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Abstract: We develop a relativistic proton-neutron quasiparticle random-phase approximation (pnQRPA) plus pro-
ton-neutron quasiparticle-vibration coupling (pnQPVC) model, based on localized relativistic Hartree-Fock-Bogoli-
ubov  theory  with  the  PCF-PK1  density  functional.  This  model  incorporates  localized  exchange  terms  and  tensor
couplings.  The  localized  exchange  terms  enable  the  residual  interaction,  particularly  the  isovector-pseudovector
(tPV) channel, to be determined fully self-consistently without any phenomenological adjustment of the tPV coup-
ling strength. We apply the newly developed relativistic pnQPVC model to the Gamow-Teller (GT) strength distri-
butions in Sn and the -decay half-lives of neutron-rich Ni and Sn nuclei, as well as the  and 
isotonic chains. Channel analysis at the pnQRPA and pnQPVC levels demonstrates that the isovector-tensor and tPV
channels  play  crucial  roles  in  both  the  GT response  and β-decay  half-lives.  Beyond pnQRPA,  QPVC correlations
broaden  and  redistribute  the  GT  strength,  bringing  the  calculated  resonance  widths  and  peak  energies  into  better
agreement  with  experiment.  QPVC correlations  also  substantially  reduce  the  calculated β-decay  half-lives, enhan-
cing agreement with the experimental data.
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I.  INTRODUCTION

στ±
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Charge-exchange  excitations  probe  the  spin-isospin
dynamics  of  atomic  nuclei  [1–3].  Among  charge-ex-
change  modes,  Gamow-Teller (GT)  transitions  are  in-
duced by the spin-isospin operator , which converts a
neutron into a proton or vice versa and carries spin trans-
fer  without  orbital-angular-momentum  transfer
( ).  The  resulting  GT  strength  distributions  are
sensitive  to  the  shell  structure  and the  spin-isospin com-
ponents  of  the  nuclear  effective  interaction  [1, 2, 4].  At
higher  excitation  energies,  a  substantial  part  of  the  GT
strength  is  concentrated  in  the  Gamow-Teller  resonance
(GTR)  [5].  Experimentally,  charge-exchange  reactions
such  as  and  can  probe  GT  strength  across
the  resonance  region,  allowing  the  GTR  centroid  and
width to be extracted [1, 2, 4].

Complementary  to  charge-exchange  reactions,  which

β−

−

Qβ

Qβ

are  mainly used to  study the GTR, β decay provides  ac-
cess to the low-energy GT response. For  decay within
the  allowed-transition  approximation,  only  GT  trans-
itions within the energy window set by the  value con-
tribute  to  the  decay  rate,  and  the  phase-space  factor
strongly favors  states  at  lower  excitation  energies.  Con-
sequently,  the β-decay half-life  is  determined by the  GT
strength distribution within the  window [1, 4, 6].

A unified microscopic framework that describes both
the  GTR  and  the  low-energy  GT  response  relevant  to β
decay is  therefore  essential.  Various  microscopic  ap-
proaches have been employed to describe GT excitations
and β decay,  such  as  the  shell  model  [6, 7],  ab  initio
many-body  methods  [8–11], and  the  quasiparticle  ran-
dom-phase  approximation  (QRPA)  [3, 12].  The  proton-
neutron  QRPA  (pnQRPA)  provides  a  computationally
tractable approach to systematic studies across the nucle-
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ar  chart  [13–15].  In  pnQRPA,  the  GT  response  arises
from  the  coherent  mixing  of  proton-neutron  two-quasi-
particle configurations through the residual interaction. In
self-consistent QRPA  formulations,  the  residual  interac-
tion  is  derived  from  the  same  energy  density  functional
used in the ground-state calculation, which is particularly
valuable  for  systematic  extrapolations  toward  nuclei  far
from  stability  [3, 14]. Such  formulations  have  been  de-
veloped within nonrelativistic Skyrme and Gogny frame-
works [16–19] and within relativistic pnQRPA [20–22].

208

Covariant  density  functional  theory  provides  a
Lorentz-covariant description of nuclei and naturally gen-
erates the nuclear spin-orbit coupling [12, 23, 24]. Based
on covariant density functionals, relativistic pnQRPA has
been  widely  used  in  studies  of  the  GT  resonance  and β
decay  [14, 20, 21]. However,  relativistic  pnQRPA mod-
els  based  on  relativistic  Hartree-Bogoliubov (RHB)  the-
ory face two limitations. First, because Fock terms are ab-
sent, the pion does not contribute at the mean-field level,
although  pion  exchange  remains  important  for  spin-
isospin  excitations.  Hence,  the  coupling  strength  of  the
corresponding channel  in  the  residual  pnQRPA  interac-
tion,  e.g.,  the  Landau-Migdal  term  for  meson-exchange
pnQRPA [20, 21] or the isovector-pseudovector coupling
channel  for  point-coupling  pnQRPA  [25], is  not  con-
strained by ground-state properties [26]. Instead, it is typ-
ically adjusted to match the experimental GTR energy us-
ing a reference nucleus such as Pb for calibration. Con-
sequently,  these  implementations  are  not  fully  self-con-
sistent  in  the  charge-exchange channel.  Second,  com-
monly  used  functionals  generally  have  a  relatively  low
Landau effective mass, leading to a sparse single-particle
spectrum  around  the  Fermi  surface.  At  the  pnQRPA
level, the resulting higher energies of relevant two-quasi-
particle  configurations  can  place  the  associated  GT
strength at higher excitation energies, thereby reducing its
contribution to the β-decay rate and leading to overestim-
ated half-lives [21, 27].

The first limitation can be addressed by restoring ex-
change  contributions.  Relativistic  Hartree-Fock  and
Hartree-Fock-Bogoliubov theories explicitly include non-
local  Fock  terms,  which  yield  a  non-zero π contribution
already  at  the  mean-field level.  Accordingly,  the  coup-
ling  strength  in  this  channel  is  determined from ground-
state  properties  and  subsequently  adopted  in  the  spin-
isospin residual  interaction  of  the  corresponding  pn-
QRPA [22, 26, 28].  Explicit  treatment  of  these  nonlocal
terms,  however,  is  computationally  demanding  and
hinders  large-scale  calculations  across  the  nuclear  chart.
For  zero-range  point-coupling  interactions,  the  Fierz
transformation  recasts  the  exchange  contributions  into
local direct channels [29]. By employing this transforma-
tion, Fock terms can be incorporated into local function-

M∗L = 0.85mN

als, and spin-isospin excitation energies have been shown
to be properly described without readjusting the coupling
strength in the residual interaction [30]. The recently pro-
posed  point-coupling  PCF-PK1  functional  follows  the
same  spirit:  it  includes  exchange  terms  localized  via  the
Fierz  transformation  while  retaining  the  computational
efficiency of the RHB framework [31]. The second limit-
ation can be alleviated either by tensor couplings [21, 31]
or  by  an  energy-dependent  nucleonic  self-energy  [27,
32];  both  mechanisms  can  raise  the  single-particle  level
density near the Fermi surface, thus increasing the Land-
au effective mass. In fact, PCF-PK1 raises the Landau ef-
fective  mass  to  through  an  isoscalar  tensor
coupling. Benefiting from these two features, a pnQRPA
model  based  on  PCF-PK1  has  been  constructed.  This
model demonstrates  that  localized  exchange  terms  re-
move  the  phenomenological  tuning  of  the  charge-ex-
change residual interaction, while the tensor coupling im-
proves β-decay half-lives via the enhanced Landau effect-
ive  mass1).  However,  for  semimagic  nuclei  (e.g.,  Ni  and
Sn  isotopes),  the  predicted  half-lives remain  systematic-
ally longer than the measured half-lives.

The remaining discrepancies  reflect  the restriction of
pnQRPA  to  two-quasiparticle  configurations,  which
omits  correlations responsible  for  GT spreading [33, 34]
and  can  misplace  the  low-energy  strength  relevant  to β
decay  [35].  Isoscalar  proton-neutron  pairing  can  lower
GT  excitation  energies  within  pnQRPA  [16, 21],  but  its
effect depends  strongly  on  the  nucleus  and  correspond-
ing shell structure [36]. A unified description of the GTR
and β decay therefore  requires  correlations  beyond  pn-
QRPA.

120

Within  the  nonrelativistic  Skyrme  energy  density
functional  framework,  the  subtracted  second  random-
phase  approximation  (SSRPA)  explicitly  couples  one-
particle-one-hole  configurations  to  two-particle-two-hole
(2p-2h)  configurations  and  has  been  applied  to  GT
strength  quenching  [37, 38]  and β-decay  half-lives  [39,
40]. The role of tensor interactions has also been investig-
ated in SSRPA calculations of β decay [39] and magnetic
dipole excitations [41]. Particle-vibration coupling (PVC)
incorporates  2p-2h  correlations  through  the  coupling  of
particle-hole  configurations  to  collective  phonons,  with
phonon  selection  reducing  the  computational  cost.  The
Skyrme  random-phase  approximation  (RPA)  plus  PVC
model  has  successfully  described  GT spreading  [42, 43]
and  the β-decay  half-lives  of  doubly  magic  nuclei  [35].
Its  extension  to  superfluid  nuclei,  proton-neutron quasi-
particle-vibration  coupling  (pnQPVC),  couples  proton-
neutron  two-quasiparticle  configurations  to  non-charge-
exchange phonons. This approach has been used to study
the  GT  response  of Sn  [44],  as  well  as  the  interplay
between PVC and pairing effects on β-decay half-lives of
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Ni  and  Sn  isotopes  [36].  Very  recently,  QPVC  has  also
been  implemented  with  the  deformed  Skyrme  proton-
neutron finite-amplitude method [45].

