck, DESI-DR2 BAO, Pantheon+ with SH0ES, and cosmic chronometers. The
tanh and constant-DDR models yield  and , respectively; the additional red-
shift-dependent  contribution  is  therefore .  Redshift  dependence  is  marginally  preferred  ( ),
while neither the Bayesian evidence nor the deviance information criterion provides meaningful support for the ex-
tension.  We therefore find no significant  evidence for  redshift-dependent DDR violation,  while  the dominant  con-
stant offset remains degenerate with a recalibration of the supernova absolute magnitude  in the absence of an ex-
ternal  calibration.  The  combined analysis  gives  km s−1 Mpc−1 and .  Finally,  at
the background level, the adopted SN-sector deformation is strongly degenerate with the specific evolving-dark-en-
ergy model considered here.
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I.  INTRODUCTION

> 5σ
H0 = 67.36±0.54

H0 = 73.17±0.86

S 8

Ωm

Persistent  discrepancies  among  cosmological  probes
have  raised  questions  about  the  internal  consistency  of
the ΛCDM framework [1−3]. The most prominent is the
Hubble tension—a  mismatch between the CMB-in-
ferred value of  km s−1 Mpc−1 [4] and the
Cepheid-calibrated measurement of  km
s−1 Mpc−1 from SH0ES [5]. Earlier weak-lensing and red-
shift-space  distortion  measurements  also  reported  lower
clustering  amplitudes  than  those  predicted  by  the  CMB
[6−8],  although  KiDS-Legacy  and  DES  Year  6  find  a
substantially  reduced  or  negligible  discrepancy  [9,
10]. We  therefore  focus  on  the  Hubble  calibration  mis-
match and on the consistency of the matter density  in-
ferred  from  background-distance data,  rather  than  treat-
ing  the  evolving  growth-sector  tension  as  the  primary
motivation.

A growing  body  of  work  interprets  the  Hubble  ten-

MB

rs

rs

H(z)
MB

sion as a calibration mismatch between the Type Ia super-
nova (SNe Ia) luminosity scale, anchored at low redshift
by  the  SH0ES  Cepheid  ladder,  and  the  baryon  acoustic
oscillation (BAO) distance scale, anchored at early times
by the CMB-inferred sound horizon [11−15]. At its core,
this is a disagreement between two absolute distance nor-
malizations:  the  supernova  ladder  fixes  the  luminosity
distance through the absolute magnitude , whereas the
CMB/BAO  ruler  fixes  the  angular-diameter  distance
through the sound-horizon scale . Background-distance
data primarily constrain only the ratio of these two scales.
Thus,  with  nearly  identical  observational  consequences,
the discrepancy can be absorbed by adjusting any of  the
quantities  that  connect  them:  the  value  of ,  early- or
late-time  modifications  of  the  expansion  history ,  a
shift  in ,  or  a  departure  from  the  standard  relation
between luminosity  and angular-diameter  distances  [16].
Within this background-level calibration likelihood, these
parameter shifts  can  provide  nearly  degenerate  descrip-
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η(z)tions  of  the  mismatch  [12].  We use  as one  such  ef-
fective description rather than as an attribution of its ori-
gin.

MB

η(z)

η(z)

We adopt the last  of these—an effective violation of
the  distance-duality  relation  (DDR) —as  our  working
parametrization  for  two  reasons.  First,  it  localizes  the
modification  in  the  supernova  luminosity  sector,  where
the absolute calibration is most directly in question, while
leaving  the  well-measured  CMB/BAO  ruler  unchanged.
Second, it generalizes the model in a controlled way: the
constant  recalibration  favoured  by  recent  analyses
[14, 17]  corresponds to  a constant DDR offset,  and pro-
moting that offset to a smooth function  allows us to
test whether the data prefer any redshift dependence bey-
ond this constant offset—the central  question of this pa-
per. This is a deliberate choice of description, not a claim
of uniqueness or of physical origin. Our  is an effect-
ive, background-level modification of the SN sector only,
as specified in Section 4.1.

The distance-duality relation provides the natural lan-
guage for this description. In any metric theory of gravity
in  which  photons  propagate  along  null  geodesics  and
photon number is conserved, the luminosity distance and
the angular-diameter distance are related by 

DL(z) = (1+ z)2DA(z). (1)

η(z) ≡ DL(z)/[(1+ z)2DA(z)] η = 1

Violations of equation (1) can arise from photon–ax-
ion  conversion  [18],  modified  gravity  [19],  or  temporal
variation  of  fundamental  constants  [20].  Such  effects
have  been  tested  using  combinations  of  BAO,  SNe  Ia,
and  cosmic  chronometer  data  [14, 17, 21−23].  Defining

,  departures  from  effect-
ively modify  the  supernova  distance  scale  without  alter-
ing the BAO observables in our implementation.

η , 1
MB Ωm

η(z)

Ωm ≃ 0.334
Ωm ≃ 0.30

H0 H0

w < −1
Ωm Ωm

w > −1
w(z) H0

Ωm

The form of the DDR deformation has direct implica-
tions for the inferred cosmological parameters. In the ab-
sence  of  an  external  absolute-magnitude  calibration,  a
constant offset  is mathematically degenerate with a
shift  in  [14, 17],  and  leaves  the  SN-inferred  un-
changed.  By contrast,  a  redshift-dependent  modifies
the  shape  of  the  luminosity  distance–redshift  relation.
This distinction is important because the Pantheon+ mat-
ter  density, ,  lies  above  the  CMB/BAO value

, and a smooth late-time modification of the ex-
pansion history generally cannot remove this discrepancy
while also raising . At fixed sound horizon, raising 
requires  a  low-redshift  phantom  transition  ( ),
which  drives  the  SN-inferred  upward;  lowering 
instead  requires  the  opposite,  quintessence-like  response
( ). To linear order in the Fisher-bias response, the
minimal  smooth  deformations  that  raise  and
lower the SN-inferred  therefore point in opposite dir-
ections [24, 25].

η(z)

H0 Ωm

Ωm

A redshift-dependent  can directly reshape the su-
pernova  luminosity  distance  at  fixed  expansion  history
and is not subject to this particular anti-alignment. This is
not inconsistent with the background-level η–w degener-
acy discussed in Section 3.2: the degeneracy concerns the
same SN luminosity-distance observable, whereas the ob-
struction  concerns  matching  the  joint  BAO/CMB-fixed

 and  SN-inferred . Once  CMB  and  BAO  are  in-
cluded, these data constrain the combined-fit ; the re-
construction  addresses  the  internal  SN-sector  mapping.
Binned SNe Ia and BAO analyses have also reported in-
dications  of  redshift  dependence  in  the  inferred  matter
density  [26, 27],  motivating  further  tests  of  the
distance–redshift relation.

E(z)

(A,zt,∆)

We  proceed  in  two  complementary  steps.  First,  the
Fisher-bias  formalism  [24, 28, 29]  is  used  to  examine
how an  overall  distance  normalization  and  redshift  vari-
ation affect the cosmological response. Profiles construc-
ted for  specified targets  guide a  compact  model  of  these
two effects. When the expansion history is varied jointly,
a  non-monotonic  dip  compensates  the  modified 
(Section  3.2).  Second,  guided  by  these  reconstructions,
we adopt the three-parameter tanh form defined in equa-
tion  (17)  below  and  sample  with  the  standard
cosmological parameters.  The  Fisher  construction  is  tar-
get-conditioned,  whereas  this  second  step  provides  data-
driven inference within the adopted model.

w(z)

η(z)

Finally, we examine a model-specific background de-
generacy. A late-time phantom-like transition in  can
reproduce  the  luminosity-distance response  of  the  adop-
ted  redshift-dependent  SN-sector  model  [15, 30].
Our  comparison  therefore  concerns  these  two  effective
descriptions in  the  stated  likelihood,  rather  than  all  pos-
sible physical origins of DDR violation.