Within covariant  density  functional  theory,  PVC  ef-
fects on charge-exchange GT and spin-dipole excitations
have been investigated in closed-shell nuclei using the re-
lativistic  time-blocking  approximation  (RTBA)  [46, 47].
By including pairing correlations, this method was exten-
ded  to  the  proton-neutron  relativistic  quasiparticle  time-
blocking  approximation  (pn-RQTBA), enabling  the  de-
scription of GT spreading and β-decay half-lives in open-
shell  nuclei  [48].  Subsequent  developments  incorporated
charge-exchange phonons [49], time-reversed particle-vi-
bration  loops  and  ground-state  correlations  [50],  finite-
temperature effects [51], and the inclusion of first-forbid-
den  transitions  in β-decay  studies  [52].  However,  these
implementations are based on the Hartree approximation,
where the absence of explicit Fock terms requires a phe-
nomenologically  adjusted  zero-range  Landau-Migdal in-
teraction  in  the  charge-exchange  channel  [47, 48, 52].
Moreover,  these  calculations  mainly  employed a  meson-
exchange  NL3  parameterization,  which  has  a  relatively
low Landau  effective  mass  [27, 32]. These  features  mo-
tivate a  relativistic  QPVC  framework  incorporating  ex-
change terms localized through the Fierz transformation,
as well as tensor couplings.

− 116−134Sn β−
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In  this  work,  we  develop  a  fully  self-consistent re-
lativistic  pnQPVC  model  based  on  the  PCF-PK1  point-
coupling  density  functional.  Its  ground  state  is  obtained
within the localized relativistic Hartree-Fock-Bogoliubov
(RHFB)  theory.  Through  the  Fierz  transformation,  the
charge-exchange  particle-hole residual  interaction  is  de-
termined self-consistently without  phenomenological  ad-
justment.  The  charge-exchange  pnQRPA  states,  non-
charge-exchange  QRPA  phonons,  and  quasiparticle-vi-
bration  coupling  vertices  are  constructed  consistently
from the  same particle-hole  and  particle-particle interac-
tions.  We  apply  the  relativistic  pnQPVC  model  to  the
GT  strength  distributions  of  and  the -decay
half-lives of neutron-rich Ni and Sn nuclei as well as the

 and  isotonic chains.
The article is organized as follows. Section II presents

the  localized  RHFB  ground-state  theory  and  pnQPVC
formalism,  including the GT strength function and β-de-
cay  half-lives.  Section  III  specifies  the  numerical  setup
and examines  numerical  convergence.  Section  IV  dis-
cusses the GT response and β-decay half-lives, where the
contributions  of  the  isovector-tensor  (tT)  and  isovector-
pseudovector (tPV) channels are analyzed in detail.  Sec-
tion V summarizes the main conclusions. 

II.  THEORETICAL FRAMEWORK

The nuclear  ground  state  is  obtained  from  the  local-
ized  relativistic  Hartree-Fock-Bogoliubov (RHFB)  mod-

β−

el,  which  also  gives  the  canonical  basis.  Based  on  this
foundation,  non-charge-exchange  QRPA  phonons  and
charge-exchange pnQRPA  states  are  constructed  separ-
ately. The pnQRPA plus pnQPVC theory explicitly incor-
porates the coupling between quasiparticles and phonons
and  is  employed  to  calculate  GT  strength  distributions
and -decay half-lives. 

A.    Localized relativistic Hartree-Fock-Bogoliubov
theory

The  covariant  point-coupling  Lagrangian  density  for
the  nuclear  system  comprises  the  free-nucleon,  four-fer-
mion  point-coupling,  derivative,  and  electromagnetic
terms [31]: 

L =Lfree+L4f +Lder+Lem, (1)

with 

Lfree = ψ̄(iγµ∂µ−mN)ψ, (2a)

 

L4f = −1
2

∑
χ

αχ
[
ψ̄(OΓ)χψ

][
ψ̄(OΓ)χψ

]
, (2b)

 

Lder = −1
2
δS∂µ(ψ̄ψ)∂µ(ψ̄ψ), (2c)

 

Lem = −eψ̄γµ
1−τ3

2
ψAµ− 1

4
FµνFµν. (2d)

mN

ψ̄ = ψ†γ0

Aµ

Fµν

τ τ3

δS

Here, ψ and  denote  the  nucleon  field  and  nucleon
mass,  respectively,  and  represents  the  adjoint
spinor.  The symbol e signifies  the  charge unit,  while 
and  are  the  electromagnetic  four-potential  and field-
strength tensor, respectively. The isospin matrices are de-
noted by , with  as their third component. The derivat-
ive term is  included only in  the isoscalar-scalar  channel,
with  representing its coupling constant.

αχ

(OΓ)χ O ∈ {1,τ}

Γ ∈ {1,γµ,σµν,γ5,γ5γµ}

O

The coefficients  in Eq. (2b) represent the coupling
constants  of  the  four-fermion  point-coupling  terms.  The
channel label χ specifies a product , where 
denotes the isoscalar and isovector channels, respectively,
and  corresponds  to  the  scalar  (S),
vector  (V),  tensor  (T),  pseudoscalar  (PS),  and
pseudovector (PV)  channels,  respectively.  The  combina-
tions of  and Γ define ten channels, ordered as 

χ ∈ {S, tS,V, tV,T, tT,PS, tPS,PV, tPV}. (3)

σµν = i[γµ,γν]/2
The prefix "t" denotes the corresponding isovector chan-
nels: tS, tV, tT, tPS, and tPV. Here, .
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The Hamiltonian  is  derived  from  a  Legendre  trans-
formation of the Lagrangian density in Eq. (1). Within the
Hartree-Fock  (HF)  approximation,  its  expectation  value
in the HF ground state gives the energy density function-
al: 

ECDF[ρ] = Efree[ρ]+E4f[ρ]+Eder[ρ]+Eem[ρ], (4)

E4f = EH+EF

αHF
χ

E4f

where ρ denotes  the  normal  density.  The  four-fermion
contribution  includes  both  Hartree  and  Fock  terms,  i.e.,

.  Under  this  HF  approximation,  we  denote
the  coupling  constants  as ,  where χ represents  the
coupling  channels  as  shown  in  Eq.  (3).  In  the  present
work, exchange terms are retained only for ; the deriv-
ative and  electromagnetic  terms  are  treated  without  ex-
change contributions.

EF

αχ αχ
αHF
χ

Through the  Fierz  transformation,  the  exchange con-
tribution  can be reformulated as a sum of direct con-
tributions  [29–31]. We  denote  the  corresponding  re-
defined  coupling  constants  as .  The  constants  can
be related to  through the matrix C,
 

αχ =
∑
χ′

Cχχ′α
HF
χ′ , (5)

C = 1−ΛTwhere , with  Λ  representing  the  Fierz  trans-
formation  matrix.  For  the  channel  order  specified  in  Eq.
(3), the matrix C takes the form [31] 

C =
1

16



14 −6 −8 −24 −24 −72 −2 −6 8 24

−2 18 −8 8 −24 24 −2 2 8 −8

−2 −6 20 12 0 0 2 6 4 12

−2 2 4 12 0 0 2 −2 4 −4

−1 −3 0 0 20 12 −1 −3 0 0

−1 1 0 0 4 12 −1 1 0 0

−2 −6 8 24 −24 −72 14 −6 −8 −24

−2 2 8 −8 −24 24 −2 18 −8 8

2 6 4 12 0 0 −2 −6 20 12

2 −2 4 −4 0 0 −2 2 4 12



.

(6)

Since C has rank five, only five coupling constants are in-
dependent.  In  the  present  work,  the  S,  tS,  V,  tV,  and  T
couplings are  considered independent,  while  the  remain-
ing five are determined as follows: 

αtT =
1
18

(−αS+3αtS+2αV−6αtV+6αT), (7a)

 

αPS =
1
3

(−αS−6αtS−4αV+12αtV−12αT), (7b)
 

αtPS =
1
9

(−4αS+3αtS+8αV−24αtV−12αT), (7c)

 

αPV =
1
3

(2αS+3αtS+2αV+3αtV+6αT), (7d)

 

αtPV =
1
9

(2αS+3αtS+5αV−6αtV+6αT). (7e)

αS αtS αV αtV

ρV αT

δS

The couplings , , ,  and  depend on the vector
density ,  whereas  and the derivative coupling con-
stant  are independent of density [31].

To describe the superfluid ground states of open-shell
nuclei, pairing correlations are introduced through the fi-
nite-range separable particle-particle interaction [53]: 

V̂pp
T (r′1r′2;r1r2) = −GT δ(R−R′)P(r)P(r′)Π̂S ,T , (8)

with 

P(r) =
1

(4πa2)3/2
exp
Å
− r2

4a2

ã
. (9)

R = (r1+ r2)/2 r = r1− r2 GT

Π̂S ,T

(S ,T ) = (0,1)

Here,  and .  The  parameters 
and a represent the pairing strength and range parameter,
respectively,  while  projects  onto  total  spin S and
isospin T.  The  ground-state  pairing  is  confined  to  the

 channel.

|Φ⟩

When pairing is included, the HF ground state is  ex-
tended  to  a  Hartree-Fock-Bogoliubov (HFB)  quasi-
particle  vacuum ,  ensuring  that  the  mean  field  and
pairing correlations are treated on the same footing. Con-
sequently, the  total  energy  density  functional  is  ex-
pressed as follows: 

E[ρ,κ,κ∗] = ECDF[ρ]+Epair[κ,κ∗], (10)

|Φ⟩ Epair
where ρ and κ denote  the  normal  density  and  pairing
tensor associated with , respectively, and  repres-
ents the pairing contribution generated by the interaction
in Eq. (8).