η(z) (H0,Ωm)

η(z)
w(z)

MB

Relative to previous analyses of constant DDR break-
ing  and  supernova  absolute-magnitude  recalibration  [14,
17], our  contributions  are  threefold:  we  construct  condi-
tional  profiles  associated with target  shifts,
separate  the  constant-offset  and  redshift-dependent con-
tributions  to  the  fit  improvement,  and  demonstrate  the
background-level degeneracy between a varying  and
an evolving . Most of the improvement over ΛCDM
is supplied by the constant, -like offset; the statistical
preference for redshift dependence is mild.

η(z)

The paper  is  organized  as  follows.  Section  2  intro-
duces  the  Fisher-bias  formalism  and  its  application  to
DDR deformations.  Section  3  presents  the  reconstructed

 profiles,  their  dependence on target  parameters,  and
the  tanh  parameterization  motivated  by  them.  Section  4
describes the  datasets  and  statistical  methodology.  Sec-
tion 5 presents the MCMC results. Section 6 summarizes
our conclusions. 
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II.  FISHER-BIAS FORMALISM
 

A.    Physical aim and numerical representation
An overall  distance recalibration and a change in the

shape of the distance–redshift relation play distinct phys-
ical roles. A constant η rescales all supernova luminosity
distances  and,  in  the  absence  of  external  calibration,  is
degenerate with  a  shift  in  the  absolute  magnitude.  Red-
shift-dependent  variation  can  also  change  the  matter
density inferred from the supernova distance relation. Our
diagnostic  determines  the  minimum  additional  variation
required  to  produce  a  prescribed  cosmological  response,
while  allowing  the  overall  normalization  to  adjust.  The
resulting general trends motivate a compact model whose
parameters are fitted directly in the full likelihood in Sec-
tion 5.

Dobs
L (z) = η(z)DGR

L (z)
We  adopt  the  effective  SN-sector  prescription

,  leaving  the  background  expansion,
BAO distances, and CMB observables unchanged. To ex-
plore the distance deformation without first imposing the
tanh shape, we represent a continuous function with a fi-
nite set of adjustable coefficients: 

∆η(z) ≡ η(z)−1 =
N∑

i=1

ciϕi(z). (2)

The expansion provides a numerical representation of

the  function.  The  centers  are  not  bins  of  the  supernova
observations and are not associated with distinct physical
modes.

ciWe  optimize  the  coefficients  subject  to  the  target
and  fit-quality  conditions  specified  below.  The  variation
penalty  regularizes  this  optimization;  no  posterior
sampling or marginalization over these coefficients is in-
volved.

We  use  Gaussian  functions  because  they  are  smooth
and localized. Their linear combination yields a continu-
ous  deformation  of  the  distance,  while  their  localization
allows the  coefficients  to  adjust  the  function in  different
redshift  intervals.  The top-hat  comparison in Section 2.3
evaluates this choice of basis.

For Fig.  1, we  use  smooth,  localized  Gaussian  func-
tions. 

ϕG
i (z) = exp

ï
− (z− zi)2

2σ2

ò
, (3)

0 ≤ z ≤ 2with equally spaced centres on the interval . The
width  parameter  in  equation  (3)  follows  the  numerical
convention of  Ref.  [24]:  the full  width at  half  maximum
is equal to the centre spacing: 

∆z =
2

N −1
, σ =

∆z

2
√

2ln2
. (4)

 

∆η(z) = η(z)−1 H0 Ωm

Ωm = 0.338 H0 H0 = 68
Ωm H0 ∆η (η− η̄)/|η̄|

Fig. 1.    (color online) Solutions for the  profiles for specified target values of  and . The upper row shows results
for fixed  with different target  values; the lower row shows results for fixed  km s−1 Mpc−1 with different target

 values. All  values in the figure are given in km s−1 Mpc−1. The left panels show , and the right panels show .
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N = 80 ∆z ≃ 0.0253
σ ≃ 0.01075

For ,  equation  (4)  yields  and
. Equal spacing and equal widths provide uni-

form numerical  resolution.  An  adaptive  basis  would  re-
quire a prescription specifying how that resolution varies
with redshift; we use the uniform choice to explore broad
trends without introducing such a prescription.

N = 80

N = 60 100

We choose  to explore these trends with a flex-
ible function before selecting a compact parameterization.
The  spacing  is  finer  than  the  broad  features  relevant  to
this  purpose.  The  comparison  with  and  in
Section  2.3  evaluates  this  choice  at  a  common  display
scale  while  keeping  the  width-to-spacing  relation  fixed.
The  number  of  centres  controls  the  numerical  flexibility
of  the  representation;  it  should  not  be  interpreted  as  the
number  of  physical  modes  constrained  by  the  data.
Figure  2 also  includes  an  illustrative  calculation  with  a
top-hat basis: 

ϕTH
i (z) =

1, |z− zi| < ∆z/2,

0, otherwise.
(5)

 

B.    Local response and the variation penalty

X(Ω, c)
Xobs

The  Fisher-bias  formalism  estimates  shifts  in  fitted
cosmological parameters induced by small changes in the
predicted  observables  [24, 28, 29]. Following  the  re-
sponse calculation of Ref. [24], let  denote the su-
pernova  prediction  vector,  the  observations,  and C

their covariance matrix. The Gaussian fit statistic is 

χ2(Ω, c) = [X(Ω, c)−Xobs]T C−1[X(Ω, c)−Xobs]. (6)

Ω = (ωc,h0)

h0 ≡ H0/(100kms−1 Mpc−1)

For the SN fit statistic in equation (6), the varied paramet-
ers  are , while  the  baryon  density  and  mag-
nitude  calibration  are  held  fixed.  Here,

.
Linearizing the predictions about the undeformed cos-

mology yields 

δX ≃ J δΩ+Bc, Jaα =
∂Xa

∂Ωα
, Bai =

∂Xa

∂ci
. (7)

δµ(z) = 5log10[1+∆η(z)] Bai = 5ϕi(za)/ ln10

In equation (7), a labels the observations, α the cosmolo-
gical  parameters,  and i the basis  functions;  the  derivat-
ives are evaluated at zero deformation. For magnitude ob-
servables,  the  distance  rescaling  gives

, and therefore .
M = C−1 F = JT MJWriting  and ,  the  Fisher  matrix

describes the curvature of the quadratic fitting statistic in
parameter space. Minimizing this statistic with respect to
the cosmological parameters and subtracting the zero-de-
formation stationarity condition gives 

F∆ΩBF+ JT MBc = 0. (8)

Solving  equation  (8)  yields  the  induced  parameter

 

∆η(z)
∆η(z) ≡ η(z)−1

A = −0.078±0.013 zt = −0.289+0.036
−0.11 ∆ = 0.199±0.10

ωc = 0.1202 H0 = 68.4 ∆χ2
BF ≤ 0 ∆χ2

BF ≤ −5
∆χ2

BF ≤ 0 ∆χ2

z ∈ [0,1]

Fig. 2.    (color online) Comparison of illustrative Fisher-bias  profiles with the posterior band inferred from MCMC for the three-
parameter tanh model. The red shaded region shows the 68 per cent credible interval for  obtained from the Combined+

dataset ( , , ); the solid red line indicates the posterior median. The dark blue solid and
light  blue  dotted  curves  show  the  Gaussian-basis  Fisher-bias  reconstructions  targeting  the Planck+BAO  ΛCDM  best-fit  parameters
( ,  km s−1 Mpc−1) under the constraints  and , respectively; the orange dashed curve shows the
binned-basis check under . The legend's  refers to the locally profiled quadratic Fisher-bias statistic in equation (10), not to
a full nonlinear likelihood refit. The constrained profiles lie within the 68 per cent MCMC band over ; this comparison motiv-
ates the broad transition but does not constitute an independent measurement of its shape.