The variation of  the energy density functional  in  Eq.
(10) with respect to the normal density and pairing tensor
yields the localized RHFB equation [31]: (

ĥ−λ ∆̂

−∆̂∗ −ĥ∗+λ

)(
Uα

Vα

)
= Eα

(
Uα

Vα

)
, (11)

ĥ ∆̂

Eα

Uα Vα

where  is  the  single-particle  Dirac  Hamiltonian,  rep-
resents the pairing field, λ denotes the chemical potential
of the corresponding neutron or proton system,  is the
quasiparticle energy, and  and  are the quasiparticle
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wave functions.
The single-particle Dirac Hamiltonian is 

ĥ = α · p+β(mN +S )+V0−α ·V− iβα ·T0, (12)

α = γ0γ β = γ0Here,  and .  The  scalar,  vector,  and  tensor
potentials are 

S = αSρS+αtSτ3ρtS+δS∇2ρS, (13a)

 

V0 = αVρV+αtVτ3ρtV+ e
1−τ3

2
A0, (13b)

 

V = αV jV+αtVτ3 jtV+ e
1−τ3

2
A, (13c)

 

T0 = 2αT j0
T+2αtTτ3 j0

tT, (13d)

with various densities and currents 

ρS =
∑
α>0

V̄αVα, ρtS =
∑
α>0

V̄ατ3Vα, (14a)

 

ρV =
∑
α>0

V̄αγ
0Vα, ρtV =

∑
α>0

V̄αγ
0τ3Vα, (14b)

 

jV =
∑
α>0

V̄αγVα, jtV =
∑
α>0

V̄αγτ3Vα, (14c)

 

j0
T =
∑
α>0

V̄αiγ0γVα, j0
tT =

∑
α>0

V̄αiγ0γτ3Vα. (14d)

jV jtV

In  the  no-sea approximation,  the  sums  in  the  aforemen-
tioned densities and currents are restricted to positive-en-
ergy  quasiparticle  states.  For  even-even  ground  states,
parity invariance precludes contributions from the PS and
tPS channels,  as  well  as  the  time components  of  the  PV
and  tPV  channels.  Time-reversal  invariance  requires  the
spatial components of the currents  and , as well as
those of  the PV and tPV channels,  to make no contribu-
tion [31].

The pairing field in Eq. (11) is 

∆ab =
1
2

∑
cd

Vpp
ab,cdκcd, (15)

Vpp
ab,cd

κ =
∑
α>0

V∗αUT
α

where  denote the antisymmetrized matrix elements
of  the  pairing  interaction  as  defined  in  Eq.  (8),  and  the
pairing tensor is expressed as .
 

B.    Proton-neutron quasiparticle-vibration
coupling theory

Q1

Q1⊕Q2 Q1

Q2

QPVC  extends  the  pnQRPA  model  space  to  the
combined  space .  The  space  is  spanned  by
proton-neutron  two-quasiparticle  states,  whereas  the 
space is spanned by doorway configurations consisting of
proton-neutron  two-quasiparticle  states  coupled  to  non-
charge-exchange QRPA phonons [34]. Consequently, the
k-th QPVC excited state is generated by 

|Ψk⟩ = O†k |0⟩, (16)

|0⟩where  denotes the  QPVC  vacuum.  The  QPVC  cre-
ation operator is defined as follows: 

O†k =
∑

pn

(
Xk

pnα
†
pα
†
n−Yk

pnαnαp
)

+
∑
pn,µL

(
Xk

pn,µLα
†
pα
†
nQ†µL −Yk

pn,µLQµLαnαp
)
. (17)

α†a αa

Q†µL µL
Xk Yk

Here,  and  denote the creation and annihilation op-
erators  of  the  quasiparticle  state a,  respectively,  while

 creates the QRPA non-charge-exchange phonon .
The coefficients  and  represent  the QPVC forward
and backward amplitudes of the k-th excited state.

Q1⊕Q2

Q1

The  dimension  of  the  space  is  typically  too
large to allow a direct solution of the Hamiltonian eigen-
value problem. Therefore,  it  is  often advantageous to re-
strict  the  analysis  to  the  space via  projection,  result-
ing  in  an  energy-dependent  equation  defined  within  that
subspace. 

Heff(ω)|Ψ1k(ω)⟩ = Ek |Ψ1k(ω)⟩, (18)

Q1where the effective Hamiltonian within  is 

Heff(ω) = Q1HQ1+W↓(ω), (19)

with 

W↓(ω) = Q1HQ2
1

ω−Q2HQ2+ i∆
Q2HQ1. (20)

W↓

Q1 Q2

Q2

Here, ω represents  the  excitation  energy.  The  spreading
term  accounts  for  the  coupling between the  states  in

 and the doorway configurations in . In the diagon-
al approximation adopted here, interactions among the 
configurations are neglected.

Q1 |Ψ1k(ω)⟩
Using the basis of charge-exchange pnQRPA states in

,  can be expanded as 
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|Ψ1k(ω)⟩ =
∑
ν

[
Fk
ν(ω)|νJ⟩−Fk

ν̄(ω)|ν̄J⟩
]
, (21)

ν̄
where ν denotes a positive-eigenvalue pnQRPA state, and

 represents  its  negative  partner.  Consequently,  Eq.  (18)
can be expressed in an angular-momentum-coupled form
for spherical nuclei as 

∑
ν′

(
DJ

νν′ +W↓J
νν′ (ω) −W↓J

νν̄′ (ω)

W↓J
ν̄ν′ (ω) −DJ

ν̄ν̄′ −W↓J
ν̄ν̄′ (ω)

)(
Fk
ν′ (ω)

Fk
ν̄′ (ω)

)

= Ek(ω)

(
Fk
ν(ω)

Fk
ν̄(ω)

)
. (22)

Ek(ω) = Ωk(ω)− iΓk(ω)/2 DJ
νν′ DJ

ν̄ν̄′

δνν′ωνJ ωνJ

|νJ⟩

W↓J
pn,p′n′ W↓J

νν′

The  complex  eigenvalue  is  expressed  as
.  In  this  context,  and 

are  diagonal  matrices  with  elements ,  where 
represents the eigenenergy of the pnQRPA state . The
spreading  matrix  elements  can  be  converted  from  the
quasiparticle basis  to the pnQRPA basis :
 

W↓J
νν′ (ω) =

∑
pn,p′n′

[
XνJ

pnW↓J
pn,p′n′ (ω)Xν′J

p′n′

+YνJ
pnW↓J∗

p′n′ ,pn(−ω)Yν′J
p′n′
]
, (23a)

 

W↓J
νν̄′ (ω) =

∑
pn,p′n′

[
XνJ

pnW↓J
pn,p′n′ (ω)Yν′J

p′n′

+YνJ
pnW↓J∗

p′n′ ,pn(−ω)Xν′J
p′n′
]
, (23b)

 

W↓J
ν̄ν′ (ω) =

∑
pn,p′n′

[
YνJ

pnW↓J
pn,p′n′ (ω)Xν′J

p′n′

+XνJ
pnW↓J∗

p′n′ ,pn(−ω)Yν′J
p′n′
]
, (23c)

 

W↓J
ν̄ν̄′ (ω) =

∑
pn,p′n′

[
YνJ

pnW↓J
pn,p′n′ (ω)Yν′J

p′n′

+XνJ
pnW↓J∗

p′n′ ,pn(−ω)Xν′J
p′n′
]
, (23d)

XνJ
pn YνJ

pn

|νJ⟩
where  and  represent  the  pnQRPA  forward  and
backward amplitudes for the state . In the charge-ex-
change  channel,  the  spreading  term  comprises  the  four
contributions depicted in Fig. 1: 

W↓J
pn,p′n′ (ω) =

IV∑
ξ=I

W↓J
pn,p′n′ (ξ;ω), (24)

with 

W↓J
pn,p′n′ (I;ω) = δnn′δ jp jp′

1
ĵ2

p

∑
p1 ,µL

γµL
pp1
γµL∗

p′ p1

ω−ΩµL −Ep1 −En+ i∆
,

(25a)
 

W↓J
pn,p′n′ (II;ω) = δpp′δ jn jn′

1
ĵ2
n

∑
n1 ,µL

γµL
nn1
γµL∗

n′n1

ω−ΩµL −Ep−En1 + i∆
,

(25b)

 

W↓J
pn,p′n′ (III;ω) = (−1) jp+ jn+J

∑
µL

{
jp jn J

jn′ jp′ L

}

×
γµL

nn′γ
µL∗
p′ p

ω−ΩµL −Ep−En′ + i∆
,

(25c)

 

W↓J
pn,p′n′ (IV;ω) = (−1) jp′+ jn′+J

∑
µL

{
jp jn J

jn′ jp′ L

}

×
γµL

pp′γ
µL∗
n′n

ω−ΩµL −Ep′ −En+ i∆
.