Zhihuan Zhou, Zhuang Miao, Hanbing Yang et al. Chin. Phys. C 51, (2027)

-4

CPC
 A

cce
pte

d



shift, 

∆ΩBF[∆η] ≃ −F−1 JT MBc. (9)

r = Xfid−Xobs ‹M = M−MJF−1 JT M

Substituting the fitted response into the quadratic statistic
yields the  change  in  its  minimum.  Define  the  unde-
formed residual  and ,
which  accounts  for  the  adjustment  of  the  cosmological
parameters. Then 

∆χ2
BF[∆η] ≃ 2rT ‹MBc+ cT BT ‹MBc. (10)

These expressions  retain  the  linear  parameter  re-
sponse and the change in the fit statistic through quadrat-
ic  order  in  the  observable  perturbation,  as  in  Ref.  [24].
Within this approximation, equation (9) maps a trial dis-
tance  deformation  onto  the  corresponding  shift  in  the
best-fit  cosmological  parameters,  whereas  equation  (10)
quantifies whether  this  deformation  improves  or  de-
grades the fit after those parameters are adjusted.

For  a  chosen  cosmological  target,  we  minimize  the
redshift variation while maintaining or improving the fit.
Within  the  Fisher-bias  approximation,  the  constrained
problem is 

minimize
c

∫ 2
0 dz [η(z)− η̄]2,

subject to

ΩBF[∆η(z)] =Ωtarget,

∆χ2
BF[∆η(z)] ≤ 0.

(11)

η̄ =
1
2

∫ 2
0 η(z)dzwhere .  The  penalty  quantifies  variation

about  the  mean,  without  imposing  a  separate  penalty  on
the  mean  calibration  offset.  Both  constraints  in  equation
(11) are evaluated using the full distance deformation, in-
cluding its  mean  component.  The  mean  is  therefore  de-
termined jointly  with  the  shape  in  the  constrained  prob-
lem. The relation between the two possible penalties is 

η− η̄ = ∆η−∆η,
∫ 2

0
(∆η)2dz =

∫ 2

0
(η− η̄)2dz+2∆η

2
,

(12)

where 

∆η ≡ 1
2

∫ 2

0
∆η(z)dz = η̄−1. (13)

∫
(∆η)2dz

Equation  (12),  with  the  mean  defined  in  equation
(13),  shows that  minimizing  would also penal-
ize the mean offset.  Our choice seeks the minimum red-
shift  variation  associated  with  the  allowed  recalibration

and can therefore yield a different profile.

cT Qc Qi j =
∫ 2

0 [ϕi(z)− ϕ̄i][ϕ j(z)− ϕ̄ j]dz

ϕ̄i =
1
2

∫ 2
0 ϕi(z)dz

Substituting equation (2)  yields  a  quadratic  objective
,  with  and

. Together  with  the  linear  target  condi-
tion and the quadratic fit-quality condition, this defines a
deterministic constrained optimization problem. 

C.    Broad trends and the compact model

(H0,Ωm) H0

Ωm = 0.338
Ωm

H0 = 68
N = 60 80

100
σs = 0.05

For the  resolution  check,  we  use  the  fourteen  spe-
cified  parameter pairs shown in Fig. 1: seven 
values  from 67  to  73  km s−1 Mpc−1 at  fixed ,
and  seven  values  spanning  approximately
0.270–0.350  at  fixed  km  s−1 Mpc−1.  For  each
parameter pair, the profiles obtained with , , and

 show similar  broad trends after  Gaussian smoothing
with , as  defined  below.  This  comparison  sup-
ports the adequacy of  the resolution for  the compact  de-
scription.  The  smoothed  comparison  profiles  summarize
the broad trend of the underlying optimized functions; the
constraints are evaluated before smoothing.

H0 = 68kms−1 Mpc−1 Ωm ≃ 0.297
N = 80

σs = 0.05 z = 0

For  a  representative  target  with  lower  matter  density
at fixed  and , we also use

 top-hat functions from equation (5), with the same
target,  variation  penalty,  and  fit-quality  condition.  To
compare the broad trend on a common redshift scale, we
evaluate  each  optimized  profile  on  a  uniform  grid  and
convolve  it  with  a  normalized  Gaussian  of  width

, using reflection at  and 2. For the top-hat
basis,  this  operation  is  applied  to  the  piecewise-constant
function after optimization. The broad decrease with red-
shift is  retained  with  either  basis,  supporting  the  robust-
ness of this trend to the tested basis choice.

We retain the overall normalization and a broad trans-
ition as the information relevant to a simple physical test:
whether redshift variation is supported beyond an overall
distance  recalibration.  Local  excursions  are  not  assigned
physical significance by this construction. The three tanh
parameters  are  fitted  directly  in  the  full  likelihood,  with
the  model  specified  in  Section 3.3.  The number  of  basis
functions and the smoothed profiles are not inputs to that
likelihood. 

III.  RECONSTRUCTION OF LATE-TIME DIS-
TANCE DUALITY

H0 Ωm

The SN target scans use the calibrated Pantheon+ dis-
tance  sample,  with  the  magnitude  calibration  and  BBN-
motivated  baryon  density  held  fixed.  We  specify  target
values of  and  and reconstruct the distance deform-
ation using the  Fisher-bias responses  and constraints  de-
scribed  in  Section  2.2.  CMB  and  BAO  information
guides the choice of target values; their likelihoods are in-
cluded in the full statistical analysis in Section 4. 
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A.    Broad trends of the conditional DDR deformation
Ωm = 0.338

H0 η̄

∆η = η−1
H0 ≳ 70 kms−1 Mpc−1 η(z)

(η(z)− η̄)/η̄ ≲ 0.02
H0 ∼ 73 kms−1 Mpc−1

H0 ≃ 68 kms−1 Mpc−1

η̄ ≃ 0.93

The upper row of Fig. 1 fixes  while vary-
ing the target ;  denotes the mean over the reconstruc-
tion range. The left panels show the deviation .
For  target  values ,  remains
nearly  constant,  with  fractional  deviations  satisfying

.  As  the  target  value
 approaches the SN-calibrated refer-

ence scale, the overall deformation becomes small. For a
target value , the average normaliza-
tion  is  instead ,  close  to  the  effective  calibration
offset reported by Teixeira et al. [14].

H0 = 68 kms−1 Mpc−1

Ωm

η(z) Ωm

z ≳ 0.1 η(z) Ωm

Ωm

Ωm ∼ 0.28
(η(z)− η̄)/|η̄|

The lower row fixes  while vary-
ing  the  target . In  this  configuration,  both  the  amp-
litude and the shape of  depend sensitively on . For

,  increases when  is raised above the Pan-
theon+SH0ES  best-fit  value  and  decreases  when  is
lowered. When  is reduced to , the fractional de-
viation  becomes of order one percent, indic-
ating that  reconciling Pantheon+SH0ES with  such a  low
matter density is accompanied by a broad redshift trend in
the conditional profiles.

E(z)
η(z) δE < 0 z ≲ 0.5

H0

A key implication concerns the alternative strategy of
reshaping the background expansion rate  rather than

. A suppressed expansion rate (  at )—the
low-redshift  deformation  invoked  to  raise  the  inferred

—increases the luminosity distance. 

δDL

DL
∝ −

∫ z

0

δE(z′)
E2(z′)

dz′ > 0 . (14)

DL(z)

Ωm w < −1
H0 Ωm

w > −1
w(z)

Ωm

Ωm = (ωb+ωc+ων)/h2
0

Ωm H0

Because equation (14) shows that Pantheon constrains the
shape  of  whereas  SH0ES  fixes  its  normalization,
this excess must be compensated by a higher SN-inferred

.  The  same  low-redshift  phantom  transition  ( )
that  raises  therefore  pushes  the  SN-inferred  up-
ward, whereas  lowering  it  requires  the  opposite,  quint-
essence-like deformation ( ). To linear order in the
Fisher-bias  response,  the  minimal-amplitude  de-
formations that achieve these two goals point in opposite
directions, so a single such deformation cannot meet both
[24, 25].  This  shape-derived  should be distinguished
from  the  global  matter  density  of  a  CMB-anchored  fit,

,  for  which  tightly  constrained
physical densities tie  to .

η(z)
Ωm

H0 Ωm

H0

In contrast, a redshift-dependent  can directly shift
the SN-inferred  (Fig. 1) without simultaneously driv-
ing it  upward  through the  expansion  history.  The  recon-
structed profiles therefore show that the required deform-
ation  depends  jointly  on  the  target  and :  the  late-
versus early-Universe calibration problem is intrinsically
multidimensional  rather  than  reducible  to  a  shift  in 
alone. 

η(z) H(z)B.    Degeneracy between  and  deformations
η(z)

Ωm

ωc ≡Ωch2
0

ωb ≡Ωbh2
0

H0

Ωm = Ωc+Ωb+Ων
η(z)

H(z)

The reconstructions above demonstrate that  alone
can  shift  the  matter  density  inferred  from  the  SNe-only
(Pantheon+SH0ES) likelihood, but this deformation does
not propagate to the BAO+CMB sector. In the full com-
bined  fit,  by  contrast,  is  essentially  fixed  by
CMB+BAO  and  is  nearly  identical  for  the  constant  and
tanh  DDR  models;  see  Section  5.2.  Because 
and  are  tightly  constrained  by  the  CMB  and
BBN  likelihoods,  increasing  necessarily  lowers

. A natural question is therefore wheth-
er  simultaneous  modifications  to  and  the  expansion
history  can reconcile  the SNe and BAO/CMB con-
straints.  This  exercise  also  exposes  the  degeneracy
between  geometric  (DDR)  and  dynamical  (dark  energy)
modifications at the background level.

rs

ωc = 0.1202 H0

w(z)

ωc = 0.1202
H0 η(z)

Our strategy is as follows. Using BAO measurements
calibrated  with  the  CMB-inferred  sound  horizon ,  we
fix  and  impose  a  target .  We  then  obtain
an  optimal  profile  using  the  Fisher-bias  method.
This model  serves  as  the  new  baseline,  with  the  Pan-
theon+SH0ES  best-fit  values  within  this  model  used  as
the  reference  parameters.  We  subsequently  apply  the
Fisher-bias  method  again,  fixing  and  the
same  target, to reconstruct the corresponding  pro-
file.

H0

w(z)
∆η(z) = η(z)−1

z ∼ 0.3 w < −1 z < 0.3 w > −1
η(z)

H0

z ∼ 0.5 z ∼ 1
z > 1

η(z)

Ωm η(z)

Figure  3 shows  the  results  for  different  targets.
The upper panel presents the reconstructed ,  and the
lower  panel  presents  the  corresponding .
The equation of state crosses the phantom divide around

, evolving from  at  to  there-
after.  In  response,  develops  a  pronounced  dip,  with
higher  targets  producing  deeper  dips  centred  near

.  The  profile  mildly  rebounds  near  and be-
comes approximately constant for . This behaviour is
consistent with the independently reconstructed -only
deformation,  confirming  that  reducing  the  Pantheon-in-
ferred  requires a declining  profile.

H0 Ωm

Physically, the dip arises from the response of the lu-
minosity  distance  to  a  reduced  matter  density.  In  a  flat
cosmology  with  fixed ,  decreasing  lowers  the
background  expansion  rate  in  the  matter-dominated re-
gime: 

E(z) =
H(z)
H0
=

√
Ωm(1+ z)3+ΩΛ , ∂Ωm E(z) > 0 . (15)

Equation (15) implies that the luminosity distance in-
creases, 

DL(z) ∝
∫ z

0

dz′

E(z′)
, ∂Ωm DL(z) < 0 for z ∼ 0.3–1 . (16)

Since  Pantheon  constrains  the  distances,  the  response  in
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η(z)

DL Ωm

equation (16) must be compensated by a suppressing 
deformation over the same redshift range. The condition-
al dip  illustrates  the  compensating  deformation  associ-
ated  with  the  response  to  a  reduced , while  pre-
serving the low-z normalization (SH0ES calibration) and
high-z asymptotic behaviour.

w(z) η(z)

w(z) E(z) DL

η(z)
η(z) w(z)

H(z)
DH(z) = c/H(z)

The  reconstructed  and  profiles  produce
nearly  identical  predictions  for  the  observed  luminosity
distances  in  this  construction.  A  phantom-like  transition
in  at low redshift suppresses  and increases ;
a dip in  compensates for that response. Thus, the spe-
cific effective SN-sector  and  models considered
here are strongly degenerate at the background level. Dir-
ect  measurements  of ,  such as  cosmic  chronometers
or radial BAO , probe the expansion com-
ponent of this particular degeneracy. 

C.    Parameterization for MCMC inference

η(z) w(z)
η(z)

E(z)

η(z)

We distinguish two conditional constructions. For the
SN-sector-only profiles of Section 3.1, the retained com-
pact information consists of an overall normalization and
a  broad  redshift  trend.  When  and  are  varied
jointly  (Section  3.2),  develops a  dip  that  com-
pensates  for  the  imposed  change  in .  Because  the
MCMC model below varies only the SN luminosity dis-
tance, we use the former construction to motivate a single
broad  transition.  The  smooth-kernel  and  binned-basis
checks  in Fig.  2 agree  to  the  accuracy  relevant  for  this
limited  purpose;  they  are  not  independent  data-driven
measurements of .