(25d)

Ei ΩµL

γµL
ab

The quantities  and  represent the quasiparticle
and  non-charge-exchange QRPA  phonon  energies,  re-
spectively.  The  reduced  quasiparticle-phonon  vertex 
is
 

 

W↓J
pn,p′n′

µL
γµL

Fig.  1.    (color online)  Quasiparticle-phonon coupling  dia-
grams  contributing  to  the  spreading  term . Solid  ar-
rows  denote  proton  or  neutron  quasiparticle  propagation,
wavy lines denote a non-charge-exchange QRPA phonon ,
and  filled  circles  denote  the  coupling  vertex .  In  (I)  and
(II),  the  neutron  and  proton  are  spectators,  respectively.  In
(III)  and  (IV),  the  phonon  connects  the  proton  and  neutron
lines in the two possible orientations.
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γµL
ab =

(
NL

ab

)−1 L̂
∑
c≤d

î
XµL

cd ṼL
ab,cd + (−1) ja− jb+LYµL

cd ṼL∗
ba,cd

ó
,

(26)

NL
ab =
√

1+δab(−1)L/(1+δab)
L̂ =
√

2L+1 XµL
ab

YµL
ab

|µL⟩

where  is  the  coupled-pair
normalization factor, and . The terms  and

 represent  the  forward  and  backward  amplitudes  of
the non-charge-exchange QRPA phonon . The effect-
ive interaction involved in this vertex is 

ṼL
ab,cd = Vpp,L

ab,cd (vaubvcvd −uavbucud)

− (−1) jc− jd+LVph,L
ac,bd (vavbucvd −uaubvcud)

−Vph,L
ad,bc (vavbvcud −uaubucvd) . (27)

Vph,L Vpp,L

Here, u and v represent  the  BCS occupation  amplitudes.
The  matrix  elements  for  the  particle-hole  and  particle-
particle  residual  interactions,  denoted  as  and 
respectively, are provided in detail in Appendix A.

Ô
At each scanning energy ω, Eq. (22) gives the QPVC

response  to  a  one-body  external  field .  The  associated
strength function is 

S (ω) = −1
π

Im
∑

k

M2
k(ω)

ω− [Ωk(ω)− iΓk(ω)/2]+ i∆
. (28)

∆ = 1
∆ = 0.2

Mk

Here,  Δ  represents  the  smearing  parameter.  For  the  GT
strength  distributions,  we set  MeV to  simulate  the
experimental resolution, while  MeV is employed
in  the β-decay calculations.  Since  the  QPVC Hamiltoni-
an is  complex,  the numerator  is  a  complex square rather
than an absolute square. The term  is derived from Eq.
(21), which provides 

Mk(ω) =
∑
ν

[
Fk
ν(ω)MνJ −Fk

ν̄(ω)Mν̄J
]
, (29)

MνJwhere  is the pnQRPA transition amplitude.
±The operators for GT  excitations take the form [1, 4,

55] 

ÔGT±
M =

A∑
q=1

σM(q)τ±(q), (30)

σM

τ±

where A is the nuclear mass number,  is the spherical
component  of  the  Pauli  spin  operator,  and  is  the
isospin raising or lowering operator.

The quasiparticle  energies  in  the  QPVC equation  in-
clude the  neutron  and  proton  chemical  potentials.  Con-
sequently,  the  excitation  energy  relative  to  the  parent

±ground state for the GT  channels is 

E = ω± (λn−λp), (31)

+ −where  the  upper  (lower)  sign  applies  to  GT  (GT ).  In
the limit of vanishing pairing, this shift recovers the cor-
responding PVC  excitation  energy  and  defines  the  en-
ergy E used below.

With  the  PCF-PK1  density  functional,  pnQRPA
already  provides  an  accurate  description  of  the  GTR
centroid energy without  any additional  phenomenologic-
al  adjustment1).  Therefore,  the  subtraction  method  [47,
54] is applied in the calculations of the GTR strength dis-
tributions. 

C.    β-decay half-lives
β−

−

Qβ

The  decay  half-life  in  the  allowed  Gamow-Teller
(GT) approximation is determined from the GT  strength
within the  decay window [16, 28, 35, 56]: 

1
T1/2
=

g2
A

D

∫ ∆nH

−∞
dE S β

GT− (E) f0 (Zd,Em) . (32)

D = 6163.4 s ∆nH = mn−mp−me = 0.782 MeV

gA = 1.0 S β
GT− (E)

−

Em = me+∆nH −E

Here, ,  and 
represents  the  neutron-hydrogen  mass  difference.  The
quenched value  is adopted. The term  de-
notes the GT  strength at the excitation energy E relative
to  the  parent  ground  state.  For  a  transition  occurring  at
energy E, the maximum total energy of the emitted elec-
tron is given by . The integrated phase-
space factor is 

f0(Zd,Em) =
1

m5
e

∫ Em

me

peEe(Ee−Em)2F0(Zd,Ee)dEe. (33)

me pe Ee

Zd = Z+1
F0

Here, , ,  and  denote the  electron  rest  mass,  mo-
mentum, and total energy, respectively;  repres-
ents  the  daughter  proton  number;  and  is  the  Fermi
function, which includes Coulomb and finite-size correc-
tions [57].

(∆nH −E)5

E→−∞

The  QPVC  strength  distribution  in  Eq.  (28)  exhibits
Lorentzian  tails.  Within  the  decay  window,  as E de-
creases,  the  phase-space  factor  increases  approximately
as , which is a more rapid increase than the de-
crease of the Lorentzian tail. Consequently, even a minor
Lorentzian  tail  can  significantly  contribute  to  the  decay
rate  due  to  the  substantial  phase-space  factor,  ultimately
leading  to  a  divergence  as . To  prevent  this  di-
vergence, we substitute the Lorentzian tail of the strength
distribution  with  a  Gaussian  form,  which  decays  more
rapidly than the phase-space factor increases.

Relativistic Proton-Neutron Quasiparticle-Vibration Coupling Theory with... Chin. Phys. C 50, (2026)
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M2
k(ω) = Rk(ω)+ iIk(ω)

Rk Ik

xk = ω−Ωk(ω) ak = Γk(ω)/2+∆

We  begin  by  expressing ,
where  and  are the real and imaginary components
of the complex squared transition amplitude, respectively.
With  and , Eq.  (28)  be-
comes 

S (ω) =
1
π

∑
k

ï
Rk

ak

x2
k +a2

k
−Ik

xk

x2
k +a2

k

ò
. (34)

The  first  term  has  the  standard  Lorentzian  form,  which
can be directly substituted with a Gaussian form. 

S G
1 (ω) =

∑
k

Rk√
2πσ1k

exp
Å
− x2

k

2σ2
1k

ã
, (35)

σ1k = [Γk(ω)+2∆]/(2
√

2ln2)with .  The  second  term  is
multiplied by a Gaussian damping factor as follows: 

S̃ G
2 (ω) = −1

π

∑
k

Ik
xk

x2
k +a2

k
exp
Å
− x2

k

2σ2
2k

ã
, (36)

σ2k = Γk(ω)+2∆with . The total modified strength is 

S G(ω) = S G
1 (ω)+ S̃ G

2 (ω). (37)

−

We  have  confirmed  that  the  modified  and  original
strength distributions  exhibit  nearly  identical  peak  posi-
tions  and  resonance  structures,  differing  mainly  in  their
far  tails.  Consequently,  the  Gaussian-modified  GT
strength  is  employed  in  the  calculation  of β-decay  half-
lives.  Notably,  the  subtraction  method  is  not  applied  in
the QPVC calculation for β-decay half-lives. 

III.  NUMERICAL DETAILS

h̄ω0 = 70A−1/3

j ≤ jmax = 21/2

The  localized  RHFB  ground-state  equations  are
solved  in  a  harmonic-oscillator  basis  with  an  oscillator
frequency  of  MeV,  including  single-
particle  states  with  total  angular  momentum

.

Esp

(uv)min = uavb

Bmin

Emax Lmax

In the QRPA calculations, the truncation for two-qua-
siparticle  configurations  is  controlled  by  the  canonical
single-particle energy cutoff  and the occupation-amp-
litude threshold , where u and v are the BCS
occupation amplitudes for these two quasiparticles. In the
QPVC  calculations,  the  pnQRPA  states  are  used  as  the
basis,  and  an  additional  cutoff  is  applied  to  this
basis.  This  cutoff  represents  the  minimum  non-energy-
weighted sum-rule (NEWSR) fraction carried by the pn-
QRPA states,  enhancing  calculation  efficiency.  The  se-
lection  of  phonons  entering  the  doorway  state  of  QPVC
calculations is specified by the maximum phonon energy

,  the maximum total  angular  momentum  of the

vmin

vmin

phonons,  and  the  collectivity  threshold .  The
threshold  sets the  minimum  collectivity  of  the  re-
tained phonons, as discussed in detail below.

74

−
Using Ni as an example, we examine the numerical

convergence  of  the  GT  strength  distribution  calculated
by  the  pnQPVC  model  using  the  PCF-PK1  interaction
with respect to these parameters in Figs. 2 and 3.

Esp = 40

(uv)min = 0.80
(uv)min = 0.40

−

−

Bmin Bmin = 1%
10−1% 10−2%

10−3%
Esp = 100

(uv)min = 0.01 Bmin = 10−3%

Figure  2(a)  shows  that  the  curve  for  MeV
differs around the main resonance, whereas the curves for
60,  80,  and  100  MeV  are  nearly  indistinguishable  over
the full energy interval. Figure 2(b) shows a visible devi-
ation  for ,  while  the  curves  for

, 0.10, and 0.01 are nearly indistinguishable
throughout  the  displayed  range.  For  each  charge-ex-
change pnQRPA state, its discrete GT  strength is evalu-
ated  as  a  percentage  of  the  total  GT  non-energy-
weighted  sum.  The  state  is  retained  for  the  pnQPVC
basis, as shown in Eq. (21), only when this percentage ex-
ceeds .  The  curve  for  differs  around  the
main  resonance,  whereas  the  curves  for , ,
and  are nearly  indistinguishable  over  the  dis-
played  range.  Consequently,  we  adopt  MeV,

,  and  in the  subsequent  calcu-
lations, as shown by the black solid curves in Fig. 2.

−

π = (−1)L

W↓(ω)
Emax ΩµL

Lmax

vmin

|vµL|

We  next  examine  the  convergence  of  GT  distribu-
tions  in Fig.  3 with  respect  to  the  cutoff  parameters  for
the  phonon  space.  This  space  retains  only  natural-parity
phonons, .  Unnatural-parity  phonons  generally
lie at  higher excitation energies and are therefore expec-
ted  to  contribute  less  to  the  spreading  term .  The
cutoff  limits the energies  of the non-charge-ex-
change  phonons,  whereas  limits  their  total  angular
momenta.  The  threshold  selects  phonons  according
to their collectivity. Following Ref. [58], we take  as
a measure of collectivity. The selection criterion is 

|vµL| =
∣∣∣∣ ⟨V⟩µL

ΩµL

∣∣∣∣ > vmin. (38)

|vµL| vmin

⟨V⟩µL

|µL⟩

Thus,  only  phonons  with  a  dimensionless  interaction
strength  that  exceeds  the  cutoff  are  retained.
Here,  represents the expectation value of the resid-
ual interaction V in the QRPA phonon state : 

⟨V⟩µL = ⟨µL|V |µL⟩ = ΩµL −⟨Ω(0)
µL⟩. (39)

ΩµL ⟨Ω(0)
µL⟩ is the phonon energy, and  is defined as

 

⟨Ω(0)
µL⟩ =

∑
a≤b,c≤d

NL
abNL

cd

[
H11

abcd + (−1) ja− jb+LH11
abdc

]
×
Ä

XµL∗
ab XµL

cd +YµL∗
ab YµL

cd

ä
, (40)

where 
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H11
abcd = H11

acδbd +H11
bdδac, (41)

with 

H11
ac = (hac−λaδac)(uauc− vavc)−∆ac̄(uavc+ vauc). (42)

hac ∆ac̄

c̄

Here,  and  represent the single-particle Hamiltoni-
an  and  pairing-field  matrix  elements  in  the  canonical
basis,  respectively,  where  denotes  the  time-reversed
partner of c.

|vµL| > vminBy incorporating QRPA phonons with , we
ensure the inclusion of sufficiently collective phonons to
minimize  violations  of  the  Pauli  principle  and  mitigate
the  issue  of  double  counting  associated  with  second-or-
der contributions [58].

Emax = 20 Lmax = 3
Figure  3(a)  illustrates  a  weak  dependence  on

–40  MeV.  In Fig.  3(b),  the  curve  for 
shows  a  deviation  around  the  main  resonance,  whereas

Lmax = 4

vmin = 0.05 Emax = 20
Lmax = 6 vmin = 0.05

the  curves  for –6  are  nearly  indistinguishable
across  the  displayed  energy  range. Figure  3(c) demon-
strates  that  the  response  remains  stable  for

–0.09. Consequently, we adopt  MeV,
, and  for the subsequent calculations. 

IV.  RESULTS AND DISCUSSION

−

116−134

β−

N = 50 N = 82

With the verified numerical setup, we employ the pn-
QRPA  plus  pnQPVC  theory  to  investigate  the  GT
strength distributions in Sn, focusing on the effects
of  QPVC  correlations  and  the  roles  of  the  tT  and  tPV
coupling  channels.  Additionally,  we  investigate  the 
decay half-lives in neutron-rich Ni and Sn nuclei, as well
as in the  and  isotones. 

A.    Gamow-Teller resonances
−

116−134
Figure  4 compares  the  QRPA  and  QPVC  GT

strength  distributions  in  even-even Sn  with  the
available  experimental  data.  In  both  calculations,  the

 

− 74

Esp

(uv)min Bmin

Esp = 100 (uv)min = 0.01 Bmin = 10−3%

Fig. 2.    (color online) Numerical convergence of the GT  strength distribution in Ni calculated using the pnQPVC model with the
PCF-PK1 interaction. The variables under consideration are: (a) the single-particle energy cutoff , (b) the minimum product of BCS
occupation amplitudes , and (c) the minimum NEWSR percentage  carried by a charge-exchange pnQRPA state retained in
the pnQPVC basis. In each panel, the other two cutoffs are held constant at their adopted values. The black solid curves represent the
final selections:  MeV, , and .

 

Emax Lmax vmin

Emax = 20 Lmax = 6 vmin = 0.05

Fig. 3.    (color online) The same as Fig. 2, but for the convergence check of phonon space. Panels (a), (b), and (c) illustrate variations
in the maximum phonon energy , the maximum total angular momentum  of the phonons, and the collectivity cutoff , re-
spectively.  The  other  two  parameters  are  held  constant  at  their  adopted  values.  The  black  solid  curves  represent  the  final  choices:

 MeV, , and .
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−overall  GT  strength  increases,  and  the  centroid  energy
shifts downward with the neutron number increasing.

N = 82

The QRPA strength distribution comprises  a  low-en-
ergy component and a high-energy GTR. As the neutron
number  approaches ,  the  high-energy  GTR
strength  evolves  from  several  separated  peaks  into  a
single dominant peak.

ν2d5/2→ π2d3/2

N = 82 2 f7/2

ν2 f7/2→ π2 f5/2
134

ν1g9/2→ π1g7/2 ν1h11/2→ π1h9/2

N = 82
1h11/2

N = 74

The low-energy components  of  these  tin  isotopes  re-
ceive  contributions  from  the  spin-flip
transition  and  several  non-spin-flip  transitions.  Beyond

,  the  occupation  of  the  neutron  orbit intro-
duces  a  significant  spin-flip  contribution
in Sn.  The  high-energy  GTR  is  dominated  by  the

 and  transitions.  As  the
neutron  number  increases  toward ,  the  neutron

 orbit  becomes  progressively  filled,  enhancing  the
h-shell  transition.  The  corresponding  unperturbed  two-
quasiparticle energy approaches that of the g-shell trans-
ition.  Consequently,  the  residual  spin-isospin  interaction
enhances the  mixing of  these  configurations,  concentrat-
ing  the  GTR  strength  into  a  single  dominant  peak  from

.

116,118

120,122,132

118−122

Comparison with  experimental  data  reveals  two  sys-
tematic limitations  of  QRPA.  First,  QRPA  produces  in-
sufficient  spreading.  In Sn,  it  predicts  separated
GTR  peaks,  whereas  experiments  show  a  single  broad
resonance.  In Sn, the  QRPA  peaks  are  too  nar-
row and thus overly strong. Second, the dominant QRPA
peaks  in Sn are  at  higher  energies  than  the  meas-
ured resonances.  Thus,  while  QRPA captures  the  evolu-
tion  of  the  GTR  peak  structure  with  neutron  number,  it
underestimates  the  spreading  and  slightly  overestimates
the resonance energies in the lighter isotopes.

116−122

N = 74

132

Incorporating  the  QPVC effect  produces  a  spreading
width that significantly broadens the QRPA strength. For

Sn, QPVC merges the separated GTR peaks into a
single  broad  resonance  and  aligns  their  energies  more
closely  with  experimental  data.  After , QPVC re-
duces  the  narrow,  overly  strong  QRPA  peak,  yielding  a
strength  distribution  in  good  agreement  with  experiment
in Sn.