The  physical  question  is  whether  the  data  support  a
broad redshift variation beyond the overall distance recal-
ibration. We  therefore  use  a  tanh  function,  which  con-
nects  two  asymptotic  normalizations  through  a  single
transition  and  includes  an  approximately  constant  limit
over the observed range. This compact form captures the
broad behavior  of  interest  without  fitting  individual  ex-
cursions in the numerical profiles. We therefore adopt 

η(z) = 1+A tanh
( z− zt

∆

)
, (17)

ztwhere A sets  the  asymptotic  deviation  amplitude,  loc-
ates  the  transition,  and δ sets its  width.  All  three  hyper-
bolic-tangent parameters are sampled jointly with the cos-
mological  parameters  in  the  full  likelihood;  their  values
are determined by the data within the adopted priors. The
numerical  reconstructions  motivate  this  functional  form,
but  they  neither  fix  the  parameter  values  nor  enter  the
likelihood. As  discussed  in  Section  5.2,  the  fitted  trans-
ition centre is slightly negative, so the model is close to a
constant  offset  with  a  mild  residual  gradient  across  the
observed range. This form has three useful limiting beha-
viours:
 

A = 01. : the standard DDR, recovering ΛCDM;
 

−zt/∆≫ 1
η(z) ≃ 1+A

MB

2. :  an  approximately  constant  offset  over
the observed range, , which is degenerate with
a shift in ;

 

w(z) w(z)
ωc = 0.1202 H0 ∆η(z) = η(z)−1

ωc H0 H0

Fig. 3.    (color online) Conditional  and DDR-deformation profiles. The upper panel shows  reconstructed from BAO and the
CMB-calibrated sound horizon, with  and the indicated target . The lower panel shows  from the corres-
ponding Fisher construction in the SN sector at the same  and . The colour bar indicates  in km s−1 Mpc−1. Parameters not var-
ied here are fixed at their Planck ΛCDM best-fit values.
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zt3. finite A, , and δ: a redshift-dependent term in the

adopted effective model.
 

∆χ2
The first two limits are nested within the full paramet-

erization,  enabling  direct  model  comparisons  using ,
the Akaike  information  criterion  (AIC),  the  deviance  in-
formation  criterion  (DIC),  and  the  Bayesian  evidence
(Section 5.2). 

IV.  STATISTICAL METHODOLOGY AND DATA-
SETS

 

A.    DDR implementation and models

Dobs
L (z) = η(z)DGR

L (z)

η(z)

The DDR modification is implemented in the Python
wrapper  of  the  Einstein–Boltzmann  code  CLASS  [31,
32].  The  rescaling  is  applied  only  to
the luminosity distance used in the supernova likelihood.
BAO distances,  the CMB likelihood, cosmic-chronomet-
er predictions,  the  background  expansion,  and  the  per-
turbation  equations  remain  unchanged.  The  fitted 
should therefore be interpreted solely as the effective SN-
sector response defined in Section 2.

We consider three nested models:
 

η(z) = 11. ΛCDM: the standard model with ;
 

η(z) = η0

MB

η0 η0 = 0.925±0.013

2. Constant  DDR:  a  redshift-independent  offset,
.  In  the  absence  of  an  external  absolute-mag-

nitude prior, this offset is exactly degenerate with a shift
in  the  supernova  absolute  magnitude ; this  degener-
acy is broken once the SH0ES calibration is imposed. In
Table 1, the Combined+ entry corresponds to a one-para-
meter  chain  with  free ,  yielding ,
whereas  the  Combined- entry  fixes  the  representative

η0 = 0.925value , consistent with Teixeira et al. [14];
 

A = 0
−zt/∆≫ 1

3. Tanh  DDR:  the  three-parameter  model  given  by
equation  (17),  which  reduces  to  (i)  when  and ap-
proaches  (ii)  when  over  the  observed  redshift
range.
 

∆χ2

A ∈ [−0.15, 0.10] zt ∈ [−0.40, 0.20] ∆ ∈ [0.02, 0.40]

zt

η < 1
A < 0

zt

η(z) z ≥ 0

z ≥ 0 zt

1σ
zt ≃ −0.40

zt→−∞

r = −zt/∆

zt

The nested  structure  enables  direct  model  comparis-
on using , the AIC, the DIC, and the Bayesian evid-
ence.  For  the  tanh  model,  we  adopt  flat  priors

, ,  and 
for  all  dataset  combinations.  The  marginal  posteriors  lie
within these ranges, although the  posterior approaches
the lower bound while its peak remains well inside it (see
below).  The A prior  is  deliberately  asymmetric  about
zero: the  calibration  mismatch  fixes  the  sign  of  the  off-
set —a suppressed supernova  luminosity  distance, 
(i.e. )—so the  prior  extends  further  in  the  negative
direction  while  retaining  a  positive  margin  as  a  null
check. Negative  values are permitted because the trans-
ition centre  may  physically  lie  below  the  observed  red-
shift range. In this case,  varies only mildly over 
and approaches the constant-offset limit while remaining
well  defined  for  all .  The  combined-fit  posterior
extends  toward  this  lower  bound,  with  its  interval
reaching ,  i.e.  toward the constant-offset direc-
tion . However, this truncation does not drive our
conclusions, because the approach to the constant limit is
probed  independently  by  the  prior  reweighting  in

 (Section  5.2)  and  by  the  free  one-parameter
constant-DDR chain,  neither  of  which is  sensitive  to  the

 boundary. 

B.    Datasets
We  combine  multiple  cosmological  probes  spanning

different redshifts and physical scales:

 

±1σ

η0 = 1+A = 0.925±0.013 5.7σ
η0 = 0.925

Table 1.    Cosmological parameter constraints  for the tanh DDR, constant  DDR, and ΛCDM models for different  dataset  combina-
tions.  All  values  are  reported  as  means  credible  intervals;  asymmetric  errors  are  shown  where  the  posterior  is  non-Gaussian.
“BAO+SNe” denotes  BAO + Pantheon+SH0ES + BBN. “Combined-” includes  Planck and CC but  excludes  the  SH0ES calibration;
“Combined+” further includes SH0ES. For the Combined+ dataset, the constant-DDR row corresponds to a free one-parameter chain,
yielding  (a  deviation  from  unity),  consistent  with  Teixeira  et  al.  [14];  the  Combined- constant-DDR
entry fixes . Dashes indicate parameters that are not present in the corresponding model.

Model Dataset A zt δ H0  [km s−1 Mpc−1] Ωm S 8 χ2

Tanh DDR

BAO+SNe −0.069±0.015 −0.272±0.090 0.204±0.103 69.07±0.49 0.301±0.008 0.814±0.032 1297.7

Combined- −0.052±0.050 −0.206±0.132 0.202±0.104 68.42±0.31 0.301±0.004 0.807±0.010 2443.8

Combined+ −0.078±0.013 −0.289+0.036
−0.11 0.199±0.10 68.44±0.30 0.301±0.004 0.806±0.010 2321.2

Constant DDR
Combined- −0.075 (fixed) — — 68.32±0.30 0.302±0.004 0.809±0.009 2447.7

Combined+ −0.075±0.013 — — 68.38±0.28 0.301±0.004 0.808±0.010 2324.8

ΛCDM
Combined- — — — 68.76+0.17

−0.20 0.297±0.003 0.803+0.008
−0.009 2448.8

Combined+ — — — 68.82±0.26 0.296±0.003 0.800+0.009
−0.008 2356.3
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0.295 ≤ z ≤ 2.330
(DM/rd, DH/rd)

DESI BAO (DR2).—The Dark Energy Spectroscopic
Instrument  Data  Release  2  [33] provides  BAO measure-
ments from 14  million  extragalactic  objects  in  nine  red-
shift  bins  over .  These  are  reported  as

 with  the  full  non-diagonal  covariance
matrix.

0.001 < z < 2.26

Pantheon+  and  SH0ES.—The Pantheon+  compila-
tion  [34, 35]  provides  distance  moduli  from  1701  light
curves  of  1550 spectroscopically  confirmed SNe Ia  over

.  We  analyse  this  dataset  both  with  and
without the SH0ES Cepheid calibration [5], implemented
through  the  full  Pantheon+SH0ES  likelihood  following
Poulin et al. [12].

H(z)

0.07 < z < 1.97

H(z)

η(z) H(z)

Cosmic chronometers.—We use 32 direct  meas-
urements from differential galaxy aging [36−42], as com-
piled by Wu [43],  spanning . These meas-
urements are included specifically because they constrain

 directly, independently of integrated distance meas-
ures. They therefore provide a means of constraining the

–  degeneracy  identified  in  Section  3.2;  we
quantify their current, limited constraining impact in Sec-
tion 5.3.

R
ℓA Ωbh2

0

Planck  CMB.—For  the  Fisher-bias  analysis,  we  use
the  CMB  distance  priors  from  the Planck 2018  release
[44], comprising the shift parameter , the acoustic scale

,  and . The  MCMC analysis  uses  the  2018  Com-
mander low-ℓ TT, SimAll low-ℓ EE, and Plik-lite high-ℓ
TT+TE+EE  likelihoods  [45, 46];  the  four-point  CMB-
lensing likelihood is not included.

We  denote  the  combination  CC  +  BAO  +  SNe  +
Planck  as “Combined-” (excluding the  SH0ES  calibra-
tion) and the same combination with SH0ES included as
“Combined+”. 

C.    Sampling

∑
mν = 0.06 Nur = 2.0328

105(D/H) = 2.527±0.030
Yp = 0.2449±0.0040 R−1 < 0.05

MCMC analyses  were  performed  with  MONTEPY-
THON  3.61) [47]  using  the  Metropolis–Hastings al-
gorithm  and  were  analyzed  with  GETDIST  [48].  We
sampled  the  six  standard  flat-ΛCDM  parameters,  the
Planck  calibration  nuisance  parameter,  the  SN  absolute
magnitude,  and  the  DDR  parameters  included  in  each
model.  We  assumed  one  massive  neutrino  with

 eV  and ,  and  used  the  standard
BBN-consistent helium  prescription.  The  BBN  likeli-
hood  used  PArthENoPE  predictions  with  the  deuterium
abundance  and  the  helium
abundance . We required 
[49].  For  the  main  Combined+ tanh  result,  we  used  six
chains  (56,765  total  Metropolis  steps;  21,447  accepted).
The independent MULTINEST evidence calculation used
400 live points, importance nested sampling, and an evid-
ence tolerance of 0.5.

AI-tool disclosure. OpenAI Codex was used for lan-

guage checking and editing. 

V.  MCMC RESULTS

zt

Figure 4 summarizes the posterior comparisons across
dataset combinations and among ΛCDM, constant DDR,
and tanh DDR. We perform Markov Chain Monte Carlo
(MCMC)  analyses  using  the  tanh  parameterization  of
equation (17), in which the DDR parameters (A, , δ) are
sampled freely alongside the standard cosmological para-
meters.  The  datasets,  priors,  and  sampling  methodology
are described in Section 4. 

A.    Constraints on the DDR parameters
Table  1 summarizes  the  constraints  on  the  DDR and

cosmological parameters. For the Combined+ dataset, we
find 

A = −0.078±0.013 ,

zt = −0.289+0.036
−0.11 ,

∆ = 0.199±0.10 ,

(18)

Equation (18) presents the fitted DDR parameters; the
inferred cosmological parameters are 

H0 = 68.44±0.30 kms−1 Mpc−1 ,

Ωm = 0.301±0.004 .
(19)

The values  in  equation  (19)  are  fully  consistent  with
the Planck ΛCDM baseline and do not require any modi-
fication to the expansion history.

A = −0.052±0.050
zt = −0.206±0.132 ∆ = 0.202±0.104

H0 = 68.42±0.31 Ωm = 0.301±0.004

For  the  Combined- dataset  (no  SH0ES),  the  DDR
amplitude is only weakly constrained, ,
with  and . The  cos-
mological  parameters  nevertheless  remain  stable,  with

 km s−1 Mpc−1 and .

MB

MB ρ = −0.99

MB

A = −0.078±0.013
A = −0.069±0.015

H0 Ωm

The  broad A posterior  in  Combined- is a  direct  con-
sequence  of  the  nearly  exact  degeneracy  between  the
DDR  amplitude  and  the  supernova  absolute  magnitude

 after the SH0ES calibration is removed. In this chain,
A and  are  anti-correlated  with ,  so  without
the Cepheid anchor the data constrain essentially only the
combination of A and , rather than A itself. The amp-
litude  is  therefore  well  determined  only  when  SH0ES is
included  (Combined+: ;  BAO+SNe:

).  Both  analyses  retain  the  anchor,  so
the apparent “shift” in A across combinations reflects this
degeneracy  rather  than  a  physical  change  in  the  DDR
amplitude.  The  and  posteriors  are  consistent
across all  three combinations,  confirming that  these cos-
mological  parameters  are  constrained  by  the  CMB  and

Effective distance–duality deformations as a diagnostic of late-time calibration tensions Chin. Phys. C 51, (2027)
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BAO data rather than by the DDR deformation itself.

A = −0.069±0.015
zt = −0.272±0.090 ∆ = 0.204±0.103
H0 = 69.07±0.49 Ωm = 0.301±0.008

1σ

As an additional cross-check, the BAO+SNe analysis
(without  Planck  or  CC)  yields ,

,  and ,  with
 km  s−1 Mpc−1 and .

The fitted effective and cosmological parameters are con-
sistent  with  the  Combined+ result  within .  This  does
not by itself establish a physical DDR signal, because the
dominant  amplitude  is  the  calibration-degenerate con-
stant component quantified below. 

B.    Constant versus redshift-dependent DDR
A central question is whether the data favor redshift-

dependent structure beyond a constant effective offset  in
the  SN  sector.  For  Combined+, the  essential  decomposi-
tion is 

∆χ2
tanh/ΛCDM = −35.1, ∆χ2

const/ΛCDM = −31.5, (20)

∆χ2
tanh/const = −3.6

χ2 = 2356.3 2324.8 2321.2

r ≡ −zt/∆≫ 1

Thus, equation  (20)  implies  an  incremental  gain  at-
tributable to redshift structure of  for two
additional parameters.  The  corresponding  minimum  val-
ues are , , and  for ΛCDM, con-
stant DDR, and tanh DDR, respectively. In the tanh mod-
el,  the  constant  limit  is  approached  when ,

η(z)→ 1+A z > 0
MB

∆AIC ≃ −29
∆AIC = +0.4

p ≈ 0.17
∼ 1.4σ

−zt/∆→∞

χ2
2

for which  over ; without an external cal-
ibration, this limit  is  degenerate with  [14].  Although
each  effective  DDR  model  has  relative  to
ΛCDM,  their  direct  comparison  gives .
Thus, AIC does not support the redshift-dependent exten-
sion  (Table  2).  The  likelihood-ratio  test  with  two  extra
degrees  of  freedom  gives ,  corresponding  to  a
mild  preference  of  for  redshift  dependence.  We
caution that this p-value should be regarded as indicative:
the  constant-DDR null  lies  in  a  limiting  (boundary)  re-
gion of the tanh parameter space ( ), where the
regularity  conditions  of  Wilks'  theorem  are  not  satisfied
and  the  asymptotic  distribution  is  a  mixture  (Chernoff)
rather than a pure .