−

3(N −Z) 116,122,132

(38±7)% (48±6)% (56±5(stat)+11
−10(syst))%

93.0% 90.7% 88.3%
88.4% 85.6% 82.9%

Beyond changes in peak positions and widths, the ex-
perimental GT strengths are generally lower than the the-
oretical results.  We  quantify  this  difference  by  integrat-
ing the GT  strength within the experimental energy win-
dows  and  comparing  it  with  the  Ikeda  sum-rule  value

.  For Sn,  the  experimental  fractions  are
, ,  and , respect-

ively  [59, 60].  This  reduction  of  the  measured  GT
strength relative to  the Ikeda sum-rule  value is  the well-
known GT  quenching  problem.  The  corresponding  pn-
QRPA fractions are , , and , while pn-
QPVC gives , , and . Thus, QPVC cor-
relations account for only part of the observed quenching.
To  compare  with  experiment,  experimental  strengths  of

q2
GT qGT = 0.75

48 78 90

132

these nuclei in Fig. 4 are divided by the commonly adop-
ted  phenomenological  factor ,  with  [62].
SSRPA  studies  of  GT  strength  in Ca, Ni, Zr,  and

Sn  found  that  2p-2h  correlations  shift  substantial
strength to  higher  energies,  improving the description of
the observed quenching without an additional phenomen-
ological  factor  [37, 38, 63].  The  weaker  reduction  in

 

116−134

116,122 132

q2
GT qGT = 0.75

118,120

S GT(E) = [d2σ/(dΩdE)]/[σ̂GTF(q,ωtr)]
d2σ/(dΩdE)

σ̂GT F(q,ωtr)

ωtr
118 120 σ̂GT = 2.88(24) 2.78(16)

F(q,ωtr) = 1.04

Fig. 4.    (color online) GT− strength distributions with respect
to the parent nucleus in even-even Sn are calculated us-
ing  the  QRPA  (blue  dotted  line)  and  QPVC  (red  solid  line)
models,  respectively,  with  the  interaction  PCF-PK1. Avail-
able experimental data (black symbols) are provided for com-
parison.  For Sn  [59]  and Sn  [60],  the  experimental
strengths  shown  are  divided  by ,  where .  For

Sn,  the  zero-degree  IAS-subtracted  cross-sections  are
converted to  equivalent  GT  strength  functions  using  the  for-
mula .  Here,

 represents the measured double-differential cross
section,  is  the  GT unit  cross  section,  and  is  the
kinematic correction at momentum transfer q and reaction en-
ergy transfer .  For Sn ( Sn),  [ ]
mb/sr and  (1.03) are adopted from Ref. [61].
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QPVC may reflect its restricted space of collective phon-
ons, whereas SSRPA treats a broader set of 2p-2h config-
urations.

118,120

58.7% 66.1%
88.1% 88.0%

79.1% 79.3%

10% 20.4%
13.2% 3(N −Z)

118 120

For Sn, only  the  double  differential  cross  sec-
tions are provided in Ref. [61]. To compare with our cal-
culated results, we extract the GT strength using a simpli-
fied  procedure:  dividing  the  zero-degree  IAS-subtracted
cross sections by the GT unit cross section and a constant
kinematic correction.  The  corresponding  integrated  ex-
perimental  strengths  amount  to  and  of  the
Ikeda  sum-rule  value,  compared  with  and 
from  pnQRPA  as  well  as  and  from pn-
QPVC, respectively. The QPVC effect accounts for about

 of the quenching, leaving only differences of 
and  of  from  the  extracted  strengths  for

Sn and Sn, respectively. Therefore, we do not intro-
duce  any  additional  phenomenological  quenching  factor
for the two spectra shown in Fig. 4, and the resulting GT
strength distribution still agrees well with the experiment-
al data.

122

−
Taking Sn as  an  example, Fig.  5 examines the  ef-

fects of the tT and tPV channels on the GT  strength dis-
tribution at the QRPA and QPVC levels. In panel (a), the
full charge-exchange QRPA residual interaction shifts the
unperturbed strength to  higher  energies  and concentrates
it into a collective peak near 17 MeV. Omitting either tT
(blue dashed line) or tPV (red dash-dotted line) shifts the
strength to lower energies and redistributes it among sev-
eral  peaks.  The  comparable  changes  show  that  the  two
channels  provide  similar  repulsive  contributions.  When
both channels are omitted, the strength distribution (green
dashed line) nearly recovers the unperturbed result, show-
ing  that  their  combined  repulsive  contribution  produces
the collective GTR.

Panels (b) and (c) separate the effects of tT and tPV in

the  charge-exchange  QRPA  residual  interaction  from
their contributions  through  the  QPVC  vertices.  Remov-
ing tT or tPV only from the QPVC vertices produces little
change  relative  to  the  full  QPVC  result,  indicating  that
their contributions through the vertices are small. In con-
trast, removing the same channel also from the charge-ex-
change  QRPA  residual  interaction  substantially  changes
the  strength  distribution,  showing  that  tT  and  tPV affect
the  GTR mainly  at  the  QRPA level.  When  tT  or  tPV  is
omitted from both the QRPA residual interaction and the
QPVC  vertices,  QPVC  correlations  still  broaden  the
QRPA strength and shift it toward lower excitation ener-
gies, even slightly  below the unperturbed peaks.  The re-
maining broadening  and  downward  energy  shifts  there-
fore arise mainly from the other coupling channels in the
QPVC vertices. 

B.    β-decay half-lives

β−

134

Having examined the GTR strength distributions,  we
now focus on the -decay half-lives and evaluate the ef-
fects  of  QPVC correlations.  The roles of  the tT and tPV
channels  are  analyzed  separately,  using Sn as  an  ex-
ample.

β−Figure 6 compares the calculated -decay half-lives
along the neutron-rich Ni and Sn isotopic chains with ex-
perimental data. For both chains, QRPA generally overes-
timates  the  measured  half-lives,  whereas  QPVC  reduces
them. This reduction occurs because QPVC redistributes
GT  strength  toward  lower  energies,  where  the  decay
phase-space  factor  is  larger,  thereby shortening  the  half-
lives [35].

N = 50

For the Ni isotopes in Fig. 6(a), QRPA systematically
overestimates  the  measured  half-lives  and  shows  only  a
weak  change  from  to  52,  failing  to  capture  the
rapid  experimental  decrease  across  the  magic  number.

 

−

122

Fig.  5.    (color online) Effects  of  the isovector-tensor (tT) and isovector-pseudovector (tPV) coupling channels on the GT  strength
distribution in Sn. Panel (a) compares the unperturbed response with the full pnQRPA result and pnQRPA calculations where the tT,
tPV, or both channels are omitted from the pnQRPA residual interaction. Panel (b) contrasts the unperturbed response with the full pn-
QPVC result, the pnQPVC calculation where the tT channel is omitted only in the QPVC vertex, and the pnQPVC calculation where
the  tT  channel  is  omitted  in  both  the  pnQRPA and QPVC vertex.  Panel  (c)  is  the  same as  panel  (b)  but  for  the  tPV channel.  In  all
QPVC results, non-charge-exchange phonons are calculated by QRPA with the full residual interaction.
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N = 52
N = 50

This experimental phenomenon is reproduced by QPVC,
which  lowers  the  half-lives  at  more  substantially
than at .

N = 80

N = 84

N = 82

N = 82

For the Sn isotopes in Fig. 6(b), the QRPA half-lives
at  and 82 exceed the displayed range. QPVC sig-
nificantly reduces these half-lives but underestimates the
experimental  values.  From  to 88,  QRPA  overes-
timates  the  measured  half-lives by  about  one  to  two  or-
ders of magnitude, whereas QPVC brings the predictions
closer  to  the  experimental  data.  QPVC  also  reproduces
the pronounced experimental decrease from  to 84,
although the  calculated  change  is  less  pronounced  be-
cause the  half-life is underestimated.

N = 50

N = 82
Z = 50

134 β−

N = 50
Z = 28

In Fig. 7(a), both models predict increasing half-lives
along  the  isotonic  chain  with  increasing  proton
number. However, QRPA significantly overestimates the
half-lives  and  the  growth  trend  with  proton  number.  In
contrast,  QPVC  properly  reproduces  the  measured  half-
life  magnitudes  and  their  increasing  trends.  For  the

 chain  in Fig.  7(b),  the  measured  half-lives in-
crease sharply at the magic number . QRPA greatly
overestimates  this  increasing  trend  and  even  predicts

Te to be stable against  decay. QPVC offers a much
better description of the abrupt change at the magic num-
ber,  as  well  as  the  overall  experimental  systematics.  For
the  isotonic chain,  QPVC also predicts an abrupt
change at the magic number , which requires con-
firmation by future experiments.

134Taking Sn as an example, Fig. 8 examines the roles

β−

77.943

134

of  the  tT  and  tPV  channels  in  the  calculated -decay
half-life. When both channels are omitted, the QRPA al-
ters the half-life only slightly from the unperturbed result.
Successively restoring tPV and then tT increases the half-
life to  s in the full QRPA calculation. This behavi-
or  is  consistent  with  their  repulsive  effects  on  the  GT
strength  distribution  in Fig.  5(a):  both  channels  shift  the
GT  strength  to  higher  energies,  where  the  phase-space
factor is smaller, thereby lengthening the half-life. The tT
and tPV channels thus account for most of the QRPA-in-
duced increase in the Sn half-life.

2%

0.948
1.050

At the QPVC level,  omitting only tT,  or both tT and
tPV,  from the  vertices  changes  the  half-life  by  less  than

, indicating  that  their  contributions  through  the  ver-
tices are minimal. The substantial reduction from the full
QRPA result persists and therefore arises mainly from the
other coupling channels in the QPVC vertices. This beha-
vior is consistent with the GTR analysis in Figs. 5(b) and
(c).  The  complete  QPVC  calculation  yields  s,
which is close to the experimental value of  s. 

V.  SUMMARY

We have developed a relativistic proton-neutron qua-
siparticle  random-phase  approximation  (pnQRPA)  plus
proton-neutron  quasiparticle-vibration  coupling  (pn-
QPVC) model for charge-exchange excitations, based on
localized  RHFB  theory  with  the  PCF-PK1  functional.
This  model  incorporates  exchange  terms  localized
through the  Fierz  transformation  as  well  as  tensor  coup-
lings.  The  residual  interaction  of  pnQRPA,  particularly
the  tPV  channel,  is  determined  fully  self-consistently
without  phenomenological  adjustment.  Building  on  the
pnQRPA basis, the model incorporates two-quasiparticle-

 

β−

fIS = 0

Fig.  6.    (color online) -decay  half-lives  along  the  (a)  Ni
and (b)  Sn isotopic  chains  are  presented.  Black solid  squares
represent  experimental  values [64, 65];  red dashed lines with
open circles and green dotted lines with open squares indicate
the  QRPA  and  QPVC  results,  respectively.  All  calculations
employ PCF-PK1,  consider  only allowed GT transitions,  and
set the isoscalar pairing strength to 

 

N = 50 N = 82
Fig.  7.    (color online)  Same  as Fig.  6,  but  for  the  isotonic
chains with (a)  and (b) .
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phonon doorway  configurations  to  account  for  correla-
tions beyond pnQRPA.