A = 0

ln B ≃ 14.3 15.2

ln Btanh/const = +0.9

∆DIC ≈ 0 ∆AIC = +0.4

ln B ≃ 13.8 14.2

A Bayesian  analysis  confirms this  picture.  Using  the
Savage–Dickey  density  ratio  at  the  nested  point ,
both  DDR  models  are  decisively  favoured  over  ΛCDM
(  and  for the constant and tanh models, re-
spectively),  whereas  the  redshift-dependent  extension  is
not favoured  over  the  constant  offset  ( ,
i.e. inconclusive on the Jeffreys scale). This is consistent
with  and  (Table 2). An independ-
ent  computation  of  the  marginal  likelihood  by  nested
sampling  (MULTINEST)  corroborates  these  Bayes
factors,  giving  and  for  the  constant  and
tanh  models  relative  to  ΛCDM  and  a  directly  evaluated

 

MB

H0 Ωm

MB H0 Ωm

H0 Ωm MB

Fig. 4.    (color online) Posterior distributions for cosmological parameters. Left: Constraints from the three-parameter tanh DDR mod-
el for three dataset combinations: BAO+Pantheon+SH0ES (blue), Combined+ (red), and Combined- (green). The contours are mutually
consistent.  The  DDR  amplitude A is  tightly  constrained  when  the  SH0ES  calibration  is  included  (blue,  red),  but  remains  broad  for
Combined- (green), where A is nearly degenerate with the supernova absolute magnitude . Nevertheless, the cosmological paramet-
ers (  and ) agree across all three combinations, indicating that they are not driven by the DDR amplitude or by any single calibra-
tion choice. Right: Comparison of ΛCDM (grey dashed),  constant  DDR (blue),  and tanh DDR (red) for the Combined+ dataset.  The
tanh DDR model shifts  and yields an  value consistent with the Planck baseline, while  remains close to its ΛCDM value.
The constant DDR model recovers  and  values similar to those of the tanh model and likewise shifts  away from its ΛCDM
value, reflecting the degeneracy between a constant DDR offset and a recalibration of the supernova absolute magnitude. All contours
show 68 and 95 per cent credible regions.
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ln Btanh/const = +0.3±0.2
lnZ

.  The  quoted  error  is  the  nested-
sampling uncertainty on the tanh ,  so this estimate is
consistent  both  with  the  Savage–Dickey  value  and  with
the difference of the rounded endpoints.

r = −zt/∆

r = 1.36+1.43
−0.34

86
P(r > 3) = 14.3

∆ηevol ≡ η(0)−η(∞) = 0.010±0.008
∼ 1.3σ η(0) = 0.932±0.013

η(∞) = 0.922±0.013 ∼ 1.3σ

∆ηevol

∼ 1.4σ

Two independent  posterior  diagnostics  further  sup-
port  this  interpretation.  The  ratio  has  median

 with a long tail toward large values. The con-
stant  limit  is  excluded  at  the %  CL,  with

%. The  total  amplitude  of  redshift  evolu-
tion, , is displaced from
zero at , with boundary values 
and . This  result is a Bayesian
posterior statement about the amplitude of redshift evolu-
tion .  It  is  distinct  from —though  fully  consistent
with —the  frequentist  likelihood-ratio  preference
for the three-parameter extension quoted above. The two
metrics probe the evidence for redshift dependence in dif-
ferent ways, and both find it marginal.

1/∆

∝ 1/∆

r = 4.9
∆ηevol = 0.003±0.007 0.4σ

∼ 1.3σ

These diagnostics are robust to the choice of prior on
the  transition  width.  Reweighting  the  converged  chain
from  a  prior  uniform  in δ to  one  uniform  in —a
choice  more  conservative  than  the  scale-invariant  log-
uniform  ( )  prior,  so  that  the  two  cases  bracket  the
Jeffreys reference from either side—shifts the median to

 and  reduces  the  inferred  evolution  to
 ( ).  Thus,  the  already  marginal

preference  for  redshift  dependence  weakens  further  and
never exceeds  under either prior. (These posterior
diagnostics  are  computed  from  the  converged  re-run
chain described in Section 4.3.)

η(z)
Ωm ≃ 0.338

A = −0.005±0.058
Ωm = 0.334±0.028

Ωm = 0.301±0.004

η(z)

z > 1

The target-conditioned reconstruction shows that, un-
like  a  constant  offset,  a  varying  can  map  the  SNe-
only  solution  toward  a  Planck  target.  A  free
SNe-only  tanh  fit  returns  and

, while in Combined+ the constant and
tanh fits  both give  because CMB and
BAO tightly constrain the matter density. A decisive dis-
tinction between the two will require datasets with great-
er sensitivity to the shape of , such as megamaser dis-
tance  measurements  [22]  or  forthcoming  spectroscopic
surveys extending the SNe Ia coverage to . 

C.    Degeneracy with evolving dark energy

w(z)

The  Fisher-bias  analysis  in  Section  3.2  identified  a
background-level degeneracy between DDR violation and
late-time  dark  energy  evolution.  To  assess  whether  this
degeneracy is  detectable  in  the  full  MCMC analysis,  we
consider  a  hybrid  model  that  combines  a  phantom-like

 transition with  the  tanh DDR parameterization,  fol-
lowing the construction in Section 3.2.

H0 Ωm ωcdm

MB

1σ ∆χ2

∆χ2 < 1

E(z)
z ≲ 0.3 DL

η(z)

The hybrid model yields constraints on , , ,
and  that are indistinguishable from those of the pure
tanh DDR model within , and the improvement in 
over  the  tanh-only  model  is  negligible  ( ).  This
result confirms  the  degeneracy  identified  at  the  recon-
struction  level:  a  phantom-like  suppression  of  at

 increases , and  this  enhancement  is  com-
pensated  by  a  dip  in  over  the  same  redshift  range,
leaving the  observed  distance  moduli  essentially  un-
changed. Within this hybrid parameterization, the current
likelihood  cannot  distinguish  between  the  two  effective
sectors.

H(z)
H(z)

H0 = 68.44
Ωm = 0.301 S 8 = 0.806

∼ 5

H(z)

DH(z) = c/H(z)
H(z)

Breaking this  degeneracy  requires  probes  that  meas-
ure  independently  of  integrated  distance  measures.
Cosmic chronometers provide direct  estimates from
differential  galaxy aging and are already included in our
Combined datasets,  but  their  current  precision is  insuffi-
cient to separate the two scenarios. Indeed, repeating the
Combined+ tanh-DDR  analysis  without  the  CC  sample
leaves  the  principal  parameters  unchanged: ,

,  and  are  recovered  to  the  quoted
precision,  and  every  parameter  uncertainty  agrees  to
within  per  cent,  consistent  with  finite-chain  MCMC
noise.  We  therefore  retain  the  cosmic  chronometers  not
for their statistical weight but as an independent,  weakly
calibration-dependent  low-redshift  probe  that  helps
guard  against  the  possibility  that  a  sound-horizon-
anchored  systematic  drives  the  result.  The  radial  BAO
observable  provides  a  complementary
handle  that  is  sensitive  to  at  specific  redshifts  and
will become increasingly useful as its precision improves. 

 

∆χ2

ln B A = 0 η ≡ 1
η0 = 0.925±0.013 5.7σ

ln Btanh/const = +0.9 ∆DIC ≈ 0 ∆AIC = +0.4

Table 2.    Model comparison for the Combined+ dataset (Planck+DESI-DR2 BAO+Pantheon+SH0ES+CC). Here, k denotes the num-
ber of free parameters beyond ΛCDM; , ΔAIC, and ΔDIC are reported relative to ΛCDM (negative values favour the DDR model).

 is the Bayes factor relative to ΛCDM, obtained using the Savage–Dickey density ratio at the nested point  ( ). The con-
stant-DDR row is based on the converged chain for the free one-parameter model, which yields  (  from unity).
Both DDR models are decisively preferred over ΛCDM, whereas the redshift-dependent (tanh) extension is not preferred over the con-
stant-offset model ( , , ).

Model k χ2
min ∆χ2 ΔAIC ΔDIC ln B

ΛCDM 0 2356.3 0 0 0 0

Constant DDR 1 2324.8 −31.5 −29.5 −26.9 +14.3

Tanh DDR (3p) 3 2321.2 −35.1 −29.1 −27.2 +15.2
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S 8D.    Background-level scope and the  parameter

ωc Ωm = (ωb+ωc+ων)/h2
0

Ωm

H0

Ωm = 0.301±0.004 H0 = 68.44±0.30
Ωm = 0.296±0.003

H0 = 68.82±0.26

Ωm

A central observation from Table 1 is that the effect-
ive  DDR  deformation  primarily  absorbs  the  SNe–BAO
calibration mismatch and does  not  substantially  alter  the
combined-fit  matter  density.  This  behavior  follows  from
the Planck constraint on the physical matter density. Be-
cause  is tightly fixed, , so a sub-
stantial  reduction  in  would  require  a  corresponding
increase  in .  In  the  Combined+ analysis,  however,  the
tanh  model  gives  at 
km  s−1 Mpc−1,  compared  with  and

 km s−1 Mpc−1 in ΛCDM. Thus, the red-
shift-dependent  luminosity-distance  mapping  aligns  the
internal  SN-sector  inference  without  driving  the  global
CMB/BAO-anchored  below its ΛCDM value.

S 8 = 0.806±0.010
1.8σ S 8 = 0.759+0.024

−0.021

S 8 = 0.800
S 8 ≃ 0.83
Ωm

w(z)
H0

Correspondingly,  the  Combined+ result
 differs from the DES-Y3 constraint by

about  ( ; DES Collaboration [6]), sim-
ilar  to  the  offset  of  the  Combined+ ΛCDM  value,

.  Both  combined-fit  values  are  lower  than  the
canonical  Planck-only  ΛCDM  result  ( ),  mainly
because  of  the  lower  combined-fit .  Adding  the
phantom-like  component  considered  in  Section  5.3
does  not  raise  in  the  joint  fit:  the  expansion-history
and  DDR  responses  remain  degenerate,  while  the  tanh
amplitude absorbs the distance-calibration mismatch.

σ8

S 8

Ωm

The  growth  amplitude  is  computed  using  the
standard  perturbation  equations  in  our  implementation.
Changes in the derived  therefore arise from the fitted
background  parameters,  principally ,  and  not  from  a
modified growth law. The present analysis addresses dis-
tance-calibration  and  matter-density  consistency  at  the
background  level;  a  physical  model  that  also  modifies
structure  growth  would  require  a  separate  perturbation-
level treatment. 

VI.  CONCLUSIONS

η(z) = DL(z)/
[(1+ z)2DA(z)]

(H0,Ωm)

We  have  investigated  redshift-dependent  departures
from  the  distance-duality  relation, 

,  as  a  diagnostic  of  calibration  tensions
among CMB, BAO, and Type Ia supernova observations.
The Fisher-bias  construction provides  conditional  broad-
trend  diagnostics  for  specified  shifts,  whereas
the  full  MCMC analysis  samples  a  three-parameter  tanh
parameterization  using  Planck,  DESI-DR2 BAO,  Pan-
theon+ with  SH0ES,  and  cosmic  chronometers.  The  re-
constructed  profiles  motivate  a  broad  transition,  and  the
MCMC band encompasses the conditioned Fisher profile
over the best-constrained redshift range.

A = −0.078±0.013 zt = −0.289+0.036
−0.11 ∆ = 0.199±0.10

For  Combined+,  the  tanh  model  yields
, , ,

H0 = 68.44±0.30 Ωm = 0.301±0.004
∆χ2

tanh/ΛCDM = −35.1
∆χ2

const/ΛCDM = −31.5
∆χ2

tanh/const = −3.6
∼ 1.4σ

η0 = 0.925±0.013
MB

∆ηevol = η(0)−η(∞) = 0.010±
0.008 ∼ 1.3σ

 km  s−1 Mpc−1,  and .
Its  improvement  is ,  while  a  constant
DDR  offset  already  gives . The  re-
maining  for  two  additional  parameters
corresponds to  a  marginal  preference for  redshift
dependence.  AIC,  DIC,  and  two  Bayesian-evidence cal-
culations do  not  favor  the  tanh  extension  over  the  con-
stant  model.  The dominant  improvement therefore arises
from the constant,  calibration-sensitive component.  With
the  SH0ES  calibration,  this  offset  is  measured  as

;  without  an  external  absolute-mag-
nitude calibration,  it  is  degenerate with a shift  in ,  as
in earlier calibration-shift  analyses [14, 17]. The posteri-
or  evolution  amplitude, 

, provides a consistent  indication of redshift
dependence and weakens under the alternative width-pri-
or test.

η(z)
Ωm

A = 0
Ωm

η(z)

The  target-conditioned  profiles  show  that  a  varying
 can reshape the SNe-only distance relation and shift

its  inferred  toward  the  CMB/BAO  value,  whereas  a
constant offset preserves the SN distance shape. This dis-
tinction  is  important:  the  conditioned  reconstruction
demonstrates  the  mapping  that  a  redshift-dependent de-
formation  can  produce,  while  the  free  SNe-only  tanh  fit
remains consistent with . In the combined fits, CMB
and BAO constrain , giving essentially the same value
in the constant and tanh models. Future high-redshift su-
pernova samples  and  independent  distance  measure-
ments, such as megamasers, will be more sensitive to the
shape of  and can distinguish a constant recalibration
from a genuine redshift-dependent component [22].

S 8 = 0.806±0.010

Ωm

The derived  is close to the ΛCDM
result because the effective DDR modification leaves the
perturbation  equations  unchanged.  Its  background-level
role is  instead to reconcile the luminosity-distance calib-
ration  and  the  associated  SN-sector  inference.  Any
extension aimed simultaneously at structure growth must
specify how the new sector changes the perturbation dy-
namics.

η(z)
w(z)

DL(z)
η(z)

H(z)

Finally, the  hybrid  fit  demonstrates  a  strong  back-
ground-level  degeneracy  between  the  adopted  re-
sponse  and  the  specific  phantom-transition  model:
the  change  in  produced  by  the  expansion  history
can  be  compensated  by  a  dip  in .  Current  cosmic-
chronometer  data  do  not  separate  the  two  descriptions,
while  more  precise  direct  measurements  and  radial
BAO can provide the required leverage. 

DATA AVAILABILITY

The  data  that  support  the  findings  of  this  article  are
openly available [50].
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