116−134

N = 50
N = 82

Applying  the  newly  developed  relativistic  pnQPVC
model,  we  find  that,  compared  with  pnQRPA,  QPVC
broadens  and  redistributes  the  GT  strength  in Sn,
improving the calculated GTR widths and strength distri-
butions relative to experimental data. QPVC also substan-
tially  reduces  the  calculated β-decay  half-lives, enhan-
cing agreement  with experimental  trends along the neut-
ron-rich Ni and Sn isotopic chains, as well as the 
and  isotonic  chains.  Channel  analyses  further
show  that  tT  and  tPV  channels  affect  the  GT  response
and β-decay half-lives mainly through the pnQRPA resid-
ual  interaction,  whereas  their  contributions  through  the
QPVC vertices are minimal.

In  the  present  calculations,  QPVC-induced correla-
tions  in  the  parent  ground  state  are  not  included.  Such
correlations admix  configurations  beyond  the  quasi-
particle-vacuum  reference  and  may  shift  GT  strength  to
higher  energies,  thereby  lengthening  the  calculated  half-
lives, which may be essential for nuclei whose half-lives
are  underestimated  in  the  present  calculations.  The
present β-decay calculations  are  also  restricted  to  al-
lowed GT transitions.  First-forbidden transitions  can  be-
come significant near shell closures and generally shorten
the half-lives by opening additional decay channels [52].
Consistently including ground-state correlations and first-
forbidden  transitions  may  therefore  further  improve  the
description of β-decay half-lives presented in this work.
 

APPENDIX A: RESIDUAL-INTERACTION MAT-
RIX ELEMENTS FOR THE QPVC VERTICES

ρ0

This  appendix  provides  the  particle-hole  (ph)  and
particle-particle (pp) residual-interaction matrix elements
in  Eq.  (27),  which  are  utilized  in  the  QPVC vertices  for
coupling to non-charge-exchange phonons. The ph chan-
nel  is  derived  from  the  second  derivative  of  the  energy
density  functional  used  for  the  ground  state  in  Eq.  (10),
evaluated at the ground-state density , 

Vph,res
αβ,γδ =

δ2E
δργαδρδβ

∣∣∣∣
ρ0

= Vph
αβ,γδ+VR

αβ,γδ, (A1)

with the rearrangement term 

VR
αβ,γδ =

[∑
µν

Ç
∂Vph

αµ,γν

∂ρδβ
+
∂Vph

µβ,νδ

∂ργα

å
ρνµ

+
1
2

∑
µνκλ

∂2Vph
µν,κλ

∂ργα ∂ρδβ
ρκµρλν

]
ρ0

. (A2)

For  a  spherical  nucleus,  coupling  the  two-body  matrix
elements of this kernel to the phonon's total angular mo-
mentum L results in 

Vph,res,L
ab,cd =NL

acNL
bd

∑
mαmβmγmδ

(−1) jc−mγ+ jb−mβ

×CLM
jamα jc−mγ

CLM
jdmδ jb−mβ

Vph,res
αβ,γδ . (A3)

α = (a,mα) CLM
j1m1 j2m2

NL
ab

Here, ,  denotes  a  Clebsch-Gordan
coefficient,  and M is  the  projection  of  the  total  angular
momentum L.  The  quantity  is  the  normalization
factor for the angular-momentum-coupled pair, as defined
following Eq. (26).

The complete ph matrix element is given by 

Vph,res,L
ab,cd = VC,L

ab,cd +Vder,L
ab,cd +

∑
χ

Ä
Vχ,L

ab,cd +VR,χ,L
ab,cd

ä
, (A4)

VC,L
ab,cd Vder,L

ab,cdwhere  and  represent the Coulomb and scalar-
derivative contributions, respectively. The scalar-derivat-
ive contribution is 

Vder,L
ab,cd = −NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩δS

×
ß∫ ∞

0

dr
r2

L(L+1)
r2

(GaGc−FaFc)(GdGb−FdFb)

+

∫ ∞
0

dr
r2

Å
d
dr
− 2

r

ã
(GaGc−FaFc)

Å
d
dr
− 2

r

ã
× (GdGb−FdFb)

™
.

(A5)

 

β− 134

αtT = 0 αtT = αtPV = 0

Fig. 8.    (color online) Effects of the tT and tPV channels on
the  calculated -decay  half-life  of Sn.  The  green  dashed
line  represents  the  experimental  value  [64]. The  purple  seg-
ment  illustrates  the  unperturbed  two-quasiparticle  result,
whereas  the  red  and  blue  segments  depict  the  pnQRPA  and
pnQPVC results,  respectively.  In  the  red  pnQRPA sequence,

 and  indicate the  exclusion  of  the  spe-
cified channels  from the pnQRPA residual  interaction.  In the
blue  pnQPVC  sequence,  these  labels  signify  their  exclusion
solely from the QPVC vertices,  while  the complete pnQRPA
calculation is  maintained.  The  label  "full"  refers  to  calcula-
tions without any channel exclusion.
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VC,L
ab,cd = VC,0,L

ab,cd +VC,s,L
ab,cd

The  Coulomb  matrix  element  is  decomposed  as:
. The expressions below represent its

temporal and spatial components, respectively: 

VC,0,L
ab,cd =NL

acNL
bdQcQdδqaqcδqbqd L̂−2 2e2

π

×
∫ ∞

0
dk ⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0
dr1 jL(kr1)[GaGc+FaFc]r1

×
∫ ∞

0
dr2 jL(kr2)[GdGb+FdFb]r2 . (A6a)

 

VC,s,L
ab,cd = −NL

acNL
bdQcQdδqaqcδqbqd L̂−2 2e2

π

L+1∑
ℓ=|L−1|

×
∫ ∞

0
dk
∫ ∞

0
dr1 jℓ(kr1)

î
GaFc⟨a∥TLℓ∥c′⟩

−FaGc⟨a′∥TLℓ∥c⟩
ó

r1

×
∫ ∞

0
dr2 jℓ(kr2)

î
GdFb⟨d∥TLℓ∥b′⟩

−FdGb⟨d′∥TLℓ∥b⟩
ó

r2
.

(A6b)

jλ(kr)
λ = L ℓ

Here,  denotes  a  spherical  Bessel  function  of  the
first kind, with  or .

Vχ,L
ab,cd

VR,χ,L
ab,cd

χ = S, tS,V, tV,T, tT,PS, tPS,PV, tPV

The  matrix  elements  represent  the  scalar  (S),
isovector-scalar  (tS),  vector  (V),  isovector-vector  (tV),
tensor (T), isovector-tensor (tT), pseudoscalar (PS), isov-
ector-pseudoscalar (tPS),  pseudovector  (PV),  and  isov-
ector-pseudovector (tPV) contributions. In contrast, 
denote  the  corresponding  rearrangement  terms,  where

.  In  the  ground  states
of  even-even  nuclei,  parity  and  time-reversal  invariance
result  in  the  PS,  tPS,  PV,  and  tPV  densities  vanishing,
thus  eliminating  any  rearrangement  contributions  from
these channels.

The  V,  tV,  T,  tT,  PV,  and  tPV  contributions  can  be
decomposed into temporal and spatial components, 

Vχ,L
ab,cd = Vχ,0,L

ab,cd +Vχ,s,L
ab,cd, χ = V, tV,T, tT,PV, tPV. (A7)

The contributions  from  the  S,  tS,  PS,  and  tPS  chan-
nels, along with the temporal components of the V, tV, T,
tT, PV, and tPV channels, are expressed as follows: 

VS,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αS(GaGc−FaFc)(GdGb−FdFb),

(A8a)
 

V tS,L
ab,cd =NL

acNL
bdFabcd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αtS(GaGc−FaFc)(GdGb−FdFb), (A8b)

 

VV,0,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αV(GaGc+FaFc)(GdGb+FdFb), (A8c)

 

V tV,0,L
ab,cd =NL

acNL
bdFabcd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αtV(GaGc+FaFc)(GdGb+FdFb),

(A8d)
 

VT,0,L
ab,cd = −2NL

acNL
bdδqaqcδqbqd L̂−2

L+1∑
ℓ=|L−1|

×
∫ ∞

0

dr
r2
αT
[
GaFc⟨a∥TLℓ∥c′⟩+FaGc⟨a′∥TLℓ∥c⟩

]
×
[
GdFb⟨d∥TLℓ∥b′⟩+FdGb⟨d′∥TLℓ∥b⟩

]
,

(A8e)
 

V tT,0,L
ab,cd = −2NL

acNL
bdFabcd L̂−2

L+1∑
ℓ=|L−1|

×
∫ ∞

0

dr
r2
αtT
[
GaFc⟨a∥TLℓ∥c′⟩+FaGc⟨a′∥TLℓ∥c⟩

]
×
[
GdFb⟨d∥TLℓ∥b′⟩+FdGb⟨d′∥TLℓ∥b⟩

]
,

(A8f)
 

VPS,L
ab,cd = −NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αPS(GaFc+FaGc)(GdFb+FdGb),

(A8g)
 

V tPS,L
ab,cd = −NL

acNL
bdFabcd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αtPS(GaFc+FaGc)(GdFb+FdGb),

(A8h)
 

VPV,0,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αPV(GaFc−FaGc)(GdFb−FdGb),

(A8i)
 

V tPV,0,L
ab,cd =NL

acNL
bdFabcd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

×
∫ ∞

0

dr
r2
αtPV(GaFc−FaGc)(GdFb−FdGb).

(A8j)

Gx(r) Fx(r)In the matrix elements above,  and  repres-
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qx = 1 qx = −1
Qx = (1−qx)/2 TLℓM(r̂)

ent the radial wave functions of the large and small com-
ponents of the canonical Dirac state x, respectively. Here,

 for  a  neutron  and  for  a  proton,  while
.  The  operator  appearing  in  the

aforementioned matrix elements is defined by 

TLℓM(r̂) = [Yℓ(r̂)⊗σ]LM =
∑

ms

CLM
ℓm1sYℓm(r̂)σs. (A9)

The reduced angular matrix elements read

 

⟨a∥YL∥b⟩ =
1+ (−1)la+lb+L

2
(−1) ja−1/2 ĵa ĵbL̂√

4π

Ñ
ja jb L

1
2
− 1

2
0

é
, (A10)

 

⟨a∥TLℓ∥b′⟩ = (−1)la

…
6

4π
ĵa ĵb l̂a l̂′bL̂ℓ̂

(
la ℓ l′b
0 0 0

)
1
2

1
2

1

la l′b ℓ

ja jb L

 . (A11)

l′a = 2 ja− laA prime on a state label denotes the component with . The isovector factor in these expressions is given by
 

Fabcd = qcqd

[
δqaqcδqbqd −2

∑
η=±1

δqa ,qc+2ηδqb+2η,qd

]
. (A12)

The spatial components of the V, tV, T, tT, PV, and tPV channels are expressed by the following equations:
 

VV,s,L
ab,cd = −NL

acNL
bdδqaqcδqbqd L̂−2

L+1∑
ℓ=|L−1|

∫ ∞
0

dr
r2
αV
[
GaFc⟨a∥TLℓ∥c′⟩−FaGc⟨a′∥TLℓ∥c⟩

]
×
[
GdFb⟨d∥TLℓ∥b′⟩−FdGb⟨d′∥TLℓ∥b⟩

]
,

(A13a)
 

V tV,s,L
ab,cd = −NL

acNL
bdFabcd L̂−2

L+1∑
ℓ=|L−1|

∫ ∞
0

dr
r2
αtV
[
GaFc⟨a∥TLℓ∥c′⟩−FaGc⟨a′∥TLℓ∥c⟩

]
×
[
GdFb⟨d∥TLℓ∥b′⟩−FdGb⟨d′∥TLℓ∥b⟩

]
,

(A13b)
 

VT,s,L
ab,cd = 2NL

acNL
bdδqaqcδqbqd L̂−2

L+1∑
ℓ=|L−1|

∫ ∞
0

dr
r2
αT
[
GaGc⟨a∥TLℓ∥c⟩−FaFc⟨a′∥TLℓ∥c′⟩

]
×
[
GdGb⟨d∥TLℓ∥b⟩−FdFb⟨d′∥TLℓ∥b′⟩

]
,

(A13c)
 

V tT,s,L
ab,cd = 2NL

acNL
bdFabcd L̂−2

L+1∑
ℓ=|L−1|

∫ ∞
0

dr
r2
αtT
[
GaGc⟨a∥TLℓ∥c⟩−FaFc⟨a′∥TLℓ∥c′⟩

]
×
[
GdGb⟨d∥TLℓ∥b⟩−FdFb⟨d′∥TLℓ∥b′⟩

]
,

(A13d)

 

VPV,s,L
ab,cd = −NL

acNL
bdδqaqcδqbqd L̂−2

L+1∑
ℓ=|L−1|

∫ ∞
0

dr
r2
αPV

[
GaGc⟨a∥TLℓ∥c⟩+FaFc⟨a′∥TLℓ∥c′⟩

]
×
[
GdGb⟨d∥TLℓ∥b⟩+FdFb⟨d′∥TLℓ∥b′⟩

]
,

(A13e)

 

V tPV,s,L
ab,cd = −NL

acNL
bdFabcd L̂−2

L+1∑
ℓ=|L−1|

∫ ∞
0

dr
r2
αtPV

[
GaGc⟨a∥TLℓ∥c⟩+FaFc⟨a′∥TLℓ∥c′⟩

]
×
[
GdGb⟨d∥TLℓ∥b⟩+FdFb⟨d′∥TLℓ∥b′⟩

]
.

(A13f)
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Density dependence generates the following non-zero rearrangement contributions:
 

VR,S,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

∫ ∞
0

dr
r2

ß
2
∂αS

∂ρV
ρS(GaGcGdGb−FaFcFdFb)

+
1
2
∂2αS

∂ρ2
V
ρ2

S(GaGc+FaFc)(GdGb+FdFb)
™
, (A14a)

 

VR,tS,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

∫ ∞
0

dr
r2

ß
qc
∂αtS

∂ρV
ρ3,tS(GaGc−FaFc)(GdGb+FdFb)

+qd
∂αtS

∂ρV
ρ3,tS(GaGc+FaFc)(GdGb−FdFb)+

1
2
∂2αtS

∂ρ2
V
ρ2

3,tS(GaGc+FaFc)(GdGb+FdFb)
™
, (A14b)

 

VR,V,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

∫ ∞
0

dr
r2

(GaGc+FaFc)
ï

2
∂αV

∂ρV
ρV+

1
2
∂2αV

∂ρ2
V
ρ2

V

ò
(GdGb+FdFb), (A14c)

 

VR,tV,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

∫ ∞
0

dr
r2

(GaGc+FaFc)
ï

(qc+qd)
∂αtV

∂ρV
ρ3,tV+

1
2
∂2αtV

∂ρ2
V
ρ2

3,tV

ò
(GdGb+FdFb),

(A14d)

 

VR,tT,L
ab,cd =NL

acNL
bdδqaqcδqbqd L̂−2⟨a∥YL∥c⟩⟨d∥YL∥b⟩

∫ ∞
0

dr
r2

ß
−2

∂αtT

∂ρV
j0
3,tTqc(GaFc+FaGc)(GdGb+FdFb)

−2
∂αtT

∂ρV
j0
3,tTqd(GaGc+FaFc)(GdFb+FdGb)− ∂

2αtT

∂ρ2
V

( j0
3,tT)2(GaGc+FaFc)(GdGb+FdFb)

™
. (A14e)

The rearrangement  contributions  involve the ground-
state densities:
 

ρS(r) =
1

4πr2

∑
a

(2 ja+1)v2
a

[
G2

a(r)−F2
a(r)
]
, (A15a)

 

ρV(r) =
1

4πr2

∑
a

(2 ja+1)v2
a

[
G2

a(r)+F2
a(r)
]
, (A15b)

 

ρ3,tS(r) =
1

4πr2

∑
a

qa(2 ja+1)v2
a

[
G2

a(r)−F2
a(r)
]
,

(A15c)

 

ρ3,tV(r) =
1

4πr2

∑
a

qa(2 ja+1)v2
a

[
G2

a(r)+F2
a(r)
]
,

(A15d)

 

j0
3,tT(r) =

1
4πr2

∑
a

qa(2 ja+1)v2
a2Ga(r)Fa(r). (A15e)

For  the  non-charge-exchange excitations,  the  separ-
able pp interaction in Eq. (8) acts between proton-proton

(S ,T ) = (0,1)and neutron-neutron pairs in the  channel. Its
angular-momentum-coupled  matrix  element  takes  the
form 

Vpp,L
ab,cd =NL

abNL
cd

∑
mαmβmγmδ

CLM
jamα jbmβ

CLM
jcmγ jdmδ

Vpp
αβ,γδ. (A16)

In a spherical  harmonic-oscillator basis,  separable pp in-
teraction gives 

Vpp,L
ab,cd = −

√
3GT=1

∑
N

WNL
ab WNL

cd , (A17)

with 

WNL
ab =

√
8π ĵa ĵbL̂


la lb L
1
2

1
2

0

ja jb L


∑

n

MNLn0
nalanblb

×
∫ ∞

0
r2dr Rn0(r,b0)P(r), (A18)

where N and n represent  the  radial  harmonic-oscillator
quantum numbers for the center-of-mass and relative co-
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Rn0(r,b0)

b0 MNLn0
nalanblb

ordinates,  respectively. Here,  denotes the radial
harmonic-oscillator  wave  function  with  oscillator  length

,  and  is  a Talmi-Moshinsky bracket that  satis-
fies 

2N +L+2n = 2na+ la+2nb+ lb. (A19)

Transforming  the  oscillator-basis  matrix  elements  to  the

canonical  basis  yields  the  pp  matrix  element  that  enters
the effective interaction in Eq. (27), 

Vpp,L
ab,cd =

∑
i1i2i3i4

D∗i1aD∗i2bDi3cDi4dVpp,L
i1i2 ,i3i4 . (A20)

Dia = ⟨i|a⟩Here,  represents  the  expansion  coefficient  of
the canonical state a in the oscillator basis state i.
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